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Soft Decision-Making Methods Employing Multiple ifpifs-Matrices and Their Application

Burak Arslan, Tugce Aydin, Samet Memis, and Serdar Enginoglu

ABSTRACT: The present study generalizes 36 soft decision-making (SDM) methods employing multiple fuzzy
parameterized fuzzy soft matrices (fpfs-matrices) to operable in the intuitionistic fuzzy parameterized
intuitionistic fuzzy soft matrices (ifpifs-matrices) space and obtains 44 SDM methods containing several
variants of the aforesaid methods. It then compares all the SDM methods herein using three ifpifs-matrices
for each test case proposed by the authors’ previous study. The comparison shows that 23 of 44 passed all the
test cases. Moreover, this study applies the 23 SDM methods to a performance-based value assignment (PVA)
problem in which seven well-known salt-and-pepper noise removal filters used in digital images are considered.
The results manifest that 10 of 23 produce the same ranking order at the high noise density, just as 8 of 23
do at the low noise density. Finally, this study discusses SDM methods’ applications and the need for further
research.
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1. Introduction

The concept of intuitionistic fuzzy parameterized intuitionistic fuzzy soft matrices (ifpifs-matrices) [8]
is an up-to-date mathematical tool coming to the forefront with its ability to model problems containing
intuitionistic fuzzy uncertainties or multiple fuzzy uncertainties. Therefore, for problems with intuitionistic
or multiple fuzzy uncertainties, it is worth studying to construct soft decision-making (SDM) methods
by ifpifs-matrices. For this reason, this paper is a follow-up to [1], which generalizes SDM methods
utilizing a single fuzzy parameterized fuzzy soft matrix (fpfs-matrix) [12] to ifpifs-matrices space. For
more details, see [1]. This paper is a pioneering study and is a reference guide on how to generalize SDM
methods employing multiple fpfs-matrices to ifpifs-matrices space.

Section 2 of the present paper, different from [1] that considers the SDM methods working with
a single fpfs-matrix, generalizes SDM methods [14,15,16,17,18,19,20,21,22,23] employing multiple fpfs-
matrices to ifpifs-matrices space. Section 3 determines successful ones in five test cases provided in [1].
Section 4 applies the determined SDM methods to a performance-based value assignment to seven noise
removal filters. Finally, the paper inquires the need for further research.

2. SDM Methods in ifpifs-Matrices Space

This section generalizes the SDM methods in [14,15,16,17,18,19,20,21,22,23] utilizing multiple fpfs-
matrices to ifpifs-matrices space. Across this paper, I, = {1, 2, ---, n} and I} :={0, 1, 2, ---, n}
such that n € ZT, the set of all the positive integers. Furthermore, the notation of each method herein is
created by inserting the first letter of the word “intuitionistic” at the beginning of the methods’ notations
in [14,15,16,17,18,19,20,21,22,23]. For example, iCE10 denotes the generalized form of the SDM method
CE10 [14].
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Algorithm 1 iCE10
1. Construct two ifpifs-matrices [a;;] and [b]

2. Find AND-product/OR-product ifpifs-matriz [8] [c;p]

mxmni mXmnsg

of lai;] and [bix]

mxXmnino

3. Obtain the score matriz [Sil](mil)xl defined by s;1 = l}jlsl such that i € L,_1, p =n2(j—1) + k,
il

I, = {j:,ugj #0V g # 1}, I, = {k cpb, OV VY A 1},

max{mln {Mopl%p} I #Dand I, £ 0

max;ming (,ufp) = jel, | kel
otherwise

max;min; (,ufp) = kel, |j€I
otherwise

max{r_mn {/’[’Opluzp}} I #Dand I, £ 0

min {max {v6v5} 0 Lo # 0 and I # 0

min;maxy (ufp) = jel. | kel
otherwise
1, d I,
mlnkmaxj (l/ p) — iréllri {gréajx {V()p zp}} ) La 7& () an b 7é )

1, otherwise
(3 == max {maxjmink (,ufp) , ax;min; (ufp)}
and
v3 = min {min;max;, (v ) mingmax; (z/icp)}

4. Obtain the decision set {“i‘luk’uk S U}

Here, if AND-product is used in the second step of iCE10, then this method is denoted by iCE10a.
Similarly, if OR-product is used in the second step, then it is denoted by iCE10o.

Algorithm 2 iEMO18ao0

1. Construct two ifpifs-matrices [a;;],,

and [bix]

XN mXmnsg

S
2. Obtain the score matriz [si1] ,, 1y, defined by si1 = Ml gueh that i € I,_1,

s
il

I, = {j:ugjyé()\/ygj#l}
I, = {k:ugk#O\/ng#l}

min {gnax {,uoj,u”} 1n {MOkMk}} , Io#Qand I, # 0

0, otherwise

max;ming (ugj, ,ui?k) =

min {Iglealf{u‘éku?k} , i {M&-M?j}} , To# 0 and I # 0

0, otherwise

maxjmin; (ufj, ,ufk) =

max < max { %%} min {12 1P I and I,
X{jel};{ 05 w}?kelb{Ok zk}}’ a#0 b # 0

0, otherwise

max;miny (1/% , ka) =
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b b i o v 1 d [
makajnj (V'qu7 Vzb ) = max {ineaf: {I/Okyzk} 7?611[2 {VOJVZJ}} s fa 7é (Z) an b 7é @

0, otherwise

., . b : b
{7y = min {maxjmmk (M;’lj’ Mik) , MaXpming (,u'?ja :U'ik)}
and
Vi) = max {maxjmink (ij, ka) , Max;min; (ij, ka)}
3. Obtain the decision set {:i;luk‘uk S U}
Here, the notation “ao” in iEMO18ao represents AND-product and OR-product, respectively. In the

second step of iIEMO18ao, the membership and non-membership functions of the score matrix [s;1] are
obtained using functions in the second steps of EMO18a [22] and EMO180 [21], respectively.

Algorithm 3 iEMO18o0a

1. Construct two ifpifs-matrices |a;;] and [bix)

mXni mXng

S
2. Obtain the score matrix [si1] ,, 1y, defined by si1 = Mgl such thati € I,_q,

il

I, = {j:ugj;éO\/l/gj#l}

I = {k:ugk;&()\/z/gk#l}

a0 in {pb, pb I dI
i s ) o 4 P ) i () 0 o 120

0, otherwise

b b i a0 I b
max {ggf {16110} , min {uojuw}} ;o #0and I, # 0

0, otherwise

. min ax {v@ve) min {vb b I and I
max;miny, (V%,z/fk) = {je]a vvis} ’ke]b{ ovint [ Lo 70 b #0

max;min; (ugj,u?k) = {

0, otherwise
: b b : a . ,a
. min { max {3, v/ b, min { g v I, #0and I, #0
maxgmin; (ijank) = {kefb { Ok ’k} ’jefa{ 07 ”}}7 s b7
0, otherwise

15y = max {max;miny, (u?j, ufk) , axzmin; (u?j, ,uli’k)}
and
Vi) = min {maxjmink (I/;»lj, ka) , Max;min; (z/fj, ka)}

3. Obtain the decision set {:i;luk‘uk S U}

Here, the notation “oa” in iIEMO18oa indicates OR-product and AND-product, respectively. In the
second step of iIEMO180a, the membership and non-membership functions of the score matrix [s;1] are
obtained using functions in the second steps of EMO180 [21] and EMO18a [22], respectively.

Algorithm 4 iCE10n

1. Construct two ifpifs-matrices [a;;] and [bix]

mXni mXng

2. Find ANDNOT-product/ORNOT-product ifpifs-matriz (8] [cipl,, ., Of lais] and [bik]
3. Find ANDNOT-product/ ORNOT-product ifpifs-matriz (8] [dit],,ypn,n, O [bit] and [ag)



4 B. ArsLaN, T. AYDIN, S. MEMiS, AND S. ENGINOGLU

4. Obtain the score matriz [811](7” 1 | defined by s;1 = ’Z’Sl such thati € I,—1, p=na(j — 1)+ k, t =

ni(k—1)+j, I, = {j: MOJ;«EO\/VO];AI} I = {k: MOk#O\/uOk;«él} I ={j: VOJ;«EO\/MOJ;Al}
Ilf:—{k.yOk#O\/uOk;&l}

max; ming, ,uw jel, | kerr

otherwise

max{mm {,uopﬂw}} 1o #0 and I} # 0

N——

7‘[:7&@andlb7é®

otherwise

wmax {win ()

makain] ,ult = {kelb

361*

min {max{ugpyfp}} , I, #0and I} # 0

mln]maxk j€ly ke]g‘

otherwise

min {max{y()tz/lt}} YA Qand I, 0

mingmax; (Vﬁ) =< kel | jeIr

1, otherwise

15y = max { max;miny (,ufp) , Maxmin; (ﬂft)}
and
Vi) = min {minjmax;C (pr) , min,max; (yff:)}

5. Obtain the decision set { s uk‘uk S U}

Here, if ANDNOT-product is used in the second step of iCE10n, then this method is denoted by
iCE10an. Similarly, if ORNOT-product is used in the second step, then it is denoted by iCE10on. Here,
iCE10n is a generalization of the SDM method CE10n [17].

Algorithm 5 iEMA18anon

1. Construct two ifpifs-matrices [ai;]

and [bix]

mXmni mxna

2. Obtain the score matrix [sil](m | defined by s;1 = ﬁ“ such that i € Ip,_1,

s
At

I = {j:pu§; #0Vug; #1}
I, = {k:ugk;«éO\/ng 7&1}
L= {jvg; #0V g, # 1}
Iy = {k vy, # 0V gy, # 1}
min{rjiéalf{u&u?j} ol {V(l))kyfk}}v I #0 and Iy # 0

0, otherwise

max;ming (,u;-lj, ué’k) =

maxgmin, (M?jy#?k) _ J min {ineali( {ubnl} 7;reulral {l/gjl/fj}} , I* £ 0 and I, £ 0

0, otherwise

max {max {IU,OJ/L”} mln {VOszk}}, I, #0 and I} # 0

0, otherwise

max;ming (Vf] , Vf’k) =
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b ) = max {Ikne%}: {ubul,} ,;freulrj {ugjugj}} , X £ 0 and I, # 0

maxjmin; (ij, vy,) =

0, otherwise
s . . . a b : a b
(31 = min {maxjmmk ([J,,ij, uik) , Max;min; (,Ufi_ja :u'z'k)}
and

Vi) = max {maxjmink (yi“j, Vf’k) ,Max;min; (1/%, Vf-’k)}

3. Obtain the decision set {“i“luk‘uk S U}

Here, the notation “anon” in iEMAl18anon signifies ANDNOT-product and ORNOT-product,
respectively. In the second step of iEMA18anon, the membership and non-membership functions of the
score matrix [s;1] are obtained using functions in the second steps of EMA18an [17] and EMA18on [18],
respectively.

Algorithm 6 iEMA18onan

1. Construct two ifpifs-matrices [a;;] and [bix]

mXni mXng

S
2. Obtain the score matrix [sil](mfl)xl defined by s;1 = ’lfgl such that i € I,_1,
i1

I, = {j:ugj;éO\/ugj#l}
I, = {k:ugk7é0\/ugk7é1}
Iy = {j:ng?éo\/Ngj#l}

Iy = {k g, # 0V gy, # 1}
a ,,a : b b *
e : I d I,

max;ming :uz]v sz e {Iyrgf {MOJM”O} ’I?élfrbl {VOlek}} L7 Q)han i 70
, otherwise

max {max {,ugk,uzi’k} , min {ngyfj}} , X £ 0 and I, £ 0

max;min; (,uu,uzk) = kel, jer:
0, otherwise

: a ,a : b b *
min {gréa}i( {,uojuij} , J?éllrbl {VOkI/ik}} , 1o # 0 and I # 0

0, otherwise

max;miny, (v, iz Zbk) =

: b b : a .,a T* d I
min {Iknea,f{uowm},jrgllg{%m}}, *£0and I, £ 0

0, otherwise

maxmin; (v, v},) =

(3 == min {maxjmin;C (M;’j, u?k) , ax;min; (,ufj, ,u?k)}
and
Vi) = max {maxjmlnk (VZ], l/f’k) maxjmin; (1/”, f’k)}

3. Obtain the decision set {”fluk‘uk S U}

Here, the notation “onan” in iEMA18onan represents ORNOT-product and ANDNOT-product,
respectively. In the second step of iEMA18onan, the membership and non-membership functions of the
score matrix [s;1] are obtained using functions in the second steps of EMA18on [18] and EMA18an [17],
respectively.
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Algorithm 7 iCE10/2
1. Construct two ifpifs-matrices [aij],, .. and [bi]

2. Find AND-product/OR-product ifpifs-matriz [8] [cip],,, ., . Of [aij] and [bi]

mXng

S
3. Obtain the score matriz [si1],, 1y, defined by si1 = 521 such thati € I,_q,

71

I, = {p: 3, (ugpufp #0V g, #1), (k=1)ny <p < kna }

. {min {Mgp,ufp}, I, #0 {max{ugpyfp}, I, #0
pg = max

and Vi = min
kEln,

pElK pEl)
07 I = 0 keln, 1, I, = 0

4. Obtain the decision set ”Z“uk up € U
Yk

Here, if AND-product is used in the second step of iCE10/2, then this method is denoted by iCE10/2a.
Similarly, if OR-product is used in the second step, then it is denoted by iCE10/20. Here, iCE10/2 is a
generalization of the SDM method CE10-2 [14].

Algorithm 8 iCE10/2n
1. Construct two ifpifs-matrices |ai;],, ., and [bi]

2. Find ANDNOT-product/ORNOT-product ifpifs-matriz (8] [cipl,, ., Of lai;] and [bik]

mXng

S
3. Obtain the score matrix [Sil](mfl)xl defined by s;1 = ﬁ? such that i € I,,_1,
i1

I = {p: 30, (uGpms, 0V vgvs, #1), (k—=1)ng < p < kna}

{ min {:u(c)p:ufp} ) Ik 7é @ { max{ygpyicp} ) Ik 7é @

/Lfl :— max { P€lk p€Ely
1u Ik = @

and vj = min
kel

0, I, =0 k€Iln,

4. Obtain the decision set {Zélluk’uk S U}

Here, if ANDNOT-product is used in the second step of iCE10/2n, then this method is denoted by
iCE10/2an. Similarly, if ORNOT-product is used in the second step, then it is denoted by iCE10/2on.
Here, iCE10/2n is a generalization of the mentioned method CE10-2n in [14].

Algorithm 9 iEMC19a0

1. Construct two ifpifs-matrices [ai;] and [bix]

mXmni mxXmnsa

S
2. Obtain the score matriz [sil](mfl)xl defined by s;1 = Hit cuch that i € L1,

s
2t

I, = {j = (u&u?j # 0 Vg # 1)}

I = {k: 3, (Ngkﬂgk # 0V i, # 1)}

= min {?g}f {'ugj'u?j} 7?2}; {ﬂgku?k}}7 I, #0 and I, # 0
0, otherwise
and
v = max {Ijl’g}i({ygjygj} 7kmei}2 {ugkz/f’k}}, I, 40 and I, £ 0

0, otherwise
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8. Obtain the decision set { : uk‘uk S U}

Here, the notation “ao” in iEMC19a0 indicates AND-product and OR-product, respectively. In the
second step of iIEMC19a0, the membership and non-membership functions of the score matrix [s;1] are
obtained using functions in the second steps of EMC19a [19] and EMC190 [19], respectively.

Algorithm 10 iEMC190a
and [bix)

1. Construct two ifpifs-matrices [ai;]

mXmni mxna

2. Obtain the score matrix [sil](m | defined by s;1 = llj“ such that i € Ip,_1,

s
2t

L= {5 30, (ugpsy # 0V vgvl # 1)}
I = {k : di, (ugku?k #0V ngVzbk # 1)}

s max {max{uoju”} min {NOszk}}a I, #0 and I, # 0
il =

0, otherwise
and
min < max {vg;v%}, min {19 I, #0 and I, # 0
7 {je[a{ 05 ”}’kelb{ okVin ) > Lo # b #
0, otherwise

8. Obtain the decision set {Zzlluk’uk € U}

Here, the notation “oa” in iEMC190a signifies OR-product and AND-product, respectively. In the
second step of iIEMC190a, the membership and non-membership functions of the score matrix [s;1] are

obtained using functions in the second steps of EMC190 [19] and EMC19a [19], respectively.
Definition 2.1 Let [ai],,,,, € IFPIFSE, [U], [bi] € IFPIFSg, [U], and, forp=ns(j —1)+k,

a b a b
[cip]men2 € IFPIFSE, xg, U]. For alli and p, if ji5, = W% and v§, = "ij‘*z‘%k , then [c;p) is called
MEAN-product of [a;;] and [bix] and is denoted by [a;;] X [bik]-

mXng

Algorithm 11 iVR13
1. Construct two ifpifs-matrices [a;;] and [by]

2. Find AND-product/OR-product ifpifs-matriz [8] [c;p]

mXni mXnsg

mxnin, Of [aij] and [by]

3. Find MEAN-product ifpifs-matriz [dip),,, ., .. of lai;] and [bik]

4. Obtain [e;p] defined by e;p = 5”’ such thati € I} _1, p € I n,,

e
ip

mXning

5, = min {ufp, p?p} and v, = max {v¢ P Zp}

5. Obtain [fipl, s n, defined by fi, = J]’ such that i € Ijy—1, p € Lnin,, /~‘op Hops ugp Vip»
Vip

1, u¢ > max { ¢ } 0, ye < min {ye }
f . » Hip = k€lm_1 :U/kp f. k€lm_1 kp
Wi = 0 e . and  v;, = 1 .

< s, (i) > i )
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6. Obtain [gil](m—l)xl and [hil}(m—l)xl defined by

ninz ning
i1 = Z /‘gp“lfp and  hy = Z Vgpyij;
p=1 p=1
such that i € I,,_1
S
7. Obtain the score matriz [sil](m—l)xl defined by s;1 = 5@1 such thati € I,_q,
i1

9i1+’ min  {gp1}
m—1

kel .
v max {gp + [hyal} +| min {gp}| #0
.ufl = ker?ix_l{gmﬂhkﬂ} + kergi:l_l{gm} 'l Chm
1 h i =0
, g o hl) [, min o)
and
gir+|hi1|+ ker}lin,l{gkl}
1- » max {gk1 + [hpa [} + kn}in {gr1}] #0
Vfl = kerrlla)il{gk1+|hkl|} + ker}]inil{gkl} Elm—1 Elm
0 h i =0
, e A +hial} + | min {gia}

8. Obtain the decision set {Zéuk’uk S U}

Here, if AND-product is used in the second step of iVRI13, then this method is denoted by
iVR13a. Similarly, if OR-product is used in the second step, then it is denoted by iVR130. Here, iVR13
is a generalization of the SDM method VRI13 [14].

Algorithm 12 iZZ16()\)

1. Construct two ifpifs-matrices [a;;] and [b;;]

mxXn mXn

defined by c;j = 5? such that i € Iy—1, j € In, pg; =

ij

b
K55 Ho;
b b
2y +ub; G m65)

2. Obtain [yl ., ;g =

a b
: a b c . YojtVoj
min {,uija/u'ij} » Voj = T o8

0j

c . a b
. and vj; = max{z/ij,l/ij}

3. For A € [0,1], obtain [d;;]

0, pf; <A

mXn

d
defined by dy; = ‘de/ such that i € L1, j € In, pl; = G, ply =
1j

c c _
= ., and vd = { V19 Vi si=A
0 AV =0 e > 1A

4. Apply iCCE10 [1] to [dyj]
Here, the variable X is a fuzzy value, and iZZ16(\) is a generalization of the SDM method ZZ16 [14].

Algorithm 13 iZZ16 (l,j)

1. Construct two ifpifs-matrices [ai;] and [b;;]

mXxXn mXxXn

a b
HojHoj

[
. s . ‘
2. Obtain [cq;] defined by c;j == "% such that i € I,_1, j € I, p§; = pué; =
Jlmxn J Vzc_] ’ 7 F0j 2_(1“‘83""_“8]'_”8]'#83')} *
: a b c . l/ngrng d vt = a b
min {pud;, ul; } , v = g o and v = max {v, v} }
J 7
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d
3. For p,v € [0,1] such that 0 < p+ v < 1, obtain [d;;] defined by d;; = Vﬁ] such that i € Ip_1,
ij

mxXn
j E I’I’L;
’uf,
ij c c
d c d l/,c,"uijzuandyijgy
) ) d i
Hoj MCOJ and ’ulfi =
V0, V0, Vi 0 ]
1 otherwise

4. Apply iCCE10 [1] to [dyj]

Here, the variable # is an intuitionistic fuzzy value, and iZZ16 (ﬁ) is a generalization of the SDM
method ZZ16 [14].

Algorithm 14 iZZ16/2(\)

1. Construct two ifpifs-matrices [a;;] and [b;;]

mxXn mxXn

155+ 1,
1+pg; 1,

Cc
2. Obtain [ci;],. ., defined by c;; = ’L:’cj such thati € I,—1, j € In, pg; == » H§j = max {,u?j#i?j}:
ij

a b
V5,V0;

[
VOj :

- : b
= and v¢; = min {Vq‘- v }
b b 2 ’
2 (ng+VUj l/gjl/oj) ) 1377

mxXn

d

3. For A € [0,1], obtain [d;;] defined by d;; = sz such that i € Iy_1, j € In, p; = pi;, piy =
j

ve, vs <1—M\

Hij> Hig 2 A 4 ¢ d i Vi
vy =S, and v = g7
{0, gy < A7 0 05 i Lovi>1-A

4. Apply iCCEL0 [1] to [d;;]

Here, the variable A is a fuzzy value, and iZZ16/2()) is a generalization of the SDM method ZZ16/2
[14].

Algorithm 15 i2Z16/2(1})

1. Construct two ifpifs-matrices [ai;] and [b;;]

mXxn mXxn

c sy
defined by c;j = 'Z? such thati € I,—1, j € In, pg; = Thug, fi; = max {u?j,ufj},
ij

2. Obtain [c;;]

mxn

C
Vg =

b
ng”o;‘ c : a b
and v§; = mm{y-» 1/»»}
2— (v +ub; —vv,) I A

d
3. For p,v € [0,1] such that 0 < p+ v < 1, obtain [d;;] defined by d;; = /:27 such that i € Ipy_1,
ij

mXn
j e I’I’L7 c
M4.
d c . d. Vzcj7ufj2uand Vicjél/
Ho — /J’O] and Mz] — 17
vi, U v 0 .
J J J 1 otherwise

4. Apply iCCEL0 [1] to [d;;]

Here, the variable # is an intuitionistic fuzzy value, and iZZ16/2 (ﬁ) is a generalization of the SDM
method ZZ16/2 [14].
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Algorithm 16 iICJ17

1. Construct two ifpifs-matrices [a;;] and [b]

mXxmni

2. Find AND/OR/ANDNOT/ORNOT-product ifpifs-matriz [8] [cipl,,  n, OF [aij] and [bi]

mXng

3. Obtain the score matriz [Sil](m_l)xl defined by s;1 == ﬁil such that i € I,_1,

s
il

I = {p: 3i, (G5, # 0V vg,v5, #1), (k—=1)ng < p < kny}

max{ugpufp}, I, #0 min {Vgpl/fp}, I, #£0

pi = min PEL and v = max < pEl
k€l,,, 0, I, =0 k€ln,, 1, Iy =0

. Obtain the decision set “isfluk u, € U
Vi1

Here, if AND-product is used in the second step of ilCJ17, then this method is denoted by ilCJ17a.
Similarly, if the other products are used in the second step, then they are denoted by ICJ170, ICJ17an,
and ICJ17on, respectively. Here, iICJ17 is a generalization of the SDM method ICJ17 [23].

Algorithm 17 iRMl11la

1. Construct three ifpifs-matrices [aiz],,, .., + Dik]sn,: @@ [Citl s

d e f

; Mg . M . Hij

2. Obtain [dij](mfl)xnl’ [eik](m—l)xng’ and []"“](m_l)xn3 defined by d;; = Vdf, eij = V;, and fij ="%
ij ij i

. . d ._ d ._ . . b b
such that i € Im—1, j € Iny, k €ln,, | € Ing, pg; = poifes, Viy = Vo; + Vi — VGV, Wk = Mok
e . .,b b b b f . ¢ ,c f._ . c c c . ,C
Vi = Vo + Vil = VorViks My = Bk, and vy = VG + vi — vgvg
g

defined by g;; = ’;_gj such that i € Iy_1, j € In,, k € Iy, p=na (j — 1) + k,
ij

3. Obtain [g;p)

(m—1)Xning

,ufp = min {ugj, ,ufk} and Z/fp ‘= max {l/idj, ka}

defined by x;; = /Ij;,] such that i € I,_1, k € I,,,
1j
Jp = A{p: 30, (u, #0V g, #1), (k=1)ny < p < kna}

: g g
ph = PeT {Mip} I 70 and vh, = e {Vip} e 20
1, Jp=10

4. Obtain [ziK],, )

Xni

0, Jp =10

h

5. Obtain [hi] defined by h;; = 5}{ such thati € Iy, k € Inn,, 1 € Iy, t =ng (k—1) +1,
ij

(m—1)xXning

pl = min {,ufk, ,ufl} and vl = max {ka, Vj;}

Y
| defined by y;; = 53} such thati € I,_1, k € I,,,

vy

xXn
Je={t: 3, (uh 0Vl #£1), (k—1)ng <t < kns}

. h .,
P = 117161{]12 {Hit} e and v} = gé?l}: {Vit} X
0, =0 1,  Ji=0
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S
7. Obtain the score matrix [Sil](mfl)xl defined by s;1 = ’Ijgl such that i € I,,_1,

il

Hiy = max {win} and v = Join {vir}

8. Obtain the decision set {Zélluk’uk € U}

11

Here, iRM11a is a generalization of the SDM method RM11 [14] using AND-product, i.e., RM11a.

Algorithm 18 iRMl11lo

1. Construct three ifpifs-matrices |ai;],,, .. + [Oik)ysn,: and [Citl s,

d e
2. Obtain [dij](mfl)xnl’ [eik](m—l)an’ and [fil](m—l)xng defined by d;; = 527, €ij = ’Z’g, and fij = K

1//.

ij ij

I
K3

ij

; : d . d . . b b
such that 1 € I'In—17 VS ITL17 k€ ITL27 l e I’ng; :u’z] = /,Lg'j/,l,;l], Vij . ng + quj - ngy%, ,U?k = HorMks

e . .,b b b ,,b f . ¢, c f._ . c c c ,,C
Vi "= Vo T Vil = VorViks Hig = By, and vy = vy +vi — v vy

g
3. Obtain [gip](mfl)xnlnz i.j
ij

115, = max {,u'ijj, pg}  and VY = min {ij, iz

4. Obtain [z;] defined by z;; = 5;3 such that i € In,_1, k € I,,,

(m—1)xny T
13

Jr = {p: 3, (ufp #0vu # 1), (k=1)ny < p < kno}

. g ,
o {FER VR AEY e [
0. Jp=0 L, g =0
s
defined by h;j = V}{ such thati € Iy—1, k € In,, L € Iy, t =n3 (k—1) +
ij

5. Obtain [hi]

(m—1)Xning

h . h . :
iy = max {ufk, N{l} and  v;; = min {ka, szl}

Y
defined by y,; = ’Ij;g such that i € In_1, k € I, ,
ij

6. Obtain [yir]

m—1)xny
Je={t: 3, (uh 0Vl #£1), (k—1)ng <t < kns}

u?k — ZI}EI{]I; {ruzt} y Jk 7£ @ and Vlyk — ;Ig})k{ {V’Lt} , Jk ;é @

S
7. Obtain the score matriz [si)](,, 1)y, defined by sy = 521 such thati € I,_q,
i1
o y — y
piy = puax {ui}  and  vj = min {vik

s
Vi

8. Obtain the decision set {”’Tuk‘uk S U}

Here, iRM11o0 is a generalization of the SDM method RM11 [14] using OR-product, i.e., RM11o.

defined by g;; = ‘:gj such that i € Iy_1, j € Iny, k € Iny, p=n2(j — 1) + k,
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Algorithm 19 iEM20ao
1. Construct three ifpifs-matrices [aiz],,, ., + [Oik)ysn,s and [Citl s,

S
2. Obtain the score matrix [Sil](mfl)xl defined by s;1 = /Ijgl such that i € I,,_1,

il

L= {5+ Fi, (bt # 0V vy #1)}

Iy = {k : 3i, (uhuby # 0V vl # 1)}
o= {1+ 30, (ugps # 0V vgry # 1)}

min {min {?é%f {mb;m8;} , in {ugku?k}} , in {uéluﬁl}}, I, #0, I, #0, and I, # 0

iy =
0, otherwise
and
max { max < max { v&v%} min {0 1P min {v¢ V¢ I, 40, I, #0, and I. # 0
Visl = { {jGIa{ 07 lj}7k€1b{ 0k zk} ,IEIC{ 0l zl} ) a?é ; b7é y 07&
0, otherwise

3. Obtain the decision set {ffglluk‘uk S U}

Here, the notation “ao” in iEM20ao represents AND-product and OR-product, respectively. In the
second step of iIEM20ao, the membership and non-membership functions of the score matrix [s;1] are
obtained using functions in the second steps of EM20a [16] and EM20o [16], respectively.

Algorithm 20 iEM20o0a

1. Construct three ifpifs-matrices [aiz],,, .+ ik)ysnys @@ [Citl s

S
2. Obtain the score matrix [si1] ,, 1y, defined by si1 = Z/flsl such thati € I,_1,

71l

I, = {j : i, (quu?j #0Vgvi # 1)}

Iy = {k = 3i, (ubppsy # 0V vipriy # 1)}
Io = {2 30, (uopy # OV gy # 1)}

. b b .
g, o 4 X {max {ggg {ug;ne; } , min {,uok:uik}} , min {u&ufl}}, Io#0, Iy #0, and I. # 0

0, otherwise
and
min < min { max {v%.v% ) min {2 P min {v$v¢ I,#0, I, #0, and I, #
Vfl — { {jEIa{ 0j ”}7kelb{ 0k zk} ,leIC{ 0l zl} 5 a?’é s b7é 5 c7é
0, otherwise

3. Obtain the decision set {Z:E“k‘uk S U}

Here, the notation “oa” in iIEM20oa indicates OR-product and AND-product, respectively. In the
second step of iIEM20oa, the membership and non-membership functions of the score matrix [s;1] are
obtained using functions in the second steps of EM200 [16] and EM20a [16], respectively.
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Algorithm 21 iZ14(R)

1. Construct ifpifs-matrices [a}j]mxn, [a?j}mxn sy [ammxn

b.
defined by bij =" such that i € I, _,, j € I,
ij

2. Obtain [bij]

mxn

b . { a® } b . : { a® }
)= max < us and V., = min v
Hig = Y& M W ger, UM

3. Apply iMRBO2(R) [1] to [bi;] such that R C I,

Here, the variable R signifies a set of indices concerning parameters, and iZ14(R) is a generalization
of the SDM methods Z14/2 [10] and Z14 [23].

Algorithm 22 iDB12

1. Construct ifpifs-matrices [agj]mxn, [a?j}mxn Sy [ammxn

b
defined by b;j = ’;y such thati € I, 1, j € I,
ij

t
1 k 1 k
b . b .
Wij = n E ,u?j and ;= n E ij
k=1

2. Obtain [bZJ]

mXn

3. Apply iMBRO1 [1] to [bj;]
Here, iDB12 is a generalization of the SDM method DB12 [14].
Algorithm 23 isDB12

1. Construct ifpifs-matrices [a}j]mxn, [a?j}mxn S, [afj}mxn
ul.
., defined by b;; = V}f such thati e I, _,, 5 € I,
ij

t
1 k 1 k
b . b .
Wij = n E i and  v); = n E vi;
k=1

mX

3. Apply isMBRO1 [1] to [bs]
Here, isDB12 is a generalization of the SDM method sDB12 [15].
Algorithm 24 iCD12(q)

1

1. Construct ifpifs-matrices [aij]mxn’ [aij}mxn L, [aﬁj}mm

1

b t a\ @
2. For q € ™, obtain [b;;] defined by b;; = 5}} such thati € I,,_1, j € I, ng = (1 > (ngk) > ,

mxn 2.
] k=1

b o i a® b . (1 L A % duvb = a®
iy = 1min {sz }, vo; = | ¢ kZ::1 (V0j> , and vj; = rkneal)f{yij }
3. Apply iCCE10 [1] to [bsj]

Here, the variable ¢ is a positive integer, and iCD12(q) is a generalization of the SDM method CD12
[14].
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Algorithm 25 iCD12/2(q)

1 2 13

1. Construct ifpifs-matrices [aij]an’ [aw}an AR [az]}mxn

1
q

b. ¢ N
2. For q € I, obtain [bj],, .., defined by b;; = 5? such that i € Iy_1, j € I, pf; = (1 > (u&k) ) ,
ij k=1

b . a® b.ilt akq% db'*. a®
Wi = Ikneal}t({'uij }, vo; = | ¢ kgl (V0j> , and v = gél[ftl{l/ij }
3. Apply iCCE10 [1] to [bsj]
Here, the variable ¢ is a positive integer, and iCD12/2(q) is a generalization of the SDM method
CD12/2 [14].
Algorithm 26 iE15

1. Construct ifpifs-matrices [a}j]mxn, [a?j}mxn S, [aﬁj}mxn
b

2. Obtain [b] defined by bis =" such that i € L, 1, j € I, k € I,
ij

(m—1)xn

t t
b . a®  a® b . a® aF
Hij = E Hoj Hij and  vj; = E Voj Vij
k=1 k=1

3. Obtain [Cil}(m—l)xl and [diﬂ(m—l)xl defined by

n n
— b o b
Ci1 = E Wi and d;j; = E Vij
Jj=1 J=1
such thati € I,,—1 and j € I,
N‘?
4. Obtain the score matriz [si1](, 1)1 defined by si1 = ylsl such that i € Ip,_1,
i
Ci1+‘k€rpin {er1}
m—1 .
»  max {ep +|dial} + ’kerrlnn {ek}| #0
K " o -1 —1
Hi = kg?g,x_l{w\dm'H‘kg?:‘_l{%} " "
1, max {Ckl + ‘dk1|} + | min {Ckl} =0
k€lm—1 k€l_1
and
ci1+|din |+ kgr}lin {ck1}
m—1 .
1- , max {cg1 +|dg1|} +| min {cp1}| #0
v = max {ck1+|dg1|}+| min {ck1} k€lm—1 k€lm—1
i1 K€Ly, 1 1Sy
0 max {cg1 + |dg1|} + | min {ck1}| =0
’ k€lm—1 { | |} k€lm—1 { }

5. Obtain the decision set {Zi”lluk’uk S U}
Here, iE15 is a generalization of the SDM method E15 [14].
Algorithm 27 iEK15
1

1. Construct ifpifs-matrices [aij]an’ [aij}mxn L, [aﬁj}mxn
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2. Obtain [b,lcj]t and [bi]}t defined by b}; = ,u8; and bi; = ugf such that k € It and j € I,
Xn Xn

3. Obtain [C}W} and {cij] defined by
txXn tXn

t biv t 9 2
‘ ZZ = 2’ 121(%) 70
=1 b2. =
c,lw» = ; and cij = z;( )
Lo VRN
0, 9 (blj) —0 0, > (blj> —0
I=1 =1
such that k € Iy
4. Obtain [d;l]nxl and [dil]nxl defined by
1« 1
cll1 = n Zc,lﬂj and d?l =7 Zcij
k=1 k=1
such that 5 € I,
5. Obtain [e 71} , and [e?l]nxl defined by
1 2 n
o z dh, e, S dE A0
6}1 _ 1,21 11 and 6?1 _ l;du lzl
0, Z dll = 0, 121 dl21 =0
such that j € I,
6. Obtain [f7j](m71)xn and [f7]](m 1xn defined by
t t
1 k 1 k
1 . a 2 . a
=g doufy and  ff= n > v
k=1 k=1
such thati € I,,_1 and j € I,
7. Obtain [gbl]] 1w Ond [gfj] PN defined by gilj = e;l and gw = efl 2 such that i € I,
diel (m—1) (m—1)
ana ) € Iy
. + - + -
8. Obtain [g%J j|1><n! [g%‘] :|1><n’ [g%] j|1><n! and [g%] :|1><n dEﬁned by
1 — — — 2 7 .
gl "= max {g};}, o, = min {gh}. of," = min {g}}, and g, = max {g}}

such that j € I,

9. Obtain [5}11 , {8%1_} , {sfﬁ} , and [52 N
(m—1)x1 (m—1)x1 (m—-1)x1

such that i € I,,_1

.
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10. Obtain [5111](m—1)x1 and [S?J(m—l)xl defined by
Si1_ 1- 1+ 2~ 5 — 9 +
sh= { aenm S e A0 g 2 { AT S T A0
0, sh +sh =0 0, sho+s4 =0
such that i € I, 1
S
11. Obtain the score matriz [si1],,_q)y; defined by siy = 5131 such that i € Ip,_1,
il
s}1+ min {sil}
k€l
! 7 kénlaxl{sk1+‘8kl|}+‘ min {st1}| #0
pi = Qe s k1+|5k1|}+‘ min {s},}
L o {sby + Jshl} + | min {5} =0
k€l k€lm—1
and
chotleh |+, g (oh)
1-— , kénlax {sk1+’sk1|}+’ min {Skl} #0
v = o Ashatlshal b+ apin {sh}
1 2 : 1]
0, kgifl{skﬁ|5k1|}+‘kg}gl_l{sk1} =0

12. Obtain the decision set {l éluk‘uk € U}

Here, iIEK15 is a generalization of the SDM method EK15 [14].

Algorithm 28 iEMK19

2

1. Construct ifpifs-matrices [a}j]mxn, [ai]}mxn, cee [aﬁj]mxn

2. Obtain [by),, .., and [cj], .., defined by

t t
1 k 1 k
=7 g pi; and  cyo= n g iz
k=1 k=1
such thati € I, _| and j € I,

3. Obtain [dij](m
J€eln

4. Obtain [dlj+]1><n’ [dlj_]lxn, le1; 7],y ,s and [e1; 7], defined by

and [e;;] defined by d;; := bojb;; and e;; = cojc;j such that i € I,,,_y and

—1)xn (m—1)xn

+ . — : . : -
di; "= max. {di;}, dv;~ = Jain {di;}, en;T = ier?fil{eij}’ and ey;” = Jnax {ei;}

such that 5 € I,
5. Obtai [1+} ,[1‘] 2 + d[2_] defined b
Obtain |s; (1)1 551 ( 53 55 (1)1 efined by

m—1)x1’ { i|(m71)><1!

sh' = JZ (dij — i ™)?, sk = |0 (diy —diy )

n
2+ 2 2= .
s5 = (e;j —e;7)°, and s; = E (esj —

such that i € I,,_1
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6. Obtain [s}] and [s%] defined by

(m—1)x1 (m—1)x1

1 — 2 —
Si1 1~ 1t Si1 2~ 2 +
= sy +s; #0 = s34 +si #0
s = { shoHsh T T ”+ and — s3 =4 sh +sht Tl “+
1= 1+ _ 2=, 2+t _
0, s;7 +s; =0 0, sfy1 +si =0

such that i € I, 1

S
7. Obtain the score matriz [sil](mfl)xl defined by s;1 = 5@1 such that i € I,,,_1,

2t
5111+ ker}l:nn,l{s}cl}
e {ohao+ )+ i (s} #0
Hir = § Rdpx {shatlsta[}+ kg?,i,fil{silcl} fm
1, kénax {skl + ‘SMH + ‘ min {skl} =0

and

il |epin Lo} . o
e " helas, Lo+ Jstal} + rep {sk1}|#0

vip = werax {SUJF|S’€1|}+ Jnin {Skl} m-1
0, (max. {sty+|st1]} + ’ min {Skl} -0

8. Obtain the decision set {”“uk‘uk € U}

Here, iIEMK19 is a generalization of the SDM method EMK19 [20].
Algorithm 29 iYJ11

1. Construct ifpifs-matrices [agj]mxn, [a?j}mxn Ly, [a%}mxn

$
2. Obtain the score matriz [sil](m—l)x1 defined by s;1 = ’lfgl such that i € I,,,_1,

21

n n

1 . Kk k 1 ko k
= S e ) and =S v )
j=1 j=1
8. Obtain the decision set { uk‘uk S U}
Here, iYJ11 is a generalization of the SDM method YJ11 [23].
Algorithm 30 iYJ11/2
o . 1 2 t
1. Construct ifpifs-matrices [aij]mxm [aij}mxn sy [aij}mxn
2. Obtain the score matriz [sil](m | defined by s : ﬁ? such that i € I,,,_1,
il
1 < ko k 1< . ko k
[y = 5% max {u&-u?j } and v = nj_lggg{'/& vij }

8. Obtain the decision set { s uk‘uk S U}

Here, iYJ11/2 is a generalization of the SDM method YJ11/2 [23].

17
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Algorithm 31 iBNS12

2

1. Construct ifpifs-matrices [agj]mxn, [aij}an T [ammxn

2. Obtain [bil](m_l)xl and [cil](m—l)xl defined by

n t
bi = Z (H Moj e ) and ¢ = Z <H VS;W?)
— j=1 \k=

such that i € I,,_1

3. Obtain the score matriz [tsﬂ](m_l)><1 defined by s;1 == ﬁi,l such that i € I,_1,

s
il

bu-&-‘ker}l;n_l{bm}

, max {bx1 + |c + | min {b 0
s b : b k?EIm—l{ M | kl‘} ’keInLl{ kl} 7
Wi = kenlli,)il{ r1+lce1|}+ kel}lnlf,l{ K1}
1, jmax {brk1 + |ek1|} + ' rIInn {br1}| =0
and
bi1+|0i1|+‘k_er}lin_l{bk1}
1- . »max {b + [ep [} + ‘ min {bm} #0
vi=q ed atleals) i bad] TS "
0, kglax {bk1 + |cr1|} + ‘ rrIun {bk1}| =0
4. Obtain the decision set {”"1 ‘uk € U}
Here, iBNS12 is a generalization of the SDM method BNS12 [23].
Algorithm 32 iS12(Ry, Ra,- -+, R})
. . 1 2 t
1. Construct ifpifs-matrices [aijl]me, [aiﬂ"z]mmz’ . [aijt]mxm
2. Determine Ry, C I, , for all k € I
S
3. Obtain the score matrix [si1],, 1y, defined by si1 = 5% such thati € I,_q,
3
min ¢ min { a” “k} and v max { max {V“kuak}
it = ket jer, it = kel, \jeRy L 0774
4. Obtain the decision set {”’“uk‘uk S U}
Here, the variables Ry, Ra, - - -, Ry represent sets of indices concerning parameters, and iS12(Ry, Ra, - - -

is a generalization of the SDM method S12 [23].

Algorithm 33 iMR13

1. Construct ifpifs-matrices [ailj]an’ [aij}an sy [aﬁj}mxn
b
defined by b;; = ” such thati e I, _, j € I,

J

2. Obtain [bU]

mxn

b . : { ak} b . { ak}
’ = min { u& and V). :=max< v
lJ"Lj k‘e]t M'L] 1] k}e]t 1]
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3. Apply iCCE10 [1] to [bsj]
Here, iMR13 is a generalization of the SDM method MR13 [23].

Algorithm 34 iMR13/2

1. Construct ifpifs-matrices [a}j]mxn, [a?j}mxn Ly, [ fj}mxn

2. Find ALGEBRAIC-product ifpifs-matriz [2] [bi;],. ., of [a1~], [az-], cee [at.»]
3. Apply iCCE10 [1] to [bsj]
Here, iIMR13/2 is a generalization of the SDM method MR13/2 [23].

Algorithm 35 iMR13/3

1

1. Construct ifpifs-matrices [aij]an’ [aij}an sy [aman

b
. defined by by =" such that i € I;,_y, j € I,
ij

t t
N?j = max{(Zﬂ?j) —t—i—l,O} and I/fj = min{— (Zl/J) +t,1}
k=1 k=1

3. Apply iCCE10 [1] to [bsj]

2. Obtain [blj]

mX

Here, iMR13/3 is a generalization of the SDM method MR13/3 [23].

Algorithm 36 iNKY17(~)

1. Construct ifpifs-matrices [a}j]mxn, [aij}mxn EEEE [ammxn

b
defined by b;; = ’V‘gﬂ such thati € I, |, j € I,
ij

mXn
1o k 1 k
b : b
pij = n E i and v = n E vi;
k=1

3. Construct an intuitionistic fuzzy valued column matriz [’m](mfl)Xl defined by i1 = 5i1 such that
il

0 <p1+vin <1 and pi,vi €10,1], for alli € I,

(&
defined by c;; = ’LVLZCJ such that i € I,—1, j € In, pg; = ugj, wi; = mlu?j, Vg = ng,
ij

4. Obtain [c;;]

mXxn

Cc oo o, b _ ., b
and vi; = vy + v — vivy;

5. Apply iMBRO1/2 [1] to [c;j]

Here, the variable v indicates an intuitionistic fuzzy valued column matrix related to alternatives, and
iNKY17(7) is a generalization of the SDM method NKY17 [23].
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Results of Test Cases

3.

This section tests the generalized SDM methods herein by using five test cases provided in [1]. To
determine the methods that are successful in all test cases, three ifpifs-matrices provided in Tables 1-5

for each test case are utilized. Moreover, Table 6 presents the test results of these methods.

Table 1: ifpifs-Matrices Employed in the Test Case 1

He N @ w0
OO OO0 o5 OO0 o5
St M@ tm g oA
OO O5 OO0 o5 OO
Hm o 0y oo N5
OO OO o5 OO oOF
Hm g 9N =B oo
OO O5 OO Og5 OO
.

I

—

s

3

S
T

0 0
TN oM TOg AT N9
=)=} S ©O5 OO oOg
tm =8 aY @ w0
OO O5 OO0 o5 OO
Hm A o Y.m wg
OO OO O5 OO o5
Hm M T wg oq
OO O5 OO0 o5 OO
.

I

—

aes

3

S
;
Hm e 0y oo ~5
OO OO O5 OO oOgF
Hm ng o =8B oo
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Table 5: ifpifs-Matrices Employed in the Test Case 5
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Table 6: Performance of the Generalized SDM Methods in the Test Cases
Algorithms\Test Cases | Test Case 1| Test Case 2| Test Case 3| Test Case 4| Test Case 5 ’Iligzzb;;:szg
1. | iCE10a v v - — v 3
2. iCE100 v v v v v 5
3. iEMO18ao v v - - v 3
4. iEMO180a v v v v v 5
5. iCE10an - - - - v 1
6. iCE10on v v v v v 5
7. iEMA18anon - - - - v 1
8. iEMA18onan v v v v v 5
9. iCE10/2a v v — — v 3
10. | iCE10/20 v v v v v 5
11. | iCE10/2an - - - — v 1
12. | iCE10/20n v v v v v 5
13. | iEMC19a0 v v - — v 3
14. | iEMC190a v v v v v 5
15. | iVR13a - - v v v 3
16. | iVR130 — — v v v 3
17. | iZ216(0.4) v v v v v 5
18. | i2216(33) v v v v v 5
19. | iZ216/2(0.4) v v v v v 5
20. | iz716/2(33) v v v v v 5
21. | iICJ17a v v - — v 3
22. | iICJ170 v v — v 3
23. | iICJ17an - - - - v 1
24. iICJ170on - - - v 1
25. | iRMl1la v v — — v 3
26. | iRMllo v v v v v 5
27. | iEM20ao v v — — v 3
28. iEM200a v v v v v 5
29. iZ214(14) v v v v v 5
30. | iDB12 v v v v v 5
31. | isDB12 v v v v v 5
32. | iCD12(2) v v v v v 5
33. | iCD12/2(2) v v v v v 5
34. | iE15 v v v v v 5
35. | iEK15 v v — — v 3
36. | iIEMKI19 v v — — v 3
37. | iYJ11 v v v v v 5
38. | iYJ11/2 v v v v v 5
39. | iBNS12 - v — — v 2
40. | iS12(I4, Iy, I4) v v — — v 3
41. | iIMR13 v v v v v 5
42. | iMR13/2 v v — — v 3
43. | iIMR13/3 - — — — v 1
r T

aa. | iNKYI7( | 5508 v v v v v 5

*Bold values in the last column indicate the SDM methods passing all the test cases (v/

: Successful, —: Unsuccessful)
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Here, since all the parameters should be considered in all the test cases, R = Ry = Re = R3 = I, are
used in the SDM methods iZ14(R) and iS12(R;, R2, R3). Furthermore, the other variables are tuned so
that the related SDM methods can pass the largest number of test cases. The test results of the SDM
methods are obtained by MATLAB R2021b. Moreover, the numbers of the passed tests are presented in
last column of Table 6. The results show that 23 of 44 SDM methods are successful in all the test cases:
iCE100, iEMO180a, iCE10on, iEMA18onan, iCE10/20, iCE10/20n, iEMC190a, iZZ16(0.4), iZZ16({:3),
i2716/2(0.4), i2216/2(53), iRM11o, iEM200a, iZ14(I4), iDB12, isDB12, iCD12(2), iCD12/2(2), iE15,

iYJ11, iYJ11/2, iMR13, and iNKYl?([(lJ 5e é]T). Here, [-]7 stands for the transpose of [].

4. An Application of the Successful SDM Methods to a PVA Problem

This section applies the generalized SDM methods that are successful in all test cases in Section 3
to performance-based value assignment (PVA) to seven noise-removal filters, namely, Based on Pixel
Density Filter (BPDF) [24], Decision-Based Algorithm (DBAIN) [42], Modified Decision-Based Unsym-
metrical Trimmed Median Filter (MDBUTMF) [26], Noise Adaptive Fuzzy Switching Median Filter
(NAFSMF) [44], Different Applied Median Filter (DAMF) [25], Adaptive Weighted Mean Filter
(AWMF) [43], and Adaptive Riesz Mean Filter (ARmF) [13].

Let U = {uy, us, us, uq, us, ug, u7 } be a set of alternatives such that u; =“BPDF”, ug =“DBAIN”,
uz =“MDBUTMF”, uy =“NAFSMF”, us =“DAMF”, ug =“AWMEF”, and u7; =“ARmF”. Moreover, let
E = {z1,z2, %3, 24,25, Tg, T7,Tg, Lo} be a set of parameters such that 1 = “noise density 10%”, xo =
“noise density 20%”, x3 = “noise density 30%”, x4 = “noise density 40%”, x5 = “noise density 50%”,
x¢ = “noise density 60%”, x7 = “noise density 70%”, xs = “noise density 80%”, and xg = “noise density
90%”. Suppose that the noise removal success of these filters at high noise densities is more significant
than those of at the other densities. Then, the ifpifs-matrix [a,;] obtained by using Structural Similarity
(SSIM) [45] results of aforesaid seven filters and provided in [1] is as follows:
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Furthermore, Tables 7-13 and Tables 14-20 present the Peak Signal-to-Noise Ratio (PSNR) and

Visual Information Fidelity (VIF) [41] results of aforesaid seven filters, obtained by MATLAB R2021b, for
20 traditional images, i.e., “Lena”, “Cameraman”, “Barbara”, “Baboon”, “Peppers”, “Living Room”,
“Lake”, “Plane”, “Hill”, “Pirate”, “Boat”, “House”, “Bridge”, “Elaine”, “Flintstones”, “Flower”,
“Parrot”, “Dark-Haired Woman”, “Blonde Woman”, and “Einstein”, at noise densities ranging from
10% to 90%, respectively.
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Table 7: PSNR Results of BPDF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 40.1207 35.8460 32.8329 30.5127 28.3562 26.0197 23.0085 18.2969 10.7110
Cameraman 39.3852 35.0055 32.2111 29.8339 27.5254 25.1452 22.2919 18.0011 11.6495
Barbara 32.7983 29.3573 27.1694 25.5811 24.0656 22.4769 20.2863 16.1678 9.4944
Baboon 35.4468 31.5060 28.7908 26.5725 24.5238 22.7308 20.6291 17.0444 8.9981
Peppers 38.2033 34.8804 32.4517 30.5309 28.2914 25.9504 23.1313 18.2481 9.0780
Living Room 35.9376 32.1485 29.6862 27.7004 25.8133 23.8195 21.3705 17.5999 10.9149
Lake 36.6876 32.3391 29.7439 27.3752 25.1171 22.4346 19.7057 15.5530 8.7834
Plane 38.4801 34.5421 31.6290 28.9265 26.4190 24.0467 21.2177 16.4245 7.9709
Hill 37.8776 34.2986 31.9029 29.7889 27.7335 25.5693 23.0180 19.3774 13.8182
Pirate 37.5385 33.8626 31.2111 28.9833 26.7575 24.7837 21.8897 17.2893 10.9445
Boat 36.4823 32.6041 29.9755 27.8538 25.7916 23.7528 20.9115 17.0311 11.1577
House 43.5902 39.7504 36.3429 33.4103 30.3397 27.7133 24.1114 19.8625 13.1290
Bridge 33.8422 30.2166 27.7101 25.7299 23.7898 21.7617 19.4641 16.1564 10.5119
Elaine 39.5501 36.1133 33.4275 31.4015 29.1653 26.6918 23.6521 18.1038 11.0628
Flintstones 31.0347 27.3956 24.9060 22.7339 20.7054 18.7883 16.4151 12.9912 6.9176
Flower 33.4606 31.5380 29.5794 27.7809 25.8168 23.7743 21.4026 18.0230 11.2483
Parrot 31.8533 31.0869 29.0831 28.3085 26.6351 25.3372 23.1418 19.7013 10.7452
Dark-Haired Woman 44.9712 41.1344 38.1960 35.3849 32.9769 30.1407 25.7592 20.1365 10.7867
Blonde Woman 32.1376 30.4787 29.0405 27.6428 26.3547 24.5170 22.2023 17.8902 8.9621
Einstein 41.8411 37.7856 35.2482 33.4590 30.8533 28.4806 25.7568 21.3325 13.7197

Table 8: PSNR Results of DBAIN for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 41.7024 37.4327 34.7209 32.0906 30.2490 28.1340 25.5840 22.9730 19.8600
Cameraman 41.9797 37.4575 34.2022 31.6429 29.2698 27.1595 24.5283 21.9634 18.8275
Barbara 33.0754 29.8123 27.5702 25.9170 24.5338 23.2128 21.6672 20.0471 17.4358
Baboon 36.7356 32.9041 30.2563 28.0196 25.9959 24.1913 22.3661 20.5131 18.3612
Peppers 39.6141 36.4103 33.8338 31.8349 29.7383 27.6079 25.2377 22.6204 19.0465
Living Room 37.5604 33.5608 31.0142 28.9389 27.2588 25.3042 23.5117 21.3496 18.4977
Lake 34.6392 32.4992 30.5092 28.6066 26.7373 24.7123 22.5239 20.1682 17.1273
Plane 39.4614 35.9398 33.3609 30.9328 28.5350 26.3232 24.0754 21.4329 18.2203
Hill 38.9580 35.5585 33.0158 31.0429 29.0009 27.1838 25.2382 23.2213 20.3538
Pirate 38.3700 35.0092 32.5162 30.3586 28.3248 26.4680 24.3707 22.0282 19.1498
Boat 37.1633 33.7982 31.3056 29.0767 27.3376 25.4496 23.3844 21.3486 18.5618
House 46.9856 41.7527 38.3421 35.2990 32.8991 30.3252 27.5612 23.9619 20.1525
Bridge 33.8058 30.6931 28.6066 26.6350 24.8286 23.2263 21.4649 19.4240 16.7823
Elaine 40.3079 37.1622 34.7025 32.7728 31.0557 29.0884 26.8744 23.9132 20.0979
Flintstones 33.0409 29.3856 26.6837 24.1093 22.0558 20.0279 17.8602 15.8061 13.1503
Flower 34.0305 32.5413 30.7202 29.1437 27.2227 25.4142 23.5670 21.5662 18.7590
Parrot 33.0775 32.2262 31.1229 29.8910 28.6025 27.0299 25.4772 23.5876 20.8310
Dark-Haired Woman 46.5696 42.9604 40.5074 37.8290 34.7415 32.6500 30.0161 26.5576 21.9065
Blonde Woman 31.8655 30.7231 29.6103 28.3882 27.0572 25.7529 23.9740 22.2877 19.5317
Einstein 43.3906 39.5696 36.8779 34.6650 31.9730 30.1821 27.9514 25.6926 22.4661
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Table 9: PSNR Results of MDBUTMEF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 40.5308 35.6049 31.4577 30.3932 31.0401 30.7714 29.4379 25.7451 16.4201
Cameraman 39.9202 34.6721 30.2708 29.3007 30.0276 29.9566 28.4352 24.9551 16.3161
Barbara 32.5645 29.1775 26.7458 25.5024 24.9391 24.1714 23.2195 21.5984 15.9936
Baboon 34.0621 30.6396 28.1182 26.9155 26.3222 25.5323 24.4306 22.3776 15.7092
Peppers 40.3550 35.3655 31.0817 30.1102 30.8208 30.7592 29.4946 25.8831 16.7819
Living Room 36.0229 32.0736 29.2912 28.0867 27.8125 26.9336 25.8927 23.5614 16.4881
Lake 36.4854 32.1291 28.6167 27.6502 27.6596 27.1770 26.0597 23.4397 15.7501
Plane 38.7981 33.7165 29.7909 28.7364 29.3232 29.1695 27.7305 23.6289 13.7697
Hill 38.2958 34.1233 30.3720 29.4182 29.6018 29.2819 28.0745 25.4791 17.1378
Pirate 38.0641 33.8219 30.1577 29.1395 29.1292 28.6336 27.5312 24.7293 17.0249
Boat 36.7751 32.6277 29.4759 28.3392 28.1407 27.4659 26.2543 23.6388 16.0319
House 47.2603 38.0746 32.3237 31.4540 33.7888 35.0290 33.3810 26.8883 15.8360
Bridge 33.8124 30.0923 27.4450 26.3055 25.7404 25.0269 23.8888 21.9899 16.0124
Elaine 40.9631 36.1123 31.8615 30.9447 31.7410 31.8485 30.5476 25.9854 16.0459
Flintstones 32.0016 28.3444 25.3973 24.0838 23.5164 22.5560 21.2350 19.1389 13.7476
Flower 33.2940 31.3942 29.1486 28.3189 28.2421 27.7531 26.6697 24.3583 17.4342
Parrot 26.1186 25.6994 24.9436 24.7026 24.6451 24.4481 24.0226 22.6789 16.0025
Dark-Haired Woman 46.6049 37.7460 31.6361 31.2219 33.8768 36.0648 34.6230 28.1550 17.4094
Blonde Woman 31.0419 29.8258 28.1923 27.4624 27.3264 26.9460 26.2408 23.7400 15.6890
Einstein 42.1813 37.0571 32.7757 31.8126 32.7269 32.8236 31.4597 27.5641 18.2882

Table 10: PSNR Results of NAFSMF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 38.8408 35.7244 33.6318 32.2185 31.1273 29.8105 28.6769 27.0939 23.4284
Cameraman 36.6409 34.0358 31.9416 30.4022 29.2852 28.3415 27.1063 25.5442 22.3382
Barbara 33.1453 30.0555 28.1911 26.8663 25.8246 24.7839 23.8217 22.7794 20.6211
Baboon 32.3912 29.4572 27.5740 26.3060 25.2660 24.3347 23.4304 22.4486 20.4587
Peppers 39.3057 36.3208 34.3630 32.8275 31.4453 30.3638 29.0903 27.4512 23.4095
Living Room 34.5237 31.3634 29.5777 28.3018 27.2286 26.1486 25.2361 24.1445 21.6589
Lake 34.6971 31.5187 29.6086 28.3242 27.1148 26.0774 25.1345 23.7908 21.1496
Plane 36.5648 33.4430 31.6712 30.2027 29.0520 27.9017 26.6729 25.3963 22.1633
Hill 37.1007 34.0850 32.1277 30.8328 29.6385 28.6481 27.5382 26.4624 23.3972
Pirate 36.8338 33.6607 31.6719 30.3928 29.0368 27.9088 26.9095 25.5246 22.6413
Boat 35.1108 31.8502 29.9946 28.5836 27.5256 26.5269 25.4945 24.2185 21.8833
House 44.5313 41.3926 38.9129 37.2766 35.6826 34.0870 32.3048 30.2131 24.9187
Bridge 32.7144 29.5726 27.7940 26.4789 25.3542 24.3868 23.3923 22.3196 20.2711
Elaine 40.6090 37.5737 35.6043 34.1432 32.9299 31.7911 30.4155 28.7362 24.6677
Flintstones 29.2074 26.3347 24.4995 23.1593 21.9779 20.9786 19.8595 18.7026 16.8283
Flower 32.1706 30.6349 29.4385 28.5534 27.6052 26.7642 25.8321 24.6199 22.0578
Parrot 31.8475 30.7047 29.7051 28.9493 27.8794 27.0998 26.2466 25.2348 22.4053
Dark-Haired Woman 45.2755 42.0290 40.1639 38.7253 37.3922 35.5937 34.0374 31.8919 25.4782
Blonde Woman 30.4752 29.4436 28.5275 27.7051 26.9854 26.3050 25.6730 24.5875 21.9160
Einstein 40.8248 37.9051 35.9893 34.4461 33.1982 32.1267 30.9430 29.1608 25.3858
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Table 11: PSNR Results of DAMF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 43.0722 39.1806 36.7452 34.7359 33.3103 31.7894 30.3164 28.5806 25.7651
Cameraman 43.6192 39.5829 36.7552 34.6482 32.8886 31.3170 29.6416 27.5994 24.7318
Barbara 33.8636 30.5432 28.4400 26.9131 25.6976 24.5875 23.5081 22.4145 21.0437
Baboon 37.9607 34.4894 32.2077 30.4524 28.8845 27.4818 25.9342 24.1806 21.8066
Peppers 41.2494 37.7822 35.6095 33.8821 32.3639 31.1079 29.8201 28.3911 25.8038
Living Room 38.6765 34.9505 32.6009 30.8271 29.2886 27.9849 26.7079 25.2042 23.1147
Lake 39.1066 35.4611 33.0569 31.4528 29.8093 28.3363 26.9560 25.1767 22.8061
Plane 42.3995 38.3668 35.9131 33.7627 32.0727 30.6427 29.0713 27.2153 24.3841
Hill 40.0487 36.6582 34.3673 32.6891 31.2202 29.9333 28.5978 27.3184 25.3023
Pirate 40.0788 36.5961 34.1419 32.4554 30.7721 29.4173 28.1059 26.5300 24.2527
Boat 39.0948 35.4225 33.0451 31.1233 29.7102 28.3002 26.9122 25.3603 23.2930
House 50.7381 46.0099 42.4789 39.9874 38.2217 36.5861 34.7749 32.6088 28.8869
Bridge 35.6434 32.2425 30.1506 28.5076 27.0818 25.7379 24.4374 23.0009 21.1559
Elaine 41.2573 38.0581 35.9929 34.3900 33.0205 31.7831 30.5781 29.1659 27.0981
Flintstones 35.4137 31.6940 29.1574 27.1173 25.4545 23.8569 22.3090 20.3632 17.8944
Flower 34.4083 33.2306 31.9779 30.8688 29.7092 28.5705 27.3606 25.8127 23.6013
Parrot 32.8146 32.1056 31.1059 30.5176 29.3763 28.4918 27.6130 26.4329 24.3276
Dark-Haired Woman 48.9694 45.1735 42.7511 40.8499 39.2145 37.6213 36.0276 34.1981 30.6662
Blonde Woman 31.9018 31.2015 30.2450 29.2191 28.3794 27.4408 26.5836 25.3487 23.5741
Einstein 44.5768 41.0258 38.7129 36.8561 35.2529 33.8460 32.3472 30.6530 28.3551

Table 12: PSNR Results of AWMEF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 39.1561 37.5021 36.1234 34.7751 33.6929 32.1790 30.6845 28.8292 26.0906
Cameraman 37.9716 37.3066 36.2143 35.0479 33.6967 32.1769 30.2475 27.9841 25.0121
Barbara 32.5713 30.4338 28.8274 27.4757 26.3150 25.1313 23.8951 22.6659 21.2493
Baboon 34.0175 32.6942 31.4953 30.4832 29.2673 27.9141 26.2827 24.4108 21.9899
Peppers 37.7660 36.8735 35.5794 34.3687 32.9569 31.6398 30.2108 28.6895 26.1339
Living Room 35.1127 33.3847 32.0812 30.9182 29.7218 28.4319 27.0841 25.4519 23.2958
Lake 35.6087 33.9485 32.6987 31.5054 30.1904 28.7826 27.3012 25.4475 23.0572
Plane 37.6156 36.2006 35.1936 33.9226 32.6311 31.2022 29.5165 27.5341 24.6750
Hill 37.3690 35.5461 34.1448 32.8744 31.6142 30.3612 28.9238 27.5469 25.5130
Pirate 36.6959 34.8282 33.5362 32.3863 31.0174 29.6935 28.3712 26.7371 24.4863
Boat 35.6108 33.7086 32.4205 31.1648 30.0042 28.7156 27.2543 25.5869 23.4884
House 44.5539 44.1149 42.9999 41.4964 39.7598 37.9130 35.6366 33.2106 29.6470
Bridge 33.0631 31.1503 29.7851 28.6056 27.4055 26.0757 24.7391 23.1963 21.3033
Elaine 39.3248 37.5328 36.0340 34.6495 33.3807 32.1213 30.8349 29.3584 27.3686
Flintstones 30.0982 29.1923 28.1912 27.0103 25.7642 24.3258 22.6890 20.6340 18.0690
Flower 32.5330 32.0272 31.3771 30.7335 29.8521 28.8265 27.5929 26.0116 23.8087
Parrot 32.1664 31.8779 31.2809 30.9221 30.2468 29.4604 28.4976 27.2598 25.1985
Dark-Haired Woman 45.5301 43.9980 42.6852 41.4225 39.9602 38.2895 36.5186 34.5991 31.4464
Blonde Woman 30.9504 30.6212 29.9981 29.2354 28.5513 27.6710 26.7552 25.5371 23.9030
Einstein 41.0321 39.4445 38.1746 36.8740 35.6258 34.2236 32.6971 30.8923 28.6541
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Table 13: PSNR Results of ARmF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 43.1580 39.7282 37.5635 35.6664 34.2712 32.5274 30.8789 28.9058 26.1196
Cameraman 44.6038 41.0662 38.6506 36.5366 34.5724 32.6766 30.5298 28.1184 25.0654
Barbara 34.8083 31.5844 29.5445 28.0079 26.6725 25.3451 24.0153 22.7069 21.2355
Baboon 39.1855 35.9332 33.6522 31.8380 30.0907 28.4000 26.5327 24.5148 22.0104
Peppers 41.6044 38.4530 36.3822 34.7735 33.1802 31.7906 30.3074 28.7399 26.1455
Living Room 38.7920 35.6140 33.5774 31.9044 30.3921 28.8746 27.3436 25.5954 23.3628
Lake 39.6953 36.3422 34.1816 32.4972 30.7621 29.1288 27.5077 25.5517 23.0998
Plane 42.7624 39.3626 37.2593 35.1758 33.3924 31.6736 29.7830 27.6577 24.7243
Hill 40.5507 37.3953 35.3108 33.6869 32.1567 30.7051 29.1468 27.6591 25.5582
Pirate 40.1030 36.8744 34.7412 33.2099 31.5298 30.0225 28.5651 26.8251 24.5093
Boat 39.2023 35.7773 33.8393 32.0587 30.5992 29.0785 27.4691 25.7065 23.5358
House 52.4247 48.5287 45.3646 42.8265 40.4613 38.3474 35.8799 33.3543 29.7020
Bridge 36.1575 32.9129 30.9348 29.3513 27.9065 26.3840 24.9089 23.2821 21.3272
Elaine 41.2637 38.1574 36.2041 34.6569 33.3120 32.0313 30.7701 29.3243 27.3601
Flintstones 35.4229 32.2400 30.0330 28.1460 26.4628 24.7365 22.9234 20.7470 18.1079
Flower 34.3498 33.3375 32.3341 31.4062 30.3025 29.1281 27.7651 26.0971 23.8387
Parrot 33.0991 32.5886 31.8427 31.3716 30.5589 29.6963 28.6376 27.3240 25.2090
Dark-Haired Woman 49.6752 46.2660 44.0037 42.2059 40.4246 38.5998 36.7028 34.6823 31.4796
Blonde Woman 32.2503 31.4649 30.5499 29.6267 28.8134 27.8587 26.8804 25.5925 23.9200
Einstein 45.0130 41.6818 39.6201 37.8252 36.2129 34.5852 32.9004 30.9867 28.6707

Table 14: VIF Results of BPDF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%

Lena 0.8554 0.7147 0.5871 0.4682 0.3596 0.2579 0.1587 0.0767 0.0342
Cameraman 0.8486 0.7162 0.6031 0.4957 0.3915 0.2893 0.1884 0.0982 0.0405
Barbara 0.7205 0.5693 0.4610 0.3643 0.2730 0.1931 0.1236 0.0591 0.0272
Baboon 0.7801 0.6221 0.4877 0.3755 0.2764 0.1915 0.1167 0.0579 0.0217
Peppers 0.8293 0.7048 0.5950 0.4934 0.3896 0.2888 0.1908 0.0942 0.0325
Living Room 0.7860 0.6374 0.5161 0.4073 0.3117 0.2236 0.1402 0.0708 0.0346
Lake 0.8060 0.6448 0.5310 0.4177 0.3098 0.2178 0.1340 0.0656 0.0326
Plane 0.8335 0.7021 0.5839 0.4621 0.3535 0.2497 0.1552 0.0713 0.0292
Hill 0.8243 0.6876 0.5644 0.4472 0.3357 0.2343 0.1448 0.0759 0.0374
Pirate 0.8194 0.6803 0.5537 0.4357 0.3310 0.2332 0.1420 0.0671 0.0309
Boat 0.8020 0.6455 0.5192 0.4085 0.3051 0.2181 0.1324 0.0651 0.0326
House 0.9195 0.8292 0.7155 0.6035 0.4798 0.3597 0.2202 0.1123 0.0456
Bridge 0.7415 0.5824 0.4590 0.3580 0.2658 0.1826 0.1119 0.0587 0.0287
Elaine 0.8386 0.7086 0.5878 0.4760 0.3685 0.2735 0.1754 0.0795 0.0326
Flintstones 0.6854 0.5350 0.4293 0.3425 0.2652 0.1962 0.1278 0.0654 0.0241
Flower 0.8261 0.6817 0.5410 0.4321 0.3181 0.2292 0.1403 0.0704 0.0327
Parrot 0.8225 0.7137 0.6090 0.4916 0.3950 0.2903 0.1807 0.0977 0.0356
Dark-Haired Woman 0.9187 0.8288 0.7289 0.6180 0.4972 0.3662 0.2273 0.1131 0.0444
Blonde Woman 0.7720 0.6399 0.5305 0.4259 0.3304 0.2381 0.1486 0.0690 0.0281
Einstein 0.8825 0.7586 0.6420 0.5261 0.4108 0.2921 0.1822 0.0833 0.0338
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Table 15: VIF Results of DBAIN for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%
Lena 0.8828 0.7577 0.6475 0.5301 0.4298 0.3334 0.2306 0.1417 0.0653
Cameraman 0.8889 0.7733 0.6622 0.5592 0.4508 0.3501 0.2517 0.1537 0.0726
Barbara 0.7456 0.6094 0.5016 0.4006 0.3154 0.2383 0.1682 0.1019 0.0484
Baboon 0.8154 0.6716 0.5459 0.4331 0.3333 0.2440 0.1605 0.0947 0.0395
Peppers 0.8694 0.7493 0.6356 0.5284 0.4286 0.3299 0.2313 0.1452 0.0698
Living Room 0.8306 0.6865 0.5663 0.4601 0.3677 0.2755 0.1957 0.1195 0.0536
Lake 0.8336 0.6981 0.5807 0.4735 0.3709 0.2813 0.1964 0.1204 0.0549
Plane 0.8724 0.7503 0.6415 0.5286 0.4244 0.3256 0.2318 0.1428 0.0641
Hill 0.8553 0.7317 0.6131 0.5043 0.3930 0.2955 0.2071 0.1299 0.0575
Pirate 0.8468 0.7228 0.6057 0.4967 0.3948 0.2957 0.2055 0.1235 0.0558
Boat 0.8300 0.6941 0.5785 0.4619 0.3709 0.2797 0.1940 0.1188 0.0549
House 0.9494 0.8832 0.7814 0.6778 0.5694 0.4608 0.3333 0.2143 0.1025
Bridge 0.7797 0.6234 0.5072 0.4031 0.3102 0.2307 0.1540 0.0929 0.0398
Elaine 0.8671 0.7462 0.6353 0.5250 0.4222 0.3280 0.2352 0.1504 0.0707
Flintstones 0.7567 0.6003 0.4793 0.3713 0.2875 0.2115 0.1452 0.0884 0.0398
Flower 0.8549 0.7346 0.5984 0.4947 0.3826 0.2932 0.2043 0.1255 0.0552
Parrot 0.8636 0.7622 0.6593 0.5563 0.4530 0.3575 0.2554 0.1627 0.0804
Dark-Haired Woman 0.9423 0.8662 0.7848 0.6865 0.5752 0.4561 0.3317 0.2114 0.1026
Blonde Woman 0.8179 0.6930 0.5840 0.4803 0.3808 0.2922 0.2032 0.1300 0.0603
Einstein 0.9094 0.8030 0.6939 0.5824 0.4693 0.3626 0.2553 0.1573 0.0708
Table 16: VIF Results of MDBUTMF for 20 Traditional Images
Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%
Lena 0.8607 0.6995 0.5187 0.4539 0.4515 0.4263 0.3521 0.2374 0.0727
Cameraman 0.8564 0.6901 0.5169 0.4585 0.4503 0.4330 0.3605 0.2448 0.0963
Barbara 0.7251 0.5688 0.4333 0.3703 0.3513 0.3127 0.2532 0.1703 0.0625
Baboon 0.7425 0.5966 0.4702 0.4007 0.3612 0.3085 0.2439 0.1574 0.0466
Peppers 0.8661 0.7027 0.5253 0.4569 0.4560 0.4222 0.3494 0.2380 0.0806
Living Room 0.7889 0.6355 0.4974 0.4259 0.3913 0.3392 0.2749 0.1853 0.0641
Lake 0.8011 0.6294 0.4695 0.4167 0.3899 0.3590 0.3006 0.2080 0.0816
Plane 0.8367 0.6623 0.4933 0.4315 0.4199 0.4036 0.3380 0.2176 0.0684
Hill 0.8324 0.6795 0.5159 0.4494 0.4246 0.3847 0.3135 0.2202 0.0711
Pirate 0.8280 0.6763 0.5088 0.4501 0.4243 0.3820 0.3138 0.2113 0.0700
Boat 0.8070 0.6474 0.4984 0.4302 0.4041 0.3601 0.2916 0.1925 0.0651
House 0.9461 0.8139 0.6201 0.5682 0.5954 0.5804 0.5044 0.3707 0.1132
Bridge 0.7381 0.5800 0.4507 0.3881 0.3483 0.3024 0.2359 0.1629 0.0590
Elaine 0.8662 0.7123 0.5304 0.4651 0.4638 0.4384 0.3634 0.2359 0.0643
Flintstones 0.7174 0.5640 0.4385 0.3785 0.3427 0.2927 0.2353 0.1673 0.0732
Flower 0.8377 0.6880 0.5254 0.4646 0.4417 0.3998 0.3276 0.2284 0.0802
Parrot 0.8157 0.6559 0.4827 0.4270 0.4373 0.4234 0.3568 0.2344 0.0639
Dark-Haired Woman 0.9270 0.7556 0.5327 0.4930 0.5377 0.5459 0.4804 0.3218 0.0945
Blonde Woman 0.7535 0.6203 0.4700 0.4087 0.3901 0.3577 0.2948 0.1888 0.0543
Einstein 0.8781 0.7283 0.5490 0.4768 0.4701 0.4312 0.3509 0.2241 0.0636
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Table 17: VIF Results of NAFSMF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%
Lena 0.8275 0.7144 0.6225 0.5397 0.4629 0.3897 0.3159 0.2327 0.1318
Cameraman 0.7949 0.6862 0.5952 0.5088 0.4382 0.3720 0.2947 0.2166 0.1242
Barbara 0.7198 0.5972 0.5126 0.4400 0.3747 0.3088 0.2476 0.1798 0.1063
Baboon 0.6878 0.5613 0.4659 0.3923 0.3248 0.2604 0.1970 0.1306 0.0683
Peppers 0.8436 0.7329 0.6436 0.5511 0.4729 0.4014 0.3247 0.2423 0.1388
Living Room 0.7467 0.6186 0.5251 0.4464 0.3736 0.3062 0.2411 0.1718 0.0927
Lake 0.7549 0.6242 0.5298 0.4574 0.3779 0.3186 0.2578 0.1896 0.1098
Plane 0.7877 0.6682 0.5846 0.4994 0.4262 0.3538 0.2847 0.2134 0.1223
Hill 0.7992 0.6779 0.5800 0.4993 0.4192 0.3488 0.2744 0.2005 0.1127
Pirate 0.7942 0.6724 0.5737 0.4977 0.4167 0.3433 0.2783 0.2004 0.1191
Boat 0.7634 0.6314 0.5379 0.4550 0.3878 0.3203 0.2529 0.1789 0.1013
House 0.9113 0.8318 0.7417 0.6630 0.5859 0.5052 0.4175 0.3297 0.1942
Bridge 0.6999 0.5626 0.4717 0.3980 0.3320 0.2709 0.2056 0.1453 0.0823
Elaine 0.8556 0.7498 0.6617 0.5766 0.5016 0.4291 0.3479 0.2628 0.1532
Flintstones 0.6356 0.5081 0.4290 0.3624 0.3048 0.2507 0.1969 0.1462 0.0864
Flower 0.7876 0.6636 0.5673 0.4924 0.4205 0.3555 0.2867 0.2175 0.1278
Parrot 0.7942 0.6929 0.6119 0.5407 0.4643 0.3981 0.3182 0.2433 0.1366
Dark-Haired Woman 0.9059 0.8237 0.7445 0.6687 0.5906 0.5024 0.4195 0.3241 0.1890
Blonde Woman 0.7279 0.6240 0.5387 0.4664 0.3943 0.3319 0.2677 0.1926 0.1118
Einstein 0.8518 0.7407 0.6421 0.5537 0.4720 0.3904 0.3053 0.2167 0.1241
Table 18: VIF Results of DAMF for 20 Traditional Images
Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%
Lena 0.9072 0.8137 0.7321 0.6481 0.5732 0.5041 0.4266 0.3293 0.1963
Cameraman 0.9179 0.8333 0.7518 0.6759 0.6060 0.5364 0.4573 0.3594 0.2173
Barbara 0.7742 0.6564 0.5698 0.4916 0.4259 0.3598 0.2985 0.2273 0.1423
Baboon 0.8450 0.7306 0.6309 0.5485 0.4677 0.3939 0.3156 0.2296 0.1258
Peppers 0.8915 0.7951 0.7111 0.6277 0.5544 0.4849 0.4099 0.3219 0.1993
Living Room 0.8535 0.7384 0.6380 0.5533 0.4750 0.4072 0.3383 0.2578 0.1533
Lake 0.8635 0.7538 0.6608 0.5870 0.5075 0.4361 0.3667 0.2791 0.1725
Plane 0.9044 0.8096 0.7291 0.6451 0.5697 0.5054 0.4278 0.3360 0.2038
Hill 0.8755 0.7754 0.6849 0.6035 0.5252 0.4519 0.3789 0.2951 0.1780
Pirate 0.8762 0.7763 0.6809 0.6026 0.5234 0.4471 0.3737 0.2865 0.1727
Boat 0.8648 0.7481 0.6545 0.5688 0.4987 0.4277 0.3522 0.2699 0.1604
House 0.9750 0.9350 0.8785 0.8228 0.7670 0.7028 0.6187 0.5157 0.3330
Bridge 0.7975 0.6739 0.5770 0.4964 0.4246 0.3562 0.2884 0.2164 0.1265
Elaine 0.8812 0.7848 0.7016 0.6160 0.5424 0.4692 0.3995 0.3108 0.1999
Flintstones 0.8112 0.6793 0.5769 0.4896 0.4180 0.3501 0.2847 0.2100 0.1255
Flower 0.8941 0.7954 0.6958 0.6125 0.5353 0.4655 0.3867 0.3001 0.1846
Parrot 0.8760 0.7975 0.7196 0.6509 0.5760 0.5107 0.4341 0.3453 0.2184
Dark-Haired Woman 0.9560 0.9065 0.8534 0.7958 0.7343 0.6656 0.5837 0.4756 0.3104
Blonde Woman 0.7994 0.7078 0.6242 0.5495 0.4783 0.4121 0.3442 0.2631 0.1656
Einstein 0.9221 0.8415 0.7630 0.6826 0.6058 0.5277 0.4421 0.3374 0.2033
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Table 19: VIF Results of AWMF for 20 Traditional Images

Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%
Lena 0.8267 0.7706 0.7139 0.6474 0.5836 0.5141 0.4339 0.3326 0.1985
Cameraman 0.8176 0.7780 0.7324 0.6759 0.6175 0.5497 0.4657 0.3632 0.2193
Barbara 0.7056 0.6306 0.5673 0.5023 0.4418 0.3738 0.3076 0.2318 0.1438
Baboon 0.7399 0.6837 0.6169 0.5554 0.4822 0.4073 0.3240 0.2333 0.1273
Peppers 0.7821 0.7558 0.7005 0.6363 0.5693 0.4962 0.4168 0.3254 0.2004
Living Room 0.7557 0.6877 0.6215 0.5574 0.4887 0.4195 0.3462 0.2608 0.1542
Lake 0.7797 0.7118 0.6490 0.5888 0.5166 0.4455 0.3729 0.2814 0.1738
Plane 0.8071 0.7544 0.7047 0.6442 0.5786 0.5139 0.4340 0.3383 0.2054
Hill 0.8038 0.7352 0.6726 0.6059 0.5362 0.4625 0.3858 0.2979 0.1792
Pirate 0.7914 0.7213 0.6596 0.5990 0.5299 0.4544 0.3787 0.2884 0.1736
Boat 0.7711 0.6998 0.6389 0.5743 0.5099 0.4386 0.3601 0.2734 0.1619
House 0.9199 0.9012 0.8701 0.8329 0.7840 0.7208 0.6318 0.5233 0.3387
Bridge 0.7108 0.6316 0.5636 0.5001 0.4354 0.3658 0.2940 0.2191 0.1272
Elaine 0.8245 0.7585 0.6935 0.6193 0.5491 0.4769 0.4032 0.3123 0.2008
Flintstones 0.6396 0.5992 0.5489 0.4861 0.4245 0.3599 0.2895 0.2119 0.1262
Flower 0.7874 0.7329 0.6703 0.6111 0.5461 0.4756 0.3939 0.3025 0.1852
Parrot 0.7963 0.7537 0.7012 0.6468 0.5827 0.5200 0.4406 0.3495 0.2227
Dark-Haired Woman 0.9113 0.8771 0.8390 0.7941 0.7401 0.6735 0.5906 0.4794 0.3158
Blonde Woman 0.7299 0.6743 0.6133 0.5516 0.4865 0.4195 0.3496 0.2656 0.1669
Einstein 0.8544 0.7998 0.7439 0.6807 0.6131 0.5358 0.4490 0.3404 0.2049
Table 20: VIF Results of ARmF for 20 Traditional Images
Images/Noise Densities 10% 20% 30% 40% 50% 60% 70% 80% 90%
Lena 0.9077 0.8262 0.7549 0.6770 0.6048 0.5288 0.4437 0.3377 0.2011
Cameraman 0.9264 0.8580 0.7901 0.7173 0.6482 0.5705 0.4795 0.3714 0.2234
Barbara 0.7908 0.6833 0.6034 0.5275 0.4584 0.3842 0.3139 0.2347 0.1448
Baboon 0.8690 0.7715 0.6778 0.5948 0.5079 0.4233 0.3329 0.2380 0.1294
Peppers 0.8966 0.8123 0.7332 0.6573 0.5835 0.5067 0.4239 0.3298 0.2025
Living Room 0.8540 0.7564 0.6693 0.5907 0.5114 0.4347 0.3557 0.2668 0.1577
Lake 0.8764 0.7775 0.6941 0.6200 0.5367 0.4585 0.3811 0.2865 0.1762
Plane 0.9084 0.8282 0.7598 0.6812 0.6045 0.5319 0.4456 0.3448 0.2089
Hill 0.8824 0.7928 0.7134 0.6355 0.5575 0.4764 0.3953 0.3035 0.1824
Pirate 0.8747 0.7832 0.7007 0.6287 0.5499 0.4681 0.3875 0.2932 0.1756
Boat 0.8656 0.7622 0.6826 0.6021 0.5296 0.4523 0.3679 0.2784 0.1646
House 0.9786 0.9511 0.9116 0.8672 0.8106 0.7417 0.6467 0.5323 0.3431
Bridge 0.8080 0.6946 0.6045 0.5272 0.4533 0.3774 0.3006 0.2232 0.1293
Elaine 0.8815 0.7888 0.7113 0.6299 0.5571 0.4819 0.4069 0.3145 0.2021
Flintstones 0.8045 0.6905 0.6006 0.5186 0.4442 0.3718 0.2966 0.2152 0.1278
Flower 0.8861 0.8017 0.7182 0.6439 0.5679 0.4910 0.4029 0.3073 0.1872
Parrot 0.8801 0.8089 0.7400 0.6771 0.6031 0.5354 0.4509 0.3557 0.2256
Dark-Haired Woman 0.9603 0.9187 0.8737 0.8222 0.7626 0.6912 0.6030 0.4876 0.3194
Blonde Woman 0.8057 0.7202 0.6424 0.5714 0.5004 0.4292 0.3560 0.2690 0.1685
Einstein 0.9277 0.8558 0.7874 0.7140 0.6383 0.5539 0.4610 0.3476 0.2084
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In this PVA problem, we construct ifpifs-matrices [bjlq, o and [cj]g, o by using the values provided in
Tables 7-13 and Tables 14-20, respectively. Since the PSNR values are not in the interval [0, 1], they are
normalized by dividing the PSNR values produced by all the filters for each image by the maximum of
these values to construct the ifpifs-matrix [b;;]. After, we get intuitionistic fuzzy values in the nonzero-
indexed rows of the ifpifs-matrix [b;;] using the membership function and non-membership function
defined by

i

b o in Pt bo._ t
piij = min P and  v=1- max P

such that ¢ € I,,_1 and j € I,. Here, the notation (P-f‘-) states the ordered s-tuples such that PZJ

ij
corresponds to normalized PSNR values originating from ¢! image for i‘" filter and j** noise density.
Moreover, s is the number of images. That is, s = 20 herein. To exemplify, for BPDF (i = 1) and 10%
noise density (j = 1),

(Pt ) _ (40.1207 39.3852 32.7983 35.4468 38.2033 35.9376 36.6876 38.4801 37.8776 37.5385 36.4823 43.5902
11 43.15807 44.6038° 34.8083° 39.18557 41.6044° 38.7920’ 39.69537 42.7624° 40.55077 40.1030° 39.2023° 52.4247°

33.8422 39.5501 31.0347 33.4606 31.8533 44.9712 32.1376 41.8411)
36.15757 41.26377 35.42297 34.40837 33.0991’ 49.67527 32.2503° 45.0130

= (0.9296, 0.8830, 0.9423,0.9046,0.9183, 0.9264, 0.9242, 0.8999, 0.9341,0.9361, 0.9306, 0.8315,
0.9360, 0.9585, 0.8761,0.9725,0.9624, 0.9053, 0.9965, 0.9295)

Here, for t = 1 (Lena), since

max { 40.1207, 35.8460, 32.8329, 30.5127, 28.3562, 26.0197, 23.0085, 18.2969, 10.7110,
41.7024, 37.4327, 34.7209, 32.0906, 30.2490, 28.1340, 25.5840, 22.9730, 19.8600,
40.5308, 35.6049, 31.4577, 30.3932, 31.0401, 30.7714, 29.4379, 25.7451, 16.4201,
38.8408, 35.7244, 33.6318, 32.2185, 31.1273, 29.8105, 28.6769, 27.0939, 23.4284,
43.0722, 39.1806, 36.7452, 34.7359, 33.3103, 31.7894, 30.3164, 28.5806, 25.7651,
39.1561, 37.5021, 36.1234, 34.7751, 33.6929, 32.1790, 30.6845, 28.8292, 26.0906,
43.1580, 39.7282, 37.5635, 35.6664, 34.2712, 32.5274, 30.8789, 28.9058, 26.1196} = 43.1580

then P}, = 192207 = 0.9296. Therefore, p}; = min P}l =0.8315 and v}, =1 — max P =1-0.9965 =

0.0035. Similarly, the values of the other alternatives can be calculated. Likewise, we get intuitionistic
fuzzy values in the nonzero-indexed rows of the ifpifs-matrix [c;;] using the membership function and
non-membership function defined by

C o t c .— 1= T
Wiy = mtanij and v =1 mtaXVU

such that ¢ € I,,_; and j € I,. Here, the notation (Vlg) states the ordered s-tuples such that V|
corresponds to VIF values originating from " image for ' filter and ;" noise density. Moreover, s is
the number of images. That is, s = 20 herein. Besides, suppose that the noise removal success of the
filters at high noise densities is more significant than at the other densities, it is anticipated that the
membership degrees at high noise densities are greater than the non-membership degrees and the former
at low noise densities are smaller than the latter. In other words, we consider the first rows of [b;;] and
[ci;] to be

0.05 0.15 0.25 0.35 0.5 0.65 0.75 0.85 0.9
09 08 07 06 05 03 02 0.1 0.05

Hence, the ifpifs-matrices [b;;] and [¢;;] are constructed as follows:
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and

[ 0.05
0.9

0.8315
0.0035

0.8726
0.0007

0.7891
0.0073

0.8215
0.0159

0.9678
0

0.8497
0.0282

0.9983

0

[ 0.05
0.9

0.6854
0.0805

0.7456
0.0506

0.7174
0.0539

0.6356
0.0887

0.7742
0.0250

0.6396
0.0801

0.7908

L 0.0214

0.15
0.8

0.7582
0.0549

0.7964
0.0264

0.7263
0.0752

0.7434
0.0723

0.8775
0.0300

0.8241
0.0369

0.9074
0.0154

0.15
0.8

0.5350
0.1708

0.6003
0.1168

0.5640
0.1861

0.5081
0.1682

0.6564
0.0650

0.5992
0.0988

0.6833
0.0489

0.25
0.7

0.6932
0.0995

0.7314
0.0597

0.6166
0.1258

0.6916
0.1025

0.8103
0.0602

0.7958
0.0549

0.8478
0.0380

0.25
0.7

0.4293
0.2711
0.4793
0.2152
0.4333
0.3799
0.4290
0.2555
0.5698
0.1215
0.5489
0.1299

0.6006
0.0884

0.35
0.6

0.6373
0.1429

0.6733
0.0969

0.6000
0.1485

0.6538
0.1254

0.7628
0.0780

0.7625
0.0658

0.7946
0.0522

0.35
0.6

0.3425
0.3820
0.3713
0.3135
0.3703
0.4318
0.3624
0.3313
0.4896
0.1772
0.4861
0.1671

0.5186
0.1328

0.5
0.5

0.5787
0.1828

0.6226
0.1359

0.6445
0.1527

0.6204
0.1577

0.7186
0.1125

0.7273
0.0862

0.7471
0.0767

0.5
0.5

0.2652
0.5028
0.2875
0.4248
0.3427
0.4046
0.3048
0.4094
0.4180
0.2330
0.4245
0.2160

0.4442
0.1894

0.65
0.3

0.5286
0.2345

0.5654
0.1834

0.6368
0.1645

0.5922
0.1813

0.6735
0.1392

0.6867
0.1099

0.6983
0.1028

0.65
0.3

0.1826
0.6338

0.2115
0.5392

0.2927
0.4196

0.2507
0.4948

0.3501
0.2972

0.3599
0.2792

0.3718
0.2583

0.75
0.2

0.4599
0.3008

0.5042
0.2303

0.5995
0.1863

0.5606
0.2039

0.6298
0.1657

0.6405
0.1390
0.6471
0.1348

0.75
0.2

0.1119
0.7727

0.1452
0.6667

0.2353
0.4956

0.1969
0.5805

0.2847
0.3813

0.2895
0.3682

0.2966
0.3533

0.85
0.1

0.3667
0.4048

0.4462
0.2874

0.5129
0.2639

0.5280
0.2376

0.5749
0.2014

0.5825
0.1764

0.5857
0.1745

0.85
0.1

0.0579
0.8869

0.0884
0.7857

0.1574
0.6293

0.1306
0.6703

0.2100
0.4843

0.2119
0.4767

0.2152
0.4677

0.9
0.05

0.1864
0.6592

0.3712
0.3706

0.3021
0.4933

0.4751
0.3204

0.5052
0.2650

0.5101
0.2387

0.5112
0.2384

0.9
0.05

0.0217
0.9544

0.0395
0.8974

0.0466
0.8868

0.0683
0.8058

0.1255
0.6670

0.1262
0.6613

0.1278
0.6569
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Table 21 presents decision sets produced by the generalized SDM methods having passed all the
test cases in Section 3. 11 of these generalized SDM methods, namely iCE100, iEMO18oa, iCE10on,

iEMA 180nan, iCE10/20, iCE10,/20n, iIEMC190a, iZZ16(0.4), izz16<8j>, i2716/2(0.4), and iZZ16/2 <8;3>,

employ two ifpifs-matrices. Besides, iRM11lo and iEM20oa utilize three ifpifs-matrices, and the others
work with multiple ifpifs-matrices. For this reason, the first 11 SDM methods employ the ifpifs-matrices
[a;;] and [b;;], and the others utilize the ifpifs-matrices [a;;], [bi;], and [c;5].
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Table 21: Decision Sets Produced by the Generalized SDM Methods™*

Algorithms Decision Sets

iCE100 {00091 BPDF, § 35 8DBAIN, {521 s MDBUTMEF, {209 NAFSMF, §-°"DAMF, §-5725 AWMF, §-79° ARmF }
iEMO18oa {0031 BPDF, J-astsDBAIN, §-52318MDBUTMEF, § 009 NAFSMF, § 596" DAMF, J 5025 AWMF, §-579S ARmF }
iCE100n {5:4024BPDF, 04615 DBAIN, §: 3212 MDBUTMF, §: 489 NAFSME, §:565TDAME, § 5728 AWM, §:379 ARmF }
iEMA18onan | {3338 BPDF, 3158 DBAIN, § 308 MDBUTMF, J 0155 NAFSMF, § 058¢DAMF, J 003 AWMF, §-59 TS ARmF }
i0B10/20 | {§4524BPDE, § 481 DBAIN, 032 8 MDBUTME, § 89 NAFSME, 3 $8T DAMF, §:3725 AWME, 5728 ARmF }
iCE10/20n | {3:4024BPDF, §:4S1SDBAIN, §:32 12 MDBUTME, § 439 NAFSME, § 3587 DAMF, § §28 AWMF, § §72S ARmF }
iEMC190a {0031 BPDF, J-ast8DBAIN, §-53t8MDBUTMEF, § 0093 NAFSMF, §-596"DAMF, J 5028 AWMF, §-579S ARmF }
i2216(0.4) §.9R34BPDE, § 312 DBAIN, §: 1201 MDBUTME, § 3¢5 NAFSME, 33538 DAMF, §:4552 AWME, 33352 ARmF }
1271653 {0:1676 BPDF, 50633 DBAIN, §536s MDBUTMF, {5253 NAFSMF, g 559 DAMF, 05357 AWMF, §:6563 ARmF }
i2216/2(0-4) | {§:5574BPDF, 23013 DBAIN, 5 576 MDBUTMF, § 568, NAFSMF, § 5555 DAMF, 65557 AWME, (5573 ARmF }
i2216/2(3:3) | {0:0670BPDF, 3015 DBAIN, {57t MDBUTMF, § 5523 NAFSMF, (5550 DAMF, 65552 AWME, (555 ARmF }
iRM11o {6:5500 BPDF, 5373 DBAIN, 3355 MDBUTMF, 3457 NAFSMF, 7555 DAMF, 7550 AWME, § 7136 ARmF }
iEM200a {30631 BPDF, § 05 i8DBAIN, {0208 MDBUTMEF, J 0195 NAFSMF, § 5" DAMF, §- 5725 AWMF, §-579C ARmF }
iZ14(Io) {§:3123BPDF, §3212DBAIN, §- 8384 MDBUTME, §:324iNAFSMF, §-$32ADAME, §:35T AWME, §-9°27 ARmF }
iDB12 {8 7052 BPDF, ¢ 1208DBAIN, § 2HIMDBUTMF, § 281ANAPSMF, 48 DAMF, §: 3351 AWMP, §:671 AR}
isDB12 {8 7052 BPDF,  §305 DBAIN, § 228 MDBUTMF, § 20T0NAFSMF, § 300 DAMF, 03308 AWMF, 67 ARmF }
0D12(2) | {R45H4BPDF, BASDBAIN, § HEMDBUTME, §ISSNAFSME, § I DAME, § 320 AWMF, § 1220 AR )
10D12/2(2) | {§381BPDF, §SEDBAIN, §3IMDBUTME, § 3502 NAFSME, §314DAME, § 02 AWME, § 8722 A RmF )
iB15 {3408 BPDF, 3895 DBAIN, § §33 MDBUTME, § 841 NARSMF, §- 288 DAMF, §-9%7 AWMF, § 8354 ARmF }
o {8:9523BPDF, §-93ISDBAIN, § 11 MDBUTMF, 85§ NAFSMF, § 42T DAME, §-28 AWME, 1820 ARmF }
YI11/2 {$:3322BPDF, §:8932DBAIN, §- 81 MDBUTME, §:322NAFSMF, §:88T9DAME, §:3838 AWME, 88722 ARmF }
iMR13 {3 1412BPDE, §25SDBAIN, § 18 MDBUTME, § 1938 NAFSMF, § S8 DAME, £ 3210 AWM, § 1320 ARmE}
INKY17(y) | {8 c172BPDF, §- 171 DBAIN, §- 22 MDBUTMF, § 221 NAFSMF, § 4248 DAMF, § 3813 AWMF, §- ™ AR}

*In the event that noise removal performance at high noise densities is more important. Here, v = [é T é]T.

The intuitionistic fuzzy values in the decision sets provided in Table 21 are produced on
MATLAB R2021b. Further, using the relation presented in Proposition 2.1 [1], the ranking orders of
the filters are presented in Table 22. The number(s) of the SDM methods producing the same ranking
order is signified in the last column of Table 22. According to the table, iCE100, iEMO180oa, iCE10on,
iCE10/20, iCE10/20n, iRM11o, iZ14(ly), iDB12, isDB12, and iE15 have the same ranking orders just as
iEMA18onan, iEMC190a, iEM200a, iCD12(2), iYJ11, and iMR13 do. Besides, iZZ16(0.4), iZZ16(8j),
12716/2(0.4), iZZ16/2(8:i), iCD12/2(2), and iYJ11/2 generate the same ranking orders. iNKY17(vy)
produces a ranking order different from the others. Although the decision-making abilities of all the
SDM methods herein differ, all signify that ARmF has the highest noise removal performance and BPDF

has the lowest noise removal performance.
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Table 22: Ranking Orders of the Generalized SDM Methods*
Algorithms | Ranking Orders Frequency
iCE100 BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF~<ARmF 10
iEMO18oa BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF<ARmF 10
iCE10on BPDF<DBAIN<NAFSMF<MDBUTMF<DAMF<AWMF~<ARmF 10
iEMA18onan | BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF<ARmF 6
iCE10/20 BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF<ARmF 10
iCE10/20n BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF~<ARmF 10
iEMC190a BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 6
12716(0.4) BPDF<MDBUTMF~<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 6
iZZlG(gj) BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 6
i2716/2(0.4) | BPDF<MDBUTMF~<DBAIN<NAFSMF<DAMF<AWMF<ARmF 6
iZZ16/2(8:3) BPDF<MDBUTMF~<DBAIN<NAFSMF<DAMF<AWMF<ARmF 6
iRM11o BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF~<ARmF 10
iEM20oa BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 6
i1Z14(Iy) BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF~<ARmF 10
iDB12 BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF~<ARmF 10
isDB12 BPDF<DBAIN<NAFSMF<MDBUTMF~<DAMF<AWMF~<ARmF 10
iCD12(2) BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 6
iCD12/2(2) BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 6
iE15 BPDF<DBAIN<NAFSMF<MDBUTMF<DAMF<AWMF~<ARmF 10
iYJ11 BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF<ARmF 6
iYJ11/2 BPDF<MDBUTMF~<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 6
iMR13 BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 6
iINKY17(7) BPDF<DBAIN<MDBUTMF<NAFSMF<DAMF<AWMF<ARmF 1
*In the event that noise removal performance at high noise densities is more important. Here, v = [3§ 8345 8] )

Additionally, suppose that the noise removal success of the filters at low noise densities are more

significant than at the other densities, it is anticipated that the membership degrees at high noise densities
are smaller than the non-membership degrees and the former at low noise densities are greater than the
latter. That is, we consider the first rows of the ifpifs-matrices to be

0.9 0.85 0.75 0.65 0.5 0.35 0.25 0.15 0.05
0.06 0.1 0.2 03 05 06 07 08 0.9

Therefore, we present the ifpifs-matrix [d;;] ([bi;] as cited in [1]), obtained by SSIM results of aforesaid
seven filters, in the event that noise removal performance at low noise densities is more important. In
addition, we also present the ifpifs-matrices [e;;] and [fi;], derived from the PNSR and VIF value-based
ifpifs-matrices [b;;] and [¢;;], respectively, using the above row matrix.
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Moreover, Table 23 presents decision sets produced by the generalized SDM methods having passed
all the test cases in Section 3. Here, iCE100, iEMO180a, iCE10on, iEMA18onan, iCE10/20, iCE10/20n,
iEMC190a, iZZ16(0.4), iZZ16(J4), i2716/2(0.4), and iZZ16/2(54) employ the ifpifs-matrices [d;;] and
[ei ], and the others utilize the ifpifs-matrices [d;;], [ei;], and [fi;].

and

09
0.05

0.9657
0.0062

0.9666
0.0031

0.9642
0.0050

0.9606
0.0086

0.9700
0.0018

0.9551
0.0067

0.9718

. 0.0013

[ 09

0.05

0.8315
0.0035

0.8726
0.0007

0.7891
0.0073

0.8215
0.0159

0.9678

0.8497
0.0282

0.9983

0.85
0.1

0.9335
0.0142

0.9424
0.0080

0.9228
0.0509

0.9216
0.0169

0.9518
0.0045

0.9440
0.0076

0.9532
0.0030

0.85
0.1

0.7582
0.0549

0.7964
0.0264
0.7263
0.0752
0.7434
0.0723

0.8775
0.0300

0.8241
0.0369

0.9074
0.0154

0.75
0.2

0.8856
0.0270
0.9047
0.0168
0.7833
0.1319
0.8767
0.0267
0.9270
0.0088
0.9209
0.0095

0.9272
0.0054

0.75
0.2

0.6932
0.0995

0.7314
0.0597

0.6166
0.1258

0.6916
0.1025

0.8103
0.0602

0.7958
0.0549

0.8478
0.0380

0.65
0.3

0.8269
0.0450
0.8552
0.0297
0.7539
0.1593
0.8305
0.0357
0.8953
0.0139
0.8948
0.0122

0.8971
0.0087

0.65
0.3

0.6373
0.1429

0.6733
0.0969

0.6000
0.1485

0.6538
0.1254

0.7628
0.0780

0.7625
0.0658

0.7946
0.0522

0.5
0.5

0.7503
0.0759
0.7917
0.0478
0.7855
0.1167
0.7800
0.0465
0.8563
0.0204
0.8611
0.0166

0.8630
0.0137

0.5
0.5

0.5787
0.1828
0.6226
0.1359
0.6445
0.1527
0.6204
0.1577
0.7186
0.1125
0.7273
0.0862

0.7471
0.0767

0.35
0.6

0.6452
0.1165
0.7104
0.0762
0.7572
0.0551
0.7211
0.0595
0.8072
0.0291
0.8148
0.0240

0.8239
0.0214

0.35
0.6

0.5286
0.2345

0.5654
0.1834

0.6368
0.1645

0.5922
0.1813

0.6735
0.1392

0.6867
0.1099

0.6983
0.1028

0.25
0.7

0.5159
0.1887
0.6060
0.1223
0.6950
0.0575
0.6540
0.0790
0.7465
0.0423
0.7551
0.0370

0.7663
0.0348

0.25
0.7

0.4599
0.3008
0.5042
0.2303
0.5995
0.1863
0.5606
0.2039
0.6298
0.1657
0.6405
0.1390

0.6471
0.1348

0.15
0.8

0.3648
0.2998

0.4880
0.1858

0.6000
0.1359

0.5766
0.1082

0.6667
0.0624

0.6736
0.0574

0.6819
0.0554

0.15
0.8

0.3667
0.4048

0.4462
0.2874

0.5129
0.2639

0.5280
0.2376

0.5749
0.2014

0.5825
0.1764

0.5857
0.1745

0.05
0.9

0.1259
0.4895
0.3518
0.2766
0.3492
0.5228
0.4578
0.2173
0.5415
0.1148
0.5469
0.1052

0.5515
0.1038

0.05
0.9

0.1864
0.6592
0.3712
0.3706
0.3021
0.4933
0.4751
0.3204
0.5052
0.2650
0.5101
0.2387

0.5112
0.2384
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[fij] =

0.9 0.85 0.75 0.65 0.5 0.35 0.25 0.15 0.05 7
0.05 0.1 0.2 0.3 0.5 0.6 0.7 0.8 0.9

0.6854 0.5350 0.4293 0.3425 0.2652 0.1826 0.1119 0.0579 0.0217
0.0805 0.1708 0.2711 0.3820 0.5028 0.6338 0.7727 0.8869 0.9544

0.7456  0.6003 0.4793 0.3713 0.2875 0.2115 0.1452 0.0884 0.0395
0.0506 0.1168 0.2152 0.3135 0.4248 0.5392 0.6667 0.7857 0.8974

0.7174 0.5640 0.4333 0.3703 0.3427 0.2927 0.2353 0.1574 0.0466
0.0539 0.1861 0.3799 0.4318 0.4046 0.4196 0.4956 0.6293 0.8868

0.6356 0.5081 0.4290 0.3624 0.3048 0.2507 0.1969 0.1306 0.0683
0.0887 0.1682 0.2555 0.3313 0.4094 0.4948 0.5805 0.6703 0.8058

0.7742 0.6564 0.5698 0.4896 0.4180 0.3501 0.2847 0.2100 0.1255
0.0250 0.0650 0.1215 0.1772 0.2330 0.2972 0.3813 0.4843 0.6670

0.6396 0.5992 0.5489 0.4861 0.4245 0.3599 0.2895 0.2119 0.1262
0.0801 0.0988 0.1299 0.1671 0.2160 0.2792 0.3682 0.4767 0.6613

0.7908 0.6833 0.6006 0.5186 0.4442 0.3718 0.2966 0.2152 0.1278
0.0214 0.0489 0.0884 0.1328 0.1894 0.2583 0.3533 0.4677 0.6569

Table 23: Decision Sets Produced by the Generalized SDM Methods*

35

Algorithms Decision Sets

iCE100 {35893 BPDF, §-87°°DBAIN, §-§S7S MDBUTMEF, {5535 NAFSMF, § 875 DAMF, {5595 AWMF, §-898° ARmF }
iEMO180a {35893 BPDF, §-87°°DBAIN, §- 8§67 MDBUTMF, {5535 NAFSMF, -85 DAMF, {5595 AWMF, §-898° ARmF }
iCE100n {5:5553 BPDF, § ST00DBAIN, § 567 MDBUTMF, § 854TNAFSMF, § $T80DAME, §-8558 AWMF, §:585% ARmF }
iEMA18onan | {§7383BPDF, ) (553DBAIN, §- 102 MDBUTMEF, § T393NAFSMF, § 8050 DAMF, §- 7517 AWMF, §-ST0¢ ARmF }
iCE10/20 {8583 BPDF, - 8T00DBAIN, §- 3518 MDBUTMEF, § 5503 NAFSMF, §-3730DAMF, J-858S AWMF, §-570¢ ARmF }
iCE10/20n {0589  BPDF, §-57T00 DBAIN, § 867 MDBUTMEF, J-5535 NAFSMF, §- 5730 DAMF, §-5505 AWMF, §-5746 ARmF }
iEMC190a {0 5093 BPDF, §-87°°DBAIN, - §S"s MDBUTMEF, J-550s NAFSMF, §-873CDAMF, {559 AWMF, §-374 ARmF }
i22160.4) | {3323BPDF, §2112DBAIN, § 1229MDBUTMF, § 208 NAFSMF, § 2332DAMF, § 2230 AWMF, § 313 ARmF }

izz16 (93

03093 BPDF, 2012 DBAIN, 1 920MDBUTMF, § 3955 NAFSMF, - 235S DAMF, § 2215 AWMF, J-22 15 ARmF }

i27216/2(0.4)

{0.0554BPDF, 53371 DBAIN, 5355 MDBUTMF, 5556 NAFSMF, g 5755 DAMF, 55775 AWMF, 5770 ARmF }

i2216/2(57)

{0.1558 BPDF, 5375 DBAIN, g7 MDBUTMF, 556 NAFSMF, g 3755 DAMF, 55775 AWMF, § 5170 ARmF }

iRMl11lo

{00625 BPDF, 08730 DBAIN, J 3278 MDBUTMF, § 283 NAFSMF, § T390 DAMF, o 8285 AWMF, 0 8745 ARmF }

7 0.0530 10.0548 0.0582 70.0517 7 0.0564 70.0513
iEM200a {38583 BPDF, -8"°°DBAIN, §- 3518 MDBUTMEF, § 550 NAFSMF, § 873°DAMF, J 859 AWMF, §-3746 ARmF }
iZ14(Io) {0 °"°°BPDF, §:5543 DBAIN, §:5737 MDBUTMF, g:6535NAFSMF, §:0533 DAMF, §-0555 AWMF, §:3558 ARmF }
iDB12 {02803 BPDF, §-2915DBAIN, J- 920 MDBUTMEF, { 4,,,NAFSMF, § 1515 DAMF, §- 3176 AWMF, §-9°7* ARmF }
isDB12 {32803 BPDF, §-2915DBAIN, J- 920 MDBUTMEF,  4,,,NAFSMF, § 1515 DAMF, - 3176 AWMF, §-°7* ARmF }
iCD12(2) {0:3950BPDF, §:3534 DBAIN, -39 MDBUTMF, §-3700NAFSMF, §- 250/ DAMF, §- 336 AWMF, §- 1270 ARmF }
iCD12/2(2) | {3:%621BPDF, 53583 DBAIN, 03526 MDBUTMF, g-3825NAFSMF, 55,50 DAMF, 5556 AWMF, {557 ARmF }
iE15 {0 7**"BPDF, 54558 DBAIN, §- 125 MDBUTMF, g 02,5 NAFSMF, §-5873DAMF, -0, AWMF, §-5753 ARmF }
iYJi {03250 BPDF, 5353 DBAIN, §-375i MDBUTMF, §-370NAFSMF, §- 25 /{DAMF, ¢330 AWMF, §- 3270 ARmF }
iYJ11/2 {0:3584BPDF, §:3883 DBAIN, 53328 MDBUTMF, 5:857 NAFSMF, 55530 DAMF, §:5356 AWMF, §:559 ARmF }
iMR13 {0:3350BPDF, 3353 DBAIN, §:3:5 MDBUTMF, §-3720NAFSMF, 5 250/ DAMF, §-336 AWMF, - 3270 ARmF }
iNKY17(y) {3962 BPDF, § #5719 DBAIN, { 4,0s MDBUTMEF, - 8005 NAFSMF, § 1325 DAMF, {3580 AWMF, §-59%C ARmF }

T
*In the event that noise removal performance at low noise densities is more important. Here, v = [(1) (1) (1) (1, (1) é é] .
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The intuitionistic fuzzy values in the decision sets provided in Table 23 are produced on MATLAB
R2021b. Furthermore, using the relation provided in Proposition 2.1 [1], the ranking orders of the filters
are presented in Table 24. The number(s) of the SDM methods producing the same ranking order is
signified in the last column of Table 24. According to the table, iCE100, iIEMO18oa, iCE100n, iCE10/20,
iCE10/20n, iEMC190a, iRM1lo, and iEM20oa have the same ranking orders just as iZ716,/2(0.4),
i2716/2(01), iCD12/2(2), and iYJ11/2 do. Besides, iDB12, isDB12, and iNKY17(7) generate the same
ranking orders, as iCD12(2), iYJ11, and iMR13 do. Others also have different ranking orders.

Table 24: Ranking Orders of the Generalized SDM Methods*

Algorithms | Ranking Orders Frequency
iCE100 AWMF<NAFSMF<MDBUTMF~<BPDF<DBAIN<DAMF~<ARmF 8
iEMO18oa AWMF<NAFSMF<MDBUTMF~<BPDF<DBAIN<DAMF<ARmF 8
iCE10on AWMF <NAFSMF~<MDBUTMF~<BPDF<DBAIN<DAMF~<ARmF 8
iEMA18onan | MDBUTMF<NAFSMF<BPDF<AWMF<DBAIN<DAMF<ARmF 1
iCE10/20 AWMF<NAFSMF<MDBUTMF~<BPDF<DBAIN<DAMF<ARmF 8
iCE10/20n AWMF<NAFSMF<MDBUTMF~<BPDF<DBAIN<DAMF~<ARmF 8
iEMC190a AWMF<NAFSMF<MDBUTMF~<BPDF<DBAIN<DAMF<ARmF 8
i2716(0.4) BPDF<MDBUTMF<NAFSMF<DBAIN<AWMF~<DAMF~<ARmF 1
i2716(31) BPDF<MDBUTMF<DBAIN<NAFSMF<AWMF~<DAMF~<ARmF 1
i2716/2(0.4) | BPDF<MDBUTMF~<DBAIN<NAFSMF<DAMF<AWMF<ARmF 4
i2716/2(54) | BPDF<MDBUTMF~<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 4
iRM11o AWMF<NAFSMF<MDBUTMF~<BPDF<DBAIN<DAMF<ARmF 8
iEM20oa AWMF<NAFSMF~<MDBUTMF~<BPDF<DBAIN<DAMF~<ARmF 8
iZ14(1y) NAFSMF<AWMF<MDBUTMF~<DAMF~<DBAIN<ARmF<BPDF 1
iDB12 NAFSMF<MDBUTMF~<BPDF<DBAIN<AWMF~<DAMF<ARmF 3
isDB12 NAFSMF<MDBUTMF~<BPDF<DBAIN<AWMF~<DAMF~<ARmF 3
iCD12(2) BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 3
iCD12/2(2) BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 4
iE15 NAFSMF<AWMF<MDBUTMF<DBAIN<DAMF<BPDF<ARmF 1
iYJ11 BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 3
iYJi1/2 BPDF<MDBUTMF<DBAIN<NAFSMF<DAMF<AWMF~<ARmF 4
iMR13 BPDF<DBAIN<NAFSMF<MDBUTMF<AWMF~<DAMF~<ARmF 3
iINKY17(%) NAFSMF<MDBUTMF~<BPDF<DBAIN<AWMF~<DAMF~<ARmF 3

T
*In the event that noise removal performance at low noise densities is more important. Here, v = [(1) (1) (1) (1) é é (1]] .

5. Conclusion

The present study generalized 36 SDM methods in [14,15,16,17,18,19,20,21,22,23] constructed by the
concept of fpfs-matrices to the ifpifs-matrices space. It then determined the generalized SDM methods
that were successful in five test cases demonstrating the reliability of an SDM method. Subsequently,
it applied the successful generalized SDM methods to a PVA problem to rank the state-of-the-art noise
removal filters in compliance with their noise removal performance.
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Furthermore, this study serves as a source to generalize other methods constructed by the concept of
fpfs-matrices for future studies. Therefore, researchers can study generalizing SDM methods provided in
[4,10,11] to the ifpifs-matrices space. Thus, the generalizations of all the configured SDM methods to be
operable in fpfs-matrices space to ifpifs-matrices space will be completed. Besides, using generalized SDM
methods, future papers can develop classifiers (for more details, see [9,30,31,32,33,34,35,36,37]).
Additionally, generalizations of SDM methods constructed by superstructures of ifpifs-sets/matrices,
which are not within the scope of this study, to such spaces as interval-valued intuitionistic fuzzy
parameterized interval-valued intuitionistic fuzzy soft sets/matrices space [5,6] and the hybrid versions
of fuzzy sets [46], intuitionistic fuzzy sets [3], picture fuzzy sets [7,28,29,39], T-spherical fuzzy sets [27],
linear Diophantine fuzzy sets [40], and soft sets [38] can be studied.
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