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Bi-amalgamations of semiclean rings

Loubna Es-Salhi and Mohamed Chhiti*

ABSTRACT: This paper establishes necessary and sufficient conditions for a bi-amalgamation to inherit the
semiclean (resp. UU, resp. periodic) property. Our results generalize previous studies on amalgamations
and, generate examples which enrich literature with new and original families of rings satisfying the above
mentioned-properties.
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1. Introduction

Throughout, all rings considered are commutative with unity and all modules are unital.
In 1977, W. K. Nicholson [25] introduced the concept of clean rings as a subclass of exchange rings.
He defined a ring R to be clean if for every a € R there is v a unit in R and e an idempotent in R
such that a = u + e. Over the last ten to fifteen years there has been an explosion of interest in this
class of rings as well as the many generalizations and variations. In 2013, Diesl [15] introduced a new
class of rings and called it nil-clean rings. A ring R is said to be nil-clean if every element of R can be
written as the sum of a nilpotent and an idempotent. Nil-clean rings are clean, the converse fails, but
holds if all units are unipotent. This fact suggest that the class of rings whose all units are unipotent
could be studied independently. These rings were introduced by Céalugdreanu [4], and were called UU
rings. A ring R is said to be periodic if for each r € R, {r™; n € N} is a finite set, equivalently,
for every r € R there exist distinct positive integers n and m such that r™ = r™. This definition is
a particular case of the class of rings which are neither commutative nor unitary. Nil-clean rings are
periodic. Furthermore, it was proved in [26, Theorem 3] that a ring R is periodic if and only if each
element 7 in R can be written as = n + p, where n is a nilpotent and p* = p for some positive integer
k > 2. In 2003, Ye [28] introduced a new generalization of clean rings, he defined a ring R to be semiclean
if every element of R can be written as the sum of a unit and a periodic element in R. Clean rings are
semiclean. Moreover, in 2001, Han and Nicholson [19] showed that the group ring Z7)G is not clean,
where Zi7;y = {m/n | m,n € Z and gcd(7,n) = 1} and G is a cyclic group of order 3, while Ye [28]
proved that Z,)G is semiclean for any prime p and for any cyclic group G of order 3. Let f: A — B
and g : A — C be two ring homomorphisms and let J and J’ be two non-zero proper ideals of B and C,
respectively, such that Iy := f=1(J) = g~ (J’). In this setting, we can consider the following subring of
BxC:
Al (1, 0') = {(f(a) + j.g(a) + j)|a € A, (j,j') € T x J'}

called the bi-amalgamation of A with (B,C) along (J,J") with respect to (f,g).

This construction was introduced and studied by Kabbaj, Louartiti and Tamekkante in [21] as a natural
generalization of duplications [6,10,13,14,24,27] and amalgamations [11,12,17].

In [21], the authors showed how these bi-amalgamations arise as pullbacks. Given f : A — B and
g : A — C two ring homomorphisms and J and J’ be two ideals of B and C, respectively, such that
Iy := f~Y(J) = g71(J’), the bi-amalgamation is determined by the following pullback:
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where p; and po are the surjection morphisms induced from the canonical surjections of (f(A) + J) x
(g(A) +J') into f(A)+J and g(A) + J’, respectively, and a(f(a)+ j) = a and 8(g(a) + j') = a, for each
a€ Aand j,j € JxJ. Thatis

A9 (1, J') = axa B
0

The interest of these bi-amalgamations resides, partly, in their ability to cover several basic constructions
in commutative algebra, including classical pullbacks (e.g., D + M, A + XB[X], A + XB[[X]], etc.),
Nagata’s idealizations, and Boisen-Sheldon’s CPI-extensions [3].

Given a ring homomorphism f : A — B and an ideal J of B, the bi-amalgamation A </ (J, f=1(J))
coincides with the amalgamated algebra (introduced and studied by D’Anna, Finocchiaro and Fontana
in [11,17]) as the following subring of A x B:

Aval J:={(a, f(a)+j) |ac A jecJ}

When A = B and f = idy4, the amalgamated A p<*®4 [ is called the amalgamation duplication of the ring
A along the ideal I and denoted A < I (introduced and studied by D’Anna and Fontana in [10,14,13]).
This construction can be seen as a bi-amalgamation as follows:

Apa I = Apgidaida (1)

Given a ring A and an A-module F, the set R := A « E of pairs (a,x) with pairwise addition and
multiplication given by (a, e)(c,d) = (ac,ad+ ec) is called the trivial ring extension of A by E (also called
idealization of E over A). Considerable work, part of it summarized in Glaz’s book [18] and Huckaba’s
book [20], has been concerned with trivial ring extensions. Let i : A < R be the canonical embedding.
After identifying F with 0 o< E, E becomes an ideal of B. According to [11, Remark 2.8]. It is non
straightforward but it is known that A oc E coincides with A p<* E.

In [2] and [22], the authors studied the transfer of periodic (resp. UU, resp. semiclean) property to
amalgamations.

This was our motivation to ask the same questions for bi-amalgamated algebras.

In this paper, the ideal of all nilpotent elements (respectively, the mulitiplicative group of units, the set
of idempotents elements, the set of potents elements, the Jacobson radical) of the ring R is denoted by
Nil(R) (respectively, U(R), Idem(R), Ex(R), Rad(R)).

At this point, we recall some necessary definitions which will be used in the next section.

Definition 1.1 1) A ring R is said to be periodic if for each r € R, {r"; n € N} is a finite set, equiva-
lently, for every r € R there exist distinct positive integers n and m such that r™ = r™.

2) A ring R is called a UU ring if all units are unipotent, that is U(R) = Nil(R) + 1, i.e., each unit can
be presented as b+ 1, where b € Nil(R).

3) An element r € R is said to be (uniquely) semiclean if v can be written (uniquely) in the form r = u+p
where u € U(R) and p € Per(R). The ring R is said to be (uniquely) semiclean if every element of R is
(uniquely) semiclean.
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2. Mains results

Let f: A — Band g : A — C be two ring homomorphisms and let J and J’ be two non-zero
proper ideals of B and C, respectively, such that Iy := f~1(J) = ¢g~1(J’). All along this section,
R := Aa/9 (J,J') will denote the bi-amalgamation of A with (B, C) along (J, J') with respect to (f,g).
We begin with the first result:

Theorem 2.1 Under the above notation, the following assertions are equivalent:
1. R is periodic,
2. f(A)+ J and g(A) + J' are periodic,
3. (f(A) +J) x (g(A) + J') is periodic.

Proof: (1)=(2): Assume that R is periodic. Using [21, Proposition 4.1 (2)], f(A)+J and g(A)+ J' are
homomorphic images of R. Then by [2, Proposition 2.1], they are periodic rings.

(2)=-(3): It follows directly from [2, Lemma 2.7 (2)].

(3)=(1): Assume that (f(A) + J) x (g(4) + J') is a periodic ring. Using [2, Lemma 2.7 (1)], R is a
periodic ring since it is a subring of (f(A) + J) x (g(4) + J'). O

The following corollary is an immediate application of Theorem 2.1.

Corollary 2.1 Under the notation of Theorem 2.1, assume that f and g are surjective. If A is a periodic
ring then so is R.

Proof: Clearly, B and C are periodic rings, then so are f(A) + J and g(A) + J’' since f and g are
surjective. Consequently, the result follows directly from Theorem 2.1. O

The next result investigates the transfer of the periodic property in bi-amalgamated algebras, in case
J x J’ contains periodic elements.

Proposition 2.1 Under the above notation, assume that f (or g) is injective. Then the following state-
ments are equivalent:

1. R is periodic,
2. A is periodic and J x J' C Per(B) x Per(C).

Proof: (1)=(2): Assume that R is a periodic ring and let a € A. There are distincts positive integers m
and n such that (f(a),g(a))™ = (f(a),g(a))™. Then f(a™) = f(a™) and g(a™) = g(a™). It follows that
a™ = a"™ since f (or g) is injective. Therefore A is a periodic ring. Now, consider (j,j) € J x J'. Since
R is a periodic, there are distincts positive integers m and n such that (g, 7)™ = (4, 5')™. It follows that
j" =j™ and j" = j™, and so J x J' C Per(B) x Per(C), as desired.

(2)=(1): Let a € A and (j,j") € J xJ'. Since A is a periodic ring, then f(A) and g(A) are periodic rings,
equivalently, {f(a™) | n € N} and {g(a™) | n € N} are finite sets. On the other hand, {j™ | n € N} and
{7 | n € N} are also finite sets since J and J' satisfied the periodic-like property. Then, there exists a
positive integer p such that {f(a™) | n € N} = {1, f(a),..., f(aP)}, {g(a™) | n € N} = {1,¢(a),..., g(aP)},
{j" | neN}={1,7,...,5P} and {j/" | n € N} = {1,5',...,7P}. Let n be a positive integer, by the
binomial theorem we get (f(a) + j)™ = Y () f(a™)j"~™. Thus (f(a) + )" = >  reaf(a®)jl,

m=0 0<k,I<p

where 75 is a positive integer for each 0 < k,I < p. Let ¢ be the characteristic of f(A), by using [22,
Lemma 2.2 | we have ¢ # 0. Thus we can write ry; = si,1q + tx,;, where si; and t;; are positive integers

and 0 < t; < ¢ — 1. It follows that (f(a) + )" = 3. trif(a¥)j' since ¢f(a¥) = 0. Consequently,
0<k,I<p

{f(a+ 7)™ | n € N} is a finite set. By similar arguments as above, we can show that {g(a + j')" | n € N}
is a finite set, and thus {(f(a) + j,9(a + 7)™ | n € N} is also a finite set. Consequently, R is a periodic
ring, as desired. O

The following corollary is a particular case of Proposition 2.1.
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Corollary 2.2 Under the notation of Theorem 2.1, assume that A is a periodic ring. If (J C Nil(B) or
J C Idem(B) or J C Ex(B)) and (J' C Nil(C) or J' C Idem(C) or J' C Ex(C)), then R is a periodic
ring.

Proof: Note that every nilpotent (resp., idempotent, resp., potent) element is periodic. Then the proof
follows directly from Proposition 2.1. O

Theorem 2.1 and Proposition 2.1 recover known results for the special case of amalgamated algebras
and duplications, as recorded in the following corollaries.

Corollary 2.3 ( /2, Theorem 2.6 | and [23, Theorem 2.6 )
Let f: A— B and let J be an ideal of B. Then the following statements are equivalant:

1. A<t J is periodic,

2. A and f(A)+ J are periodic,

3. Ax (f(A)+J) is periodic,

4. A is periodic and J C Per(B).
Proof: (1) & (2) & (3): Obvious.

(1) & (4): Recall that A</ J = A<t/ (f71(J),J). Thus, using Proposition 2.1, A </ J is periodic if
and only if

1. A is periodic,

2. J C Per(B) and f~1(J) C Per(A).
Since A is periodic the condition f~(J) C A is evident. Hence, A >/ J is periodic if and only if A is
periodic and J C Per(B). O

Corollary 2.4 ( /23, Corollary 2.8 ])
Let A be a ring and I an ideal of A. Then A1 is periodic if and only if so is A.

First, as an illustrative example for Theorem 2.1, we provide a non-nil-clean periodic ring which arises
as a bi-amalgamation.

Example 2.1 Let A:=7Z/27, B :=7/2ZXxZ/3Z, C :=Z/2ZXZ/AZ, J := 0xZ/3Z and J' := 0x Z/4Z.
Consider the two ring homomorphisms defined by: f(a) = (a,0) and g(a) = (a,0) for alla € A. Obviously,
f~1(J)=g71(J") = 0. Then,

1. R is periodic .
2. R is not nil-clean.
Proof: (1) Clearly, f(A)+J =2Z/2Z xZ/3Z = B and g(A) + J =7Z/2Z x Z/AZ = C are periodic rings

since they are finite product of periodic rings. Hence, by using Theorem 2.1, it follows that R is periodic.
(2) By [8, Theorem 2.1 ], R is not nil-clean since f(A) + J is not nil-clean. O

The following example illustrates corollary 2.2.

Example 2.2 Let (A;,m,) be a periodic ring with m,2 = 0. Let (A,m) := (A4; o< E1) be the trivial
ring extension of A; by a nonzero A;/m,-vector space F;. (For instance, Ay := Z/4Z, m, := 27 /47 and
E, :=17/27). Let B := A « E be the trivial ring extension of A by a nonzero A/m-vector space E. Let

f: A - B
(a,¢) = ((a,e),0)
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be an injective ring homomorphism and J := m o« E be the maximal ideal of B. Let C' := A; and let

g: A = C
(a,e) — a

be a surjective ring homomorphism and J’ := m, be the maximal ideal of C. Obviously, f~1(J) =
g Y(J') =m, < E;. Then R is periodic.

Proof: By [22, Theorem 2.1], A is periodic. One can easily check that J? = 0 and J'? = 0. Hence, by
using Corollary 2.2, it follows that R is periodic. O

The next example illustrates corollary 2.3.

Example 2.3 Let (p, q) be a pair of distinct prime integers, R = Z/pZ x7Z/qZ, and let E be an R-module.
Let A = RN be the set of all sequences of elements of R. Consider the natural ring homomorphisms
f:A— Ax E and let J := 0o E. Then, A</ J is a periodic ring.

Proof: By [22, Example 2.3], A and f(A) + J = A « E are periodic rings. Consequently, A >/ J is a
periodic ring in view of Corollary 2.3.
O

Theorem 2.2 Under the above notation, we have:
1. If f(A)+ J and g(A) + J' are UU rings, then so is R.
2. Assume that J' C Nil(C). Then, R is UU if and only if f(A)+ J is UU.
3. Assume that J C Nil(B). Then, R is UU if and only if g(A) + J' is UU.

Proof: (1) Assume that f(A) + J and g(A) + J' are UU rings. According to [21, Proposition 3.1], the
bi-amalgamation is detemined by the following pullback

pPB

R—P5  f(A)+J

)
PCJ ai
g(A) + I —

that is
R=axa ﬁ
Io

Clearly, Pg(R) = f(A) 4+ J and Po(R) = g(A) + J'. By using [2, Theorem 4.2 (3)], it follows that R is
UU, as desired.

(2) Assume that R is UU and J’ C Nil(C). Thus, in view of [9, page 451, (2.3)], 52 is also UU since
we have 0 x J' C Rad(R). Then in accordance with [21, Proposition 4.1 (2)], it follows that f(A) + J
is UU. The sufficiency follows at once by [9, Theorem 2.4 (1)] and [21, Proposition 4.1 (2)] taking into
acount that 0 x J’ is a nil ideal of R.

(3) The proof is similar to (2) above.

For the special case of amalgamations, we have:

Corollary 2.5 Let f : A — B be a ring homomorphism and J an ideal of B. Then,
1. If A and f(A)+ J are UU, then A<l J is UU.
2. Av<f Jis UU if and only if so is A and J C Nil(B).
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Remark 2.1

1. Assume that f (or g) is injective. If R is UU, then A is also UU.
2. If f(A)+ J and g(A) + J" are UU rings, then so is R, by Theorem 2.2 (1). But the converse is

not true in general. A counter-example (for the special case of amalgamated algebras) is given
below.

Example 2.4 Let A := Z/2Z, B := 7Z/2Z x Z/8Z, f : A — B be the ring homomorphism such that
f(a) = (a,0). Clearly Z/27 is UU. If we set J := 0 x 2Z/8Z, then J C Nil(B), and thus A s<f J is UU
(by Corollary 2.5 ), but f(A) + J = Z/2Z x Z/8Z is not UU since Z/8Z is not UU (by [9, page 451,

(2.2))).

Next, as an illustrative example for Corollary 2.5, we provide a non-nil-clean UU ring arising as an
amalgamation.

Example 2.5 Let A be the Fo-algebra generated by z,y with the single relation 22 = 0, £ un A-module
(For instance, E := Faly]) and, B := A « E. Counsider f : A — B defined by f(a) = (a,0) and
J := (Fhx + zAx) < E an ideal of B. Then,

1. A/ Jis UU.

2. A</ J is not nil-clean.

Proof: (1) In view of [9, Example 2.5], A is a UU ring and J is a nil ideal of B since Faz + Az is a nil
ideal of A. Then A </ J is a UU ring (by Corollary 2.5(2)).
(2) It is easy to check that y — 32 is not nilpotent in A. Then A is not nil clean and so A </ J is not nil
clean (by [1, Theorem 2.1]).

|

Proposition 2.2 Under the above notation, assume that for every u € U(A), p € Per(A) and (4,5') €
JxJ', either (f(u)+7,g(u)+35") € UBxC) (for example, if JxJ' C Rad(BxC)) or (f(p)+7j,9(p)+3j') €
Per(B) x Per(C) (for example, if J x J' C Per(B) x Per(C)). If A is semiclean, then R is semiclean.
The converse holds if f (or g) is injective.

Proof: Let r = (f(a) + j,g(a) + j/) € R and write a = u + p where u € U(A) and p € Per(A).
Then if (f(u) + j,g(u) +5') € U(B x C), r is written as: r = (f(p),g9(p)) + (f(u) + j,g(u) + 5') and
if (f(p) +4,9(p) +34') € Per(B x C), r is written as: r = (f(p) + 4,9(p) + j') + (f(u),g(u)). Then,
the conclusion follows directly from the assumptions. Conversely, assume that R is semiclean and f

is injective. Let a € A. we can write (f(a),g(a)) = (f(p),9(p)) + (f(u), g(w)) where, (f(p),g(p)) and
(f(u),g(u)) are respectively, periodic and invertible elements in R. Thus, there exists v € U(A) such

that (f(u),g(w))(f(v),g(w)) = (1,1). Which implies that uv = 1 since f is injective. Consequently, u is
a unit in A. Furthermore, (f(p),g(p)) is periodic, then there ar distincts positive integers m and n such
that (f(p),9(p))™ = (f(p),9(p))™. Which implies that p™ = p™ since f is injective. Thus, p is periodic.
Finally, a is a semiclean element, writing that a = u + p. Consequently, A a semiclean ring. O

For the special case of amalgamations, we obtain:

Corollary 2.6 Let f: A — B be a ring homomorphism and let J be an ideal of B.
1. Assume that J C Rad(B). Then Aw<! J is a semiclean ring if and anly if A is a semiclean ring.
2. Assume that J C Per(B). Then A/ J is a semiclean ring if and anly if A is a semiclean ring.

For duplications, we have:

Corollary 2.7 Let A be a ring and I an ideal of A such that I C Rad(A). Then, A< I is semiclean if
and only if A is semiclean.
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The following result is an immediate application of Corollary 2.6 (1) and Corollary 2.7.

Corollary 2.8 Under the notation of Corollary 2.6 and Corollary 2.7, assume that (B,mpg) and (A, my4)
are local rings. Then:

1. A<t J is a semiclean ring if and anly if A is a semiclean ring.

2. Al is semiclean if and only if A is semiclean.

Proof: This follows from Corollary 2.6 and Corollary 2.7 and the fact that J C mp = Rad(B) and
I Cmy = Rad(A). 0

In what follows, we show that the semicleanness of R depends to the choice of f and g.

Proposition 2.3 Under the above notation, assume that A is semiclean and }AO is uniquely semiclean.
Then R is semiclean if and only if f(A) + J and g(A) + J' are semiclean.

Proof: Assume that R is semiclean. In view of [21, Proposition 4.1 (2)], we have the following isomor-
phism of rings % = f(A)+ J and J§0 =~ g(A) + J'. Then, f(A) + J and g(A) + J' are semiclean
since every homomorphic image of a semiclean ring is semiclean [28, Lemma 2.1 ]. Conversely, as-
sume that f(A) + J and g(A) + J' are semiclean rings and consider a € A and (j,5') € J x J'. Since
A is semiclean, we can write a = u + p where (u,p) € U(A) x Per(A). On the other hand, since
f(A) + J is semiclean, f(a)+j = f(x) + ki + f(y) + k2 with (f(x) + k1, f(y) + k2) € U(f(A) +J) x

Per(f(A) + J). It is clear that f(z), f(u) € U(f(A)+J) and f(y), f(p) € Per(&}'w)7 and we have

fla) = f(u)+ f(p) = f(@) + f(y). Thus, f(z) = f(u) and f(y) = (f(p) since L9 = A is uniquely
semiclean. Consider ki, ko € J such that f(z) = f(u) + ki and f(y) = f(p) + k2. By similar argu-
ment to above, there exists k), k, € J' such that g(x ) g(u) + k1 and g(y') = g(p) + k3. Thus we
have, (£(a) + J,9(a) + 7)) = (F(u) + Fi + ku,0u) + By + kL) + (F(0) + ko + ko, g(p) + B + K). Tt
is easy to see that, (f(p) + ko + ka2, g(p) + k) + kb) is a Perlodlc element of R. It suffices to show that
(f(u)+ki+ki, g(u)+k;, +k}) € U(R). Indeed, (f(u)+ki+ki, g(u)+k,+k;) € U(f(A)+Jxg(A)+J") then
there exists (f(r)+k, g(s)+k such that ((f(u)+k+k1)(f(r)+k), (g(w)+k,+E,)(g(s )+k")) = (1,1). Thus,

1
(f(w)f(r),g(u)g(s)) = (L,1). Then, (£(r), 9(s)) = (f(u™"), g(u™1)). So, there exists (ko, ko) € J x J’
sl e (7(7) ) = (J(0 ) iy g ) + o). Henee, (£(u) + o + b, g(u) + K + K)((Fu) +
ko + k,g(u™t) + +k)) ( (w) + k1 + ki, g(u) + K, + k) (f(r) + k,g(s) + k) = (1,1). Tt follows that,
(f(u)+ k1 + k1,9 ( )+ k) € U(R). Thus, R is semiclean.

d

In Proposition 2.2, the condition that (f(u) + j,g(u) + j') € U(B x C) (or (f(p) + j.9(p) + ') €
Per(B) x Per(C)) for every u € U(A), p € Per(A) and (j,5') € J x J', is a necessary condition for R to
be semiclean.

The next example illustrates the case where none of the conditions in Proposition 2.2 is satisfied.

Example 2.6 Let G be a cyclic group of order 3 and p any prime number. set A :=Z,)G, B = C :=
AX], J=J :=(X)and f =¢g: A A[X]. Then,

1. 3u U(A) and (4,5) € J x J' such that (f(u) + j,9(u) + ") ¢ U(B x C).
2. Jp Per(A) and (j,5') € J x J' such that (f(p) + j,9(p) + j') & Per(B) x Per(C).
3. A is semiclean.

4. R is not semiclean.
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Proof: (1) (f(1)+X,9(1)+X)=(1+X,1+X) ¢ U(BxC(C).

(2)(f(0) + X,g9(0) + X) = (X, X) ¢ Per(B) x Per(C).

3) By [28, Theorem 3.1].

4) By [28, Example 3.2], f(A) + J = A[X] is not semiclean. Hence, R is not semiclean (by Proposition
.3). O

—~ o~

[\

As an illustrative example for Proposition 2.2, we provide a non-clean (resp. non-reduced, resp.
non-local)-semiclean ring which arises as a bi-amalgamation.

Example 2.7 Let A be a semiclean ring that is not clean (For instance, A := Z7)G, where G is a cyclic
group of order 3), F a nonzero un A-module, B := A «< E, and C := A[[X]]. Consider the natural ring
homomorphisms f: A< Band g: A< C and let J := 0 oc E. Clearly, f~(J) = g~1(0) = 0. Then:

1. R is semiclean.

2. R is not clean (respectively, not local, not reduced).

Proof: (1) By Proposition 2.2, R is semiclean since J x J' C Rad(B x C) and A = Z7)G is semiclean
by [28, Theorem 3.1].

(2) By [5, Proposition 2.1 ], R is not clean since f(A) 4+ J = (A x0) + (0 x E) = A « E is not clean
(by [7, Corollary 2.12 ]), since A is not clean by [19, Example 1]. However, R is not reduced by [21,
Proposition 4.7 (d)] since JNNil(B) = J # 0. Finaly R is not local since f(A) +J = A « E is not local
(by [21, Proposition 5.4]), since A is not local. O

The next examples illustrate Corollary 2.6.

Example 2.8 Let A C B be an extension of commutative rings and X := {X3, X»,..., X,,} a finite set
of indeterminates over B. Set the subring A + X B[[X]] := {h € B[[X]] | h(0) € A} of the ring of power
series B[[X]]. Then, A + X B[[X]] is semiclean if and only if A is semiclean.

Proof: It follows from [11, Example 2.5] and Corollary 2.6. O

Example 2.9 Let T be a ring and J C Rad(T") an ideal of T and let D be a subring of T' such that
JN D =(0). The ring D + J is semiclean if and only if D is semiclean.

Proof: It follows from [11, Proposition 5.1 (3)] and Corollary 2.6. O
Before we announce the last main result in this section, we recall the following lemma.

Lemma 2.1 Let R be a commutative ring. Then R is periodic (resp. UU) if and only if R/Nil(R) is
periodic (resp. UU).

Proof: Follows from [2, Proposition 2.1] (resp. [9, Theorem 2.4 (1)]).

Theorem 2.3 Under the above notation: Set A = #(A), B = %(B), C = #(C), g : B — B,

mc : C = C, the canonical projections, J = w(J) and J' = wc(J'). _
Let f: A— B, g: A— C be the ring homomorphisms defined by setting: f(a) = f(a) and g(@) = g(a).
Set R = Aaf9 (J,J7). Then, R is periodic (resp. UU) if and only if R is periodic (resp. UU).
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Proof:
Consider the map:
G Nil?(R) - 7R -
(f(a) +34,9(a) +5) — (f@+j,9(@) +J)

It is easy to show that v is a ring isomorphism. Hence, the desired result is obtained directly from Lemma
2.1.
O

Corollary 2.9 Under the above notation, assume that J x J' C Nil(B x C) and f (or g) is injective.
Then R is periodic (resp. UU) if and only if A is periodic (resp. UU).

Proof: Preserving the same notation of Theorem 2.3, assume that f is injective and J x J" C Nil(B xC).
It follows that f is injective and J = (0) and J’ = (0). Thus, R = A (by [21, Proposition 4.1 (3)]).
Combining Lemma 2.1 and Theorem 2.3, we get the desired result. O
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