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Primal Topological Spaces

Santanu Acharjee, Murad OZKOC* and Faical Yacine ISSAKA

ABSTRACT: The purpose of this paper is to introduce a new structure called primal. Primal is the dual
structure of grill. Like ideal, the dual of filter, this new structure also generates a new topology named primal
topology. We introduce a new operator using primal, which satisfies Kuratowski closure axioms. Mainly, we
prove that primal topology is finer than the topology of a primal topological space. Also, we provide the
structure of the base of primal topology and prove other fundamental results related to this new structure.
Furthermore, we not only discuss some of this new structure’s properties but also enrich it with many examples.
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1. Introduction

Topology is one of the branches of mathematics which is highly applicable [21]. Due to its applicability
in both science and social science, several new ideas have been developed in topology with classical
structures. Kuratowski introduced the idea of ideal from filter [22]. One may consider ideal as the
dual of filter. Similarly, one of the classical structures of topology is grill. The definition of grill was
introduced by Chéquet [15] in the year 1947. Thron [5] introduced proximity structures in grills. In 1977,
Chattopadhyay and Thron [3] extended ideas of closure space with grills. Moreover, Chattopadhyay et
al. [4] extended ideas of grills to study merotopic spaces. Since then, the structure of grills has been
widely used in topology. Roy and Mukherjee [6,7,8] studied various topological properties with grills.
Operators based on grills were introduced by Roy et al. [9], Nasef and Azzam [13], and many others.
Modak [10,11] studied grill-filter space and related properties. Hosny [12] studied grill structures in d-set.
Cluster systems via grills were studied in [14]. Moreover, various advanced results with grills were studied
in [16,17,18,19,20] and many others. But, it is important to note that the literature on grill structures
is less in comparison to filter, ideal, etc. Moreover, interdisciplinary applications of grills are rare to be
found. Jankovié and Hamlett [23] introduced a new topological space using ideal from a given topology
of a topological space. Since primal is the dual structure of grill, thus we are motivated by Jankovi¢ and
Hamlett [23] to introduce a new topology using primal.

In this paper, we introduce the dual structure of a grill named ‘primal’. Moreover, we introduce a
new topology named ‘primal topology’ and study several fundamental properties. Moreover, this paper is
extended to [1], where several new topological operators are introduced in primal topological spaces. In
1990, Isham [26] connected general topology with quantum topology. In this paper, we also observe some
scopes of quantum behaviors of a new structure (.)® introduced in Definition 4.1. Similarly, uncertain
behaviors can be observed in Theorem 4.19 and results next to it. Best to our knowledge, this paper is
the first paper in the literature of topology to introduce the dual structure of grill. Thus, we are confined
to study fundamental results only related to primal. Also, Al-Omari et al. [2] have studied this new
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notion from different directions.

2. Preliminaries

Throughout this paper, (X, 7) and (Y, o) (briefly, X and Y') represent topological spaces unless oth-
erwise stated. For any subset A of a topological space X, cl(A) and int(A) denote closure and interior
of A, respectively. The powerset of a set X will be denoted by 2X. The family of all open neighborhoods
of a point z of a topological space (X, 7) is denoted by 7(x). Now, we procure the following definition of
the grill:

Definition 2.1. [15] A family G C 2% is called a grill on X if G satisfies the following conditions:
(1) 0 ¢8,
(2) if A€ G and AC B, then B € G,

(3)ifAUBe€G, then Ac§G or Beg.

Since primal is the dual structure of grill, thus we skip to add other results on grills, otherwise it will
unnecessarily increase the volume of this paper.

3. Primal and a new topological structure

In this section, we introduce a new structure in topology. This new structure is called primal. Primal
is the dual structure of grill. Now, we have the following definition of primal:

Definition 3.1. Let X be a non-empty set. A collection P C 2% is called a primal on X if it satisfies
the following conditions:

(i) X ¢ P,
(i) if A€ P and B C A, then B € P,

(iii) if ANB € P, then A€ P or Be P.

Corollary 3.2. Let X be a non-empty set. A collection P C 2% is a primal on X if and only if it
satisfies the following conditions:

(i) X ¢ 7,
(ii) if B¢ P and B C A, then A ¢ P,

(iii) if A¢ P and B ¢ P, then AN B ¢ P.
Now, let us consider the following two examples:

Example 3.3. Let X = {a,b}. Then, all primals defined on X are Py =0, Py = {0, {a}}, P3 = {0,{b}}
and Py = {0, {a}, {b}}.

Example 3.4. Let X be a non-empty set. It is not difficult to see that the family P = 25X\ {X} is a
primal on X, where 2% denotes the powerset of X.

Proposition 3.5. Let X be a non-empty set. Then,

a) the family Py = {A C X : |A°| > Ro} is a primal on X, where Xq is the lowest infinite cardinal
number and |A€| is the cardinality of A°.
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b) the family Po = {A C X : |A°| > No} is a primal on X, where Rq is the lowest infinite cardinal
number and |A°| is the cardinality of A°.

Proof. a) We will just show that P; is a primal on X. It can be similarly shown that P5 is also a primal
on X. If X is finite, then P; = () which is a primal. Now, let X be an infinite set.

(i) Since | X¢| = [0] = 0 # Vo, we have X ¢ Py.

(73) Let A € Py and B C A. Then, |A¢| > Xy and A° C B°. Therefore, |B¢| > |A¢| > Ry which means
B e Py.

(7i1) Let A ¢ P1 and B ¢ P;. Then, |A°| < Ny and |B¢| < Xy and so |[(A N B)¢| = |[A°U B¢| <
|A| 4+ |B¢| < Rg + Ny = Rg. Hence, AN B ¢ P;.

b) The proof can be obtained similarly to the proof of (a). d

Theorem 3.6. Let G be a grill on X. Then, {A C X : A¢ € G} is a primal on X.
Proof. Let G be a grill on X and P = {A C X : A° € G}. Then, we are to show that P is primal.

(i) Since ) ¢ G, thus X ¢ P.
(i) Let A € P and B C A. Then, A¢ C B¢. Since A€ € G, thus B¢ € G. Hence, B € P.

(7ii) Let AN B € P. Then, A°U B¢ = (AN B)¢ € §. Therefore, we get A° € G or B® € G. Hence,
A€ Por BeP. Thus, P is a primal on X. a
Theorem 3.7. Let P and Q be two primals on X. Then, PUQ is a primal on X.

Proof. (i) Since P and Q are two primals on X, thus we get X ¢ P and X ¢ Q. Hence, X ¢ PU Q.

(1i) Let Ae PUQ and B C A. Then, A€ Por A€ Q. Then, BePor B e Q. It yields Be PUQ.

(i7i) Let ANB € PUQ. Then, ANBePor ANB € Q. If AN B € P, then either A€ P or B € P.
Again, if AN B € Q, then either A € Q or B € Q. Then, obviously A€ PUQ or B PUQ.

Thus, P U Q is a primal on X. (Il

Corollary 3.8. It is clear that 2" primals can be written on a set with n elements.

Remark 3.9. The intersection of two primals defined on X need not to be a primal on X as shown by
the following example:

Example 3.10. Let X = {a,b} with primals P = {0,{a}} and Q = {0, {b}} on X. Then, PNQ = {0}
is not a primal on X since {a} N{b} =0 € PNQ, but neither {a} € PNQ nor {b} € PN Q.

Remark 3.11. The family of sets formed by the intersection (union) of the elements of two primals need
not to be a primal on X as shown by the following example:

Example 3.12. Let X = {a,b} with primals P = {0,{a}} and Q = {0,{b}} on X.

(a) The family R={PNQ:Pc?P and Q € Q} = {0} is not a primal on X since {a}N{b} =0 R
but neither {a} € R nor {b} € R.

(b) The family 8 = {PUQ : P € P and Q € Q} = 2% is not a primal on X, since X € 8.

Definition 3.13. A topological space (X, 7) with a primal P on X is called a primal topological space
and denoted by (X, T,P).
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Example 3.14. Let R be the set of all real numbers with the usual topology U. Let P = {A CR:|A°| >
No}. Then, (R,U,P) is a primal topological space.

Now, we define a new kind of topological operator based on primal. The new structure is given below.

4. The diamond operator

Definition 4.1. Let (X,7,P) be a primal topological space. We consider a map (-)° : 2%X — 2% as
A(X,7,P) ={z € X : (VU € 7(x))(A°U U € P)} for any subset A of X. We can also write AS as
A®(X, 7, P) to specify the primal as per our requirements.

Remark 4.2. Let (X,7,P) be a primal topological space. For any subset A of X, A° C A or A C A°
need not always to be true as shown by the following examples.

Example 4.3. Let X = {a,b,c} and 7 = {0, {a}, {b}, {a,b}, X}. We consider a primal P = {0,{a}, {b},
{a,b}} on X. Now, if A= {a,b}, then {a,b} = A ¢ A° =1.

Example 4.4. Let X = {a,b,c} with the indiscrete topology. We consider a primal P = {0,{a}, {b},
{a,b}} on X. Now, if A= {c}, then X = A* ¢ A = {c}.

Theorem 4.5. Let (X, 7,P) be a primal topological space. Then, the following statements hold for any
two subsets A and B of X.

(i) if A® € 1, then A° C A,
(i7) 0° =0,

(i) cl(A®) = A°,

(iv) (A°)® C A%,

(v) if AC B, then A® C B°,
(vi) A°UB® = (AU B)°,

(vii) (AN B)° C A° N B°.

Proof. (i) Let A° € 7 and x € A°. Suppose that ¢ A. Then, A° € 7(z). Since x € A°, AU U* € P for
all U € 7(x). Therefore, X = AU A° = (A°)° U A° € P. This contradicts with X ¢ P. Hence, A° C A.

1) It is obvious from (), since (¢ € 7.
(i) ;

(74) We have always A® C cl(A®). Conversely, let = € cl(A°) and U € 7(x). Then, U N A° # (). There-
fore, there exists y € X such that y € U and y € A°. Then, we have V¢ U A€ € P for all V € 7(y). Thus,
we have U¢ U A€ € P. This means that = € A°. Hence, cl(A®) C A°. Consequently, we get cl(A°®) = A°.

(iv) It is obvious from (i) and (ii).

(v) Let A C B and x € A°. Then, we have AU U € P for all U € 7(z). Thus, B°UU° € P since
A C B. Hence, x € B°. Thus, A® C B°.

(vi) We can get from (v) that A° C (AU B)® and B® C (AU B)°®. Hence, A°U B°® C (AU B)°.
Conversely, let x ¢ A° U B°. Then, x ¢ A° and = ¢ B°. Then, there exist open sets U and V' containing
x such that A°UU° ¢ P and B°UV® ¢ P. Put W = U NV. Hence, W is open containing 2 such that
A°UWe ¢ P and B°UW® ¢ P. Then, we have (AUB)°UW*° = (A°NB°)UW* = (A°UW°)N(B°UW*) ¢ P
since P is primal. This means that z ¢ (AU B)°. Thus, (AU B)® C A°U B°.
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(vii) It is obvious from (v). O

Remark 4.6. The inclusion given in (vii) of Theorem 4.5 need not to be reversible. It is shown in the
following example:

Example 4.7. Let (X,7) be indiscrete topological space, where X = {a,b,c}. We consider a primal
P = {0,{a},{b},{c},{a,b},{a,c}} on X. Now, if A = {b} and B = {c}, then we have A° N B® =
XNX=X#0=0°=(AnB)°.

Theorem 4.8. Let (X, 7,P) be a primal topological space and A, B C X. If A € 7, then ANB® C (ANB)°.

Proof. Let A € 7 and x € AN B°. Therefore, x € A and x € B°. Then, we have B¢ U U € P for all
U € 7(x). Since A € 7, we get (ANB)*UU® = B°U(ANU)® € P for all U € 7(z). This means that
€ (AN B)°. Thus, AN B°® C (AN B)°. O

Definition 4.9. Let (X,7,P) be a primal topological space. We consider a map cl® : 2% — 2% as
cl®(A) = AU A°, where A is any subset of X.

Theorem 4.10. Let (X, 1,P) be a primal topological space and A, B C X. Then, the following statements
hold:

(i) cl°(0) =0,

(i1) cl®(X) = X,

(iii) A C cl°(A),

(iv) if A C B, then cl*(A) C cl°(B),
(v) cl®(A) Uel®(B) = cl®(AU B),

(vi) cl®(cl®(A)) = cl°(A).
Proof. Let A,B C X.

(¢) Since §° = 0, we have cl°(0) = QU 0° = 0.
(#4) Since X U X° = X, we have cl°(X) = X.
(#41) Since cl®(A) = AU A°, we have A C cl®(A).

(iv) Let A C B. We get from (v) of Theorem 4.5 that A° C B°. Therefore, we have AU A° C BU B®
which means that ¢l®(A) C cl°(B).

(v) It is obvious from the definition of the operator ¢l® and (v) of Theorem 4.5.

(vi) It is obvious from (4i7) that cI®(A) C ¢l®(cl®(A)). On the other hand, since A® is closed in X, we
have (A®)® C A°. Therefore,

c®(cl°(A) = c°(A)U(cl®(A))°
= cl<>(A)u(AuA<>)<>
= c®(A)U A° U (A°)®
C c°(A)UA°U A°
= d°(A)

Thus, we have cl®(cl®(A)) = cl®(A). O
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Corollary 4.11. Let (X,7,P) be a primal topological space. Then, the operator cl® : 2% — 2% defined
by cl®°(A) = AU A°, where A is any subset of X, is a Kuratowski closure operator.

Definition 4.12. Let (X, 7,P) be a primal topological space. Then, the family 7© = {A C X : cl®(A°) =
A°} is a topology on X induced by topology T and primal P. It is called primal topology on X. We can
also write 75 instead of T to specify the primal as per our requirements.

Theorem 4.13. Let (X, 7,P) be a primal topological space. Then, the primal topology T° is finer than T.

Proof. Let A € 7. Then, A° is 7-closed in X. From (i) of Theorem 4.5, we get (A°)® C A°. Thus,
cl®(A%) = A° U (A°%)° C A°. Since A° C cl°(A°) is always true for any subset A of X, we obtain
cl®(A°) = A°. This means that A € 7°. Thus, we have 7 C 7°. O

Theorem 4.14. Let (X, 7,P) be a primal topological space. Then, the following statements hold:
(i) if P =0, then 7° = 2%,
(ii) if P = 25 \ {X}, then T = 7°.

Proof. (i) We have always 7° C 2%. Now, let A € 2%. Since P = (), we have A° = () for any subset A of
X. Therefore, cl®(A¢) = A°. This means that A € 7°. Hence, 2%X C 7°. Thus, we have 7¢ = 2¥.

(7i) We have always 7 C 7° from Theorem 4.13. Now, we will prove that 7® C 7. Let A € 7°. Then,
A°U (A°)® = A° which means that (A°)° C A°. Now, let & ¢ (A°)°. Then, there exists U € 7(x) such
that U¢U (A°)¢ = U°UA ¢ P. Since P = 2% \ {X}, we obtain U°UA = X and so U N A¢ = (). Therefore,
x ¢ cl(A°). Thus, we have cl(A°) C (A%)® C A°. Hence, cl(A°) = A°. It means that A° is 7-closed and
so, A € 7. Thus, 7° C 7. Consequently, we have 7 = 7°. O

Remark 4.15. The converse of Theorem 4.1/(ii) need not to be true. It is shown in the following
example:

Example 4.16. Let X = {a,b,c} with topology 7 = {0, X,{a,b}} and P = 2% \ {X, {a,b}}. Simple
calculations show that T = 7°, but P is not equal to 2% \ {X}.

Theorem 4.17. Let (X, 7,P) be a primal topological space and A C X. Then, the followings hold:
(i) A € 7° if and only if for all x in A, there exists an open set U containing x such that U°U A ¢ P,

(15) if A¢ P, then A e 7°.
Proof. (i) Let A € 7°.

Aer® cl®(A°) = A°

AC U (AC)O — AC

(Ac)o g Ac

A C((A9)°)°

(Ve € A)(x ¢ (A)°)

(V& € A)EU € r(2)) (U U (A°)° = U U A ¢ P).

S R R O

(73) Let A ¢ P and x € A. Put U = X. Then, U is a 7-open set containing z. Since A ¢ P and
U°UA=A, we have U°U A ¢ P. From (i), we get A € 7°. O

Theorem 4.18. Let (X, 7,P) be a primal topological space. Then, the family B = {TNP:T € 7 and
P ¢ P} is a base for the primal topology 7¢ on X.
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Proof. Let B € Byp. Then, there exist T € 7 and P ¢ P such that B = T'N P. Since 7 C 7°, we get
T € 7°. On the other hand, from Theorem 4.17(ii), we have P € 7°. Therefore, B € 7°. Consequently,
By C 7°. Now, let A € 7° and = € A. Then, from Theorem 4.17(¢), there exists U € 7(z) such that
U°UA¢®P. Now,let B=UnN(U°UA). Hence, we have B € By such that z € B C A. a

Theorem 4.19. Let (X,7,P) and (X, 7,Q) be two primal topological spaces. If P C Q, then 75 C 75.

Proof. Let A € 75. Then, A°U (A°)Y = A° which means that (A°)% C A°. Now, let = ¢ A°. Then, we
get © ¢ (A°)Q and so there exists U € 7(x) such that U° U (A°)° = U°U A ¢ Q. Since P C Q, we have
UcUA ¢ P. Therefore, ¢ (AC) Thus, (A°)$ € A° and so, cl®(A°) = A°U (A°)5 = A° Hence, A € 75.
Consequently, we have 75 C 75. |

Theorem 4.20. Let f : X — Y be a function and P C 2X. If P is a primal on X and f is bijective,
then Q = {f(P): P € P} is a primal on Y.

Proof. (i) Suppose that Y € Q. Then, there exists P € P such that f(P) =Y and P & X. Therefore, we
have f(P) = f(X) =Y. Since f is injective, we obtain P = X which is a contradiction.

(ii) Let A € Qand B C A. Then, there exists P; € P such that A = f(P;). Now, set P, = f~}(B)NP;.
It is obvious that P, C Pj. Since P is a primal on X, P is downward closed and so we have P, € P. Also,
B = f(P,). This means that B € Q.

( 141) Let AN B € Q. Then, there exists P € P such that AN B = f(P). Since f is injective, we have
LA nfYB) = f~ (AQB) = Pie f71(A)N f71(B) € P. Therefore, we have f~1(A) € P or
(B) € (P Thus, f(f~1(A)) € Qor f(f~*(B)) € Q. Since f is surjective, we get A = f(f~1(A)) € Q

=f(f(B) € Q. O

Remark 4.21. For a function f: X — Y and a primal Q on Y, the family P = {f~1(Q) : Q € Q} need
not to be a primal on X as shown by the following example.

Example 4.22. Consider X = {a,b}, Y = {1,2} and Q = {0, {1}}. Define the function f : X — Y by
f(x) =1. Then, Q is a primal on Y but P = {f~1Q): Q € Q} = {0, X} is not a primal on X.

5. Conclusion

This paper introduced primal, which is the dual structure of grill. It is well known that the ideal, the
dual structure of filter, is one of the highly useful notions in topology [23], summability theory [24], real
analysis [25], etc. Thus, ideal inspired us to introduce primal. Here, we introduced two new operators
using primal. One of these two operators satisfies Kuratowski closure axioms. Moreover, we introduced
a topology named primal topology (7°), which is finer than any topology 7 of primal topological space
(X, 7,P). Later, we provided a structure of base for 7 and proved several fundamental results. It is
important to note that primal structures and some related results showed quantum behaviors, i.e., we
could not determine some properties as universally true. For example, one may refer to Examples 4.3
and 4.4. Moreover, Remark 4.21 showed some uncertain behavior of this new structure. Thus, we hope
that we should study this new notion more deeply in general topology and other areas. If possible, we are
looking forward to connecting this notion with some ideas of quantum world [26] from the perspective of
general topology in the future.
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