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On Some New Scenario of Almost Boundedness Using Matrices
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abstract: The authors M. F. Rahman and A. B. M. R. Karim have structured and studied the space
rwg (t, s) and have computed its various properties like completeness, duals and many others as can be seen
in [24]. The basic structure of this paper is to further study it and investigate for the characterization with
sequences of almost bounded f∞, almost convergent f and almost sequences converging to zero f0. Also, we
will prove that F̃ is not solid, where symbol F̃ represents space having Riesz transform in f .
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1. Preliminary and Introduction

Let all sequences be represented by Ω. We call a sequence space as subspace of Ω. Throughout the
paper, N, R and C acts as set of whole numbers, the set of real numbers and the set of complex numbers,
respectively. Let ℓ∞ acts as the set of all bounded sequences and ℓ(t) represents the following:

ℓ(t) =

v = (vj) ∈ Ω :
∑
j

|vj |tj < ∞

 ,

for 0 < tj ≤ H = sup
j

tj < ∞ as can be seen in [1], [15], [25], [31].

Consider the spaces U and V and let B = (bnk) represent as an infinite matrix. Then, the matrix B
expresses the B-transformation from U into V, if corresponding to all v = (vj) ∈ U , Bv = {(Bv)n} exists
and belongs to V; where (Bv)n =

∑
k bnkvk. We represent the symbol without limits as runs from 0 to

∞. The symbol B ∈ (U : V) signifies every matrix from U to V i.e., B : U → V. A sequence v is known
as B-summable to l if Bv approaches to l and it is known as the B-limit of v as can be seen in [3], [9],
[10], [26] and many more as can be seen in text.

Thus, for the space U , the matrix domain UB of B is

UB = {v = (vj) ∈ Ω : Bv ∈ U}. (1.1)

As in [27], let T represents the shift operator on Ω, which means, T v = {vn}∞n=1, T 2v = {vn}∞n=2 and
so on. By Banach limit L on ℓ∞ represents as a non-negative linear functional so that L is invariant under
the shift operator on ℓ∞, which means, L(T v) = L(v) for each v ∈ ℓ∞ and L(e) = 1, e = (1, 1, 1, ...).

According to author in [20], a sequence v = {vn} ∈ ℓ∞ is almost convergent having F-lim v = λ if
and only if

lim
m→∞

tmn(v) = λ uniformly in n ∈ N,

where, Ψmn(v) =
1

m+1

m∑
j=0

vn+j . The work on such have been studied by various authors as in [12], [14],

[21], [23], [26]- [29], and many others.

2010 Mathematics Subject Classification: 46A45, 46CO5, 46B50.

Submitted January 23, 2023. Published December 04, 2025

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.66793


2 R. A. Alahmadi

Also, as in [20], the set f∞ is defined as

f∞ =

{
v ∈ ℓ∞ : sup

mn
|Ψmn(v)| < ∞

}
.

Define the set
f =

{
v ∈ ℓ∞ : lim

m→∞
Ψmn(v) = β uniformly in n ∈ N

}
,

and is called as almost convergent sequences.
Define the sequence τ = (τm) by

τm =

{
1, if m is even,

0, if m is odd.

It is clear that τ is almost convergent to 1
2 but is not convergent.

We call a matrix B = (brm) to be regular (see, [11], [19], [26], [27],) iff it holds the following:

(i) lim
r→∞

∞∑
m=0

brm = 1,

(ii) lim
r→∞

brm = 0, (m = 0, 1, 2, · · · ),

(iii)
∞∑

m=0
|brm| < D, (D > 0, r = 0, 1, 2, · · · ).

As in [11], define sequence of positive numbers by w = (wm) and denote Wi =
i∑

m=0
wm for i∈ N. So,

Rw = (rwim) of (R,wi)- mean is given by

rwim =

{
wm

Wi
, if 0 ≤ m ≤ i,

0, if m > i,

and (R,wi) mean is regular iff Wi → ∞ as i → ∞.
For 0 < tm ≤ H = sup tm < ∞, the author in [23] have defined the space rw(g, t) as follows:

rw(g, t) =

v = (vm) ∈ Ω :
∑
m

∣∣∣∣∣∣ 1

Wm

m∑
j=0

gjwjvj

∣∣∣∣∣∣
tm

< ∞

 ,

where, gj ̸= 0 ∀ j ∈ N.
Represent Uβ the β− dual of U and is the set of every sequence v = (vm) so that vλ = (vmλm) ∈ cs

for each λ = (λm) ∈ U , where cs acts as set of all convergent series.

2. Main Results

Here we will define the space rwg (t, s) and compute matrix classes
(
rwg (t, s) : f∞

)
,
(
rwg (t, s) : f

)
and(

rwg (t, s) : f0
)
; where f∞, f and f0 have been defined as before.

Following AlBaidani [4]- [7], Boss [18], Dowlath et al [8], Hamid et al [13,16], Jalal et al [17,28], Mur-
saleen et al [22], Rahman et al [24], Sheikh and Ganie [26], Tarray et al [30], and others, the sequence
space rwg (t, s) is defined as the space whose Rw

s,g- transform is in ℓ(t), that is,

rwg (t, s) =

{
v = (vm) ∈ Ω :

∑
m

∣∣∣∣ 1

W s+1
m

m∑
j=0

gjwjvj

∣∣∣∣tm < ∞
}
, (2.1)

where, 0 < tm ≤ H = sup tm < ∞, s ≥ 0 and for each m ∈ N, we have gm ̸= 0..
The set given by (2.1) can be redefined by using (1.1) as{

ℓ(t)

}
Rw

s,g

=

{
v ∈ Ω : Rw

s,gv ∈ ℓ(t)

}
.
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Set η = (ηm) as Rw
s,g-transform of v = (vm), which means,

ηm =
1

W s+1
m

m∑
i=0

giwivi. (2.2)

Now define the following lemma required for proving the main theorems.

Lemma 2.1 As in [24], define D1, D2 as follows:

D1 =

{
b = (bm) ∈ Ω :

sup
m

∣∣∣∣△( bm
gmwm

)
W s+1

m

∣∣∣∣tm < ∞ and sup
m

∣∣∣∣ bm
gmwm

W s+1
m

∣∣∣∣tm < ∞
}

and D2 =
⋃

C>1

{
b = (bk) ∈ Ω :

∑
m

∣∣∣∣∣△
(

bm
gmwm

)
W s+1

m C−1

∣∣∣∣∣
t′m

< ∞ and

{(
bm

gmwm
W s+1

m C−1

)t′m
}

∈ ℓ∞

}
.

Then, for 1 < tm ≤ H < ∞, we have[
rwg (t, s)

]β
= D1; (0 < tm ≤ 1) and

[
rwg (t, s)

]β
= D2.

It is important to note for s = 0, the space rwg (t, s) reduces to rq(g, t) as can be searched in [14].
To get easiness in notations, we set

Ψir(Bv) =
1

i+ 1

i∑
j=0

Br+j(v) =
∑
k

b(r, k, i)vk

where,

b(r, k, i) =
1

i+ 1

i∑
j=0

br+j,k; (r, k, i ∈ N).

Also,

b̂(r, k, i) = △
[
b(r, k, i)

gkwk

]
W s+1

k

where,

△
[
b(r, k, i)

gkwk

]
W s+1

k =

[
b(r, k, i)

gkwk
− b(r, k + 1, i)

gk+1wk+1

]
W s+1

k ,

where t
′

k denotes the Holder conjugate and

△
[
b(r, k, i)

gkwk

]
=

[
b(r, k, i)

gkwk

]
−
[
b(r, k + 1, i)

gk+1wk+1

]
and it was further considered in [19], [17] and many more.

Theorem 2.1 (i) For each m ∈ N with 1 < tm ≤ H < ∞. We have B ∈
(
rwg (t, s) : f∞

)
iff we have an

integer κ > 1 so that

sup
i,r∈N

∑
m

∣∣∣̂b(i,m, r)κ−1
∣∣∣t′m < ∞, (2.3)
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and {(
bim

gmwm
W s+1

m κ−1

)t′m
}

∈ ℓ∞ ∀ i ∈ N. (2.4)

(ii) If ∀ m ∈ N and 0 ≤ tm ≤ 1, Then B ∈
(
rwg (t, s) : ℓ∞

)
iff

sup
i,m,r∈N

∣∣∣̂b(i,m, r)
∣∣∣tm < ∞ (2.5)

Proof:
Suppose the conditions (2.3) and (2.4) holds and v ∈ rwg (t, s). Then {bnm}m∈N ∈ [rwg (t, s)]

β , ∀n ∈ N,
the B-transform of v exists. Now using

|ab| ≤ κ
{
|aκ−1|t

′
+ |b|p

}
,

where κ > 0 , a, b ∈ C, t > 1 along with t−1 + (t′)−1 = 1 [2], and we see by utilizing the relation (2.2)
that

|Ψrj(Bv)| =

∣∣∣∣∣∑
k

b(j,m, r)vm

∣∣∣∣∣
=

∣∣∣∣∣∑
m

b̂(j,m, r)ηm

∣∣∣∣∣
≤
∑
m

∣∣∣̂b(j,m, r)ηm

∣∣∣
≤
∑
m

κ
{∣∣∣̂b(j,m, r)κ−1

∣∣∣t′m + |ηm|tm
}
.

Now, take supremum over r, j on both sides, we see Bv ∈ f∞ for every v ∈ rwg (t, s).

Conversely, we suppose B ∈
(
rwg (t, s) : f∞

)
and 1 < tm ≤ H < ∞ ∀ m ∈ N. Therefore, Bv exists for

each v ∈ rwg (t, s) and this implies that {bn,m}m∈N ∈ [rwg (t, s)]
β ∀n ∈ N, the necessity is obvious for (2.4).

But for all r, n ,
∑
j

b(n, j, r)vj exists and v ∈ rwg (t, s), so that {b(n, k,m)}k∈N defines the continuous linear

functionals ϕrn(v) on rwg (t, s) by

ϕrn(v) =
∑
j

b(n, j, r)vj ; (n, j, r ∈ N).

Since rwg (t, s) is complete and sup
n,r

∣∣∣∣∣∑j b(n, j, r)vj

∣∣∣∣∣ < ∞ on rwg (t, s), so by Banach–Steinhaus theorem,

there exists κ > 0 such that

sup
r,n

|ϕrn(v)| = sup
r,n

∑
j

|b(n, j, r)vj | = sup
r,n

∣∣∣̂b(n, j, r)ηj∣∣∣ < ∞.

So there by giving sup
r,n

∣∣∣̂b(n, j, r)κ−1
∣∣∣t′j < ∞, yielding the necessity of (2.3) and completed the proof (i).

The part (ii) can be proved similarly and the proof of theorem is complete. 2

Theorem 2.2 For 1 < tm ≤ H < ∞, B ∈
(
rwg (t, s) : f

)
iff (2.3), (2.4), (2.5) holds for each m ∈ N of

Theorem 2.2 and there is (βm) sequence of scalars so that

lim
r→∞

b̂(n,m, r) = βm, uniformly in n ∈ N. (2.6)
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Proof: Suppose (2.3), (2.4), (2.5) and (2.6) holds good and v ∈ rwg (t, s). Then Bv exists and by (2.6)
we see for each m ∈ N that

|̂b(l,m, r)κ−1|t
′
m →

∣∣βmκ−1
∣∣t′m

as r → ∞, uniformly in l,m yielding with (2.3) that

m∑
j=0

∣∣βjκ−1
∣∣t′j = lim

r→∞

m∑
j=0

∣∣∣̂b(l, j, r)κ−1
∣∣∣t′m (uniformly in l)

≤ sup
l,r∈N

m∑
j=0

∣∣∣̂b(l, j, r)κ−1
∣∣∣t′m < ∞, (2.7)

holds for each m ∈ N. But given v ∈ rwg (t, s) and as in [25]-Theorem 2.2, rwg (t, s) is isomorphic to ℓ(t)

linearly, so yielding σ ∈ ℓ(t). Hence, from (2.7), the series
∑
m

βmηm and
∑
m

b̂(l,m, r)ηm converges for each

r, l and σ ∈ ℓ(t). Thus, for a given ϵ > 0, fix m0 ∈ N so that( ∞∑
m=m0+1

|ηm|tm
) 1

tm

< ϵ.

Now clearly for some r0 ∈ N, we see ∣∣∣∣∣
m0∑
m=0

[
b̂(l,m, r)− βm

]∣∣∣∣∣ < ϵ,

for every r ≥ m0 and uniformly in l. But (2.6) holds, giving∣∣∣∣∣
∞∑

m0+1

[
b̂(l,m, r)− βm

]∣∣∣∣∣
is arbitrary small. Therefore, we see

lim
r

∑
m

b(l,m, r)vm = lim
r

∑
m

b̂(l,m, r)ηm

=
∑
m

βmηm,

uniformly in l. Consequently, Bv ∈ f there by proving sufficiency.
We now let B ∈

(
rwg (t, s) : f

)
. Then, necessities of (2.3) and (2.4) are immediate from Theorem 2.2

since f ⊂ f∞. To establish the necessity of (2.6), we define

bml (w) =

{
(−1)l−mW s+1

m

glwl
, if m ≤ l ≤ m+ 1,

0, if 0 ≤ l < k or l > m+ 1.

But for each v ∈ rwg (t, s), Bv exists and is in f , yielding obviously that

Bb(m)(w) =
{
△
(

blm
gmwm

)
W s+1

m

}
n∈N

∈ f for each m ∈ N, which proves the necessity of (2.6). This

concludes the proof. □ 2

Note that if we let βm → 0 for each m ∈ N if above theorem, we have the following result.

Theorem 2.3 Let 1 < tm ≤ H < ∞ for every m ∈ N. Then B ∈
(
rwg (t, s) : f0

)
if and only if (2.3),

(2.4), (2.5) and (2.6) hold.□
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Corollary 2.1 If we take gm = 1 for each m ∈ N, then we get results obtained in [1].□

Corollary 2.2 If we take s = 0, then we get results obtained in [14].□

Corollary 2.3 If we take gm = 1 and s = 0 for all m ∈ N, then we get results obtained in [28].□

Definition 2.1 Solid spaces [18]: We call a sequence space X to be solid if and only if ℓ∞X ⊂ X .

Definition 2.2 Define a space F̃ as the sets of all sequences such that its R-transform is in the space f ,
that is,

F̃ =

v ∈ Ω : lim
m→∞

m∑
k=0

1

m+ 1

k∑
j=0

wjυj+n

W s+1
k

= β uniformly in n ∈ N

 .

Theorem 2.4 The space F̃ is not solid space.

Proof: To prove the result, choose

ς = (ςj) =

(
W0

w0
,−
(
W0

w0
+

W0

w0

)
,

(
W1

w1
+

W2

w2

)
, · · · , (−1)j

(
Wj

wj
+

Wj+1

wj+1

)
, · · ·

)
; s = 0

and

ξ = (ξj) =

(
1,−1, 1, · · · , (−1)j , · · ·

)
.

Then trivially, we see ς ∈ f and ξ ∈ ℓ∞. Define ςξ = υ, that is, (ςξ)j = (υj). Also, it is obvious that

(υj) =

(
W0

w0
,

(
W0

w0
+

W0

w0

)
,

(
W1

w1
+

W2

w2

)
, · · · ,

(
Wj

wj
+

Wj+1

wj+1

)
, · · ·

)
.

So, by definition of Riesz matrix, we see that

FR − lim υ = lim
m→∞

m∑
k=0

1

m+ 1

k∑
j=0

wjυj+n

Wk
= ∞.

Therefore, for spaces ℓ∞ and F̃ , the multiplication ℓ∞F̃ is not a subset of F̃ and hence we conclude that
the space F̃ is not solid.□ 2
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