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ABSTRACT: In this paper, we demonstrate the existence results of a solution for a class of initial value problems
involving conformable derivatives with nonlocal conditions. The main result is established using a fixed point
theorem attributed to Darbo-Sadovskii combined with semigroup theory.
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1. Introduction

Many dynamical processes in physics, biology, economics, and other areas of applications can be
governed by abstract ordinary differential evolution equations of the following form:

(Z(z(t) - F(t, z(hl(t)))> = —Bz(t) + ¢(t, 2(h2(1))) (1.1)

Unfortunately, the classical derivative % appearing in equation (1.1) cannot model the dynamical pro-
cesses with memory. Hence, in order to avoid this shortcoming of classical derivative, many authors try
to replace the classical derivative by a fractional derivative [10] because fractional derivatives have been
proved that they are a very good way to model many phenomena with memory in various fields of science
and engineering [11,12,13]. In consequence, many researchers pay attention to form the best definition of
fractional derivative. Recently, a novel definition named conformable fractional derivative is introduced
n [12]. This new fractional derivative quickly becomes the subject of many contributions in several areas
of science [1,2,15,18,19]. Here, we will investigate the same conformable fractional Cauchy problem with

nonlocal condition. Specifically, we consider nonlocal fractional Cauchy problem with the from

% (z(t) - F(t, z(hl(t)))> =B (z(t) — F(t,z(h (t)))) + ¢ (t, z(ha(t)))
2(0) + ¢(2) = 20 € Y = D(B?),

(1.2)

where j—; is the conformable fractional derivative of £ € (0,1). B is a sectoriel operator which generate
a strongly analytic semi-groupe (S(t)) on a Banach espace (Y, || ||), For more information on semigroup
theory, we refer to [17]. The initial condition z(0) 4+ ¢(z) = z¢ is a non-local condition this concept has
become a hot topic in recent years. The degree of modeling has significantly improved as a result of their
connection to classical problems, the thus making it more realistic. The nonlocal condition joined to the
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main equation instead of the classical initial condition is necessary to model well and write mathemati-
cally, physical phenomena like in electronics, in mechanics of materials, or in biomathematics in the way
closest to the reality of many phenomena in multiple disciplines. This condition means that the initial
condition depends on some future times. The nonlocal condition attracts the attention of many authors
in several works [4,5,8,16]. We denote by C([0, 7], D(B¢) the Banach space of continuous function from
[0, 7] into the domain of the fractional power of B with the norm |[v|¢ = sup |[v(s)|le = sup ||B*v(s)].

s€[0,7] s€[0,7]
The functions used in our study are ¢ : [0,7] x D(B%) — D(B¢), ¢ : [0,7] x D(B¢) — D(B¢) and
¢ :C([0,7], D(B®)) — D(B¢) and also hy, hs € C([0,7],[0,7]).

The structure of this paper is as follows. In Section 2, we review some preliminary facts about the con-
formable fractional derivative, semi-group theory, and the properties of the measure of noncompactness.
Section 3 is dedicated to demonstrating the main result.

2. Preliminaries

In this section, we recall some concepts related to conformable fractional derivatives and some prop-
erties of the measure of noncompactness.

Definition 2.1 [1]We define the conformable fractional derivative of z of order & att >0 by
déz(t) i 2(t + hel&=Dt) — 2(1)

dE 5o h ’

when this limit exists, we say that z is (§)-differentiable at t.

déz(t
If z is (€)-differentiable and tLiI(% dig )

exists, then define

d®z(0) . doz(t)

= lim
dté t—o+ dt€

The (§)-fractional integral of a function z is defined by

t
IS(2)(t) = / 557 2(s)ds.
0
Theorem 2.1 [12] If z is a continuous function such that z € D(I¢), then

d*(I5(2(1)) _
— g = z(t).

Definition 2.1 [1] The fractional Laplace transform of order & of z is defined by

+oo .
Le(2(1)(N) = / F-TeNE S (1t

The fractional Laplace transform of the conformable fractional derivative is given by the following propo-
sition.

Proposition 2.1 [1] if 2(t) is differentiable. Then,

2
£ 20 (3) = azez0)3) - =(0).

Now, we provide some notions related to the fractional powers of an operator.

Definition 2.2 [17] Let B be a sectoriel operator defined on a Banach space Y such that Reo(B) > 0.
For £ > 0, we denote by B¢ the operator defined by:

e 1 +oo 1
Bt=_— 718 (¢)dt.
0
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Definition 2.3 [17] Let B be a sectoriel operator defined on a Banach space Y, such that Reo(B) > 0.
We define the family of operators (B%)¢>o as follows: B® = Iy and for £ > 0,

B*=(B~%7!Y,  D(B%) =Im(B~%).

Theorem 2.2 [17] If (—B) is the infinitesimal generator of an analytic semi-group (S(t))i>0 and if
0 € p(B), then:

1. D(B?%) is a Banach space with the norm ||z||¢ = || B*z|| for every z € D(B®).
2. S(t):Y — D(B®) for allt >0 and £ > 0.
3. For every z € D(B%), we have S(t)B%z = B*S(t)z.

Definition 2.4 [17] B: D(B) CY — Y is said to be sectoriel operator of type (M, w, 0) if there exists
M>0,weR and 0 <0 < 5 such that:

1. B is a linear and closed operator.
2. YA & w+ Sy, the resolvent (NI — B)™! of B exists.
3. VA& w+ Sy, (M —B)71 < erl’ where w + Sp 1= {w+ A/XA € C avec |Arg(—N)| < 6}.

Theorem 2.3 [17] B is a densely sectoriel operator generates a strongly analytic semigroup (S(t))i>o0-

Moreover )
S(t) = — / e (N — B)~ld),
¥

~ 2mi
with v being a suitable path X\ ¢ w + Sy.
We conclude these preliminaries with the concept of a measure of noncompactness

Definition 2.5 [3, 7] C is a bounded set in a Banach space Y, the Hausdorff measure of noncompactness
o is defined as

o(C)=inf{r >0:C Cc U’ B(zs,7); 2, €Y}

Definition 2.6 [7] The operator A : D(A) C Y — Y is said to be a o-contraction if there exists a
positive constant K < 1 such that o(A(C)) < Ko(C) for any bounded closed subset C C D(A).

Lemma 2.1 [6,1/] Let C CY be a bounded set; then, there exists a countable set Co C C such that
a(C) < 20(Cy).

Lemma 2.2 [3,7] Let Y be a Banach space, and let D,C CCY be bounded. Then the following prop-
erties hold:

1. D is precompact if and only if o(D) = 0;

2. 0(D) = (D) = o(conv(D)), where D and conv(D) denote the closure and convex of D ,respectively;
3. o(D) < o(C) where D C C;

4. 0o(D+C)<o(D)+0(C), where D+C ={zx+y; z€D, yeC};

5. o(DUC) <max{c(D), o(C)};

6. o(AD) = |Ao(D);

7. If the operator @Q : D(Q) CY — Z is Lipschitz continuous with K > 0, then we have

p(Q(C’)) < Ko (C) for any subset C C D(Q), where Z is another Banach space, and p represents
the Hausdorff measure of noncompactness in Z.
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Lemma 2.3 [9] Let Dy = {y,,} CC be a countable set. Then,

1. J(Dg(t)> = U({yn}) is Lebesgue integral on [0, 7].

2. a</0 Do(s)ds> < QATU(DO(S)>ds, where a</0 Do(s)ds> :a<{/OT yn(s)ds}>,

Lemma 2.4 [3] Let D C C be equicontinuous and bounded. Then,

1. o(D(t)) is continuous on [0,].

2 0.(D) = max <0(D(t))>.

telo,r

Lemma 2.5 ( Darbo-Sadovskii Theorem) [3,7 Let C C Y be a bounded, closed, and convex set. If
Q : C — C is a continuous and o-contraction operator, then Q has at least one fized point in C.

3. Main results

Before presenting our main results, we introduce the following assumptions:

(H1) The function 9(t,.) : D(B¢) — D(B¢) is continuous and there exists a constant L > 0 such that

h(t1, 2) — b(te, 2)|le < Lty —tal|, for all t1,t5 € [0,7] and for z € D(B%).

(H2) The function ¢(t,.) : D(B®) — D(B?®) is continuous, and for all r > 0, there exists a function
wr € L2([0,a], RT) such that

sup |lo(t, 2)|le < pr(t).
) <r

(H3) (., 2) : [0,7] — D(B?®) is continuous.
(H4) ¢ :C([0,7],D(B*)) — D(B¥®) is continuous and compact.
(H5) There exist positive constants a and b such that [|¢(2)|¢ < al|z|l¢ + .

(H6) There exists a positive constant Ly such that oy)(t, D) < Lio(Dg) for any countable
Dy C D(B%) and t € [0, 7].

(HT) There exists a positive constant Ly such that op(t, Dy) < Loo(Dy) for any countable
Do C D(B%) , t€0,7]

Existence of mild solution

Lemma 3.1 z € C([0, 7], D(B%)) is an integral solution of fractional problem (1.2) if the function z is
given by:

t&
€

tsgf1 t— o s,z s S
[ S (el slha(s)) s

() = B(t2(m(0) + S >(zO—¢<z>—w(o7z<h1<o>>)
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Proof: Applying the Laplace transform to equation (1.2), we obtain

3
Le (cié (2(t) = (t, 2 (h (t))))) (A) = =L (B (2(t) = ¥(t, 2(ha(1))))) (A) + Le (o(t, 2(h2(1)))) (A)-
Then,

Me ((2(8) = (t, 2(ha (1)) (A) = (2(0) = (0, 2(71(0))) = —BLe(2(t) = ¥(t, 2(ha (1)) (M)
+  Le(p(t, 2(h2(1))))(A).
This implies that,

(A +B) Le((2(t) =9 (t,2(h1(1)))))(A) = 2(0) — (0, 2(ha1(0))) + Le (¢, 2(h2(t))) ().

Hence,

Then,

Le((2(t) =0t 2(h)))))N) = (A +B) " (20 — d(2) — (0, 2(h1(0))))

So, we have

) ¢
(A+ B) 7 (2(0) — (0, 2(m(0)))) = Le (S(t> ( (e - w(o,z<h1<o>>) ).

3
Hence,
-1 % té 1 1
(A+B) " Le(ot 2(h2(1))(N) = Es(/o S(Z —S)@((ES)%Z(hz((ﬁS)ﬁ))))dS) (A)
= t s¢1 f — f 8,z S s
= cel [ (= Dhetenstaleas ) )
Therefore,
€
Lel(o0) = (e @O = Le(55) (50~ 6:) — v (0,5 (0) )
¢ £
+ Eg(/o 85_15(% - E)ap(s,z(hg(s)))ds> (N).
By employing the inverse fractional Laplace transform, we obtain the following formula
3
(0~ 0 n(®) = SC0)(20— 00) (020 (0))
¢ PP A
4 ,cg(/o €8 (% - g)gp(&z(hz(s)))ds)()\).

Then, we obtain
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Theorem 3.1 Assuming that (H1)—(HT) hold, then the fractional problem (1.2) has at least one integral
solution provided that

2(L1+(L1 +L27;) sup [|S( ))

te(0,7]
Proof: In order to apply the Darbo-Sadovskii fixed-point theorem, we set

B, ={z€Y / |lzlle <r} with ¥V = C([O,T],D(Bg)) and ||z|¢ = shl)p] lz(®)|le-
telo,T
We define operator I' : Y — Y by
& — &

¢ (s, z(ha(s)))ds.

3
L)) = %f}(t,Z(hl(t))JrS(tg)(zo—¢(z)—w(o,z(hl(()))>+/0 S

The proof will be given in four steps.

Step 1. Prove that there exists a radius v > 0 such that I' : B, — B,
Let z € Y, we have

IT(2)(®)lle

IN

t&
o (1, (1)) + ||5(§)(Zo () - w(o,z<h1<o>>) le

t §_g¢
N / s (! )l 2ha(s)eds

IN

(e (Ol + s 1505 >||(||ZO||§+ 16(2) e + ||w(o,z<h1<o>)g)

7_

b o IS [ et st e

te[0,7]

IN

I (¢, 2(ha (1))l + S s ¢ )II <||Zo||s +ar+b+ (0, 2(h1(0))le

PR3
+ 7'“’“'00([077] R+)

€
< M+ sup IIS(g)||<||Zo||£+‘17"JFZ’JFJ‘4Jr '“7"|z:°o([OT]R+))

tel0,r
With M = sup [|[¢o(t, 2(ha(t))]e-

te[0,7]
Hence,

E
M+ s 505 )||(||ZOII5+ar+b+M+ “ww([oTw)) =

Then,

7€
M+ sup ||S (z +b+ M+ —|u, ><r<1—a sup ||S )
6[p | (f)ll l[20l¢ |M ILW([OT] 2+ te[opﬂ [ ( )||

Precisely, we can choose that v such that

7€
Mot s 1S N (Uealle +0+ M + Z il 1))

t&
1—a sup IIS(f>||
te[0,7] 5
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Step 2. Prove that I' : B, — B, is continuous.

Let z, € B, such that hm Zp = 2z in B, we have
n—o0

IT(zn) () =T()W)lle < N (t 2n(Ra(8)) = (t, 2(ha (1) le

R >||(||¢<> ¢<zn>||5+|w(o,z<h1<o>>—w(o,znml(o»ng)

te[0,7]

+ s (s II/ (s, zn(ha(s))) = (s, z(ha(s)))leds.

tel0,7]
By using (H2), we get

57 (s, 2 (a(5))) = (5, 2(has)) e < 25 trl e (120

and

lim_ (s, zn(ha(s))) = @(s, 2(h2(s)))-

n—oo

The Lebesgue dominated convergence theorem proves that

lim [ 57 o(s, zn(ha(s))) — (s, z(ha(s))) | eds = 0.

n—roo 0
According to the continuity of the functions ¢ and ¢, we deduce that I" is continuous.

Step 3. Prove that I'(B,,) is equicontinuous.
For z € B, and t1,ts € [0, 7] such that t; < tz, we have

L(2)(t2) =T (2)(t1) = ¥ (ta, 2(ha(t2))) — ¢ (t1, 2(ha(t1)))
t5— 15 #
(s - 1) (56D (30 6 - w02 (0) ) )
b tg — st t% — 58
+ /0 ¢ (S(f ) — S’( ¢ ))go(s,z(hg(s)))ds
ta £ Sf
/tsg_IS(tzT)cp(s,z(hg(s)))ds
P(ta, 2(ha1(t2))) = (t1, 2(ha(tr)))
t5— 15 £
S(T) - I] ls(g) (Zo —¢(2)) — ¢(0a2(h1(0))>

_|_

+

t E
+/0 55_15(“55)@(8,2(h2(5)))d;|

ta § SE
+ /t1 55715(%)@(5,2(@(5)))&9.

Hence,
ID(z)(t2) = T(z)(t)lle < llb(t2, 2(ha(ta))) — @ (tr, 2(ha(t1)))lle
£~ y:
+ [IS(2 f L) —1I [|5(5)||<||Zo||5+ () lle + |¢(0,Z(h1(0))||£)]
+ HS tl f||/ 4 1||S ||||90(5 z(ha(s)))lleds

" / “nS( < % ) (s, 2(ha(s)) eds.



8 N. CHEFNAJ, K. HILAL anp A. KAJOUNI
By using assumptions (H1), (H2) and (H5), we obtain

£ — ¢
IPE) ) ~TE e < Ll -l + 52212 ¢ ) =1

PR3
x sup ||S 2olle +ay +b+ M+ —|u, )
s ISCON (Il + il e 00)

t5— 15
+ s |se )III/«LTIM([O’TLM e )

te(0,7]

The above inequality combined with the uniform continuity of the family (S(¢))i>0 proves that
I'(B,) is equicontinuous on [0, 7].

Step 4. We prove that I' : B, — B, is o.-contraction operator.
Let D C B, then by lemma 2.1 there exists a countable set Dy such that Dy = {z,} C D, Hence,
I'(Do) becomes a countable subset of I'(D). Then, lemma 2.1 prove that o.(I'(D)) < 20.(I'(Dy)).
Since, I'(Dy) is bounded and equicontinuous. Then by using Lemma 2.4, we have

oc(0(Dy)) = max <U(F(D0(t)))).

te(0,7]

Then, one has

0c(T(D)) < 20.(I(Do))
< 2 (D)
< 2tr€ng§]( (tho hi(t))) + (tg)(zo—qﬁ(Do)—w(O,Do(hl(O)))>

" / (et Dafla(s))is ) ).

By using point (4) of Lemma 2.2, we deduce that

2 s (500 @) ) +o((5C5) (20— 600) ~ 600, Dot 1))

+ a(/o 515(’5;8) (s, Do(ha(s ))

2 e (w16 20000 ) 2 e (7(SC5) (20 o0 w00, Dt ) ) ))

te[0,7 t€(0,7]

+ 2 max] (/Ot 36715(%)39(5,Do(hz(s)))ds).

te[0,7

oc(I(D))

IN

IN

Since ¢ is compact, then S (%) (zo — ¢(D0)) is relatively compact. Hence, using point 1 of Lemma
2.2 in the above inequality, we obtain

o s (o (200) ) 200 150N s, (o ()

3
r

2L5 su S max (o Dg(t —
2 s 15( >|t€[0ﬂ( (2) )

£ €
2(L1 + (L]_ + LQT ) sup HS( )H)O'C(D)
§ 7 tefo,r] ¢

Oc (F(D))

IN

+

IN
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Since 2(L1 + (L1 + Lo %g) SUPye(o,7] ||S(%) ||) < 1, then I is a o.-contraction operator.

Then, by employing Lemma 2.5, we establish that I" has at least one fixed point in B, which is a
mild of solution of the Cauchy problem (1.2).

4. Conclusion

We have demonstrated the existence of mild solutions for a class of neutral fractional differential
equations with nonlocal conditions in a Banach space without imposing the compactness condition on
the semigroup family and the Lipschitz condition on the nonlocal condition. The main result is obtained
through the utilization of semigroup theory combined with the Darbo-Sadovskii fixed point theorem.
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