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Some Common Fixed Point Theorems in F-Bipolar Metric Spaces and Applications

Joginder Paul*, N. Chandra, U. C. Gairola

ABSTRACT: In this paper, we prove some common fixed point theorems for generalized rational type contrac-
tion in F-bipolar metric spaces. These theorems also generalize and extend several interesting results of metric
fixed point theory to the F-bipolar metric context. In addition, there are some examples and applications for
the obtained results.
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1. Introduction and Preliminaries

Frechet [3], in 1906, firstly initiated the metric space theory. Thereafter, many researchers have
generalized the notion of metric by either weakening the metric condition or modifying the domain and
range of the function (see for instance, [2], [5], [12], [13], [14], [16], [17], [20] [21]). Basically, we consider
the distance between points of a single set in the process to generalize the metric. So, the question of
distance between elements of two different sets can arise naturally, and such problems of measuring
distance can be encountered in various fields of the mathematics and other sciences. Although, in 2016,
Mutlu and Gurdal [13] introduced the concept of bipolar metric space to encounter such cases. Also,
this new notion of generalization and improvement of a metric space leads to the existence and the
development of fixed point theorems. However, in bipolar metric spaces, a lot of significant work has
been done to the existence for a fixed point of various mappings (see [8], [9], [10], [11], [15], [18], [19])
and references therein. Very recently, in 2022, Rawat et al. [20] introduced a new generalized notion
named as, F-bipolar metric space by using the notions of F-metric and bipolar metric. They also showed
that every bipolar metric space and JF-metric space is an JF-bipolar metric space but the converse is not
true in general. Next, they define a topology 7, on F-bipolar metric spaces using the concept of balls.
Further, they proved some fixed point theorems which are extensions and generalizations of the Banach
contraction principle in the setting of F-bipolar metric spaces, along with an application to integral
equation and homotopy theory. Hence, F-bipolar metric fixed point theory is an active research area and
it is capturing a lot of attention for further work.

Throughout this paper we denote by N the set of all positive integers and by R the set of all real
numbers. Moreover, the bipolar metric space is defined as the following.

Definition 1.1 ([13]) Let X, Y# ¢ and o : X X Y — [0,00) be a mapping which satisfying the following
properties

(B1) p=v, if o(p,v) = 0;

(BQ) Q(M,V) =0, ifﬂ =V;
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(B3) o(p,v) = o(v,p), if v e XN 'Y;
(B4) o(p1,v2) < o(p1,v1) + o(pe, vi) + o(pa, v2) for all pi,pe € X and vy, €Y.

Then the mapping o is called a bipolar metric on the pair (X,Y) and the triple (X,Y, o) is called a bipolar
metric space.

In 2018 Jleli and Samet [5] introduced the notion of F-metric space in the following way.
Let F be the set of function f: (0,00) — R satisfying the following conditions:

(F1) fis non-decreasing, i.e., 0 < s <t = f(s) < f().

(F2) for every sequence {t,} C RT, lim £, = 0 if and only if lim f(tn) = —o0

Definition 1.2 ([5]) Suppose that X is a nonempyt set, and ¢ : X x X — [0,00) is a given mapping.
Suppose that there exists (f,a) € F x [0,00) such that for all (u,v) € X x X,

(01) o(p,v) =0 p=v;
(02) o(p,v) = o(v, p);

(03) for every N € NN > 2, and for every (J:i)f-vzl C X with (z1,zn) = (1, V), we have

o(p,v) >0 = flo(p,v)) < f (i Q(%Jiﬂ)) +a.

Then ¢ is said to be an F-metric on X, and the pair (X, 0) is said to be an F-metric space.

Definition 1.3 ([20]) Let X, Y # ¢ and o : X x Y — [0,00) be a mapping. Suppose that there exist
(f,a) € F x [0,00) such that for all (,v) € X xY:

(Dl) Q(,u,l/) =0, p=v;

(D2) o(u,v) = o(v,p), if pv € XN Y;

(D3) for every N € NN > 2, and for every (xl)fvzl C X and (yi)fi\;l C Y with (z1,yn) = (u,v), we
have

N-—-1 N
op,v) >0 = flo(p,v)) < f (Z o(wit1,y:) + ZQ(ﬂﬂi)) +a.

=1 i=1

Then the mapping o is called an F-bipolar metric on the pair (X,Y) and the triple (X,Y, 0) is called an
F-bipolar metric space.

Definition 1.4 ([20]) Let (X1,Y1) and (X3,Y2) be two pair of sets. A map S : X UY; = XoUY; is
called

(i) covariant if S(X1) C Xo and S(Y1) C Yz, and denoted as S : (X1,Y1) = (X2, Y3);
(i) contravariant if S(X1) C Yy and S(Y1) C Xo, and denoted as S : (X1,Y1) = (Xa, Ya).
Definition 1.5 ([20]) Let (X, Y, o) be an F-bipolar metric space. Then,

(1) X = set of left points; Y = set of right points; XNY = set of central points.

In particular, if X N'Y = ¢ then the space is called disjoint, and otherwise it is called joint. Unless
otherwise stated, we shall work with joint spaces.
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(2) A sequence () on the set X is called a left sequence and a sequence (v,) on Y is called a right
sequence. In a F-bipolar metric space, a left or a right sequence is called simply a sequence.

(3) A sequence (uy) is said to be convergent to a point p, if and only if (un) is a left sequence,
lim (g, ) = 0 and p € 'Y, or (uy,) is a right sequence, lim (u, p,) =0 and p € X.
n—oo n—oo

A bisequence (un,vn) on (X, Y, 0) is a sequence on the set X x Y. Furthermore, if the sequences
i
(un) and (v, ) are convergent, then the bisequence (i, vy ) is said to be convergent. In addition, if
(n) and (vy) converge to a common point t € XNY, then (tn,vy) is called biconvergent.

(5) A bisequence (un,vy) is a Cauchy bisequence, if lim (pn,vy,) = 0.
n—oo
Remark 1.1 In a F-bipolar metric space, every convergent Cauchy bisequence is biconvergent.

Definition 1.6 ([20]) A F-bipolar metric space is called complete, if every Cauchy bisequence is con-
vergent, hence biconvergent

Definition 1.7 ([20]) A covariant or a contravariant map S from the F-bipolar metric space (X1,Y1, 01)
to the F-bipolar metric space (Xo,Ys, 02) is continuous, if and only if (u,) — v on (X1,Y1, 01) implies
S(un) — S(v) on (Xa,Ys, 02).

Now, we have the following fixed point theorems on metric spaces.

Theorem 1.1 (Banach’s contraction (1922), [1]) Let (X, 0) be a complete metric space and T : X
— X satisfying o(Tu,Tv) < pro(p,v), for all p,v € X, with 0 < uy < 1. Then T has a unique fized
point.

Theorem 1.2 (Kannan’s contraction (1969), [6]) Let (X, 0) be a complete metric space and T : X
— X satisfying o(Tp, Tv) < pifo(p, Tr) + o(v,Tv)], for all p,v € X, with 0 < py < 3. Then T has a
unique fized point.

Besides, two other fixed point theorems have been obtained under some new contractive conditions, which
are the following.

Theorem 1.3 (Khan’s contraction (1975), [7]) Let (X, 0) be a complete metric space and T : X —
X satisfy

o(p, Tw)o(p, Tv) + o(Tv,v)o(v, ')
o(p, Tv) + o(v, ')

for all p,v € X, with 0 < uy < 1. Then T has a unique fized point.

o(Tv,Tp) <

)

Theorem 1.4 (Jaggi’s contraction (1977), [4]) Let T be a continuous self map defined on a com-
plete metric space (X, 0). Suppose that T satisfies the following contractive condition:

o(p, Tp)o(Tv,v)

o(Tv,Tu) <
o(p,v)

+ p20(p, v),

for all p,v € X, u# v, and for some u,v € [0,1) with p+v < 1. Then T has a unique fized point in X.

2. Main Results

Now, we establish two common fixed point results for mappings satisfying the generalized rational
type contractive conditions which extend Theorem 1.1, Theorem 1.2, Theorem 1.3 and Theorem 1.4 to
F-bipolar metric spaces. First we prove the following theorem.
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Theorem 2.1 Let (X,Y,0) be a complete F-bipolar metric space, and let T,S : (X,Y,0) = (X,Y, 0) be
a contravariant mapping satisfying

o(Sv, Tu) < MW

for all (u,v) e X xY, with p#v and 0 < pg + po +2us < 1. Then T,5 : XUY — XUY have a unique
common fized point, provided that T and S are continuous in (X,Y).

+M2Q(,L"7V) +M3[Q(N7T:u) +Q(SV7 V)]v (21)

Proof: Let pup € X and vy € Y then for each n € NU {0}, we define

Spon = von , Thont1 = Vont1 , SVan = Hant+1 s TVont1 = Hant2.
Then (pn,vn) is a bisequence in (X,Y,0). Let (f,a) € F x [0,00) be such that (D3) is satisfied. Let
€ > 0 be fixed. By F3, there exists § > 0 such that
0<t<d= f(t) < fle) —au (2.2)
Now by (2.1), we get

o(2n+1,v2n+1) = 0(Sven, Thant1)

o(p2n+1, Tpan+1)0(Svan, Van)

o(H2nt1,V2n)
+pzlo(pant1, Tant1) + 0(Svan, van)]
= W Olptzn1, Vaner )@ Han1, Von) + p20(H2n+1, Van)
o(H2nt1,V2n)
+uslo(p2n+1, vant1) + 0(H2nt1, Van)]

= p10(pont1, Vant1) + p20(f2nt1, Von) + 130(M2ns1, Vant1) + 13o(fi2nt1, Von)

+ h
= 0(M2nt1, Vant1) < 1;@7;@
— M1 — 3

IN

+ p20(fh2n+1; Von)

o(H2n+1,V2n). (2.3)
Also, we have

Q(/J/2n+la Z/Zn) = Q(SVZ'rw S,U/Qn)
0(H2n, Spian)0(Svan, van)
Q(M2n7 V2n)
Q(,u2n7l/2n)g(,u2n+l7y2n)
Q(,Uf2n7 V2n)
= p10(p2nt1, Von) + p20(fon, Von) + 130(ton, Van) + 130(fi2nt1, Von)
W2 + s
= .Q n 7Vn Sig nayn~ 24
(H2n+1,V2n) p— (12n; Van) (2.4)
= A(say), A € [0,1). Hence, from (2.3) and (2.4), we get

+ 120(fon, Von) + 13o(pon, Stian) + 0(Svan, van)]

= W + 1120(fon, Von) + 13lo(pon, Von) + 0(fon+1, V2n)]

d M2 + s
T—pn—ps
o(fi2n+1, Vang1) < A Po(po, o)  and  p(pont1, van) < A o(po, o). (2.5)

Since p1 + po + 2us € [0,1) an

Now, we can get that for any n € N,

0(tnt1,Vng1) < A" 200, 10); 0(kns1, vn) < A oo, o) and (i, vn) < A o(ko, o).

Now, from all the above equation , we get

m—1 m
D olpiyvi) + Y olpis vi) (AL NS NP oo, o)
i=n 1=n

FAZT A2 L A2 o (g, )

= AL A+ A% NP2 (g, 1)
)\271
)

IA

o(po, o), m >n.
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2n
)\Q(Mo, 1) = 0, there exist N € N, such that

Since, lim
n—oo 1

)\Qn

1-A

0< o(po,0) <0, m>N.

For m > n > N, using (F1) and equation (2.2), we get

f <mzl o(pit1,vi) + i o, Vz‘)) <f (f\in)\@(uoa Vo)) < fle) — e (2.6)
From (Ds) and above equation, we get o(iin, vim) > 0
— f(e(pn,vm)) < f (Tnzl o(piv1,vi) + i o, V¢)> + o < f(e).
Similarly, for n >m > N, o(pin,Vm) >0
= f(o(pn,vm)) < f (% o(pi+1,vi) + Zn: @(M%)) +a < f(e).

Then by (F1), 0(tin, Vm) < €, for all m,n > N. Therefore, (un,v,) is a cauchy bisequence in (X,Y).
By the completeness of (X,Y,0), the bisequence (uy,v,) biconverges to some p* € X NY such that
nli)néo(un) = nll)ngo(z/n) = p*. Also, S(u2n) = (van) — p* € X NY implies that S(u2,) has a unique limit
w* and (un) —> p* implies that (u2,) — p*. Now, the continuity of S implies that S(u2,) — Sp*.
Therefore, Sp* = p*.

Similarly, T'(van+1) = (Hont2) — p* € X NY implies that T(v2,41) has a unique limit p*, and
(vn) — p* implies that (ve,4+1) — p*. Now, the continuity of T implies that T(vop41) — Tu*.
Therefore, Tp* = p*. Thus, Sp* = Tp* = p*, ie., T and S have a common fixed point.

Now, we will prove the uniqueness of the common fixed point. For, if v* € X NY is another common
fixed point of S and T, that is, Sv* = Tv* = v* € X NY. Then, we get

ow*,u*) = o(Sv*,Tu")

1Q(M*»T/~L*)Q(SV*7V*)
o(p,v*)

o(p*, p*)o(v*, v*)
Q(ﬂ*vlj*)

IN

+ p20(p*, V") + pslo(p”, Tu™) + o(Sv*, v*)]

= + poo(p*, V") + psfo(p®, ) + o(v*, v")].

*

Therefore, o(v*, u*) < poo(u*,v*), which is a contradiction and hence, p* = v*. This completes the
theorem. O

Now, we have the following example to validate the Theorem 2.1.

Example 2.1 Let X = {7,8,11,17} and Y = {2,4,17,18}. Define o : X x Y — [0,00) as the usual
metric, o(p,v) = | p— v |. Then the triple (X,Y,0) is an F-bipolar metric space. The contravariant
mapping T,S : X UY = X UY, defined by

1 xufl
Tu={7’ pe X U{18} i

Sy 17, pe {17,18}
18, otherwise B

18, otherwise,

1
, U3 = 5 and 17 € XNY s the only

=

1
satisfy the inequality of Theorem 2.1 taking pui = 3 Lo =

common fized point of T and S.
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Moreover, by taking 7' = S in Theorem 2.1 we get the following result which is a generalization of the
Theorem 1.1, Theorem 1.2 and Theorem 1.4 in the context of a F-bipolar metric space.

Corollary 2.1 Let (X,Y,0) be a complete F-bipolar metric space and T : (X,Y,0) = (X,Y,0) be a
contravariant mapping satisfying

o(p, Tp)o(Tv,v)
o(p,v)

for all (u,v) € X XY, withu#v and 0 < pg + pos +2u3 <1. Then T : X UY — X UY has a unique
fized point, provided that T is continuous in (X,Y).

o(Tv,Tu) < + poo(p, v) + psfo(p, T) + o(Tv, v)],

Remark 2.1 The results obatained by Rawat et al. [20] are special cases of the Corollary 2.1.

Now, we prove another common fixed point result in a F-bipolar metric space as follows.

Theorem 2.2 Let (X,Y,0) be a complete F-bipolar metric space and T,S : (X,Y,0) = (X,Y,0) be a

contravariant mapping satisfying

o, Tw)o(p, Sv) + o(Sv, v)o(v, Tp)
o(p, Sv) + o(v, Tp)

forall (p,v) € X xY, with p # v and 0 < pg + po +2p3 < 1. Then T,S : XUY — XUY have a unique
common fized point, provided that T,S are continuous in (X,Y).

o(Sv, Tp) < + p20(p, v) + palo(p, Tr) + o(Sv, v)], (2.7)

Proof: Let pp € X and vy € Y then for each n € NU {0}, we define

Spion = vop , Thont1 = Vong1 , SVon = tont1 » TVont1 = tont2

Then (un,vy) is a bisequence in (X,Y, ). Let (f,a) € F x [0,00) be such that (Dj3) is satisfied. Let
€ > 0 be fixed. By F3, there exists § > 0 such that

0<t<d= f(t) < f(e) — o (2.8)
Now, from (2.7), we get

o(p2nt1,Vany1) = 0(Sven, Thant1)
) 0(k2n+1, Tzn+1) 0(f2n+1, Svan) + 0(Svon, Van) 0(Van, T H2n+1)
o(p2n+1, Svan) + 0(Van, Tpizn+1)
+20(t2n+1,V2n) + palo(pzn+1, Tznt1) + 0(Svan, van)]
0(H2n+1; Van+1) 0(H2n+1, Bon+1) + 0(H2n+1, Van)0(Van, Vant1)
' o(f2n+1; pon+1) + 0(Van, Vant1)
+u20(H2n+1, Van) + p3lo(t2n+1, Vont1) + 0(H2nt1, Van)]
= po(p2nt1,V2n) + H20(H2n+1, Van) + p30(H2n+1, Vant1) + 130(H2n+1, Van)

w1+ po + ps
1= ps

<

= o(H2n+1; Vant1) < o(t2n+1, Van)- (2.9)

Also, we have

Q(u2n+1,l/2n) = Q(SVQmSHQn)
" o(p2n, Spian) 0(fi2n, Svan) + 0(Svan; Van)0(Van, Spizn)
Q(NQna SVQn) + «Q(VZm SNQH)
+h20(H2n, van) + ps[o(pan, Skon) + 0(Svan, van)]
. 0(H2n; Van) 0(Hi2n, Pon+1) + 0(H2n+1, Van)0(Van, Von)
o(k2n, p2n+1) + 0(Van, Van)
+H20(t2n, Von) + pa[o(p2n, Van) + 0(H2n+1, Von)]
= m0(p2n, van) + p20(ti2n, Van) + p30(t2n, Von) + p30(t2n+1, Van)

IN
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+ o +
= o(2n+1,v2n) < WQ(#M,V%) (2.10)
— Y3
Since, g1 + p2 + 2p3 € [0,1) and M = XN(say), N € [0,1). Hence, from the previous two
—H3
inequalities (2.9) and (2.10), we get
o(pant1,vant1) S XN 2o(po,vo)  and  o(pant1, van) < N (o, o). (2.11)
Now, we can get that for any n € N,
0(kni1,vng1) SN2 200, v0);  0(ping1,vn) < XN o(po,vo)  and  0(pn, vn) < N 0(p0, v0)-
Now, from all the above equation , we get
m—1 m—1
D olpirn,vi) + Y o(uivi) = (NN e NP 0 (g, 1)
i=n i=n
+(/\/2n + )\/2n+2 4L+ )\/2771)9(#0, VO)
— )\/2n[1 + )\/ + /\12 4 )\/2m72n71]g(’u0,yo)
)\/2n
< [V )\,Q(/LO,VO)7 m > n.
)\/271
Since, lim ——p(uo,vo) = 0, there exist N € N, such that
n—oo 1 — )\
)\/271
0<1_7X,Q(/,L()71/0)<5, 'rLZN
For m > n > N, using (F;) and equation (2.8), we get
m—1 m )\271
f <Z o(pisrv) +3 @(ui,m) <f (1 - AQ(NOWO)) < f(e) — o (2.12)
From (D3) and above equation, we get o(fin, Vm) > 0
m—1 m
— f(o(pn,vm)) < f (Z iy, vi) + > oy, w)) +a< f(e).
Similarly, for n > m > N, o(pin,Vm) >0
n—1 n
= f(o(ttn,vm)) < f <Z o(pivr,vi) + Y Q(Mm)) +a < f(e).
i=m i=m

Then by (F1), 0(tin, Vm) < €, for all m,n > N. Therefore, (u,,v,) is a cauchy bisequence in (X,Y).

By the completeness of (X,Y,0), the bisequence (u,,v,) biconverges to some p* € X NY such that

lim () = lim (v,) = p*. Also, S(p2n) = (van) — p#* € X NY implies that S(us2,) has a unique limit
n—oo

n— oo

w*, and (p,) —> p* implies that (pe,) — p*. Now, the continuity of S implies that S(u2,) — Sp*.
Therefore, Sp* = p*.

Similarly, T'(van+1) = (pont2) — p* € X NY implies that T(v2,4+1) has a unique limit p*, and
(vn) — p* implies that (vop41) — p*. Now, the continuity of T implies that T(vapi1) — T
Therefore, Tp* = p*. Thus, Sp* = Tp* = p*, i.e., T and S have a common fixed point.

Now, we will prove the uniqueness of the common fixed point. For, if v* € X NY is another common
fixed point of S and T, that is, Sv* = Tv* = v* € X NY. Then, we get

o ") = o(Sv*,Tu")
(", Tu")o(u", Sv*) + o(Sv",v")o(v", Tu")
o(p*, Sv*) + o(v*, Tp*)

b
(W, p")ow”, v*) + o(v*, v )o(v", u*) . - .
w P + p2o(p, V") +pslo(p”, 1) +o(v,v7)].
o(p,v*) + o(v*, u*) ( ) + e )+ o )]

+p20(p”, V) + palo(p”, Ti™) + o(Sv™, v7)]

Q
1

IN

*

= Mlg
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*

Therefore, o(v*, u*) < poo(u*,v*), which is a contradiction and hence, pu* = v*. This completes the
theorem. O

The following example shows the validity our Theorem 2.2.

Example 2.2 Let X = {7,8,17,19} and Y = {2,4,9,17}. Define p : X x Y — [0,00) as the usual

metric, o(u,v) = | w—v |. Then the triple (XY, o) is an F-bipolar metric space. The contravariant

mapping T,S : XUY — XUY, defined as in Example 2.1, satisfy also the inequality of Theorem 2.2 with
1 1

1
M1 = 3 P =75 H3= 5 and 17 € XNY is the only common fixed point of T and S.

Moreover, by taking T' = S in Theorem 2.2 we get the following results which is a generalization of the
Theorem 1.1 , Theorem 1.2 and Theorem 1.3 in the context of a F-bipolar metric space.

Corollary 2.2 Let (X,Y,0) be a complete F-bipolar metric space and T : (X,Y,0) = (X,Y,0) be a
mapping satisfying

o(u, Tp)o(p, Tv) + o(Tv,v)o(v, Tn)
o(p, Tv) + o(v, T'u)

for all (u,v) € X XY, with u # v and for 0 < py +po+2us < 1. Then T : XUY — XUY has a unique
fized point, provided that T is continuous in (X,Y).

o(Tv,Tu) < + p2o(p, v) + pslo(p, Tw) + o(Tv,v)),

Remark 2.2 The results obatained by Rawat et al. [20] are special cases of the Corollary 2.2.

3. Applications

Now, we study the following application of proved results to the existence of a solution in the homotopy
theory.

Theorem 3.1 Let (S,T,0) be a complete F-bipolar metric space, and let (A,B) be an open subset of (S, T)
so that (A, B) is a closed subset of (S,T) and (A, B) C (A, B). Suppose L : (AUB) x [0,1] = SUT is

an operator satisfying the following conditions:

(i) w# L(u, k) for each p € 0AU OB and k € [0,1], where (0AU OB stands for the boundary of AUB
in SU T).

(ii) o(L(v. k). L(p, k) < uy 2 20 ;(ﬁ’(f)(”’ YD) 4 o) + sl (s B)) + o(L(w, k), )], for

allp € A,v € Bk €[0,1] and 0 < pq + po + 2u3 < 1.

(ii) There exists an M > 1 such that o(L(u, p), L(v,0)) < M | p—o |, for all u € A,v € B and p,o €
[0,1].

Then L(.,0) has a fized point if and only if L(.,1) has a fixed point.

Proof: Let C = {p€[0,1] : u=L(p,p),p € A} , D = {0 €[0,1] : v = L(v,0),v € B}. Since L(.,0)
has a fixed point in AU B, we have 0 € C N D. Thus C N D is non-empty set. Now, we shall show
that C N D is both closed and open in [0,1] and so, by connetedness, C = D = [0,1]. Let ({pn},—,),
({on}r—y) € (C,D) with (pn,0,) = (A, A) € [0,1] as n — co. We also claim that A\ € C'N D. Since
(pn,on) € (C,D) forn =0,1,2,3,..., there exists a bisequence (i, vy,) € (A, B) such that v,, = L(pn, pn)
and pip4+1 = L(vp, 0p). Also, we get

Q(Nn+1vyn) = Q(L(Vman)aL(MmPn))
0(pr, L(pin, pr)) 0(L(Viy o), V)
H1
Q(Mnal/n)
Fuslo(tin, L(pin, pr) + o(L(Vn, 0n), )]
0(ftns Vn) (K1, Vn)
Q(/J'nvl/n)

< + p120(ftn, vp)

= m + p20(pin,s vn) + p3lo(pin, vn) + 0(knt1,vn)],
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2 + s
= n 71/n S 79 n»Vn .
0(Kn+1,vn) 1— 11 — s (m )
And, o(ptn,vn) = o(L(Vn-1,00-1); L(ttn, pn))
77/7L mns n L V’I’L 70-71— 71/71—
< IQ(M (#n, pn))0(L (V-1 1) 1)+,u29(umvn—1)
(ﬂnayn 1)
+ NS[Q(Mm (Umpn) ( (Vn—l,gn—l)ayn—l)}
Q 7V 9 T—
= (s V)l V1) + 1120(pn, Vn—1) + p3[o(fns Vi) 4+ 0(pin, vn—1)],
Q(Mnayn71>
M2 + 3
:> Q n?VTL S 79 nayn— .
(tnsvn) T— (1 1)

By similar process as used in Theorem 2.1, we can easily prove that (u,,v,) is a Cauchy bisequence in
(A, B). By completeness, there exists Ay € AN B such that lim (p4,) = lim (v,) = A;. Now, we have
n—oo n—oo

o(L(A\1,0),vp)

( <)‘1v ) (Mnapn))
(Mn7 L(Nn, pn) (L(Ah 0)7 )‘1)
0(fns A1)
+M3[Q(Un7 (Mnapn)) Q(L(/\17U)a/\1)]
= Q(M"’V")(lfm()il)’ kM) + p20(tn, M) + pslo(pn, vn) + o(L(A, 0), A1)
Applying limit as n — oo, we get o(L(A1,0), A1) < pzo(L(A1,0), A1), which is a contradiction. Hence,
o(L(A1,0), A1) = 0, which implies L(A1,0) = A1. Similarly, L(A1,p) = Ay. Therefore p =0 € CN D,
and clearly C' N D is closed in [0, 1].
Next, we have to prove that C' N D is open in [0,1]. Suppose (po,00) € (C, D), then there is a
bisequence (g, vg) so that puo = L(uo, po), Yo = L(vg,00). Since AU B is open, there is r > 0 so that
Bo(po,7) C AUB and Bo(r,1p) € AU B. Choose g € (09 —€,00 + e) and o € (po — €, po + €) such that

+ p120(ftn, A1)

<

1 -
|p—o00 |< — < ,\U p0|_ <§and\p0—ao|_M—<§ Thus, we have v € Beup (po, )

={v,1 € B|Q(M07V> <r+o uo,Vo)} and 1 € Beup(r,vo) = {u, o € Alo(p, vo) <7+ o(po, o)} Ad-
ditionally, we have

o(L(p, p),vo) = o(L(u,p), L(vo,00))

< o(L(p, p), L(v,00)) + o(L(0, p), L(v, 00)) + o(L(k0, p), L(0,00))
< 2M | p— 0o | +Q(L(,u07p)7L(Va 00))
< + o(L(po, p); L(v, 00))-

M»—1
Letting n — oo, we get o(L(y, p),v0) < o(L(po, p), L(v,00)). By (ii), we have

o(L(u,p),v0) < o(L(po, p), L(v,00))
 2lpo, L(po, p)o(L(v, 09), v))

§ Q(/”‘07V) +M2Q('U’O’V)+:u‘3[g(:u’03L(MOap)+Q(L(1/,0'0),V)]
< m Q(NO,;(%,QS% v)) + w2 0(po, v) + uslo(po, o) + o(v,v)]
< p20(po,v).

= o(L(p,p);v0) < o(po,v) < 7+ o(po, vo)-
By analogous manner, we get o(uo, L(v,0)) < o(p,vo) < 7+ o(po, ). But, as n — oo, we have

— 0, which implies pg = vg.

1
o(po, v0) = o(L(tto, po), L(v,00)) < M | po — 00 |< 1
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Thus, for each fixed o, 0 = p € (09 — €,00 + €) and L(.,p) : Boup(to, ) = Beup (o, ). Since all the
hypothesis of Corollary 2.1 hold, L(.,p) has a fixed point in A N B, which must be in AN B. Then,
p=0€CND for each o € (09 — €,00 + €). Hence, (09 — €,00 + €) € C N D which gives C N D is open
in [0,1]. We can use a similar process for the converse. O

Next, we discuss the existence and uniqueness of the solution of an integral equation as application of
Corollary 2.1.

Theorem 3.2 We consider the integral equation

v(p) = f(p) +/ p(p,v,y(v))ov for p€ X UY, where XUY is a Lebesque measureable set.
XUy

Now, suppose the following:

(i) P:(X?UY?) x[0,00) = [0,00) and f € L>®(X)UL>®(Y).

(ii) there is a continuous function 7 : (X?UY?) — [0,00) such that

_ Pl v, B [ L) = TBW) [ Ty() = 1(v) |
| Pl viy@) = Pluv 800 | < r(pv){m St

+pz | B) =) [ +psll ) =TBw) | + [ Ty(v) =) I]},

for p,v € (X2UY?).

(1) || [xoy T v)ov [IS 1, that is, sup,exiy [xoy | 71, v) | ov < 1.

Then the integral equation has a unique solution in L>=(X)U L>(Y).

Proof: Let A = L*°(X) and B = L*(Y) be two normed linear spaces, where X,Y are Lebesgue mea-
sureable sets and m(XUY) < co. Consider g : A x B — [0,00) to be defined by o(g,h) =|| g — h || o, for
all g,h € Ax B. Then (A, B, p) is a complete F-bipolar metric space. Define the contravariant mapping
I:L®(X)UL®(Y) = L>®(X)UL>®(Y) by

I(y(w) = /XUY p(p,v,v(v))ov + f(u), where pe X UY.
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Now, we have

oI (v(), 1(B(w)) = N I(v(w)) = I(B(w)) |l
= ‘/ p(u,vm(V))QV—/ p(u, v, B(v))ov
XUY XUY

< [ ) = o B0) | o

< [t P =IO 50) 09 |
13 (| B) = TB() | + | TA() =) |) }ev

¢ (ulB=THINT 20y g0
s (1180) =780 |+ 1 T10) =20) 1)} [ frtum)lor

¢ (ulB=TPUTI= Ly
sus(18-T1+ 1Ty =71} swp [ r(u) v

e = S R EVR( R A R et )

— o 2R 4 100(69) + pa(ol6,105) + 2l2). ),

Tt follows from Corollary 2.1 that I has a unique fixed point in AU B. 0

4. Conclusion

In this article, we have proved some common fixed point results for generalized rational type con-
traction in JF-bipolar metric spaces. Our results are the extensions of Banach’s contraction, Kannan’s
contraction, Jaggi’s contraction and Khan’s contraction of the metric space to a F-bipolar metric space.
Moreover, we have given some examples for justification of our results as well as provided applications for
our obtained results. Henceforth, our results open a direction to new fixed point results and applications
in a F-bipolar metric space.

References

1. S. Banach, Sur les op “erations dans les ensembles abstraits et leur application auz “equations int “egrales, Fund. Math.
3, 133-181, (1922).

S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostraviensis 1(1), 5-11, (1993).

M. Frechet, Sur quelques points du calcul fonctionnel, Rendiconti del Circolo Matematico di Palermo 22(1), 1-72, (1906).
D. S. Jaggi, Some unique fixed point theorems, Indian J. Pure Appl. Math. 8(2), 223-230, (1977).

M. Jleli, B. Samet, On a new generalization of Metric Spaces, J. Fixed Point Theory Appl. 20, 20 pages, (2018).

R. Kannan, Some results on fized points, Bull. Cal. Math. Soc. 60, 71-76, (1968).

M. S. Khan, A fized point theorem for metric spaces, Rend. Istit. Mat. Univ. Trieste. 8, 69-72, (1976).

® N S gk WD

G. N. V. Kishore, D. R. Prasad, B. S. Rao, V. S. Baghavan, Some applications via common coupled fixed point theorems
in bipolar metric spaces, J. Crit. Rev. 7(2), 601-607, (2019).

9. G. N. V. Kishore, R. P. Agarwal, B. S. Rao, R. V. N. S. Rao, Caristi type cyclic contraction and common fized point
theorems in bipolar metric spaces with applications, Fixed Point Theory Appl. 2018, 1-13, (2018).

10. G.N. V. Kishore, K. P. R. Rao, A. Sombabu, R. V. N. S. Rao, Related results to hybrid pair of mappings and applications
in bipolar metric spaces, J. Math. 2019, 1-7, (2019).



12

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

J. PAauL, N. CHANDRA, U. C. GAIROLA

G. N. V. Kishore, H. Isik, H. Aydi, B. S. Rao, D. R. Prasad, On new types of contraction mappings in bipolar metric
spaces and applications, J. linear topol. algeb. 9(4), 253-266, (2020).

S. G. Matthews, Partial metric topology, The New York Academy of Sciences. Ann. N. Y. Acad. Sci. 1994, 183-197,
(1994).

A. Mutlu, U. Gurdal, Bipolar metric spaces and some fized point theorems, J. Nonlinear Sci. Appl. 9(9), 5362-5373,
(2016).

A. Mutlu, K. Ozkan, U. Gurdal, Locally and weakly contractive principle in bipolar metric spaces, TWMS J. Appl.Eng.
Math. 10(2), 379-388, (2020).

A. Mutlu, K. Ozkan, U. Gurdal, Coupled fized point theorems on bipolar metric spaces, Eur. J. Pure Appl. Math. 10(4),
655-667, (2017).

J. Paul, U. C. Gairola, Fized point for generalized rational type contraction in partially ordered metric spaces, Jhanabha
52(1), 162-166, (2022).

J. Paul, U. C. Gairola, Ezistence of fized point for rational type contraction in F-metric space, Ganita 72(1), 369-374,
(2022).

J. Paul, M. Sajid, N. Chandra, U. C. Gairola, Some common fized point theorems in bipolar metric spaces and
applications, AIMS Mathematics, 8(8), 19004-19017, (2023).

B. S. Rao, G. N. V. Kishore, G. K. Kumar, Geraghty type contraction and common coupled fized point theorems in
bipolar metric spaces with applications to homotopy, International Journal of Mathematics Trends and Technology
(IJMTT) 63, 25-34, (2018).

S. Rawat, R. C. Dimri, A. Bartwal, F-Bipolar metric spaces and fized point theorems with applications, J. Math.
Comput SCI-JM. 26(2), 184-195, (2022).

S. Shukla, Partial rectangular metric spaces and fized point theorems, Sci. World J. 2014, 1-7, (2014).

Joginder Paul, N. Chandra, U. C. Gairola,
Department of Mathematics,

H.N.B. Garhwal University,

B.G.R. Campus, Pauri-246001,
Uttarakhand, India.

E-mail address: joginder931995@gmail.com, cnaveen329@gmail.com, ucgairola@rediffmail.com



	Introduction and Preliminaries
	Main Results
	Applications
	Conclusion

