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Characterization of Optional Submartingales of a New Class (%)
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ABSTRACT: In this paper, we shall define a new class denote by (X!) of optional submartingales of the form
Xt = Mg + A¢, where (My);>0 is a cadlag (right continuous with left limits) local martingale, (A¢)¢>¢ is a
ladlag increasing process, which can be decomposed as A; = A? + Af such that A? is a cadlag increasing
process, A9 is a caglad increasing process, the measure (dA?) is carried by the set {t : X;— = 0}, and the
measure (dAi) is carried by the set {t : Xy = 0}. Our main purpose in this work is to study the positive
and negative parts of these processes, and establish some martingale characterizations, then show the formula
of relative martingales in terms of last passage times, finally calculate a predictable compensator by using
balayage formula.
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1. Introduction

The purpose of this paper is to develop a new framework for studying the properties of optional
submartingale.

The paths of an optional semimartingale possess limits from the left and from the right, but may have
double jumps, this leads to quite interesting phenomena in integration theory. Such processes have been
studied extensively by Lenglart [1] and Gal’¢uk ([2], [3], [4]). In [3] Gal’Guk has introduced a stochastic
integral with respect to an optional martingale with a larger domain, but the integral of [3] is not the
unique (continuous and linear) extension of the elementary integral. In [5] Kiithn et al has introduced a
mathematically tractable domain of integrands which is between the small set of predictable integrands
and the large domain in [3], then they have characterized the integral as the unique continuous and linear
extension of the elementary integral and show completeness of the space of integrals.

In the literature, the theory of semimartingales is a major part of the general theory of stochastic
processes (see [6]). This theory has undergone massive growth during the last decade. Much of the
impetus for the rapid advances in this branch of pure mathematics comes from efforts to solve applied
problems. For example, the theory of stochastic integration relative to semimartingales is the right tool
for the analysis of stochastic dynamical systems, so for a large class of studies carried in the fields of
theoretical physics [7], theory of controlled systems [8], probability theory [9] and statistics [10].
Notice also that semimartingale processes become increasingly popular for modelling market fluctuations,
both for risk management and option pricing purposes, where the (discounted) asset price process must
be a semimartingale in order to preclude arbitrage opportunities (see [11, Theorems 1.4, 1.6]) for details,
see also [12]). The question whether a given process is a semimartingale is also of importance in stochastic
modeling, where long memory processes with possible jumps and high volatility are considered as driving
processes for stochastic differential equations. Examples of such processes include various fractional, or
more generally, Volterra processes driven by Lévy processes.
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To develop this theory of semimartingale, Yor [13] introduced the class (X) of local submartingale, and
further studied by [14], [15], [16], [17] and [18].

Nikeghbali [15] has considered the class (X) for local submartingales of the form X; = M; + A;, where
M, is a cadlag local martingale with My = 0 and (A;);>¢ is a continuous increasing process with Ay = 0,
and the measure (dA) is carried by the set {¢ : X; = 0}, which is referred to as Skorokhod’s reflection
equation. It plays a capital role in martingale theory as the family of Azema—Yor martingales [19], the
resolution of Skorokhod’s embedding problem [20], [21], the study of Brownian local times and the study
of zeros of continuous martingales (see [22], [23], [15], [24] ). It also plays an important role in the
study of some diffusion processes (see [22], [24], [25]) and in the study of zeros of continuous martingales
[19]. In this direction Nikeghbali has provided in [15] a general framework and methods, based on
martingale techniques, such as establishing some martingale characterizations for these processes and
compute explicitly some distributions involving the pair (X, A¢), and associate with X a solution to the
Skorokhod’s stopping problem for probability measures on the positive half-line. In [14] Cheridito et al.
developed a framework for studying various properties of continuous-time stochastic processes such as
the behavior of last passage times, running maxima and drawdowns.

The objective of this paper is to extend some characterizations of the classes (X) and (X7)(see [16])
for a new class of optional submartingales, we denote by (X!) a class of optional submartingales. The
difference between these classes is that in class (X), the process A is a continuous increasing process, and
it is a cadlag (right continuous with left limits) increasing process in class (X7), but in this new class (X!),
we consider that A is a ladlag (with right and left limits) increasing process, which can be represented
in the form A = A% + A9 (see [26]), where A? is a cadlag increasing process, and A9 is a caglad (left
continuous with right limits) increasing process. The processes of the class (X!) are the optional ladlag
submartingales, which is our motivation by bring attention to the theory of semimartingales in a general
framework where the semimartingales are optional, because the development of stochastic calculus of
optional processes marks the beginning of a new and more general form of stochastic analysis. Recently
such processes have been studied in mathematical finance (see [27], [28], [26], [29], [30] and [31]).

The paper is organized as follows, in section 2, we shall study positive and negative parts of processes
of class (') and we shall establish some martingale characterizations, in section 3, we will show how we
obtain the formula of relative martingales in terms of last passage times for these processes, and finaly
in section 4, we will calculate a predictable compensator by using balayage formula.

2. A first characterization of the process of class (%)

Let consider (2, F, (Fi)i>0,P) be a filtered probability space satisfying the usual conditions, where
the family (F;)¢>0 is not necessarily right-continuous. All stochastic processes will be indexed by t € RT.
Throughout the paper, the stochastic integral of the predictable process f with respect to the ladlag
stochastic process Y is defined as in [1] by

on;:/quffA+Y

where ATY =Y, — Y, we denote by f fdY the value of the process feY.
Our purpose is the study of these stochastic processes defined as follows :
Definition 2.1 Let (X;);>0 be a local submartingale, which decomposes as
Xy = M; + Ay
We say that (X;)i>o is of class (X!) if:
(1) (My)e>0 is a cadlag local martingale, with My = 0.

(2) (Ai)i>0 is a ladlag (with left and right limits) increasing process, with Ay = 0, which can be
represented in the form

Ay = Al + AY

where A% is o cadlag increasing process, and A9 is a caglad increasing process.
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(3) zhe measur; (dA?) is carried by the set {t : X,— =0}, and the measure (dA%.) is carried by the set
t: Xt =0}.

Recall that a stochastic process X is said of class (D) if {Xp : T is a finite stopping time} is uniformly
integrable. If additionally, (X;) is of class (D), we shall say that (X;) is of class (X'D).
In this work X is a ladlag process, and therefore X is a cadlag process.

Let us recall the change of variables formula for optional semimartingales which are not necessarily
cadlag. The result can be seen as a generalization of the classical It6 formula and can be found in [3].

Lemma 2.1 (Theorem 8.2. [3]) Let n € N. Let X be n-dimensional optional semimartingale, i.e,
X = (X1Y,...,X"™) is an n-dimensional optional process with decomposition X* = X(’)c + MF + AF + BF,
for all k € {1,...,n}, where M* is a (cadlag) local martingale, A* is a right-continuous process of
finite variation such that Ag = 0, and B* is a left-continuous process of finite variation which is purely
discontinuous and such that By = 0. Let h(z) = h(z!,...,a™) is twice continuously differentiable function
on R™. Then h(X) is a semimartingale, and for allt € Ry,

n

hXi) = h(Xo)+ >, | DFh(X, )d(A*F + M*),

=1 [0,t]
0<s<t k=1

where D* is the differentiation operator with respect to the k-th coordinate, the process M*¢ denotes the
continuous part of M*, and AX, = X; — Xy, ATX; = Xoy — X, .

In the following proposition, we will give some characteristics of the processes of class (V).
Proposition 2.1 Assume X is of class (X'). Then the following hold:

(1). Xt and X~ are local submartingales.

(2). If X has no negative jumps, then X+ is again of class (X'). If X has no positive jumps, then X~
is of class (X).

(8). If X is nonnegative and has no positive jumps, then it is a local submartingale with
A = sup, <, (—M,) V0.

(4). If X is of class (X!D), then M is a uniformly integrable martingale and A has integrable total
variation, in particular, there exist integrable random variables X oo, Mo, Aso such that X; — X,
M, — My, Ay — Ao almost surely and in L'.

Proof:

(1). From Lenglart [1], we have the following formula for a ladlag process
t
X; = / Lix,_>0pdXsy + Uy
0

¢ ¢ ¢
= / 1ix, >oydMs +/ 1ix, >oydA? +/ 1(x,>01dAL, + Uy,
0 0 0
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for the increasing finite variation process

Uw = Z {1x <o)X + x>y Xoo ) +

0<s<t

_ 1
+1{Xt,§O}Xt+ + 1{Xt—>0}Xt + §L(t)7 (2.1)

where the process LY is a local time of X at the level 0 and time t. Since (dAY) is carried by the
set {t : Xy =0}, and (dA,) is carried by the set {t : X; = 0}, then

t
Xt = /1{X5,>0}dMs+Ut, (2.2)
0

since the pocess fg 1ix,_>0ydM; is a local martingale, hence this shows that X7 is a local sub-
martingale. For X ~, as above we have

Xy

t
_/ 1y, <oydXos + U,
0

t 1 t
_/ 1{X57<0}dMs — / 1{X57<0}dAg — / 1{X5<0}dAg+ + Uy
0 0 0

t
_/ 1x. <oydM, + U,
0

where U is the increasing finite variation process given in (2.1). Therefore X~ is also a local
submartingale.

. If X has no negative jumps, (2.2) become

t
X = /1{X57>0}dMs+ Z {1x <opXi}
0

0<s<t

1
+1ix, <03 X + 5L‘Q(X). (2.3)

f(f 1ix, >0ydM; is a local martingale, and the local time L is continuous and has the property

fot 1{XS_;£O}dL(S) =0, t € Ry. So we should show that the process Z; = 20§s<t {1{Xs_§0}Xs++} +

lix,_ go}X:_ can be decomposed into the sum of a local martingale and an adapted ladlag increasing

process D satisfying Dy = 0 and D; = D+ DJ where D? is a cadlag process, D9 is a caglad process
t d _ t —

and fO 1{Xst5£0}dD5 =0, fO 1{X§r¢0}dD§+ =0 for all t > 0.

One has M and fot 1;x,_>0ydM; are local martingales, there exists a sequence of stopping times
T, n € N, increasing to oo such that

E [(Xr,)*] = E[(Mr, + Ar,)*] < o0

and

Tn
E V 1{X5>0}dM51 =0, neN.
0

Then E [Z7,] < E[(Xr1,)T] < oo for all n € N. Hence, from Remark p.p. 528 of [1], there exists
a ladlag increasing predictable process D starting at 0 such that Z — D is a local martingale.
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Moreover, there exists a sequence of stopping times R,,, n € N, increasing to co such that

tAR,
E / 1+ dDs;y | = E
L Yoy Der

tAR,
Tyvt LndZe,
L

=E Z {1{X:2;£O}1{Xs—§0}X:+}
0<s<tAR,

+
+ 1{X+ )¢O}1{X(tARn)S0}Xt/\Rn:|

(tARn

:0’

for all n € N. By monotone convergence we get

E [/Ot 1{Xj¢0}st+} —E {/Ot 1{X:¢O}dZS+]

=F Z {1{)(;;&0}1{)(3730})(;:}+1{X;¢0}1{Xz7§0}Xt+ =0,

0<s<t

hence

E Uot1{xs+_¢o}dDg] =E [/Otl{xj?ﬁo}dDng} =0.

Then fg l{Xt?éO}dDgl = fg l{ino}dDg+ =0, hence X+ is of class (X!). Also X~ is of class (X)
if X has no positive jumps follows from the same arguments applied to —X.

(3). Since X is nonnegative, hence A; > A, > —M,VO0 for all t > s, and therefore, A; > sup,,(—M;)VO0.
We assume

P|A; > sup(—M,) V0| >0. (2.4)

s<t

Consider the random time ' = sup {s <t : Ay = sup, <, (—M,) V 0}, we have Ay = sup,(—M)V
0. Moreover, since X, > 0 and has no positive jumps on {T < s <t}, it follows from
fot 1(x, 201dA? = 0 and fg 1ix,20ydAY, = 0 that A, = Ap , a contradiction to (2.4). Then,
Ay = sup,,(—M;) V0.

(4). If X is of class (X' D), then from the first property (1), the processes X T and X ~ are submartingales
of class (D). Therefore, from [4] both have a decomposition into the sum of a uniformly integrable
martingale and a predictable increasing process of integrable total variation:

X =M+ A, X7 = M?+ A%

Since the predictable finite variation part of a special semimartingale is unique, one must have
M; = M} — M? and A, = A} — A?. So M is a uniformly integrable martingale and A has integrable
total variation. It follows that there exist integrable random variables X, My, As such that
X; = Xoo, My — Mo, Ay — A almost surely and in L'.

d

Proposition 2.2 Let (X}),...,(X}) be nonnegative processes of class (X') such that [X*, X7]; = 0 for
i#j. Then (TT\_, X})to0 is also of class (X').



6 K. AKDIM anp M. HADDADI
Proof: The proof is a simple change to the proof of the right-continuous case see [16]. |

Now, we shall give some examples of processes in the class (X!).

Example 2.1  1- Let M be an optional local martingale, starting from 0, we have (see [1]):

t
|Mt| :/ Sign(MS)dMS++At7
0

where

Ay =L)+ Y (IM| = |Mo_| = sign(M,_)AM,) + Y (|Mop| — [M,| — sign(M,)ATM,)

0<s<t 0<s<t

with LY is the local time of M, at the level 0 and time t. We can decompose the process A; to:

1 .
A‘{l = §L? + Z (|Ms| - |M37‘ - SZgTL(MS,)AMS),

0<s<t

and

1
Af = iL(t) + Z (|M9+| - |M9‘ - Slgn(M‘?)A+M9) ’
0<s<t

such that the measure (dA?) is carried by the set {t : M;_ = 0}, and the measure (dA%.) is carried
by the set {t : M; = 0}. Then |M,| is of class (X).

2- For any a >0, 8> 0, let M be an optional local martingale, starting from 0, the process:

t
oM™+ M = / (adiar>01 — Blim,<oy) dMy + (o + B) A7,
0
where

A =L9+2 ) {lw_<opMS + 1o s Mo b +2 (Ln <oy My + 1, _sop My
0<s<t

Then the process aM;” + BM, is of class (X!).

3- Let M be right continuous local martingale which vanishes at zero with only negative jumps and let
S its supremum process. Then according to the property (3) of Proposition 2.1, the process

Xy =5 — M, (2.5)
is of class (X).
The next theorem gives the martingale characterization for the processes of class (X!):
Theorem 2.1 The following are equivalent:
1. The positive local submartingale (X;) is of class (X!).

2. There exists an increasing, adapted and ladlag process (Dy) such that for every locally bounded, C*
Borel function f, and

P = [ fep,
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the process

N = F(Dy)— f(Dt)Xt+
-2 {awr F(D)ADY + 37 {AT(F(D,) = f(D)AT D} +
0<s<t 0<s<t
+ 3" {A(f(D)X,) = f/(De) X, AD, — f(Do_)AX,} +
0<s<t
+ Y {AT(F(Ds)Xo) = f1(Ds) X ATD, — f(D)AT XL}
0<s<t

is a local martingale.

Proof: (1) = (2)
Let us take D; = A;. From Theorem 8.2 p.p 463 of [3], we get :

fA)X, = / Ay )dX oy + / (A )Xo dAqy +

+Z {f 5 s - s—)Xs— - f/(As—)Xs—AAs - f(AS—)AXS} +

s<t

+ Z {f(As+)Xs+ - f(As)Xs - f/(As)XsA+As - f(As)A+Xs}

0<s<t

- /tf Ay dMS+/tf As- dAd+/tf(As)dA§++

/f )X, dA? + /f $) XdAI +
+ Z {f s Xs — ( s—) s—_f(As—)Xs—AAs_f(As—)AXs}+

0<s<t
+ Z {f(As+)Xs+ - f(As>Xs - fl(Asf)XsAJrAs - f(Asf)A-i_Xs}
0<s<t
Moreover
— /O F(A,_)dAd + / F(AdAL, + > {A(F — f(As-)AA} +

0<s<t

+ 3 {AT(F(A0) - f(A)ATALY.

0<s<t

For simplification, we denote by

L= 3 {AF(A) — f(A)AAY +

0<s<t
+ > {arF FA)AT ALY (2.6)
0<s<t
At = Z {A(f(As)Xs) - fl(As—)Xs—AAs - f(As—)AXs} +
0<s<t
+ > {AT(f(ADXL) — f(A)XATA, — f(A)ATX,} (2.7)
0<s<t

then from (2.6) and (2.7), the expression of N is reduced to
= F(A) — f(A)Xe — T + Ay (2.8)
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Since (dAf) is carried by the set {t : X, = 0}, and (dA{, ) is carried by the set {¢ : X; = 0}, we have
/f )X, dA?=0, and /f ) XsdAY,

Therefore, from (2.8), we obtain

Nt = ) f(At)Xt Ft + At

(/f _)dAY + /f dAg++Ft>+
- ( /0 F(Aa)dM, + /O f(Au)dAd + /0 f(Aaaz, + At) ~ Tt A,
—/Otf(AS)dMS. (2.9)

Consequently, (Nt),s is a local martingale.
(2) = (1)
First take F'(z) = x, we obtain

Ny = Dy — Xy = =My,

2

hence N; is a local martingale. Next, we take F(x) = 22, we get
N, = D?—-2D,X;— Z {AD? - 2D,_AD,} — Z {ATD? - 2D,ATD,} +
s<t s<t
+3 {2A(D.X,) - 2X,_AD, — 2D,_AX,} +

s<t
+> {247 (D.X,) - 2X,ATD, — 2D,ATX,}

s<t

we develop D? and D; X, by using Lemma 2.1 and integration by parts, we obtain:

t t
D? = 2/ DS,dD§+2/ DydD?, +
0 0

+ Z {AD? - 2D,_AD} + Z {AT(D?), - 2D,AT D}

s<t s<t

and

t t
DX, = / D,_dX,, + / X,_dDyy
0 0

+> {A(D.X,) - X, AD, — D,_AX.}
s<t
+ Z {AT (DyX,) — X,ATD, — D,AT X}

s<t

t t t
= /Ds_dMs+/ Xs_dDg+/ X,dD?,
0 0 0

+ Z {A(D,X,)— X,_AD, — D,_AX,}
s<t
+> {AT(D.X,) - X,AYD, - D,AYX,}

s<t
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t t t
Nt:72/ Ds_dMsz/ Xs_de—Q/ X,dD?,,
0 0 0

since V; is a local martingale, and X is a positive process, therefore

t t
/ X,_dD*=0 and / X,dDY, =
0 0

then the measure (dD?) is carried by the set {t : X;_ = 0}, and the measure (dD? ) is carried by the set
{t: X; =0}. So X is of class (X!). O

hence

Corollary 2.1 If f is a nonnegative and locally bounded C' function, then for all X in (X!), the process

At Xt Z {A f/(As—)Xs—AAs - f(As—)AXs}
0<s<t

+ ) {AT(f(A)XL) = fIA)XAT A, — f(A)ATX,}
0<s<t

is also of class (X') and its non-decreasing part is

— Y A{A(F(AL) — F(A)AAL + Y {AT(F(A) - f(A)AT ALY

0<s<t 0<s<t

Proof: In Theorem 2.1, we showed that (F'(A:) — f(A:)X: — 't + A is a local martingale, where the
expressions of A and I' are given in (2.6) and (2.7) . In addition (F(A4;) —I'),5, is a lddlag, non-

decreasing process which vanishes at zero since f is a nonnegative function. Then for all X in (X!),
(f(A)) Xt — Ay),sp is again of class (3V) . O

Corollary 2.2 If f is a nonnegative and locally bounded C* Borel function, and if X is positive of class
(21 such that the process

FANX = Y {A(f — (A Xs_AA, — f(A, )AX,)
0<s<t

+ 30 {AT(f(A)X,) — F1(A)XAYA, — f(A)ATX,)
0<s<t

is of class (D), then
Ny = F(4) - f(A)X,

- Z A(F(As)) - f(As—)AAs + Z A+(F(AS)) - f(As)A+As

0<s<t 0<s<t

+ Z {A(f(As)Xs) - f/(As—)Xs—AAs - f(As—)AXs}
0<s<t

+ D AAT(F(A)X) = FI(A)XAT A, — f(A)ATX,}
0<s<t

s a uniformly integrable martingale, hence we obtain

Np =E[N | Fr] for every stopping time T. (2.10)

Proof: If X is of class (¥) and (f(A¢)X: — A¢),s is of class (D), then from Proposition 2.1, we obtain
that Ny = F(A;) — f(Ay) X — Ty + As is a uniformly integrable martingale, where the expressions of A
and I are given in (2.6) and (2.7). From Doob’s optional stopping theorem (Theorem 3.2, p.69 [32]), we
get a formula (2.10). O
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10
3. Representation formula for relative martingales

In this section we prove the formula of relative martingales for process of class (X!) in terms of last

passage times L given by
L:=sup{t € R;:X; =0and X;— =0} with the convention supf = 0.

Theorem 3.1 Let X be a process of class (X!) and f : R — R a C* Borel function, for notational

simplification, we write as in (2.7) for allt € Ry

Zt = f(At)Xt - At
= f(A)Xi— Z {A(f(A:)Xs) — f/(AS—)Xs—AAs — f(As-)AX}

+ Z {A(f(As)Xs) - f/(As)XszAs - f(As)AXs} .

If X is of class (D), then there exist integrable random variables Xoo, Moo, Aco such that Xy — X,

M, = My, Ay — A almost surely in L' and
Zr =E [Zool{LgT} | FT] for every stopping time T.

In particular
Xr=E [Xool{LgT} | .FT] for all stopping time T < oo .

Proof: If X is of class (X! D), it follows from Proposition 2.1 that M is a uniformly integrable martingale
and A of integrable total variation. So there exist integrable random variables X, My, Ao such that

X; = Xoo, My — My, Ay — A, almost surely and in L'. For a given stopping time T, denote
dr =inf{t >T: Xy =0and X;_ =0} with the convention inf{ = co.
Since Xoo1lir<7} = X4, and since dA? is carried by the set {t : X;_ = 0} and dAf is carried by the
set {t : X; = 0}, then for all t > T, dA} = dA{, = 0 on {L < T} so one has Ay = Ay, it follows from
Doob’s optional stopping theorem that

E [Xooliz<ry | Fr] = E[May + Aay | Fr] = My + Ap = X7

Since Ao, = A almost everywhere on {L < T}, hence
D> {Af(A)XL) — f1(A) X AA = f(A)AX} =0 on {L<T},
s>T

and from (2.7), one has Z; = f(A;)X; — Ay, then Aoz <py = Ar, and therefore

E [(f(Aoo)Xoo - Aoo) 1{L§T} | ]:T]

E[Zol(r<ry | Fr]
E [f(Ar)Xoolir<ry | Fr| — E[Asclip<ry | Fr]

= f(AT)XT — AT = ZT.
O

Corollary 3.1 Let X is of class ('), with no negative jumps such that X+ is of class (D). Denote
g=sup{t € Ry : X; <0}. Then
X =E[XL1<ry | Fr] (3.1)

for every stopping time T .



CHARACTERIZATION OF OPTIONAL SUBMARTINGALES OF A NEw Crass (3) 11

Proof: X is of class (X!) with no negative jumps, so it follows from Proposition 2.1 that X ¥ is a local sub-
martingale of class (X'). One has X T is of class (D) and L = g, where g = sup {t € Ry : X;" = X;* =0},
therefore by using Theorem 3.1, we come to the desired equation (3.1). O

Corollary 3.2 Let (X}),...,(X}*) be processes of class (X!) that are bounded from below and have a no
negative jumps. Assume [X*, X7], =0 for i # j. Denote g* = sup {t € Ry : X; < 0}. Then

[[xi =E [H X 1gicry | le (3.2)
i=1 i=1

for every stopping time T.

Proof: From Proposition 2.1, the X** are a local submartingales of class (X!) and since [X*, X7]; = 0

for i # j, So we obtain using Proposition 2.2 that [];_, X** is again of class (X') and this, since all X*
are bounded, is bounded. From Theorem 3.1 we get (3.2). O

4. Balayage Formula and Predictable Compensator

The first theorem in this subsection is inspired from balayage formula of Azéma and Yor Theorem
6.1. [33].
Let X a local submartingale of class (X!), and (k¢;t > 0) be a locally bounded, optional process. Denote
by «a; and f; respectively the last zero of X before ¢t and the first zero of X after ¢, namely:

ap = sup{s<t; X,=0},
B = inf{s>t; X;=0}.

Next theorem presents the balayage formula for optional submartingale.

Theorem 4.1 Let v = cuy, the process (k, X3t > 0) is a local submartingale , more precisely:

t
by, Xy = / ky,dXs
0
where the stochastic integral with respect to the process X is defined as by Lenglart in [1].

Proof: We assume that k is a simple optional process, i.e. there exists a stopping time T such that
ku = 1j0,77(u) for any u > 0.
Let 0; = §;_, then, there is the following sequence of easy identities:

by Xe = L1ycrXe = L5, Xo = Xinsy = Xensr)+ — AT Xinsy

t t
/ lics5,dXs = / ky dX,
0 0

Definition 4.1 Let H be an integrable, increasing, right-continuous process. There exists a unique pre-
dictable, increasing, right-continuous process HP) such that, for any positive optional process k:

E U ksst} =E U deH‘gpﬂ .
0 0

We shall say that H?) is the predictable compensator of H.
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Theorem 4.2 If X is a process of class (X!), with no positive jumps, and (ki)i>o0 be a locally bounded,

optional process. Then
oo (oo}
E[/ ksd(l{wzs})} = ]EU ’fsd(l{vzs})g”)]
0 0

= %E [/OOO kdeg} . (4.1)

where y = 71 and LY is the local time of X at the level 0 and timet. Therefore, the predictable compensator
Of (1{,),2,5}) 18 %Lg

Proof: X is of class (X!) and M is a local martingale, there exists a sequence of stopping times T},

n € N, increasing to co
IAT,
[ kax:
0

INT,
/ by L, s0ydXes
0

E I:k'Yl/\Tn XlJr/\Tn] = E

1
= E E
+5 +

1AT,
[ war
0

+E | Y b lix, <o) AXT 4k Lix, so)AXT | +

s<IAT,

+E | >k lix_ <o ATXS ko 1ix, o) ATX]

S<INT,

since (dAY) is carried by the set {t: X;_ = 0} and (dAY,) is carried by the set {t: X; = 0} , we get

1AT, IAT, IAT,
El/ k%1{Xs_>0}dXS] = IE/ ky,lix, soydM, +1E/ kv lix, soydA?| +
0 0 0
1AT,
+E / k% 1{Xs>0}dAg+
0
= 0 (4.2)

by the same arguments and since AY is the caglad process, we have AAY = 0, therefore

E Z k'Ys]‘{Xs—>O}AXS_ = -E Z kvsl{Xs_>0}1{Xs<0}AXs
s<1IAT, | s<IAT,

= “E| > k.lix. solix.<opAM,| +
_sSl/\Tn

“E| Y ok 1gx. soplix, <o AAL

s<1INT,
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since M and A¢ are the cadlag processes, then AT M, = 0 and At A? = 0, hence

E| Yk dx, -oATX] “E| Y kulx,_soplix.<opATX,

S<INAT, S<IAT,

—E Z ks, l{Xsf >0} 1{X3<0}AAg

S<INT,
= 0 (4.4)
we also have
E| > klix, <gdXS| = E| Y klix, <olix.s0AX,
S<IAT, s<IAT,
= 0 (4.5)

since X has only no positive jumps, so 1;x,_<oy1l{x,>0} = 0, and we have

El Y kbl <ogd™X| = E| Y ki <olisnATX,

s<INT, s<INTy,

= 0 (4.6)

Therefore from (4.2),(4.3),(4.4),(4.5) and (4.6), we get

IVAVAS
E [kVMTn Xl/\Tn] = §E /0 k’stLS

for all n € N. By monotone convergence one obtains

1
E [k, X1] = %]E { /O k%dLg] )
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