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On the Periodic Solutions for a class of Partial Differential Equations with unbounded
Delay
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ABSTRACT: Trough this work we investigate the existence of periodic solutions for the following partial
differential equations with infinite delay of the form w(t) = Lw(t) + D(w:) + H(t). We assume that the
operator (£, %(L)) is generally nondensely defined operator and verifies the Hille-Yosida condition. Using
the theory of perturbation of semi-Fredholm operators, we propose some sufficient conditions on the linear
operators £, D and the phase space Z to guarantee the existence of periodic solutions for this class of partial
differential equations from bounded ones on the positive real half-line without considering the compactness
of the semigroup generated by the part of £ on the closure of it’s domain. At the end, an application with
numerical simulations, is given to confirm the applicability of the obtained theoretical results.
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1. Introduction and preliminary

Along this work we establish the existence of periodic solutions for the following partial functional
differential equation with infinite delay

{wu;(z : égﬁ)JrD(thH(t) for t>0, a1

where (£, 2(L)) is a linear operator on a Banach space (X,|.||), D : & — X is a bounded linear
operators, H : RT — X is a continuous function and wy, the history function, is an element of % defined
by w:(0) = w(t + 0), 6 < 0, where A is the space of all functions mapping from (—oo,0] to X endowed
with a norm |.| and complies with the followings axioms proposed in [10]:

(A) There is ¢ > 0 and functions M(.), K(.) : RT — R* with K is continuous and M is locally bounded
function such that for ¢ € R, r > 0, if a function w : (—oo,¢ + 7] — X is continuous on [¢,¢ + 7] and
we € A, then for ¢ <t < ¢+ r the statements below hold:

(i) w € B,
(i) flw(@®) < clwlz,
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(iif) Jweles < K(t =) sup [lw(®)]| + M(t = 5wz,
¢<s<t

(iv) The function ¢ — w; is continuous from [, s 4 r| into 4,

(v) The space £ is complete.

The problem of periodicity is widely investigated by several researchers in different directions concern
ordinary and partial differential equations. The must popular approach that they employed was primarily
based on the use of fixed points theory. There is a large literature on these topics, see for instance previous
studies [2,3,6,7,8,13,14,15,16,17,18,19,20,22]. The authors, in [6], proved the periodicity of solutions by
applying Horn’s fixed points theorem to the Poincaré map and under the ultimate boundedness condition
on the solutions. Recently, in [19], proceeded by leray-Shauder fixed points theorem to establish the
periodicity for a class of partial differential equations, the authors, in [20], the authors investigated the
existence of periodic solutions of a class of semilinear differential equations by using Banach fixed point
theorem when the semigroup generated by the linear operator is not compact. Whereas, Schauder fixed
point theorem is used when the semigroup is compact. Moreover, the authors in [22] investigate the
existence of periodic solutions for some class of linear partial functional differential equations with delay
by using some properties of semi-Fredholm operators in the case where X = 2(L).

The present work would be a continuation and generalization of the work [22] in the case where the
operator (£, Z(L)) is not necessarily densely defined. Moreover, we assume that (£, Z(L)) verifying the
following Hille-Yosida condition:

(Co) There are constants K > 1 and ¥ € R such that p(£) D (¥, +00) and

~

K ~
[(nI — L)~ gm for n>v and neN,

Trough this work, we denote by HY(X) the set of all operators defined from 2(L£) to X and verifies the
Hille-Yosida condition. Our approach is essentially based on the combination between the perturbation
theory of semi-Fredholm operators and the following modified Show and Hale fixed point theorem:

Theorem 1.1 Let F be a linear affine map on X with Fox = Fx+y forx € X. If [ - F € SF,(X) and
{F*20,k € N} is a bounded set in X for some o € X. Then, Pr # @, where Pr means the set of all
fized points of the operator F.

First, we need to introduce the definition and the principal theorem of perturbation of semi-Fredholm
operators used in this work. A semi-Fredholm operators is the class of bounded linear operators F €
Z(X,F) such that ker(F') is of finite dimension and the range of F' denoted by Im(F') is closed in F.
Through this work we denote the set of all semi-Fredholm operators mapping from X to X by SF (X).
Now, we need the following results taken from [21,22]. Let F' € .Z(X), then the quotient space X/ ker(F')
is a Banach space equipped with the norm

[a] = dist(u,ker(F)),

where U = u + ker(F) is an element of X/ ker(F').
Furthermore, if dimker(F') < oo, then there exists a closed subspace T of X such that

X=ker(F)®T.
In addition, St := F|r the restriction of F' to T" has a bounded inverse.

Proposition 1.1 [21] Let F be a bounded linear operator in X. Then, Im(F) is closed if and only if
there exists a constant § such that

[a] < & || Ful forall u € X.
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It is well know in the operator theory that if F' is an element of SF 1 (X), then the operator F' perturbed

by a small linear bounded perturbation remains also in SF 4 (X). More precisely, we have the following
theorem.

Theorem 1.2 [22] Assume that F € SF(X). If G € Z(X) and satisfies the following inequality:

G| <

1
26(1 + \/dimker(F))’
where § is the constant given in Proposition 1.1. Then,
F+Ge SFi(X) and dimker(F + G) < dimker(F).
Moreover, we need to introduce some definitions and results concerning the integral solution of Eq. (1.1).
Definition 1.1 [1] A function w defined from [0, +00) to X is called an integral solution of Eq. (1.1) if:

(i) The function w is continuous, and wy = ¢,

(u)/ s)ds€ 2(L) for te0,+00),

(111) w(t) —l—E/ ds+/ (D(ws) + H(s)) ds  for t€][0,+00).

As a consequence, from the continuity of the integral solution w one has that for all ¢ > 0, w(t) is an
element of 2(L). Now, let Ly be the part of the operator £ defined on Z(L) by

(1) 2(Lo) ={ve (L) Lve D(L)},
(ii) Lov = Lv for v € D(Ly).

Then, Ly is the infinitesimal generator of a strongly continuous semigroup {Sy(t),t > 0} on 2(L). Let
vp € R and Ky > 1 such that |Sy(t)| < Koe™°! for t > 0.

Theorem 1.3 [1] Suppose that (Co) holds. Then, for ¢(0) € 2(L), Eq. (1.1) admits a unique integral
solution w: (—oo, +00) — X satisfies

t

w(t) = So(t)e(0) + lim So(t — s)p(pd — L)™' (D(ws) + H(s)) ds for t>0.

p—>+00 0

Through this work, let

={peB:9(0)c (L)}

be the phase space of Eq. (1.1). Moreover, we denote by solution the integral solution of Eq. (1.1). Let
w(.,p, Z,H) be the solution of Eq. (1.1) and let M(t)¢ = w(.,,0,0), ¢ > 0 be the linear operator
defined on %, where w is the solution of the equation:

{ w(t) = Lw(t) for t>0,

w o (1.2)

Theorem 1.4 [2] The bounded linear operator (M(t))i>o is a Co-semigroup defined on %y, that is
i) M(0) =1 and M(t+ s) = M({t)M(s) for t,s>0,

ii) for ¢ € By, the function M(t)p is continuous from [0,+oc0) to B,

iii) fort >0 and 0 € (—o0,0], the operator (M(t));>o verifies

Miglte) = { METDDO fer b2
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Theorem 1.5 [2] Suppose that (Co) holds. Then, the solution of Eq. (1.1) with H = 0 denoted by
W(t)e = w(.,p,D,0), t >0 is decomposed as:

W(t)p = M(t)p + R(t)ep, (1.3)
where R(t), t > 0 is given for o € By by
t46
RGO = 4 Ll | Solt+0=su(ul = £ Dlws(p))ds ¢ =0,
0 t< 9.

Through this work, we investigate the 7-periodicity of solutions of Eq. (1.1) without considering the
compactness condition on the semigroup {Sy(t),t > 0} generates by the part of Lo of £ on 2(L). First,
we discuss the 7-periodicity of Eq. (1.1) in the general case where £ € H)Y(X) and the phase space &
is a fading memory space. Second, in order to establish the 7-periodicity of solutions of Eq. (1.1) in
the case when the semigroup {Sp(t),t > 0} is not necessarily exponentially stable, when the phase space
is a fading memory space and also uniform fading memory space, we propose to treat the case where
L is a sum of two operators, the first one, denoted by L, is an element of HY(X) and the second one,
denoted by Z, is an element of .% (X). Recall that the case where L = 0 has already treated in [12,22]
and the 7-periodicity of the solution is obtained in the particular case where Z(A) = X. We give some
appriori estimates on L to get that I — M(7) is a semi-Fredholm operator by using Theorem 1.2. This
property allows us to prove, by using Theorem 1.1, that the Poincaré map has a fixed point, which yields
the 7-periodic solution of Eq. (1.1). To achieve this objective, we propose in section 2, to introduce
some useful estimations and some semi-Fredholm properties for the operator I — M(7) in general case.
Moreover, in section 3, we present some semi-Fredholm properties for the operator I — M(7) in the special
case of Eq. (1.2) where £ = £ + L with £ € HY(X) and Le Z(X). In section 4, we propose to examine
the 7-periodicity of Eq. (1.1) in the global phase space 9. To achieve this objectives, we need some
additional properties summarize as follows:

Let Cpp : (—00,0] — X be the space of continuous function with compact supports. We assume that 2
verifies the following hypothesis:

(C) Let (¥n)n>0 € Coo be an uniformly bounded sequence, if (¢,,)n>0 converges compactly to i on
(=00, 0], then ¢ € £ and |1, — |z — 0.
For ¢ € # and 6 < 0, we define the linear operator X (¢),¢ > 0 as:

¥(0), t+60>0,
xwouo) ={ oV 1oz

Then the semigroup (X (t));>0 satisfies the following equation :
w(t) =0,
wo = ¢

Let Xo(t) = X(t)/ %y such that By := {¢p € B :1(0) = 0}. Let BC be the space of all bounded continuous
functions maps from (—oo, 0] to X, equipped with the supremum norm, then we introduce the following
proposition.

Definition 1.2 £ is called a fading memory space if it satisfies the azioms (A), (C) and Xo(t)yp — 0
as t — 400, for all ¢ € Ay,.

Proposition 1.2 Assume that B is a fading memory space. then the space BC included in % and there
is B> 0 verifying |¢¥|s < BlY|gc. Moreover

lwelg < B sup |w(s)| + (14 ¢B) [Xo(t — <)l |we| for ¢ >0,

c<s<t

for any function w satisfying axiom (A).
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Definition 1.3 The space B is called a uniform fading memory space, if hypothesis (C) holds with
| Xo(t)] = 0 as t = +o0.

Section 5 is devoted to control the value of the constant § appears in Theorem 1.2. In addition, we propose
to get the results given in section 4, in the special uniform fading memory space # = UC(X), v < 0.
Finally, we confirm, in section 6, the applicability of the obtained theoretical results by a mathematical
model with some numerical simulations.

2. Several estimations and semi-Fredholm properties of the operator I — M(() in general
case:

Before announcing theorems concern the T-periodicity of Eq. (1.1), we need to introduce the following
useful results.

Proposition 2.1 Suppose that condition (Cg) holds. If B is a fading memory space, then, for t > 0,
the operator R(t) satisfies

R(0)] < (BKoc + M)edt (HFoRIPI 1),

where v§ = max{vy,0} and M = (1 + ¢f3) sup|Xo(t)|.
>0
Proof: Fort >0andt+6 >0
t+6
(ROPNO) = Jim [ St +6 = el ~ £) Dl () ds.
0

From the decomposition (1.3) in Theorem 1.5 and the fact that £ is a fading memory space, one can see
that

R)els < B sup [(R(s)o)O)]
0<s<t
< AR sup [ e i e de
0<s<tJo
< BKoRID| sup / 09 (M(E)pla + [R(E)¢]ia) dé
0<s<t Jo
<

t
o~ V+ _
8K R|D| / 8 (|M(E)g] 2 + IR()ln) d.
0
Then,
t t
R (t)pls < BRI / M)l de + BKGR D] / TR () ol .
0 0
Applying Gronwall’s inequality one has

t
RO < FKRIDI [ e M©plade
0

- t Y 3
(BK,R|D|) / (PRI / e 7| M(0) gl 5 dor
0 0

t
< BE.R|D| / e M(E) gl
0
t t .
+(BKOK\D|)2/ / CBRRIDN-E) g ¢80\ M (o) plp dor
0 o
t t .
< BE.RID| / e M(€)plia dE + BEGRID] / PRORIPI=0) =17 M ()| do
0 0

t
_BK,RID| / e EM(E) ol d
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Which implies that
t -
Rt)pls < BKoKID| / BRI (0-0) | M (o) ) 5 dor
0

On the other hand, Since £ is a fading memory space, one can see that

IM(o)pla < 502115 [1So(8)p(0)|| + M|z
+
< BKoce 7 plz 4+ Mp|z.

Then,
+
IM(o)plz < (BKoc+ M)e™ 7[p| .

Then, it follows that

- t -
IR(t)p|ee < BKoK |D|(BKoc + M)ePFoKIPIT1)C / e PEOKIPIT 15 | p| 4.
0

consequently,
l/+ K
[R(t)pla < (BEoc+ M)e'dt (KR _ 1) g,

which complete the proof of our Proposition. O

Theorem 2.1 Suppose that condition (Co) holds. Let B be a fading memory space. Let { >0 and n be
a positive integer with dimker(I — So(¢)) = n and there is a constant 6 > 0 such that

[Pl <Ol = M(O)ple  for @€ Ho.

If the operator D satisfies the following estimate

1 e VoS
Pl ke ™ (1 " 251+ ) (BKoe + M)) |

Then
I-W() € SF(%y) and dimker(I —W(()) < n.

To prove the above Theorem, we need the following proposition taken from [22].

Proposition 2.2 Suppose that condition (Cq) hold. If the phase space B satisfies axioms (A) and (C).
Then, for ¢ > 0,

dim ker(I — M(Q)) = dim ker(I — Sp(C)).

Proof of Theorem 2.1. The proof follows immediately from Theorem 1.2, Proposition 2.1 and Propo-
sition 2.2. O

Now, to control the value of the positive constant § appear in the previous Theorem, we need to
introduce one proposition proved in [22] in the densely case Z(L£) = X. Notice that the same proposition
hold true in the non densely case Z(£) # X and the proof is omitted here. Suppose that % verifies
axioms (A) and (C). If T — §y(¢) € SF+(Z(L)), then from Theorem 1.2, 2(L) can be decomposed as

2(L) =ker(I —Sy(¢)) ® T(v).
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such that T'(v) is a closed subset of Z(L£). We denote by Sp(,) the restriction of I —Sy(¢) to T'(v) given
by

ST(l/) : T(V) — Im(I — So(C)),
then, Sp(,) is continuous and bijective linear operator satisfying Im(Sp(,)) = Im(I — So(()).
Consider S;(ly) the inverse operator of Sr(,), then S;(ly) is continuous, if ¢ € %y such that ¢(0) €
Im(I —S8p(¢)), then S;(ly)ap(O) is well defined and we get

(I = S0(0))Sty9(0) = (0). (2.1)
Moreover, let Py be the Hy-valued function given by:

k—1
(Pe)(0) =Y @(0+§C) + So(0+ k() Sy, #(0), 0 € I = [~k¢, —(k = 1)¢); k > 1

=0
and
D(P) ={p € %o : ¢(0) € Im(I —S(C))}

Then, we have the following proposition.

Proposition 2.3 Assume that I —Sy(¢) € SFL(Z(L)). Let 6 be a positive constant such that
[Pola < dlo|z for Py c %y,

then, B
| < 6|(1 = MOz for o € S,

equivalently the subspace Im(I — M((Q)) is closed.

3. Semi-Fredholm properties for the operator I — M(() in the case where £ = L+ L with
LeHY(X) and L € Z(X):

Firstly, in order to introduce a sufficient conditions which guarantee that I — Sy(¢) € SF(2(L)), we
consider the following differential equation:

o(t) = Lo(t),
{ v(0) = x. (3.1)

such that £ = £ + £ and suppose that L verifies the following Hille-Yosida condition:
(C}) There are constants K > 1 and & € R such that p(£) D (¥, +00) and

K
[(nI — L)~ SW for n>v and neN,

and L € Z(X). Moreover, let Lo be the part of £ on 2(L). Then, Lo generates a Cp-semigroup

)
{To(t),t >0} on 2(L). If z € (L), then Eq. (3.1) has a unique solution v(t, z) satisfying:
t
v(t,x) = To(t)x + lim To(t — 8)u(ul — L) Lu(s, x) ds. (3.2)

pn——+o00 0

Proposition 3.1 Suppose that condition (C}) holds. Let |To(t)] < Koe ™! for t > 0, Ko > 1 and
vy > 0, then, the operator Q(t) defined on Z(L) by

p—>400

t
Q(t)xr = lim / To(t — s)u(ul — L)~ Lu(s, z) ds,
0
satisfies

19(t)] < Koe™¢ (ef(of(\at - 1) for t>0.
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Proof: Let ¢ > 0. Then,
~ o~ o~ t ~
1Q(0)al < RRlZ| [ &™) ofs, )] ds.
0
Since
(s, )| < Koe™™*||x +f<of<|5\/ 6= |o(o, 2)|| do
0
and
0 o(s,2)| < Rolla| + RoRIZ| [ ot )| do
0

Applying Gronwall’s inequality, we obtain that

7% |o(s, )| < KoeKoKIEl |z,

hence, o
[o(s, )| < KoeFoKIE=70)s g
Then,
o~ o~ o~ —_ t ~ ~ o~
joWsl < RZRIZle ™ [ RoRIEe ds o]
0
< [?06—17015 (ef(of(\f\t _ 1) HxH7
Which prove the Proposition. O

Lemma 3.1 Suppose that |To(t)] < Koe 7ot fort >0, Ko >1 and Uy > 0. Then, for ¢ >0,

I—To(¢) € SFL(2(L)) and dimker(I — To(¢)) = 0.

Proof: Let us introduce the following new norm on X given by

|25, = sup [le”"To(t) 2,
t>0

Then, we have that ||z|| < |z]p, < Kol|z||, which implies that the norms |.|| and ||z, are equivalent.
Moreover, for every z € (L) and ¢ > 0, one has
To(C)zloy = sup €7 To(s + )zl = e~ sup e+ To(s + ()|
s>0 s>0
= e "sup ™ To(0)2]| < e "¢ sup [|e”7 To(0)z]| < e |2,
o>( >0
then I — To(¢) is invertible. Which means that I — 7o(¢) € SF4+(Z(L)) and dimker(I — To(C)). O

Proposition 3.2 Suppose that condition (C}) holds. Let |To(t)] < Koe ™ for t > 0, Ko > 1 and
v > 0. Let ¢ > 0. If the operator L verifies

~ 1 eo¢
L] < ==In {1+ = |, (3.3)
KoK(¢ 200Ko

where 8o > 0 be such that |(I — To(¢)) ™ vlz, < dolv|z, for v e Z(L). Then,

I—-58(¢C) e SF(Z2(L)) and dimker(I —Sp(¢)) =0.
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Proof: Formula (3.2) implies that for ¢ > 0,

I =80(C) =I—"To(¢) — Q(F). (3-4)

From Lemma 3.1, we get that I — 75(¢) € SFL(Z(L)). On the other hand, the estimation (3.3) implies

that o 1
Koe—7oC ( KoK|LI¢ _ 1) < —,
o€ e 250

and consequently, Proposition 3.1 gives that

1

1Q(Q)] < %y

Finally, by applying Theorem 1.2 to the formula (3.4), we get that I —Sy(¢) € SF+(Z(L)) and dim ker (] —
So(€)) = dimker(I — To(¢)) = 0. o

Proposition 3.3 Suppose that condition (C}) holds. Let |To(t)] < Koe ™ for t > 0, Ko > 1 and
vg > 0. Let ¢ > 0. If the operator L satisfies

~ 1 vl 1
KoK ¢ 25,

Then

I-8)(¢) e SFL(2(L)) and dimker(I —Sy(¢)) =0.

Proof: It suffices to compute the value dy in the estimation (3.3). To do this, let v € Z(A), then
oz < v ="To(C)v]z +|To(C)vlz
< o= To(Q)vlz + el
Then, B
(1—e " lz, < Jv—To()v]y, forall ve P(L)
which implies that

1
o]z, < mw = To(C)vlz-

and hence,
_ 1
(1 = To(¢) vl < T o=wc Vlmo-

Then, we choice the value of §y such that

1
% S T omc

Finally, from estimation (3.5), we deduce that the estimation (3.3) is satisfy. Then it follows from
Proposition 3.2 that I — Sp(¢) € SFL(2(L)). O

Proposition 3.4 Suppose that condition (C}) holds. Let |To(t)] < Koe ™" for t > 0, Ko > 1 and
vg > 0. Let ¢ > 0. If the operator L satisfies

~ 1 ¢ _ 1
KoK¢ 2K,

and if Im(I — M(()) is closed. Then,

I—M() eSFL(2(L)) and dimker(I — M(¢)) = 0.
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Proof: The proof follows immediately from Proposition 2.2 and Proposition 3.3. |

Now, the solution w(t, ) of Eq. (1.2) is given by the following formula:

t

w(t, ) = To(t)p(0) + lim To(t — s)p(pul — L) Lw(s, @) ds for t>0. (3.6)

p—>—4o00 0

Then, the operator (M(t)):>0 is decomposed on % as follows:
M(t)=Y(t)+ Z(t) for ¢t >0, (3.7)
where {Y(t),t > 0} is the strongly continuous semigroup on %, defined by

SOBIORS S A

and the operator Z(t),t > 0 is defined on %y, by

t+6
| -
@) =4 Jm, [ Tot+0=suul —L)7 Luls,g)ds  for t+020,

for t4+6<0.

Proposition 3.5 Suppose that (Cg) holds. Let % be a fading memory space. If |To(t)] < Koe ™t for
t>0, Ko >1 and vy > 0. Then, the operator Z(t) satisfies

Z2(B)pla < BRoc (FORIF — 1) [, (3.8)

Proof: Let t +6 > 0, Since

I(Z®)) (O]

IN

KoL) / e P09 (s, )| ds
0

IN

¢
RoRIZ| [ e lufs. o) ds.
0
which implies that Z(t)¢ € BC and from axiom (C') one has
~ ~ o~ t ~
1206l < BIZWle < BRRIE| | Jufs, )] ds.
0
On the other hand, from the variation of constant formula (3.6), we obtain that
lu(s, 9| < Koce™™*|¢|s + f(of(\ﬂ/ == (o, ¢)| do.
0
From Gronwall’s inequality, we obtain that

TS w(s, Q)| < KoceXoKIEl o] 5,

then

[Z(t)¢|=

IN

t
BeR2R|E) / KIS g (o]
0

IN

,@[}06 ((—;’KOK‘K‘t — 1) |(p|3a
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Proposition 3.6 Let # be a uniform fading memory space. Suppose that |To(t)| < ffoe*%t fort >0,
Ko > 1 and vy > 0. Then, {Y(t),t > 0} is exponentially stable, which means that is there exists Ny > 1
and 19 > 0 such that |Y(t)] < Noe~™t for t > 0.

To prove this proposition, we need the following lemma.

Lemma 3.2 [22] Let & be the set of continuous functions x : (—o0,a) = X,0 < a < 400, such that
xg € B and x is continuous on [0,a). If § and &g are bounded in B and C[0, ], respectively. Then,

(i) H a(g(t) < a(&) < K(t)a(&o,q) + M(t)a(b).
(i) If the phase space B satisfies the aziom (C), then

(&) < Bal§jo,g) + (1 + cB)a(Wo(t))a(éo).

Proof of proposition 3.6
Let 2 be a bounded set in B. Then for ¢t > 0, it follows from lemma 3.2, that

a(Vi(t)Q) < Bar (T1()QA0)j0,) + (1 + cB)[Wo(t)]a (),

where
Q(0) = {¢(0) : ¢ € Q}.

Since Vl(t)Q = Vl(%) (V1(%)Q), then
t t t
a(Vi(t)Q) < Ba <T1(~)(V1(2)Q)(0)|[0,;]> +(1+ Cﬂ)|W0(§)|a Oé((Vl(i)Q)-
By the translation property of (V1(t)),>(, We get that
a9 < fa (T )

U+ BTl (B (OO ) + 1+ ATl o)

IN

B sup |T1(s)|a(2(0)) + B(1 + ¢B)a (T1(~)Q(0)|[O,é]> |VV0(%)|0‘

(14 B (Wo(5) 2 ().

From the axiom (A)-ii), we get a(£2(0)) < ca(€2), which implies that

aVi(t)) < ¢f sup |Ti(s)[(€) +¢B(1 + ¢f) sup |T1(8)||Wo(%)|a a(Q)

%Ssgt OSSS%
t
HO+ B2 IWo(D a(@),
and consequently,
~ ot ~ t t
aOi(09) < (eBle + 81+ HMWa(H)| + (14 8 Wal I ) a(s),
Moreover, since B is a uniform fading memory space, we have |Wy(t)| — 0 as t — 400, which implies

that 1
tl}?oo Z lOg |W0(t)| < 07
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and hence
’LU()(W()) < 07

consequently, there exist positive constants N > 1 and n > 0 such that
(Wo(t)| < Ne™™ for all t>0.
We deduce that
a(Vi(t)Q)

IA

(BMe e +cp(1+ cﬁ)MNe_%t +(1+ cﬁ)zNQe_"t> ()

IN

o min(@.n) 5 (851\7+ cB(1+ cB)MN + (1 + cﬂ)zm) a(Q),

which implies that
o1 1 .
Gena(Vi) = lim_ T loga(Vi(1) <~ min(@,n).

Let us introduce the following new norm on %, given by
U
Yl = SUP\e”Oty( )l with 7o = 5 min(¥, 1),

Then, we have that ||z < [¢]5, < Nol|t| 2, which implies that the norms |.|4 and |.|5, are equivalent.
Moreover, for every ¥ € %y and ¢ > 0, one has

V(OYlE, = sup €05 (5 + ()bl g = e~ M0¢ sup e C+IY (s + ()il

= e P sup|e7YV(0)lz < e sup [TV ()] z < ey,
o>( a>0

then I — Y(¢) is invertible and we have the following lemma:
Lemma 3.3 Suppose that |To(t)| < Koe 7ot fort >0, Ko >1 and Dy > 0. Then, for ¢ >0,
I-Y() e SFL (%) and dimker(I —Y(¢)) =0

Proposition 3.7 Suppose that condition (Cg) holds. Let % be a uniform fading memory space. Assume
that |To(t)] < Koe=™* fort >0, Ko > 1 and 7o > 0. For ( >0, if L verifies

~ 1 1
L] < ———1In (1+~>, (3.9)
K()KC 251ﬂK06

where 81 > 0 be such that |(I — Y(C))  ¢ls, < ills, for ¢ € By. Then,

I—-M() e SF+(By) and dimker(I — M(()) =0.

Proof: From the decomposition (3.7), it follows that
I=M() =1-Y(C) - Z(¢).

Moreover, Lemma 3.3 implies that I — Y({) € SF(%p). The objective now is to apply Theorem 1.2.
Then, to show that I — M(¢) € SF4 (%), it suffice to get the following estimation

1
12(Q)] < %,

Clearly, the above inequality is satisfied by considering inequalities (3.8) and (3.9) and hence I — M(() €
SF(%p). Moreover, Theorem 1.2 and Lemma 3.3 imply that

dimker(I — M(()) = dimker(I — Y(¢)) =
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Which complete the proof of the Proposition. O

Applying the same approach used in the proof of Proposition 3.3, one can choice the value of §; such
that 1

=1 _ -3 min@onC’

A

01

Then, from Proposition 3.7, we get the following result.

Proposition 3.8 Suppose that condition (Cg) holds. Let A be a uniform fading memory space. Assume
that |To(t)| < Koe™ 7t fort >0, Ko > 1 and 7y > 0. For ¢ > 0, if L verefies

~ 1 1 — ¢~ 3 min(¥,n)¢
£ < ——In (14— .
Ko K¢

0 28Koc

Then,
I—M() e SF+(By) and dimker(I — M(()) =0.

4. The 7-periodicity of solutions for Eq. (1.1) in the general phase space %:
Now, we say that Eq. (1.1) verifies property (ZZ7) if the following equivalence holds:

there exist a 7-periodic solution of Eq. (1.1) if and only if it has a bounded ones on the positive real
half-line.

Now, to discuss the periodicity of solutions of Eq. (1.1), we need to suppose that:
(C1) H is T-periodic.
We establish the following first result binding between the boundedness of solution on the positive real

half-line and the 7-periodicity of solutions for Eq. (1.1) .

Theorem 4.1 Suppose that (Co) and (C1) hold. Let B be a fading memory space. Assume that
dimker(I — So(7)) =n and Im(I — M(7)) is closed, which means that there is 6 > 0 such that

Bl <Ol = M(m)¢lz  forall ¢ € Zo.

If the operator D satisfies

1 e
D| < — In |1+ . 4.1
i BK KT ( 25(1+\/ﬁ)(ﬂKoc+M)> 4
Then, Eq. (1.1) verifies the property (B2).

Proof: It’s enough to prove that the Poincaré map P, defined by P,¢ = w.(.,, H) on %, has a fixed
point, where w; (., p, H) is the integral solution of Eq. (1.1).
From the uniqueness property of the solution, the Poincaré map is decomposed as

Prp = w.(.,0,0) + w-(.,0,H),

where w(., ¢,0) denotes the integral solution of Eq. (1.1) such that H = 0 and w(.,0,#) denotes the
integral solution of Eq. (1.1) such that ¢ = 0, then, P, is given by P,p = 137g0+¢, where ]STgo = w,(.,¢,0)
and ¢ = w,(.,0,). By decomposition (1.3) given in Theorem 1.5, P, is given by P, = W(r) =
M(7) + R(7). Furthermore, from estimation (4.1), Proposition 2.1 implies that I — P € SF,(%,). Let
w(., o, ") be a bounded integral solution of Eq. (1.1) . Then,

{Pfap,n € N} = {wnT('agavH)vn € N}>
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which implies that (P}'¢),,~ is bounded in %,. From Theorem 1.1, we conclude that Fp_ # @, which

T

implies that Eq. (1.1) verifies the property (Z.2). O
In addition, we obtain the following theorem if £ = £ + L with £ € HY(X) and Le Z(X).

Theorem 4.2 Suppose that conditions (Cg) and (C1) hold. Let B be a fading memory space. Assume
that |To(t)| < Koe™ "t fort >0, Ko > 1 and vy > 0. Suppose that Im(I — M(1)) is closed, equivalently
there exists 6 > 0 with

Bl <O[(I—M(7))plz  forall ¢ € Ho.

If L verifies

—~ 1 ’17[)7'_1
L] < —— 1n<1+6 _ )
KO T 2K0

Moreover, if the operator D verifies

1 e*VO T
D| < —In|(l4+ ——F—i——7+-~].
P BEoKT ( 26(ﬁKoc+M)>
Then, Eq. (1.1) verifies the property (B2).

Proof: The proof is a combination between Proposition 3.4 and Theorem 4.1. ]

Theorem 4.3 Suppose that conditions (Cg) and (C1) hold. Let B be a uniform fading memory space.

Assume that |To(t)| < Koe™™" fort >0, Ko > 1 and 7 > 0. If L verifies

. 1 1— — 1 min(%o,n)T
|£|<~~1n<1+ € )

KoK 28Kc

Moreover, if the operator D wverifies

1 e—l/o T
D| < — In(l+———7-—-].
P! BK KT ( 25(6K00+M)>
Then, Eq. (1.1) verifies the property (BZ).

Proof: Since the condition (Cg) hold, it follows from [9] that the condition (Cp) is verified with 7 =
v+ K|L£]| and K = K. Then, the proof follows immediately from Proposition 2.2, Proposition 3.8 and
Theorem 4.1. O

Remark 4.1 Clearly, if S¢ > 1, then

_ —1min(Do,n)T DoT _
In 1—|—1 ez~ <ln<1+e~1>.
QﬂK()C 2-K'O

Consequently, if I — M(7) is closed, then Theorem 4.2 is more general than Theorem 4.3.
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5. The 7-periodicity of Eq. (1.1) in the phase space % = UC,(X), v < 0:

Let us introduce the phase space UC~(X) with v < 0 as follows:

o
UC,(X) = {go € UC((—0,0];X) : His(,)” is bounded and uniformly continuous on (—oo, 0]}
endowed with the norm 1@
ap 120
ol = sup 1O

€ (—00,0]

Then, from [11], UC.(X) with v < 0, is a uniform fading memory space with 8 =1, ¢ = 1 and Xo(¢t) = ¢
fort > 0.

Proposition 5.1 Let = UC~(X) withy < 0. Suppose that I —So(1) € SF+(2(L)), then Im(I—M(T))
is closed and I — M(1) € SF1(By). Moreover, one can take the value of § such that

0 <

sup |So(t)| [S77
S e +0;1t127| o] 1570

Proof: It is enough to verify the hypothesis of Proposition 2.3 to guarantee the result. Let ¢ € %, and
0 € I, then

k-1

. 1 -
D e+ 5l + —51S0(0 +E7)| Sz, | l(0)]
§=0

e - e

[Pe@) . 1

lero+in) g , .
WH@W*‘W)H +0227|80(t)| 1S7)l 1@l

IN

e
—

<

Since v < 0, then

[Pe®)l _ ( 1

-1
2 < (= s iS00 I8 ) I

Which implies that

1 -1
Pel < (1= + s 10001 1571 o

Consequently, all hypothesis of Proposition 2.3 are satisfied and I — M(7) is closed by taking the value
of the constant § such that

5 < + sup [So(®)] 1S70-
0<t<r

—1l—e7

Moreover, using Proposition 2.2, we get that Im (I — M(¢)) € SF+(%p). 0

Theorem 5.1 Suppose that conditions (Co) and (C1) hold. Let 2 =UC.,(X) with v < 0. Assume that
I—S84(7)) € SFL(2(L)). If the operator D satisfies

e*”gT(l —e’m)

|D| < 1A In|1+
KoK 2(1+ v/n)(Ko +2) (1 + (1 =€) sup [So(t)] |ST(1”)|))

0<t<r

Then, Eq. (1.1) verifies the property (B2).
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Proof: Since I — Sy(7)) € SF(2(L)), it follows from Proposition 5.1 that all conditions of Theorem
4.1 are satisfied by taking

0 <

sup [So(t)| |Sr
ST +0;1t1§| o] 157,

and 8 =c=1and M = 2. Then, Eq. (1.1) verifies the property (#%). Which complete the proof. O

Now, we introduce the fundamental theorem in the case where the operator £ is decomposed as £ = L+L
with £ € HY(X) and £ € Z(X). Since 8 = ¢ = 1 and according to Remark 4.1, we have the following
result.

Theorem 5.2 Suppose that (Cy) and (C1) hold. Let 8 = UC~(X) with v < 0. Assume that |To(t)] <
Koe 7t fort >0, Ko > 1 and 7y > 0. If the operator L satisfies the following inequality

N 1 Vot __ 1
L] < ——= ln<1—|—e _ ) (5.1)
KQKT 2KQ

In addition, if D verifies the following inequality

efuoﬂ(l — )

So(B)] 157,
sup 150091574

1
D] < ——In|1+
KoK 2(Ko + 2) (1 +(1—e)
0
Then, Eq. (1.1) verifies the property (Z2).

Proof: Estimation (5.1) implies that Proposition 3.3 holds, then, from Proposition 5.1, we deduce that
all conditions of Theorem 5.1 are satisfied by taking n = 0 and

0 <

So(t)] 1871
= +0§t1§pT| o(0)] 57,

Then, Eq. (1.1) verifies the property (#Z2). O

6. Application:

gw(t x) = 2w(t x) —aw(t, &) + 1—9?;: Yw(t,y)d +/0(0)w(t+9 x)df 4+ G(t, )
8t ) 83; ) ) 0 7y 7y y 1700 ) ) )

tcRT and z € RT, (6.1)
w(t,0) = lim w(t,z) =0, teR",

r——+o0

w(f, ) = wo(0, ), 6 € (—00,0] and =z € RT,

such that a > 0, 7 : (—00,0] — R*, 9 : RT x RT — RT satisfies ¥(z,.) € L'(R*) , G : RT x RT = R
is a continuous function and wp : (—00,0] x [0,+00) — R. Let X = C ([0, 4+00]) where C ([0, +o¢]) is

the space of continuous functions on [0, +00) such that liIJIrl w(x) exists. Then, X is a Banach space
T—>+00
provided with the norm
Izlloc = sup |z(z)].
0<z<+00

To put problem (6.1) into abstract form , we define the operator £; from Z(£1) C X to X by:

’

r——+00
Liw w .

{ P(L1) = {we CH([0,+00]) : w(0) = lim w(x) =0},
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Using the existing study in [5], we have
1
p(L1) D (0,+00) and |(ul — £1)7'| < = for pu > 0.
7!

Furthermore,

P(L1) ={we C([0,+00]) : w(0) = lim w(z) =0} #X.

r——+00

In addition, £; the part of the operator £1 in 2(L;) is expressed by

r——+0o0 Tr——+00
’

le = w.

{ 2(L1) = {weC'([0,400]): w(0) = /(0) = lim w(z)= lim w(z)=0},

Lemma 6.1 [5] L1 generate a strongly continuous semigroup {Tz (t),t > 0} on P(L1). Moreover,
[Tz, )| =1 for t>0.

Define the operator £ : 2(£) C X — X by:

r—+o0

2(L) = {we CH([0,+00]) : w(0) = lim w(z) =0},
Lvw = Liw—aw.
Then, it is clear that

p(L) D (—a,+00) and |(ul — L)} < ﬁ for p> —a.

Hence, hypothesis (C}) is satisfied with K = 1 and 7 = —a. Moreover, Ly the part of £ on Z(L) generate
a Co-semigroup {7o(¢),t > 0} such that

[To(t)| <e %, t>0

Now, let the operator L defined on X by
+oo
(Lw)(x) :/ Iz, y)w(y)dy for all x € [0,+00).
0

Since ¥(x,.) € LYR"), the operator L is well defined from X to X. Moreover, if

+o0 N N
o= sup / I(z,y) dy < oo, clearly £ € £ (X) and satisfies |£]| < p.
z€[0,+00) JO

Lemma 6.2 [9] The part Ly of the operator L = L+L generate a Co-semigroup {Su(t),t > 0} satisfying:
So(t)] < ele=@t ¢ > 0.
’LU()(G, 13)

er?
uniformly continuous on (—o0,0]. Then, ¢(0) € Z(L). Furthermore, consider the following notations:

Now, Let UC,(X), v < 0. Suppose that wy(0,0) = wp(0,z) = 0 such that is bounded and

@) = w(t,xz), t>0 and zeRT,
(p(@)(:ﬂ) = wO(evx)a 6 <0 and ]RJra
)(z) = G(t,xz), t>0 and RT.

Let D: % := % ((—0,0],X) — X be defined by

D)) = [ n0)elo)@)d0, 0.

— 0o
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0
Tt is clear that if/ e"n(0) d9 < oo, then D : UC.,(X) — X is a bounded linear operator. Furthermore,

— 00

one has that 0
|D| </ e"n(0) db.

So, Eq. (6.1) takes the following form:

w(t) = Lw(t)+ D(w) + H(t) for t>0,

(6.2)
Wy = P.

To examine the boundedness of solutions for Eq. (6.2), we introduce the variation of constant formula
associate to Eq. (1.1):

Mﬂ=%wﬂ®+1m{A%@—ﬁMM—@*@M@+DWJ+M$M&

p——+00

Moreover, suppose that:
0

(C2) there is a constant [ € (0,1) with o —|—/ n(0)do < a(l —1).

|H|l°°, such that |H|so = sup |H(t)|. Then we obtain the following result
a 0<t<rT

If we put A\=1+
Lemma 6.3 Under the above assumption (Cz) and let ¢ € UC,, with v < 0 such that |p| < A. Then,
the integral solution w(t, wy) of Eq. (6.2) satisfies |w(t, wp)| < A fort > 0.
Proof: Let ¢, = inf{t > 0: |w(t, )| > A}. The continuity of w implies that
[w(to, @)| = A,
and there is € > 0 with
|w(t, )| > A for te (t1,t1 +¢).

Hence, for t; > 0

[w(ty, @) < [To(t1)1¢(0)] +/0 "= (| Du(s)| + [D(w,)| + [H(s)]) ds,

Since —oco < s+ 6 < s+t <ty for 8 <0, one has that

0

0
ID(ws(.. )| = / 0(0)u(s + 0, 0)|d6 < A / 0(6) do,

— 00

it follows that

ty R 0 t1
lw(ty, )] < et 4 |H|oo/ e~a(ti=5) g5 4 ) (|L| +/ n(0) d9) / e—a(t1—=s) gg
0 0

1— —aty R 0
< M%“+(Z)OH@+AOL+/)UWM®>
—at (1 767(”1) 0
1— —atq
R e N )
< e (A=) (1—e)
< A1 — e )
< A\
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which contradict the above definition of ¢1, then

lw(t, )| < A for each t>0.

O
In order to examine the problem of 7-periodicity of solutions for Eq. (6.2), we suppose that:
(Cs) H is T-periodic.
Theorem 6.1 Suppose that (Cz) and (Cg) hold. If
Q<1ln<1+em>, (6.3)
T 2

and

12 — 6ele—a)T — Ge™

0 _ITY(] — ele—a)T
/ n(0)do < ~1n (1 L= )> .
T

— 00

Then, Eq. (6.2) admits a T-periodic solution.

Proof: Inequality (6.3) implies that

= 1 14 e
-1 .
|£|<Tn< 5 >

On the other hand, hypothesis (Cz) implies that |So(7)| < 1 and hence, by the inequality (2.1), we obtain
—1
that [S7,)| < TErEE

1 — e’ (1 — elo—a)T
Talis (1—e7)(1-¢ )
T 12 — 6ele—a)™ — 6™

~

. Moreover, since Ko = K = 1, we get that

e 0T (1 —eTT)

6 (1 + (1 —e17) sup [So(t)| |ST(1v>|)>
0<t<r

1
<-In|1+
-

Thus

6_”3—7(1 — M)

6 (1 + (1 —e) sup |Sp(t)] S;(lu)|)>
0<t<r

1
Dl < —In |1+
T

Consequently, From hypothesis (C3) and Proposition 6.3, it follows that all condition of Theorem 5.2 are
verified with K = Ky = 1. Finally, Eq. (6.2) has a T-periodic solution.

a

The objective now is checking the validity of our theoretical results by presenting some numerical simu-
lations. In the example of application, we consider the phase space UC_; and the following quantities:

a=1, 9(zx,y) =0.71 e and n(h) = 2.3 x 1072¢*,
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the initial condition is given by

w(f, ) = T
the functions G is given by
G(t,x) = sin(nt + ).
clearly:

e G is 2-periodic function,

“+oo
e 0= sup / Iz, y)dy = 0.71,
z€[0,400) JO

0

. / e "n(h) do = 0.023.
—00

Then, for ¢ = 0.71 and / e~ () d = 0.023, all conditions of Theorem 6.1 are satisfied and conse-

quently, Equation (6.1) has a 2-periodic solution. This result is illustrated by some numerical simulations
given in figure 1 in 3D and figures 2 and 3 in 2D for x = 0.5 and 0.9 respectively.

2 0 0

Figure 1: The graph of the 2-periodic solution of Equation (6.1) in 3D. (the solution w with respect to ¢
and x).

0.6

w(t,0.5)

-06

20

Figure 2: The graph of the 2-periodic solution of Equation (6.1) in 2D for = 0.5 (the solution w with
respect to t).
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w(t, 0.9)

0 2 4 6 8 10 12 14 16 18 20

Figure 3: The graph of the 2-periodic solution of Equation (6.1) in 2D for = 0.9 (the solution w with
respect to t).
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