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On a New Generalized Class of p-Valent Functions and its Mapping Conditions by a
Wright’s Generalized Hypergeometric Operator
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abstract: A generalized class Rτ
γ(m, p,A,B) involving (m− 1)th and mth derivatives of p-valent functions

is defined and its integral representation, coefficient condition and a sufficient condition for a function to
be in this class are obtained in this work. Further, certain mapping properties of a Wright’s generalized
hypergeometric operator Wf(z) related to the class Rτ

γ(m, p,A,B) are investigated with the known classes
Sp,λ and Cp,λ.
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1. Introduction and Preliminaries

Special functions are found to be very useful due to their numerous applications in different branches
of mathematics, engineering, physics etc. [13]. One of the most important function among them is
hypergeometric function which has made a major contribution in the development of analysis and has
been extensively used in geometric function theory. There have been several studies conducted thus far
in geometric function theory. Mapping properties involving some subclasses of functions are one of the
significant characterizations in the theory.

Gangadharan et al. [8] investigated mapping properties concerning some subclasses of univalent
analytic functions and established connections between these classes under Dziok-Srivastava operator.
Mapping and inclusion properties of Dziok-Srivastava operator were also obtained in [15] (see also [14],
[18] and [19]) for some other subclasses of univalent analytic functions. Study of mapping properties
have been made not only for analytic univalent functions but also for some harmonic univalent func-
tions concerning the hypergeometric functions (see in [1,2,3,4]), [10]. In [12], Raina and Sharma studied
harmonic univalent maps which involves Wright’s generalized hypergeometric functions and investigated
several properties associated with the mappings. Recently Li-Mei Wang [21] investigated mapping at-
tributes of certain hypergeometric functions. For more related works one may refer to [5], [16] and
[23].

Denote by Ap the function class having p-valent functions which are analytic in D = {z : |z| < 1} and
have series representation

f(z) = zp +

∞∑
n=1

an+pz
n+p (p ∈ N; z ∈ D). (1.1)

We denote the class A ≡ A1.
Clearly the mth derivative of f(z) having the series representation (1.1) is

f (m)(z) =
p!

(p−m)!
zp−m +

∞∑
n=1

(n+ p)!

(n+ p−m)!
an+pz

n+p−m. (1.2)
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Suppose f and g are analytic functions in unit disk D then g is subordinate to f (g ≺ f) in D if there
exist an analytic function h in unit disk D satisfying |h(z)| < 1, h(0) = 0 such that g(z) = f(h(z)) for all
z ∈ D. Further, if f is univalent, then g ≺ f ⇐⇒ g(D) ⊂ f(D) and g(0) = f(0).

For the functions f ∈ A, Sharma and Raina in [19] investigated the class Rτ
γ(ϕ) (0 ≤ γ ≤ 1, 0 ̸= τ ∈ C)

which involves the first, second derivative of functions f ∈ A and obtained mapping structures for some
known classes of functions. Motivated with the work in [19], we here define a new generalized class
Rτ

γ(m, p,A,B) as follows:

Rτ
γ(m, p,A,B) :=

{
f ∈ Ap : 1 +

1

τ
(F (p,m, γ; z)− 1) ≺ 1 +Az

1 +Bz
(−1 ≤ B < A ≤ 1)

}
, (1.3)

where the function F (p,m, γ; z) is given by

F (p,m, γ; z) =
(p+ 1−m)!zm−p−1

p!(1 + γ(p+ 1−m))

{
f (m−1)(z) + γzf (m)(z)

}
(1.4)

(0 ≤ γ ≤ 1, 0 ̸= τ ∈ C) .

Clearly,

f ∈ Rτ
γ(m, p,A,B) ⇐⇒

∣∣∣∣ F (p,m, γ; z)− 1

τ(A−B)−B (F (p,m, γ; z)− 1)

∣∣∣∣< 1, (1.5)

where the function F (p,m, γ; z) is given by (1.4).
Moreover f ∈ Rτ

γ(m, p,A,B) satisfies

Re

(
1 +

1

τ
(F (p,m, γ; z)− 1)

)
>

1−A

1−B
,

where the function F (p,m, γ; z) is given by (1.4).
We now mention some special forms of the function class Rτ

γ(m, p,A,B) studied earlier in several
papers for different values of the parameters involved. Some of them are as follows:

(1) For p = 1 and m = 2, the function class Rτ
γ(m, p,A,B) transforms to the form Rτ

γ(A,B) [19].

(2) For p = 1, m = 2 and γ = 0, the function class Rτ
γ(m, p,A,B) transforms to Rτ (A,B) [7].

(3) For p = 1, m = 2, γ = 0 and τ = e−iα cosα for |α| < π
2 , the function class Rτ

γ(m, p,A,B) was
studied in [6].

(4) For p = 1, m = 2, γ = 0, τ = e−iα cosα for |α| < π
2 , A = 1−2β, B = −1 (0 ≤ β < 1) , the function

class Rτ
γ(m, p,A,B) becomes Rα(β) [11].

(5) For p = 1, m = 2, A = 1 − 2β, B = −1 (0 ≤ β < 1) , the function class Rτ
γ(m, p,A,B) becomes

Rτ
γ(β) [20].

(6) For p = 1, m = 2, τ = 1, γ = 0 and A = −B = β (where 0 ≤ β < 1), the function class
Rτ

γ(m, p,A,B) was studied in [10].

Consider the Wright’s generalized hypergeometric function rψs(z) (also known as Wgh function) [22]
(see also [9], [13]), which is defined as

rψs(z) ≡ rψs

(
(ai, Ai)1,r
(bi, Bi)1,s

; z

)
=

∞∑
n=0

∏r
i=1 Γ(ai + nAi)∏s
i=1 Γ(bi + nBi)

zn

n!
, (1.6)

for Ai > 0(i = 1, ..., r), Bi > 0(i = 1, ..., s) such that

1+
∑s

i=1Bi−
∑r

i=1Ai ≥ 0, ai ∈ C

(
ai

Ai
̸= 0,−1,−2, ... for i = 1, ..., r

)
, bi ∈ C

(
bi
Bi

̸= 0,−1,−2, ... for i =
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1, ..., s

)
.

Note that the Wgh function rψs(z) is entire if 1+
∑s

i=1Bi−
∑s

i=1Ai > 0 and is analytic in |z| <
∏s

i=1 Bi
Bi∏r

i=1 Ai
Ai

if 1+
∑s

i=1Bi −
∑s

i=1Ai = 0. Further, if 1+
∑s

i=1Bi −
∑s

i=1Ai = 0 and |z| =
∏s

i=1 Bi
Bi∏r

i=1 Ai
Ai

, then the Wgh

function rψs(z) is an analytic function for

Re

(
s∑

i=1

bi −
r∑

i=1

ai

)
+
r − s

2
>

1

2
.

A convolution ∗ between f ∈ Ap having series representation (1.1) and h ∈ Ap whose series representation
is

h(z) = zp +

∞∑
n=1

bn+pz
n+p

is written as (f ∗ h)(z)=f(z) ∗ h(z) and is given by

f(z) ∗ h(z) = zp +

∞∑
n=1

an+pbn+pz
n+p.

A Wright’s generalized hypergeometric operator W : Ap → Ap is defined by

Wf(z) = zp
∏s

i=1 Γ(bi)∏r
i=1 Γ(ai)

rψs(z) ∗ f(z), (1.7)

where rψs(z) is defined by (1.6).
The series expression of Wf(z) (for f ∈ Ap having the representation (1.1)) is given by

Wf(z) = zp +

∞∑
n=1

θnan+pz
n+p, (1.8)

where

θn =

∏r
i=1

Γ(ai+Ain)
Γ(ai)∏s

i=1
Γ(bi+Bin)

Γ(bi)

1

n!
. (1.9)

2. Main Results

In this section, we first find an integral representation of f (m−1)(z), coefficient inequality and a
sufficient condition for the function f ∈ Rτ

γ(m, p,A,B).

Theorem 2.1 If f ∈ Ap given by (1.1), then f ∈ Rτ
γ(m, p,A,B) if and only if there exist an analytic

function w(z) for which |w(z)| < 1, w(0) = 0 such that for 0 ̸= z ∈ D, when γ ̸= 0,

f (m−1)(z) =
1

z
1
γ

∫ z

0

(1− γ (p+ 1−m))p!

γtm−p− 1
γ (p+ 1−m)!

(
1 +

τ(A−B)w(t)

1 +Bw(t)

)
dt (2.1)

and for γ = 0,

f (m−1)(z) =
p!

zm−p−1(p+ 1−m)!

(
1 +

τ(A−B)w(z)

1 +Bw(z)

)
. (2.2)

Proof: Let f ∈ Rτ
γ(m, p,A,B). Then there exists an analytic function w(z) satisfying w(0) = 0, |w(z)| <

1, such that from class condition (1.3), we have

1 +
1

τ
(F (p,m, γ; z)− 1) =

1 +Aw(z)

1 +Bw(z)
(z ∈ D) ,
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where the function F (p,m, γ; z) is given by (1.4), hence for z ̸= 0,

f (m−1)(z) + γzf (m)(z) =
(1 + γ(p+ 1−m))p!

zm−p−1(p+ 1−m)!

(
1 +

τ(A−B)w(z)

1 +Bw(z)

)
. (2.3)

In case γ ̸= 0, equation (2.3) may be given by

1

γ
z

1
γ −1f (m−1)(z) + z

1
γ f (m)(z) =

(1 + γ(p+ 1−m))p!

γzm−p− 1
γ (p+ 1−m)!

(
1 +

τ(A−B)w(z)

1 +Bw(z)

)
or, (

z
1
γ f (m−1)(z)

)′
=

(1 + γ(p+ 1−m))p!

γzm−p− 1
γ (p+ 1−m)!

(
1 +

τ(A−B)w(z)

1 +Bw(z)

)
. (2.4)

Integrating equation (2.4), we obtain equation (2.1), which proves the result for γ ̸= 0. For the case when
γ = 0, we obtain from equation (2.3), the expression (2.2). 2

We now give coefficient condition for f ∈ Rτ
γ(m, p,A,B).

Theorem 2.2 If f ∈ Rτ
γ(m, p,A,B) given by (1.1), then

|an+p| ≤
p!(1 + γ(p+ 1−m))(n+ p+ 1−m)!|τ |(A−B)

(p+ 1−m)!(n+ p)!(1 + γ(n+ p+ 1−m))
(n = 1, 2, ....). (2.5)

Proof: Suppose that f ∈ Rτ
γ(m, p,A,B) and let

h(z) = 1 +
1

τ
(F (p,m, γ; z)− 1) = 1 +

∞∑
n=1

hnz
n, (2.6)

where F (p,m, γ; z) is given by (1.4). From the class condition (1.3), it follows that

1 +

∞∑
n=1

hnz
n ≺ 1 +Az

1 +Bz
= 1 + (A−B)z − (A−B)Bz2 + ... . (2.7)

Application of the Rogosinski result [17] to the above equation (2.7) yields

|hn| ≤ A−B (n = 1, 2, · · · ).

In view of (1.2) and (1.4), we obtain from (2.6), that

hn =
(p+m− 1)!

τp!(1 + γ(p+ 1−m))

(n+ p)!(1 + γ(n+ p+ 1−m))

(n+ p+ 1−m)!
an+p.

Hence, we get

|an+p| ≤
p!(1 + γ(p+ 1−m))(n+ p+ 1−m)!|τ |(A−B)

(p+ 1−m)!(n+ p)!(1 + γ(n+ p+ 1−m))
(n = 1, 2, ....)

which proves the desired result (2.5). 2

Theorem 2.3 Let f ∈ Ap of the form (1.1) satisfies

∞∑
n=1

(n+ p)!(1 + γ(n+ p+ 1−m))

(n+ p+ 1−m)!
|an+p| ≤

(A−B)|τ |p!(1 + γ(p+ 1−m))

(1 + |B|)(p+ 1−m)!
, (2.8)

for 0 ≤ γ < 1, 0 ̸= τ ∈ C and m, p ∈ N. Then f ∈ Rτ
γ(m, p,A,B).

Result is sharp for the function fn given by

fn(z) = zp +
(A−B)|τ |p!(1 + γ(p+ 1−m))(n+ p+ 1−m)!

(n+ p)!(p+ 1−m)!(1 + γ(n+ p+ 1−m))(1 + |B|)
zn+p (n ∈ N) . (2.9)
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Proof: To prove f ∈ Rτ
γ(m, p,A,B), it is sufficient to verify the condition (1.5). Let us suppose that

κ = |F (p,m, γ; z)− 1| − |(A−B) τ − (F (p,m, γ; z)− 1)B| ,

where F (p,m, γ; z) is given by (1.4) and hence,

|F (p,m, γ; z)− 1| <
(p+ 1−m)!

p!(1 + γ(p+ 1−m))

×
∞∑

n=1

(n+ p)!(1 + γ(n+ p+ 1−m))

(n+ p+ 1−m)!
|an+p| .

Thus,

κ ≤ |F (p,m, γ; z)− 1| − (A−B) |τ |+ |(F (p,m, γ; z)− 1)| |B|
= |F (p,m, γ; z)− 1| (1 + |B|)− |τ |(A−B)

<
(1 + |B|)(p+ 1−m)!

p!(1 + γ(p+ 1−m))

×
∞∑

n=1

(n+ p)!(1 + γ(n+ p+ 1−m))

(n+ p+ 1−m)!
|an+p| − (A−B)|τ | ≤ 0.

Since the inequality (2.8) holds, which proves the desired result. The sharpness of the result (2.8) can
easily be verified for the function fn(z) given by (2.9). 2

Next we discuss various mapping results involving the class Rτ
γ(m, p,A,B). For this we define classes

Sp,λ and Cp,λ as follows:

Sp,λ =

{
f ∈ Ap :

∣∣∣∣zf ′(z)f(z)
− p

∣∣∣∣ < λ (λ > 0; z ∈ D)
}
.

Let Cp,λ denotes the class having the functions f ∈ Ap such that whenever f ∈ Cp,λ,
zf ′

p ∈ Sp,λ. Note
that the sufficient conditions for f ∈ Ap to be in the function classes Sp,λ and Cp,λ are

∞∑
n=1

(λ+ n)|an+p| ≤ λ (2.10)

and
∞∑

n=1

(λ+ n)(n+ p)|an+p| ≤ λ, (2.11)

respectively.
Note that the class Sp,λ (Cp,λ) is a class of starlike (convex) functions f ∈ Ap of the order p − λ,

where p− 1 < λ ≤ p.
Next result provides a mapping result for the operator W given by (1.7), to map Rτ

γ(m, p,A,B) onto
itself.

Theorem 2.4 LetW be given by (1.7). If Ai > 0(i = 1, ..., r), Bi > 0(i = 1, ..., s) such that 1+
∑s

i=1Bi−∑s
i=1Ai = 0,

∏s
i=1 Bi

Bi∏r
i=1 Ai

Ai
= 1 and 0 ̸= ai ∈ C (i = 1, ..., r) , bi ∈ C

(
Re(bi)
Bi

̸= 0,−1,−2, ...; i = 1, ..., s
)
with

the condition
s∑

i=1

Re(bi)−
r∑

i=1

|ai|+
r − s

2
>

1

2
,

the inequality ∏s
i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

rψs

(
(|ai| , Ai)1,r

(Re(bi), Bi)1,s
; 1

)
≤ 2 + |B|

1 + |B|
(2.12)

holds, then W : Rτ
γ(m, p,A,B) → Rτ

γ(m, p,A,B).
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Proof: Consider f ∈ Rτ
γ(m, p,A,B) be of the form (1.1). To show Wf(z) given by (1.8) belongs in the

class Rτ
γ(m, p,A,B), in view of the condition (2.8) of Theorem 2.3, we need to show that

S1 :=

∞∑
n=1

(p+ 1−m)!(n+ p)!(1 + γ(n+ p+ 1−m))

p!(1 + γ(p+ 1−m))(n+ p+ 1−m)! (A−B) |τ |
|θnan+p| ≤

1

1 + |B|
.

where θn is given by (1.9) and in view of ( see in [3])

Γ(Re(a) + nA)

Γ(Re(a))
≤
∣∣∣∣Γ(a+ nA)

Γ(a)

∣∣∣∣ ≤ Γ(|a|+ nA)

Γ(|a|)

we write,

|θn| ≤
∏r

i=1
Γ(|ai|+Ain)

Γ(|ai|)∏s
i=1

Γ(Re(bi)+Bin)
Γ(Re(bi))

1

n!
. (2.13)

Since f ∈ Rτ
γ(m, p,A,B), we have from (2.5) and under the parametric conditions with the inequality

(2.12)

S1 ≤
∞∑

n=1

|θn| =
∞∑

n=0

|θn| − 1 ≤
∏s

i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

rψs

(
(|ai| , Ai)1,r

(Re(bi), Bi)1,s
; 1

)
− 1

≤ 1

1 + |B|

which proves the desired result. 2

Our next result provides a mapping result for the operator W (given by (1.7)) to map Rτ
γ(m, p,A,B)

to the class Sp,λ.

Theorem 2.5 Let the operator W be given by (1.7). If Ai > 0(i = 1, ..., r), Bi > 0(i = 1, ..., s) such that

1 +
∑s

i=1Bi −
∑s

i=1Ai = 0,
∏s

i=1 Bi
Bi∏r

i=1 Ai
Ai

= 1 and 0 ̸= ai ∈ C (i = 1, ..., r) , bi ∈ C
(

Re(bi)
Bi

̸= 0,−1,−2, ...;

i = 1, ..., s) with the condition

s∑
i=1

Re(bi)−
r∑

i=1

|ai|+
r − s

2
>

3

2
−m,

the inequality

p!(1 + γ(p+ 1−m))

λ(p+ 1−m)!

∏s
i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

×

m+r+1ψm+s+1

(
(|ai| , Ai)1,r, (λ+ 1, 1), (p, 1), ..., (p−m+ 2, 1),

(Re(bi), Bi)1,s, (λ, 1), (p+ 1, 1), ..., (p−m+ 3, 1),

(1 + γ(p+ 1−m), γ)
(2 + γ(p+ 1−m), γ)

; 1

)
≤ 1

|τ |(A−B)
+ 1. (2.14)

holds, then the operator W maps Rτ
γ(m, p,A,B) to the class Sp,λ that is, W : Rτ

γ(m, p,A,B) → Sp,λ.

Proof: Consider f ∈ Rτ
γ(m, p,A,B) be of the form (1.1). To show Wf(z) given by (1.8) is in the class

Sp,λ, in view of the (2.10), we only need to show that

S2 :=

∞∑
n=1

(λ+ n)|θnan+p| ≤ λ,
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where |θn| is given by (2.13). Since f ∈ Rτ
γ(m, p,A,B), so using inequality (2.5), we obtain

S2 ≤ |τ |(A−B)p!(1 + γ(p+ 1−m))

(p+ 1−m)!

×
∞∑

n=1

(λ+ n)(n+ p+ 1−m)!

(n+ p)!(1 + γ(n+ p+ 1−m))

∏r
i=1

Γ(|ai|+Ain)
Γ(|ai|)∏s

i=1
Γ(Re(bi)+Bin)

Γ(Re(bi))

1

n!

= |τ |(A−B)

[
p!(1 + γ(p+ 1−m))

(p+ 1−m)!

×
∞∑

n=0

(λ+ n)(n+ p+ 1−m)!

(n+ p)!(1 + γ(n+ p+ 1−m))

∏r
i=1

Γ(|ai|+Ain)
Γ(|ai|)∏s

i=1
Γ(Re(bi)+Bin)

Γ(Re(bi))

1

n!
− λ

]

= |τ |(A−B)

[
p!(1 + γ(p+ 1−m))

(p+ 1−m)!

∏s
i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

m+r+1ψm+s+1

(
(|ai| , Ai)1,r, (λ+ 1, 1), (p, 1), ..., (p−m+ 2, 1),

(Re(bi), Bi)1,s, (λ, 1), (p+ 1, 1), ..., (p−m+ 3, 1),

(1 + γ(p+ 1−m), γ)
(2 + γ(p+ 1−m), γ)

; 1

)
− λ

]
≤ λ,

if the condition (2.14) holds. This proves the theorem. 2

We next prove a mapping result for the operator W given by (1.7), to map Rτ
γ(m, p,A,B) to the class

Cp,λ.

Theorem 2.6 Let the operator W be given by (1.7). If Ai > 0(i = 1, ..., r), Bi > 0(i = 1, ..., s) such that

1 +
∑s

i=1Bi −
∑s

i=1Ai = 0,
∏s

i=1 Bi
Bi∏r

i=1 Ai
Ai

= 1 and 0 ̸= ai ∈ C (i = 1, ..., r) , bi ∈ C
(

Re(bi)
Bi

̸= 0,−1,−2, ...;

i = 1, ..., s) with the condition

s∑
i=1

Re(bi)−
r∑

i=1

|ai|+
r − s

2
>

5

2
−m,

the inequality

(p− 1)!(1 + γ(p+ 1−m))

λ(p+ 1−m)!

∏s
i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

×

m+rψm+s

(
(|ai| , Ai)1,r, (λ+ 1, 1), (p− 1, 1), ..., (p−m+ 2, 1),

(Re(bi), Bi)1,s, (λ, 1), (p, 1), ..., (p−m+ 3, 1),

(1 + γ(p+ 1−m), γ)
(2 + γ(p+ 1−m), γ)

; 1

)
≤ 1

|τ |(A−B)
+ 1 (2.15)

holds, then the operator W maps Rτ
γ(m, p,A,B) to the class Cp,λ, that is, W : Rτ

γ(m, p,A,B) → Cp,λ.

Proof: Consider f ∈ Rτ
γ(m, p,A,B) be of the form (1.1). To show Wf(z) given by (1.8) belongs in the

class Cp,λ, in view of the (2.11), we only need to show that

S3 :=

∞∑
n=1

(λ+ n)(n+ p)|θnan+p| ≤ λp,
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where |θn| is given by (2.13). Since f ∈ Rτ
γ(m, p,A,B), so using inequality (2.5), we obtain on using

condition (2.15) with the hypothesis of Theorem 2.6,

S3 ≤ p!|τ |(A−B)(1 + γ(p+ 1−m))

(p+ 1−m)!

×
∞∑

n=1

(λ+ n)(n+ p+ 1−m)!

(n+ p− 1)!(1 + γ(n+ p+ 1−m))

∏r
i=1

Γ(|ai|+Ain)
Γ(|ai|)∏s

i=1
Γ(Re(bi)+Bin)

Γ(Re(bi))

· 1

n!

= λp|τ |(A−B)

[
(p− 1)!(1 + γ(p+ 1−m))

λ(p+ 1−m)!

∏s
i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

∞∑
n=0

(λ+ n)(n+ p+ 1−m)!

(n+ p− 1)!(1 + γ(n+ p+ 1−m))n!

Γ(|ai|+Ain)∏s
i=1 Γ(Re(bi) +Bin)

− 1

]

= λp|τ |(A−B)

[
(p− 1)!(1 + γ(p+ 1−m))

λ(p+ 1−m)!

∏s
i=1 Γ(Re(bi))∏r
i=1 Γ(|ai|)

m+rψm+s

(
(|ai| , Ai)1,r, (λ+ 1, 1), (p− 1, 1), ..., (p−m+ 2, 1),

(Re(bi), Bi)1,s, (λ, 1), (p, 1), ..., (p−m+ 3, 1),

(1 + γ(p+ 1−m), γ)
(2 + γ(p+ 1−m), γ)

; 1

)
− 1

]
≤ λp,

which proves Theorem 2.6. 2

Remark 2.1 Note that if we set p = 1 and m = 2 in Theorem 2.4, 2.5 and 2.6, we get the mapping
results proved earlier by Sharma and Raina in [19] which generalizes several more results mentioned
in [19].
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