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On a New Generalized Class of p-Valent Functions and its Mapping Conditions by a
Wright’s Generalized Hypergeometric Operator

Harshita Bhardwaj* and Poonam Sharma

ABSTRACT: A generalized class R (m,p, 4, B) involving (m — 1)t" and mt" derivatives of p-valent functions
is defined and its integral representation, coefficient condition and a sufficient condition for a function to
be in this class are obtained in this work. Further, certain mapping properties of a Wright’s generalized
hypergeometric operator W f(z) related to the class RY (m,p, A, B) are investigated with the known classes
Sp,a and Cp x.
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1. Introduction and Preliminaries

Special functions are found to be very useful due to their numerous applications in different branches
of mathematics, engineering, physics etc. [13]. One of the most important function among them is
hypergeometric function which has made a major contribution in the development of analysis and has
been extensively used in geometric function theory. There have been several studies conducted thus far
in geometric function theory. Mapping properties involving some subclasses of functions are one of the
significant characterizations in the theory.

Gangadharan et al. [8] investigated mapping properties concerning some subclasses of univalent
analytic functions and established connections between these classes under Dziok-Srivastava operator.
Mapping and inclusion properties of Dziok-Srivastava operator were also obtained in [15] (see also [14],
[18] and [19]) for some other subclasses of univalent analytic functions. Study of mapping properties
have been made not only for analytic univalent functions but also for some harmonic univalent func-
tions concerning the hypergeometric functions (see in [1,2,3,4]), [10]. In [12], Raina and Sharma studied
harmonic univalent maps which involves Wright’s generalized hypergeometric functions and investigated
several properties associated with the mappings. Recently Li-Mei Wang [21] investigated mapping at-
tributes of certain hypergeometric functions. For more related works one may refer to [5], [16] and
[23].

Denote by A, the function class having p-valent functions which are analytic in D = {2z : |z| < 1} and
have series representation

—zp—|—2a”+pz (peN;zeD). (1.1)

We denote the class A = A;.
Clearly the m*" derivative of f(z) having the series representation (1.1) is
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Suppose f and g are analytic functions in unit disk D then g is subordinate to f (¢ < f) in D if there
exist an analytic function A in unit disk D satisfying |h(z)| < 1, h(0) = 0 such that g(z) = f(h(z)) for all
z € D. Further, if f is univalent, then ¢ < f <= ¢(D) C f(D) and ¢(0) = f(0).

For the functions f € A, Sharma and Raina in [19] investigated the class R7(¢) (0 <y < 1,0 # 7 € C)
which involves the first, second derivative of functions f € A and obtained mapping structures for some
known classes of functions. Motivated with the work in [19], we here define a new generalized class
R7(m,p, A, B) as follows:

1 14 Az
T A,B) = 1+ —(F 1z)—1 -1<B<A<I1 1.
R (m.p. A, B) {fEAj FLF G2 1) < T (1< B < _>}, (1)
where the function F (p,m,; z) is given by
(p+ 1m0 f (m)
F(p,m,v;z) = m m 14
oy 2) = ey @) 02 ) (1.4)

(0<~<1,0#47€C).
Clearly,

F(pamv’)/az) -1
7(A—B) — B(F(p,m,v;2z) — 1)
where the function F (p, m,; z) is given by (1.4).

Moreover f € RI(m,p, A, B) satisfies

f e R, (m,p,A,B) <

‘<L (1.5)

1 1-A
Re(1+ —(F(p,m,v;2)—1)) > ——,
(14 2FGomra) - 1) > 155
where the function F (p, m,~; z) is given by (1.4).
We now mention some special forms of the function class Rfy(m,p, A, B) studied earlier in several
papers for different values of the parameters involved. Some of them are as follows:

(1) For p =1 and m = 2, the function class R (m,p, A, B) transforms to the form RT (A, B) [19].
(2) For p=1, m =2 and v = 0, the function class Rl (m,p, A, B) transforms to R"(4, B) [7].

1Y ™

(3) Frp=1,m=2v=0and 7 = e~ 5

studied in [6].

cosa for |a| < 7, the function class R7(m,p, A, B) was

(4) Forp=1,m=2,7v=0,7=e¢ “cosa for o] <5, A=1-23, B=—-1(0< < 1), the function
class RZ(m,p, A, B) becomes R,(8) [11].

(5) Forp=1,m=2, A=1-28, B=-1(0<j < 1), the function class R](m,p, A, B) becomes
RI(B) [20].

(6) Forp=1,m=2,7=1v=0and A = —B = (3 (where 0 < < 1), the function class
R (m,p, A, B) was studied in [10].

Consider the Wright’s generalized hypergeometric function ,.14(z) (also known as Wgh function) [22]
(see also [9], [13]), which is defined as

_ (a, A\ _ s~ ITiog [(a; + nA;) 2"
e = (G BT 2) = X . (16

-, I'(b; +nB;) n!
for A; >0 =1,..,r),B; >0 =

1,...,s) such that
4> Bi—> A4, >0,a; €C (Z #0,—-1,-2,...fori =1, ...,T> ,b; € C (g #0,—-1,-2,... fori =
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1,...,5).

Note that the Wgh function ,1,(2) is entire if 1+> "7, B;—>.>_; A; > 0 and is analytlc in |z\ < T
if1+>7  Bi—> 7 ;A =0. Further, if 1+ > | B, —>.7_| A; =0and |z| = 0T thentheWgh

function ,.1)4(z) is an analytic function for

Re (Zb _Z%) S

A convolution * between f € A, having series representation (1.1) and h € A, whose series representation
is

BlBi

AA7

h(z) =2 + Z bpp2™ TP

n=1

is written as (f % h)(2)=f(z) * h(z) and is given by

f(z)xh(z) =2+ Z At pbnpz™ TP

n=1

A Wright’s generalized hypergeometric operator W : A, — A, is defined by

[[- (k)

WO = T

rs(2) % f(2), (1.7)

where ,1)5(2) is defined by (1.6).
The series expression of W f(z) (for f € A, having the representation (1.1)) is given by

Wf(z) =2F + Z Ot p2" TP, (1.8)

n=1

where P(a0dAgn)
T a; imn
[lies =7y 1
s T'(bi+Bin) nl’
[Li-: T'(b;) "

0, = (1.9)

2. Main Results

In this section, we first find an integral representation of f(™~1(z), coefficient inequality and a
sufficient condition for the function f € R7(m,p, A, B).

Theorem 2.1 If f € A, given by (1.1), then f € RI(m,p, A, B) if and only if there evist an analytic
function w(z) for which |w(z)| < 1, w(0) = 0 such that for 0 # z € D, when v # 0,

smy = 1/: (1-—7v(p+1—m))p <1+T(AB)“’(’5)> dt (2.1)

22 Jo AT (p 41— m)) L+ Bu(?)
and for v =0,
(1) ! 7(A — B)w(z)
I = T (1 T BuG) ) 22

Proof: Let f € RI(m,p, A, B). Then there exists an analytic function w(z) satisfying w(0) = 0, |w(2)| <
1, such that from class condition (1.3), we have

1+ Aw(z)

1
1+ =(F ) —1) = — %

(z€D),
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where the function F (p,m,~y; z) is given by (1.4), hence for z # 0,

m—1 m _ (1+’7(p+1 _m))p! T(A—B)U)(Z)
F R 20 ) = s T (” 1+ Bulz) ) 23)

In case v # 0, equation (2.3) may be given by

Loroipmny ot pm) ) (1+9(p+1-m))p! 7(A - B)uw(z)
Y / (&) 27 77) fyzm_p_%(erlfm)! (1 1+ Bu(z) )
or,
Lt pm-n ) (e +1-m)p! 7(A - B)uw(z)
( d ( )> fyzm_p_%(erlfm)! (1+ 1+ Bw(z) ) 24

Integrating equation (2.4), we obtain equation (2.1), which proves the result for v # 0. For the case when
~ = 0, we obtain from equation (2.3), the expression (2.2). O

We now give coefficient condition for f € RI(m,p, A, B).
Theorem 2.2 If f € R](m,p, A, B) given by (1.1), then

plI+~v(p+1-—m))(n+p+1—m)|7r|(A— B)

< —1,2,..). 2.5
[@nto] < p+1-—m)ln+p)!A+~vn+p+1—m)) (n ) (25)
Proof: Suppose that f € R (m,p, A, B) and let
1 oo
hz)=1+=(F(pmyi2)—1) =14 hn2", (2.6)
T n=1

where F' (p,m,; z) is given by (1.4). From the class condition (1.3), it follows that

> n 1+ Az
14> iz <HBZ=1+(A—B)z—(A—B)Bz2+... : (2.7)
n=1

Application of the Rogosinski result [17] to the above equation (2.7) yields
|hnl| <A—B (n=1,2,---).

In view of (1.2) and (1.4), we obtain from (2.6), that

b (p+m—1)! (n+p)!(1+7(n+p+1—m))a
"l +y(p+1—m)) (n+p+1—m)! e
Hence, we get
1+ +1—-m))(n+p+1-—m)lr|(A—-B
] < PO Lm0y Ll (A=B)
p+1-—m)l(n+p!(l+~v(n+p+1—m))
which proves the desired result (2.5). O

Theorem 2.3 Let f € A, of the form (1.1) satisfies

(A= B)lrlp(1 +~(p+1—m))
A+1B)p+1-m)! ~

o~ (n+p)!(1L+7(n+p+1—m))
> [antp] <
n=1

(n+p+1—m)!

for0<~y<1,0#7€C and m,peN. Then f € Rl (m,p, A, B).
Result is sharp for the function f, given by
(A=B)|tlpl1+~v(p+1—m))(n+p+1—m)

fn(z) = 2P + T S R[S S ey s \BDZHH) (n €N). (2.9)
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Proof: To prove f € RI(m,p, A, B), it is sufficient to verify the condition (1.5). Let us suppose that
K= |F(p,m,’y,z) - ]-| - |(A_ B)T_ (F(p7m7’772:) - 1)3‘7
where F' (p,m,~; z) is given by (1.4) and hence,
(p+1—m)!
p(I+~(p+1-m))

(n+p)!A+~yn+p+1-— »M |
(n+p+1—m)! S

|F (p,m,v;2) =1 <

HM

Thus,
K < |F(p,m,y;2) = 1| = (A= B) ||+ [(F (p,m,v;2) — 1)||B|

= |F(pm.yiz) — 1/ (14 |B]) — |r|(A — B)
(1+|B])(p+1—m)!
'ﬂ+7@+1—mD

m+p)!d+vn+p+1—-m))

x z_: (n+p+1—-—m)!

[ansol — (A= B)l7 <.

Since the inequality (2.8) holds, which proves the desired result. The sharpness of the result (2.8) can
easily be verified for the function f,(z) given by (2.9). O

Next we discuss various mapping results involving the class R;(m7 p, A, B). For this we define classes
Sp.a and Cj, y as follows:

2f'(z)
f(2)

Let Cp » denotes the class having the functions f € A, such that whenever f € C) », ZT{/ € Sp.a. Note
that the sufficient conditions for f € A, to be in the function classes S, x and Cp  are

S A:{feAp;

—p‘<)\ ()\>O;z€]]]))}.

oo
Z(/\ +n)lantp| <A (2.10)
n=1
and -
E:A+n (n 4 p)|ansp| <A, (2.11)
respectively.

Note that the class S, » (Cp.2) is a class of starlike (convex) functions f € A, of the order p — A,
where p — 1 < A < p.

Next result provides a mapping result for the operator W given by (1.7), to map RZ(m,p, A, B) onto
itself.

Theorem 2.4 LetW be given by (1.7). If A; > 0(i = 1,...,r), B; > 0(i = 1, ..., s) such that 1+ ;_, B;—

S Ai=0, BBt =1 nd0#£a;€Cli=1,..,7),b €C (Re(b 3&0 1, .;izl,...,s) with
the condmon
r—s 1
Re( i <
Z e(b ;\a | + 5 > 5
the inequality
[[i; P(Re(bs)) ( (Jail, Ai)1r > 2+ |B|
o 1) < —— 2.12
T t(ad) "\ Re(). B 1513 (212)

holds, then W : RZ(m,p, A, B) — Rl (m,p, A, B).
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Proof: Consider f € RI(m,p, A, B) be of the form (1.1). To show W f(z) given by (1.8) belongs in the
class R7(m,p, A, B), in view of the condition (2.8) of Theorem 2.3, we need to show that

,_ (p+1-m)ln+p)!A+yn+tp+1-—m)) 1
5= Z pl(l+v(p+1—m))(n+p+1—m)(A—B)|r| Brin-p] < 1+ |B|’

n=1

where 6,, is given by (1.9) and in view of ( see in [3])

I'(Re(a) + nA)

< ‘F(a—FnA)‘ < I'(Ja] + nA)

I'(Re(a)) I'(a) I'(lal)
we write,
H:: C(las |:Am) 1
10, < — et ai] (2.13)

s T'(Re(b;))+Bin) nl"
Hf:1 T T(Re(b;)) "

Since f € RI(m,p, A, B), we have from (2.5) and under the parametric conditions with the inequality
(2.12)

- S [T;_i T(Re(b:) (Jas] s A
S1<> 0= 0, -1 < RBEL Ty 1) -1
;I 7;)‘ [Tz T(fail) ( (Re(bi), Bi)1,s )

1
<
- 1+|B|

which proves the desired result. g

Our next result provides a mapping result for the operator W' (given by (1.7)) to map RZ(m,p, A, B)
to the class Sp .

Theorem 2.5 Let the operator W be given by (1.7). If A; > 0(i=1,...,r),B; > 0(i =1,...,8) such that

+ 3¢ AN _ o LB . P — ) Re(b;) .
1+, Bi—> 1A =0, A7 Land0#a; € C(i=1,..,7),b; € C (=5~ #0,-1,-2,..;
i=1 T K3

it =1,...,8) with the condition

S T
r—s _ 3
ZRe(bi) - Z|az‘| tgm > m,
i=1 =1
the inequality

P +~y(p+1—m)) [T;_; T(Re(bs))
Alp+1—m)! [Ti—i T(lad))

1/} (|a/i‘7Ai>1,7“7()‘+171)7(p71)7"'7(p_m+271)7
Tl m st (Re(bi); Bi)l,sa ()‘7 1)7 (p + 17 1)7 “eey (p —m+ 3a 1))

I+vp+1-m),7)

2+v(p+1-m),7) ’1> Smﬂ- (2.14)

holds, then the operator W maps RI,(m,p, A, B) to the class Sy that is, W : RT(m,p, A, B) = Sp x.

Proof: Consider f € RI(m,p, A, B) be of the form (1.1). To show W f(z) given by (1.8) is in the class
Sp.x, in view of the (2.10), we only need to show that

oo

So 1= > (A4 1)[fnanp] < A,

n=1
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where |0,,] is given by (2.13). Since f € RI(m,p, A, B), so using inequality (2.5), we obtain
|71(A = B)pl(1 +y(p + 1 —m))
o (p +1-— m)!
) Hr I(la;|+A;n)

o0
(A 1-— i= P 1
v Z +n)n+p+ 17 T(lai])

(n+p)!(L+y(n+p+1—m)) [T, r(fﬁ(ﬁ)(:gmﬁ

S2

p!(1+~(p+1-m))
(p+1—m)!

= |7l(A-B)

0o r T'(la;|+Ain
T A+n)(n+p+1—m)! ILizi OF(‘\aT\) b _A]

— (0 +p)!(L+9(n+p+1—m)) [];_, TEelbBin) )

P14+~ +1—m)) [T,_, T(Re(b;))
(p+1-m)! [Tizi Dlail)

¢ (|ai|7Ai)1,r7()‘+171)7(p7 1),,(p—m+271>7
ol Emds (Re(bi)aBi)l,S7()\31)7(p+ 71)’_,_’(p—m+371),

1
(I+yp+1-=m)v) )
2+vp+1-m),y) ’1> A]SA’

= [7l(A-B)

if the condition (2.14) holds. This proves the theorem. O

We next prove a mapping result for the operator W given by (1.7), to map R (m,p, A, B) to the class
Cpoa-

Theorem 2.6 Let the operator W be given by (1.7). If A; >0 =1,....,7),B; > 0(i =1,..., 5) such that
L+, B - Yo A= 0, Bl S —1land0+#a; €Cli=1,. ) b € C (Re(b 7&0 ~1,-2,.
i=1,...,s) with the condition

s

s r—s 5
;Re(bi)—2|ai|+ 3 >§—m,

i=1

the inequality
(P = DA +(p+1—m)) [T;_, T(Re(b:))
Alp+1—m)! [Tizy T(las))

7/) (‘a/il 7Ai)1,7“a (>‘ + 1) 1)7 (p - 17 1)a ceey (p -—m+ 2) 1)7
s (Re(bz)a Bi)l,sa ()‘7 1)a (p7 1)a sy (p -—m+ 3a 1)7

(I+y(p+1-m),y) . I
2+ +1-m),7) ’1> “Ha-p (2.15)

holds, then the operator W maps R7(m,p, A, B) to the class Cy x, that is, W : RT(m,p, A, B) — Cp x.

Proof: Consider f € R](m,p, A, B) be of the form (1.1). To show W f(z) given by (1.8) belongs in the
class Cp », in view of the (2.11), we only need to show that

oo

Sz =Y (A +n)(n+p)|fnanip| < Ap,

n=1
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where [0,] is given by (2.13). Since f € RI(m,p, A, B), so using inequality (2.5), we obtain on using
condition (2.15) with the hypothesis of Theorem 2.6,

plT|(A—B)(1+~(p+1-m))

53 < (p+1—m)!
y i A+n)n+p+1—m) IT, Mg 1
=t p = DI+t p+ 1 —m)) T];_ DelbotBn) -l
_ SI(A — (p—=D!A+~@+1-m)) [[;_, T(Re(b;))
= olrlta ) | PR
i A+n)n+p+1—m)! I(|a;| + A;n) 3
= mt+p— DA +(n+p+1—m)n!J[;_, T(Re(b;) + Bin)
— wlliA_ g | 2= D+ +1—m)) [Ti, T(Re(b))
L I Vs P s y A V(%)
¥ (|ai‘7A‘)1T7()‘+1 1) (p 1 1) (p_m+2 1);
merms (Re(bi), Bi)1,s (A, 1),(p,1) (p m+3,1),
(1+’y(p+1—m),7)_1 -1
2+v@+1-m),y) "’
< Ap,
which proves Theorem 2.6. O

Remark 2.1 Note that if we set p = 1 and m = 2 in Theorem 2.4, 2.5 and 2.6, we get the mapping
results proved earlier by Sharma and Raina in [19] which generalizes several more results mentioned
n [19].
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