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Estimates for Solution of Regular Elliptic Systems in Besov-Type Spaces

Halima Srhiri, Chakir Allalou and Khalid Hilal

ABSTRACT: In this paper we show that the method used in the scalar case remains true for systems and
thus gives us near-boundary a priori estimates for solutions of regular elliptic systems in Besov-type spaces
because the triebel conjecture concerning the estimates for the solutions of the problems with regular elliptic
limits in the scalar case in this spaces is completely solved.
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1. Introduction

The purpose of this paper is to give the regularity for the solutions of regular elliptical systems in
the type-Besov space B;7. So, this paper is the general case of [10,5] where the author obtained the
regularity for the solutions of regular elliptic boundary value problems in the scalar case in the spaces
BT
ngge also that the paper generalizes [9] where the author shows a priori estimates for solutions of regular
elliptic systems in BMO spaces and its local version Companato spaces.

We first mention the well-known work for Campanato’s variational systems [4] which obtained results
concerning local and global regularity for solutions v € H}(€,RY) under Dirichlet limit conditions of
second-order strongly linear elliptical systems of the following form:

> /Q < Aij(z).Djv\ D;® > dx = Z/ﬂ < filz)\ D;® > dz, VP e C(Q,RY).
i,j=1 i=1

In this work, they showed the following regularity result: ||Dv||pmo < C||fl|Bmo- That is mean if
f € BMO(£,R™™) then Dv € BMO(Q,R™V).

In this paper, we deal with inhomogeneous and non-variational systems. Take for example, the
following classical regular elliptic system of the second order

Mv=f in Q,
v|Q=¢ in I'=0Q.

With;

o M = Z|Q‘S2af{(m)Do‘

x
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where a¥ is the N x N, o = (v, ..., ) is a multi-index, Dg = Dg!..Dy is the derivation and

a; _ 1 9%
DJJJ_W dﬂ'

e v, fand ¢ are the vector-valued functions in R¥.
e Q) is an open and bounded regular domain in R¥.

A very precise choice of the indices s, 7, p, ¢ in Besov type space B, allow us to find the BMO space
and therefore the work done in [9].
We show that the method used for the scalar case in [10] to estmates the solution of degenerate elliptic
problems can be adapted for the case of elliptical systems, in addition, this work generalizes the result
of the above example to the elliptic systems in the sense of Douglis and Nirenberg [6] and to the general
spaces defined in [7] and [9]. The result proven in this work makes the objective of several applications
in geophysics more precisely in the study of Shallow waters.
The plan of the paper is the following: in the second section, we give the main definitions on Besov-type
spaces and lemmas which helped us in the proof of our main result as well as we recall some results proved
in old papers about derivatives, compactness and interpolation. In section 3, we give a characterization of
the traces at the edge of the Besov-type space as well as the main assumptions before stating the result.
Finally, section 4 deals with the main result as well as the proof of this result; we follow a method of Peetre
used in the scalar case [10]. This method consists of doing a partial Fourier transform with respect to the
tangential direction on the system of equations, and reducing our problem to an isomorphism theorem
for a system of ordinary differential operators to estimate the tangential derivatives of the solution , then
do an interpolation inequality to control the normal derivatives of the solution.

2. Mathematical Preliminaries

For our work to be meaningful, we must use a decomposition called Littlewood-Paley of utity: Denote
r=(t,2') e Rx R"1 & =(1,¢) its a dual variable and let ¢ € CS°, p > 0 such that.

p(&) =1if [¢] <1,

e(§) =0if [¢] = 2,
i.e., supp(p) C {{ € R"/[¢] < 2}.

For j € N, on pose ¢;(£) = ¢ (277¢) .
We can verifie easily that for all £ € N, we have

36,6 =

(1.1)

with 0]‘ =¥; — Pj—1-
Multiply the above equality by @ and apply the inverse Fourier transform, we obtain the formula of
nonhomogeneous partition of u € §’'(R™) :

ZAU—u—Zf [0 Fu) .

k>0
We set
. _ _ 1 4
Sj=¢ (277D, I) ¢ (277 |Dwl); S5 =0 (277 [Di),
S =8,=5," :o,
and Aj :ijSj'_l;A; :S/ ; 1,A" S”*Sj._{,
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Definition 2.1 ([10].) Let s € R, 1 < p,q < co. We denoted by B,, , the space of u € S'(R") such that
(i) Vj € N, Aju e LP(R™),
(i) ej = 29| |Ajul| Lo est dans 19.

The space By, , is associated with the norm:

1 s 1
™ (Z]>05,)q :(Z >02quA ul|7,) sigq < oo,
U

B; =l (€5); lia=
SUpj<g€&; St g =00

Definition 2.2 ([8].) Let s,7 € R, p,q € ]0,400]. The space of Besov-type is noted Bir(R™1) is the
set of all tempered distributions u € S'(R"*1) such that ||u||gs:7@n+1) < 00, with

1

el ey = 5P 1 { Sz 291 A5u(@lIE } g < o0,

By (Rn+1) = SUPp ﬁ Sup;> j+ 2Sj||Aj”vL(93)||LP(B) q = 00,
where the supremum is taken over all balls B of radius less than 2=, J € N.

For = (t,2') € R x R". We denoted by L*(R; B3 7 (R"*!)) and we not LP(B&7 (R"*!)) is the space
of functions which of LP with respect to the first variable ¢ and of type Besov B,7 with respect to the
second variable .

Definition 2.3 ([8].) Let s € R,7 > 0,0 < p,q < oo, the space of anisotropic Besov-type noted by

LP(R; By:o (R™1)) is the set of all tempered distributions u € S'(R™*") such that [|ul| Lo (r;s57 (rn+1y) < 00,
with

q

1 oi .
[lllzr oy @) = sUP s P B > 2999 Alu(a)||? q < oo,
> T+

[ull Lo r;B57 (R7)) = SHPW sup 29| | Abu(@)| | o (B, a = o0,

where the supremum is taken over all balls B of radius less than 2=, J € N.
Definition 2.4 ([10].) The classical Sobolev spaces
WhPR) ={u e LP(R); Dy € LP(R); V1 <k<t;}.

Definition 2.5 ([10].) We define the Weighted anisotropic Besov-type where the properties of differen-
tiability in the directions xi,xo, ..., Xy are different from those in the direction t by

WhP(R; ByT(R™)) = {u € LP(R; B5 L T(R™™Y)), Dfue LP(R;Bytti—F7(R" 1))},
where s ER, 7> 0,1 <p,q < +oo and 1 < k <t;. The standard practice norm in these spaces is:

HUHW)?P(R;B;;;(]RH)) = {HUHLP(R;BZZI’T(R")) + ||tu||LP(R;BZt}2=T(Rn))

+ ||tDtuHLp(R;B;j;1=T(Rn)) + ”DtuHLP(]R;Bf,;;(]R"))

Qe

+ ||tDt“HLP<R;B;:;<Rn>>} :
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Definition 2.6 ([10].) For s € R,7 >0, and 1 < p,q < +00, we not B;?;,Q,;T(R"“) defined by
B AT(RMY) = {u € ByLVT(R™Y), tDFu,tDy, Doy and tDy Dyu € By7 (R™T)}
This space is endowed with the norm:
lull g @iy = llullggiir @iy + tD}ul|37 re+1y + |[tDa; Doyl gy 7 metr) + |[EDa; Dyl 57 ety
Now, we recall some essential lemmas needed for the proof of the main results.

Lemma 2.7 ([12].) Let 1 < p < oo and let A < 0. If (aj,);j. is a sequence of positive real numbers
satisfying (a;,); € IP for any v > 1, then

p
E E 24, | < sup E a,.
5>1 \v>1 vzl >y

Lemma 2.8 ([8], [13].) Letm € N\{0}, s &R suchthat s <m ,ifve LP(R; By (R"1)), such that
D7'v € LP(R; B;;Im’T(R"’l)), then v € By 7 (R™) and 3C > 0 such that we have the following inequalitie:

o]

-1
saen S IDE U@y @) T 0@y g e -

Lemma 2.9 ([11].) 3 C > 0 such that for any € > 0 and for any v € Bf)ztj’T(R"),
[resp. Wtj’p(R,B;;;(Rnfl))] we have for any k=0, ..,t; — 1 the following inequalitie

t; =
||D5UHB;:’5]‘*W(R”) <C {5||Dt11}| BT (R T gl t ||U||B;:‘.N(Rn)} .

Lemma 2.10 (/8].) Let Cy > 0 such that for any ¢ € S(R™*L)) and there exists Cy > 0 satisfying for
any v € By (R" 1) [resp.; LP(R, BT (R™))] we have

levlls s @n+1y <Colloll Lo ®ri)llvllsg @n+1) + Cillvllgz-1, mnsr)

resp., [lovllLe@,Bs7 @) < Coll@ll Lo @rtn) |0]| Lo (miB: 7 (7))
+ClHUHLT’(R;Bf{ql’T(R"))} .

Lemma 2.11 ([8].) Let s1 < sy < s3 be three real numbers, and let 1 < p,q < oo, u < p. For any

e>0andv e BT, [resp.; LP(R; B,2T(R™)),] we get:

_ 82781
||U|‘B;?dT(R"'+1)S 58”1}”8;%‘7—(]1%"*1) + & s3—s2 ‘U”BZ}Q’T(R"Jrl)’
[ resp., ||v||Lp(R;B;?{(Rn)) S EH'UHLF(]R;B;?Q’T(]R”))

_ 527951
+e 3=z

[0l 2o (ot ) -

3. Caracterisation of Traces of Besov-Type Spaces and Assumptions

+t5,7T

For all u € By g 7" (R.), we consider t; the traces of u defined for ' € R"~! by

O'u

5ol Ir= Diu((),x’); 2 e RM!

Yu(z') =

fori =0,..,¢t; — 1
We pose v = (70,..,7,-1). Notons que ce opérateur est continue de B;:th T(RY)  vers
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tim1 8+t —1—X 7

IL Bea’ 7T (RY).

For i =1,..m4 let o; be an integer such that ¢; < —1. We put
tj*l

(Bij(@'; Dor)ov)u =Y Biju('; Do)y,
=0

The operator B;j;(«’, D,/) is a differential operator of order less than or equal to o; +t; — [.
If o; +t; — 1 <0, we pose By;; = 0.

We denote
B, = B(2',Dy)y = (Bij(2', D)) i=1,..,m4 j=1,..,N -
G+t _ tj—oi—1,
This operator is continuous from B;j,}t“T(Ri) to 253201 B;:; T T(Ri).
Consider B?j'y, the principal part of operator B, given by

B% = B2/, Dy )y = (B)Y)i=1,....m et j=1,..N-

3.1. Caracterisation of Traces of Besov-type spaces

Theorem 3.1 ([15,8]) Let t; € N\ {0}, [ €{0,....,t; —1}. Forv € Wlifc’p(RJr;B;:g(R")), the series
1

22j50 DiAgv(O, .) converges in S'(R™) and defines an element v;v belonging to B;;l_“"T(R").

In  addition the mapping v — Yyv is  continuous and  surjective  from

) S, (RN sHL= T R
WP (Ry; Bym(R™)) to Byy 7 (R™).

_1
Also, there exists an extension operator Ry from B;Zl (R to Wt P(Ry; Byo (R™)) such that

yvoRy=1Id . ,_1. .
By (R

_1
In particular, if s > 0, the operator ~y; is bounded and surjective from B;'ZQI’CT (RZ'H) to B;zl =T (R™).
Proof. For the proof, it is the same thing as in the classical case, see [8], [10].

3.2. Basic assumptions

Assumption (H1) The operator M (z; D,) is elliptic for ¢ > 0 in R:ﬁ“

V(7€) € R"\ {0}
det(MiO,j(O;glaT))l}j:l,“.,N 7é 0.

Assumption (H2) For all 2’ € R™ and £ € R™ \ {0}, the complex variable polynomial 6
P(0) = det(M;;(0;¢,0))i =1, n

admits m (£) complex roots with positive imaginary part.

Assumption (H3) Suppose the following problem for all ¢ € R"~!
MO (t,0;¢', Dy, ) v(t) =0,
B°(0,&")yv =0,
Ve H;v:1 WhP(Ry).

admits only one solution v = 0.
With MY is the principal part of the operator M.
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Corollary 3.2 [2] Under the above assumptions, we have

N N
M:[[whr®Ry) — [[W (R,

j=1 i=1
is a Fredholm operator with index equal to m..
4. Main Results
Theorem 4.1 Let s,7 be two nonnegatif numbres and 1 < p,q < co,u < p. Suppose that the hypothéses

H(1) — H(3) are holds for any compact K in ]R’_f_“. Then there exists a constant Ck such that, for
v e H;VZI Bzztj’T(Ri) with the support of is in K, we have:

o]

st gy S O {||M””H£LBZEW<R1> +”%””nm B H_%B;i,*q"j‘l’*<m>}'

H_;Vlep,q (]sz-) i=172P.q ) ” H

7T(R1_1

Proof. To establish Theorem 4.1, we will have to go through two steps: first, we will prove the
following Proposition which will allow us to give an estimate of the derivatives quasi tangential solutions,
and the second step based on a Lemma that we will state it later and will make it possible to estimate
the normal derivatives

Proposition 1 Let s,7 two nonnegative real numbers and let 1 < p,q < +00. Under the Assumptions
(H1)-(H3), for any compact set K in R1+1, there exists a constant Cx > 0, such that for any v €
H§V=1 WhP(Ry; By T (RY)) with supp(v) C K, we have:

||U||H;.V:1 Wtj’p(R_F;B;IZ(]Ri*l)) SCK {”MUHHf\fl Wfs'i'P(RJr;B;:tj'T(Ri_l)) + ||,W,UHHm:t B;;%‘*%W(Ri_l)

+Hv||H§V:1 p (R+;B;:tj*1,r(Ri_1)) } .

Proof. We are going to reduce our problem and show the proposition for a homogeneous system
of operators with constant coefficients thanks to the Lemmas 2.8, Lemma2.10 and Lemma2.11 as well
thanks to the Korn technique (See [3]).

So, we write M? = M%(D,:, D;) = (M;(0; Dy, Dy)) and B%y = B%(0, D),
with g
M{(0; Dy, D) = > al(0)Dg Df.
k"l“a/l:&i"l‘tj

Using the corollary 3.2 and like [7] and [2] , we can show that under the hypotheses H(1)-H(3)
we have , V¢ € R"71\ {0}, the operator (M°(¢’, D), B%(0,¢')y) is invertible from vazl WtiP(R,) to
HZN:I W=sP(Ry) x C™+ and if K¢ its inverse, then the mapping ¢ — K¢ is C* from R"~!\ {0}
to B(ITL, W*P(Ry) x C™+; T[}_, W4 ?(R,)) and for all multi-index a’,3 C, > 0 such that for all
¢; L <|¢] <2and for (f,9) € [N, W*P(R;) x C™+, we have

||D?' K¢ (f, 9)”1‘[;\’:1 WP (Ry) < Cuo||(f, 9)”1‘[{":1 W=si:P(Ry) (4.1)
First of all, we are going to prove that for any sufficiently large integer L > 1, there exists a constant
C > 0 such that for any ball B € R*~! of radius 277/, J € Z centered at zo € R* 1.
HU”H;V:l Lr(B;W' P (Ry))
0 0
<C {HM UHH{\’:lLP@B;W*Si’P(R”) +B 7“”1‘[:;*1 L?(2B)
B Y MR (e

v>—J+1

+ (B e LP(FU)>} ‘

(4.2)
7’”1—[5’:1 Lp(Fy;W=siP(Ry))
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7
True for any v € S(R™™1; W P(R,)) with support of the tangential Fourier transform of v is belongs
to the annulus < [¢/| < 2. With, F,

' € R 2Y < |2/ — x| <2¥T1} For this, we apply the
operator (MO(¢', Dy), B(0,£')y) to the relation:

Fo(.,¢&) =/€_iy"5/v(~7y’) dy’

to obtain the system

MO (€, Dy) Fo (&) = FMOu (&) = / e (MO) () dyf
B%(0,)7Fuv (&) = FBOy (¢) = / eV (BOu) () dy'-

We apply K¢ to the system to obtain

Fu(.,&) = /6_”’/'5/1(5' (M (.,y"), B (y)) dy'.

Let ® € CF° equal to 1 for 5 < [¢'| < 2 and, we integrate by parts with respect to &', we obtain

)= f 1+Z|Zy |2)L(I—Ag) (8. Ke (W (), B W) gyoyies

By (4.1) yeilds:

1
Il G2, wesw,) <€

| (MO (o) B ()
Rn-1 (1 + |t — y/|2)

gz, wecogescms "

Now, we integrate with respect to ' € B, we obtain

Wlo (giny, wis r (z4))

P 1/p
1 0 / 0 / / ’ ’
SC{/acleB (/y/e]Rn—l (1+|x’_y’|2)L : H(M U(-v?/)yB 7 (y ))anvz1 WP (Ry JxCMt dy) dx }

By the decomposition of R""! defined by R"7! = 2B’ Uy>_yq1 F), with
F,={a' eR":2" < |2/ — (| <2""'} and B’ = {2/ € R" : |2/ —2(| <277, J € Z}. Then

v

Ol (o wi )
1 P 1/p
/ 0 / 0 ’ /
= {/:c/eB (/23 (1 + |z’ — y'|2)LXQB (y ) ) H(M b (.,y ) By (y )) HHzN:1 TEP(Ry ) xCM W ) dl’ }

p 1/p
1
+C / E / — x[|[(M v (,y),B° ! e o dy' | dx’
{ z'eB <V>—J+1 F, (1+|:L"7y’|2)L H( U( y) i (y))an\l:lW P (Ry)xCmt Y v

The first term of the second member of the above inequality is a norm LP of a convolution product of a
function of L'(R"~!) (for large L) and a function of LP(R"~!); on the other hand, for the second term
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we notice that for 2’ € B,y € F, and |2’ —y'| ~ |z, — y'| ~ 2”. Thus we have

HUHLp(B;H;V:l W P(Ry))

< C{IM 0l oy, wosinie, ) + 1BVl s vem }

w0 B g, s
v>—J+1 v

SC{HMOUHLP(?B;HLW*Si’p(ﬂh) +||BOVUH m+Lp(2B)}+C|B|1/p Z 9-2M |, |1_,

v>—J+1
0 0 P e
!/ / /!
x (/ (M (.,y'), BOyv (y >)||H¢=1Wsi,p(R+)xcm+dy> :
y'er,
So that inequality (4.2) is proved.
U1
2
Now, let v =| = | € vazl WhP(Ry; By7 (R"1)) with suppv C K, such that K is a compact set of
UN

R . For k € N, we pose v, = A’kv(2_km); k > 1, then v belongs to vazl SR, Wti-p)
(M%Uj)k = Zk(sﬁtj)Minvi and (BO 'yvj) = 2’“(”””)3%7@%. (4.3)
We apply inequality (4.2) for each uk, k > 1, we obtain

llvk ||H;.V:1 Lp(B;W' P (Ry))

= C{HMOU’CHHN Lr(2B;W—*iP(Ry + HBO'YWHHZ':LWB) (4.4)
+ |B|1/P Z 2—21/M ‘F ‘1** (HMkaHH{\;1 LP(F,,;W’Si”’(RJr)) + ||Bo,yukHH:,;1 LP(F,,))}
v>—J+1

The operator A, commutes with the derivation then with the operator with constant coefficients M©,
so using (4.3) we have:
J
Hvk\

Mz

||kaH§V:1 Lr(BW'9 7 (R+)) — Lr(B;Wh P (Ry))

<.
Il
—

NIERINIE

<
Il
-
<
Il
<

o k‘ Lp(B;LP(Ry))

-~ ”Mw

2kn/p2—kr A/ D'r'v]

LP(Ryx2-*B)

=

mz

||M UkHHN Le(2BW =i P(Ry)) — Ly (2B;W 2P (RY))

&
Il
-

(si+t; ) MO,U])k

LP(2B;W 5P (Ry))

Il
HMZ
H'Mz ?

—8; N

= 33l |k 8 (i)

i=1 r=0 Jj=1 Lp(Ry x2-5+1B)
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and

0 _
|B 7”’“”11 ", LP(2B) ; H (B L (2B)

my || N
=[Sk (i),

=1 |lg=1 L?(2B)
m4 N
=3 2k 0/p || § 7 gkt g B0

=1 Lp(2-*+1B)

Substituting the above equalities into (4.4) yields

N tj
Z Z 2—kr

j=1r=0

I r,,J
thU‘

Lr (R x2-FB)

—5;

<C ZZ Zz kst AL DY LY 07 + Z 22 klotti+D) A BYyod

i=1r=0{[j=1 Lr(Ryx2-k+1pg)  =L[I=L Lr(2-k+1B)

—5;

N N
B 30 2 MIRITEIS S |3 2 AL D L)

v>—J+1 =1r=0||j=1 LP(R.x2-FF))

+Z 22 k(oi+t;+1) A/ BO ’YU]

==t LP(2-KF,)

If we now replace u/ by 286+t i we get:

< Zzzk(s $;—7T)

i=1 r=0

Z ALDy LY

ZZZ st+t;j—r

j=1r=0

’AkD

L?(Ry x2~kB)
LP(Ry x2-k+1B)

_1
+22k(s oi—1/p) ZAszJWU +‘B|1/p Z 2—2L/M|FV|1 1
LIJ(Q—k+1B) v>—J+1
N —s;
< SB[ sy O
i=1 r=0 L (Ry x2-KF,) Lr(2-%F,)
Hence
N tj
25 SECEURE] I
j:1 r—0 (R+X2 B)
N —s; ) m4 )
<C 2k(s—si—r) ‘AI DT MOU 2 + 216(3—(7,-—1/[)) HAI BO ” 2
- ZZ kD (MPu) Le(Ry x2-k+1B) Z e (Bhu) Lp(2-F+1B)
=1 r=0 i=1
—s;
1
+ Bl/p 9—2vM | p 1-2 2ks 8i—T) ‘A/ D'r‘ MO
B Y g[S N
v>—J+1 i=1 r=0

m .
+ Z 2k(s—ai—1/p) HA;C (BO’Y’U/y‘
=1

LP(Q—kFV)] } '
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We pose k = J + k € Zand = v — k € Z, then ball 27% becomes By, we deduce

Z Z ok(s+tj—r)p HA/ DTUJ’

== LP(Ry x Brc)
—si my
k(s—s;—7)p I yr 0 k(s—oi—1/p)p || A/ 0 i||?
30{222 A,y ()" . ;2 Al (B%yu) )

pBel [ 3 2o (-p)g

P X E § T
pn>—K+1 =

m+ 2k(s—ai—1/p) . P
LP(Fy) '

A\, DI (MOu)'

Lr(RyxFy)

| A (Bw)’
i=1 ‘FH| (n—1)p

A simple calculation yields

N i
Dp S IS
o LP(Ry xBk)
SN2 0, \i[[? S gk s—oi-1/00 | A7 (5O |I”
S—s;—T)p r ® s—o;—1/p)p || A B
<01y (M) Lp(MBKﬁZ? A B n,

N —si k(s s;—T)
+2(k K)(—2N+n— 1)p2—K/\ (Zzu —2M+(n— 1) |:

2>
m_@])p}-

i=1r=0 |Fj—rx|C=Dp 7
We pose Ay = —2M + (n— 1)(n — %) + % and multiply by ﬁ and sum for j, k > max(K™, 1),

AD; (M)’

LP(Ry X Fu— i)
D4 gk(s—0i—1/p)
+ =z

A;c (Bofyv)i

x
i=1 | Fyu—x =Dp

1

P DD  y Rl NP

k>max(K+,1) j=1r=0

LP(R+XBK)

{ ‘BK‘ Z ZZQk S—8;—T)p HA/ D'r‘ MO

k>K+ i=17r=0

Lr (R4 x2Bg)

Z Z2k(s o;—1/p)p HA/

k>K+ i=1

Sy e

E>K+ \p>1 im1 r=0 | Fpu—k| =07 S

L?(2Bk)

A, Dy (M%)

)}

LP(Ry X Fur)
Mt 9k(s—oi—1/p)

Afc (Bovv)i‘

A
K (n=1)p

i=1 P (i)
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Using Lemma 2.7 for obtain

N t;
|B1 | Z ZZQk sHt;—r)p HA/ DT‘,UJ‘
K

k>max(K+,1) j=1 r=0

L? (R4 xBg)

—Si

< ‘BK‘ Z ZZQk S—8;—T)p HA/ Dr MO

k>K+ i=1r=0

Lr (R4 x2Bg)

Z 22143(& oi—1/p)p A/ ( )1
k>K+ =1 Lr(2Bx)
ron (S 2 s e !
‘S‘Iill)kn( i=1 r=0 * L (R4 X Fu-x)

24 gk(s—oi—1/p)p

Al BO
+Z |F‘H_K‘T H k ( ’YU)

illP
(R | |

We add the terms associated with & = 0 to the left of the above inequality, and like F,,_x C Bx_,—1,
we deduce

i=1

A, D’”UJ

Z Z Z 2k(s+t —7)p

k>K+ j=17r=0

L?(Ry xBk)

—5;

< |BK| Z 22216 $S—8;—T)p HA/ Dr MO

k>K+ i=1r=0

Z ng(é oi—1/p)p

/\

LP (R4 x2Bk)

A (B™0)'|

E>K+ i=1 Lr(2Bx)
)DIED I akreseetl NP Ie |
+ sup _— HA’ Dy (M
P21 s (K—p—1)+i=171=0 Lr=0 Lr(®RyxBr—u-1)

f 9k(s—oi=1/p)p || . i
2O g (80| e
+i§:: |Fu—k| k( ,W) LP(Br—p-1) }+ 0
where
R oDy J‘
|BK| 1 r—0 LP(]R+><BK)
Taking the supremum over K and By ylelds
ZZ HDTUJHLP (R BT T @)
j=1r=0
N —s; m4 ip
T 0 0 i
{Z_:ZO Dy M Lp(JR+ Bp g S?’”(Rnfl)) +; ’(B W]) B;:Idi_fl”T(Rnl)}_FRO?
where
Ry = suplii:’A’Dr ]’ .
K.Br | Br|” =5 LP(Ry X Bx)

Finally, we have
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P 0, ||P 0
o8y oo e < O oo gy B g b+ B
(4.5)
To estimate the terms of Ry, we write
N t;
R = |&50r7] |8500]
’ j=17r=0 LP (R4 x Brk) Z LP(Ry xBg)

To estimate the first term of R | we use Lemma 2.8, we get

Mz

t;—1
S |abope |

BK| == LP(Ry X Bre)
N tj—1
< Z ||DTU]||LP R+ Bs+t T*l,T(Rn_l))
j=1r=0
N t;—1 o
SC;{ |2 U]‘LP<R+,B;;(R" M) z_:g T ’T(R"l))}
N
anZ
SCZ{EPHUJ||W%'*”(R+7 sy +Ce H”]HLP(M By (RN))}'

j=1

To estimate the second term of R we return to the equation M Oy = f

. N 1 Oé T 7 1 i
Vi=1,...,N, > im1 L%vﬁ = f*, so ZJ IZrHa’I—sﬁ-t] o (0) Dy Dy vl = fi, here fi = (M%) .
Thus

N N
Si"rtg i g ©j o Ny, g
Z sty (0) D0 = f -y > a4’ (0)D%Djv

j=1 r+‘o/|:si+tj
0<r<s;+t;—1

We apply D, * to both sides of this inequality, we get

N

N
1 tij 4 —S; i Qi ’ ’o.
E S]thﬁa (0)D/ v = D, % f* — E E aT],Jrsi’a, (0)Dg, Dy v’ (4.6)

= =l =t
7Si§’r’,§t]‘71

The ellipticity hypothesis gives that the matrix A = (a” ity ol /(0));,; is invertible. Let us put
Dfv = (Dg v’ Jio Dtf = (D! Vi,
V = ('U )74 Z] 1 Z T +|a ‘ tJ rj«‘rsi,a’(o) g’ ‘D; vja
—5;<r'<t;—1
and using (4.6), we obtain
DIv=A"'D/5f - A"V
and then

AyDIv=ATTAD; 5 f — ATTALV.
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To estimate the second term of R{, we write

1 N P
B 2 [ aeni|
=1

LP(Ry xBg)
S VS T
B 1707 PN, Le Ry xBx)
1 _S IP
=¢ {|BK|T |AGD, f|’HﬁV:1Lp(R+xBK) + |B |T ”A/VHHN L’”(R+XBK)} (47)

<C

-S p
Lo S 4 R—
of

+IIVIIT

p
”fH 1{\7:1 W—siP(Ry; By g (R 1)) HN LP(R+ B3 IT(R“ 1))}

Now, we have

VI o g e y) cz > ey

j= 1r+|a’\ =t;

<o >yl

j=10<r'<t;—1 ¢

L (5 7 (R0 )

LP R+ B —rl—1, T(Rn71)> .

In the same way as for (4.5) there is a constant C' > 0 such that Ve > 0, we have

||V||HN Lp(R+ Bé 1T(Rn 1))

<CZ{£pHD v]’

r'p
ti—nr

3
LrResBRG(RAY) A

U]HLP <R+,B sttj—1, T(Rnil)) }

Jj=1 (48)
N
i||P 1 i ||P
S CZ {Ep H’U] HWtJ"p(R_F;B;i;(R"*l)) + CE HUJHLP (R_*_;B;thj*l’T(Rn—l)) } .
j=1
Finally, by using (4.4) and (4.8)
P P
Ro <€ {”f' WP (R By (RP1)) + &Pl I WP (R85 (R 1))
(4.9)
+CL|lv||? o+t .
H ||va=1 Lr <R+ Bp+q (Rn_l))

Putting together the inequality (4.3) and choosing arbitrarily € > 0 small, we get the Proposition 1 for
the system (M, B%).

To complete the proof of Theorem 4.1, we have the following lemma to estimate the normal derivative of
solution.

Lemma 4.2 Let s, 7 be two nonegative real numbers and 1 < p,q < 400. For any compact set K in

Riﬂ there exists a constant Cx > 0, such that for any v € H S+t T (R7%) avec supp(v) C K, we
have:

s t T < s+s;,T s ﬁ s T .
||U||HN B + (Ri) — CK {”MU”Hf\;I Bptz i (Ri) + ||U||Hj\7 J P(R+ sz (Ril>)}
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Proof. Same idea of the proof of Proposition 1 we can restrict ourselves to the operator M°. First
take 0 < s < 1. We have

97 25y = = |peer| .+ | D2’ Dv .
g By (RY) k+§gtj T By (RL)
0<k<<;—1

The interpolation Lemma 2.9 gives, for k+ |o/| <t;, 0 <k <t; —1

HD:I Dk ‘ |

By (R1)
<C { HDQ‘/,vaj‘ + HD;’D%W” 1 }
Lo (R By (RP1)) Lr(Ry By, (Re1)) (4.10)

C{Hva HLP(R+ Ba“ (]Rnfl)) + HDk+1’l}]HLP(R+ B;J;‘ ’T(Rnl))}

< CHU waJ PRy BST (RP=1)) *

To estimate ||Dfv|

. . 0 _
By (R )> We return again to the equation M"v = f, to get
DI'v=A"'D;5f — A7V,

and with aid of (4.10), we have

[ [— ZHD |

BST Rn)

o Mk, j

HD’“'/ Div
k+|a’|=t,
0<k<t;—1

N .
=¢ 2:: HD;Si (Mov)l’ By (R:) i B (RL) (4.11)

N

N
<efSJor

Bya T (RY) +;ij||W"’”<R+;B§:Z(R"—l))

Then the Lemma 4.2 is proved for 0 < s < 1.

Now, for s > 0, we write s=q+r,ge N, 0 <r < 1.

We do a proof by induction on ¢. This is true for the case ¢ = 0. Assuming that the estimate of
Lemma 4.2 is true for all ¢, we show that it holds for ¢ + 1. Let K be a compact set of R, and u €

H;V 1 Byhi T (R, with suppu € K We notice that v € By, " (Ry) if and only if v/ € By, (R,)
and D, v/ € Byy” " (Ry) and Dy’v/ € B5EL7(Ry). Thus
n—1
||UHHN BL It i (rn) < C{U”HN Bt 7 (R7) +Z HDzkuHHN Bt i (r7) + HD UHHN Be+lr(Rn)}-
By the induction hypothesis, we have
0
HDﬂka”HN Bs+t ( ) < Cg {HM ’UHI_H\,:1 B;qui_H,T(Ri) + ”U”HL Wtj,p(R+;BZ:Zl,T(Rn1))} . (412)

We substitute in (4.12) v by D,,v; 1 <k <n — 1 and the coefficients of M are constant, so we obtain

N N
HDTUHHN BybT () <cC ZH(MOU)z B (k) +ZH'UJHWtj,p(R+Bgtz1,T(Rn,l)) . (4.13)
i—1 p.a j=1
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Finally, we combine the inequalities (4.12) and (4.13) in (4.11) to obtain the inequality of Lemma 4.2 for
s+1=q+ 1+ r. The Theorem 4.1 is a consequence of Proposition 1 and Lemma 4.2.

1.

10.

11.

12.

13.

14.

15.
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