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A New Structure of Random approach Vector Space

Boushra Y. Hussein™ and Alaa A. Kream

ABSTRACT: This paper is explaining the fundamental goal of A-Random approach on nonempty set if it
meets the condition. A duo (92,g) is dubbed A-Random approach space, the relationship between approach
space and A-Random approach space is clarified. We define the  g-contraction function and debate some of
its properties. We introduce the definition of A-Random approach semi group, A-Random approach group,
A-Random approach vector space and we will also discuss solve various problems.
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1. Introduction

The concept of A-Random approach (appr.) space is central to modern functional analysis, and in
recent years, applications in various other fields of mathematics have been studied in order to find and
compare their properties. Random normed space and approach space theory is important in quantitative
domain theory; there are many examples of approach structure in functional analysis, measure theory,
probability space, and approximation theory. As in the metric case. The topological space generates the
A-Random appr. space, it is called "topological," and the metric space generates the topological, it is
said to be "metric." " The part of the numerical data that exists carrying from the ARP-product," if
topological product compatibility with the family of underlying metric topologies, it can be retained."
The fundamental difference in existence, There is a difference between A-Random appr. and appr. spaces.
" in the reality that in an A-Random appr. space.

The A-Random appr. defines all the distances between the points," where such a point-set distance
doesn’t command to gain the two coincidentally infimum over the accounted set of all the point distances
"As in the metric case, an A-Random appr. space is defined.

Serstnev in 1962 [20] defined standard random spaces closely along the lines of standard (classical)
space theory, so he used them to study the best methods of rounding in statistics. Accordingly, we will
adopt the usual terminology and codification of the theory of random appr. spaces . In the sequel, the
theory of random normed spaces will adopt usual terminology, notation and conventions, accordingly
[2,3,8,19]. Lowen [14] found definition approach spaces were introduced in 1987. Lowen’s monographs
[10] can be used to set up an overall realization of appr. spaces. Lowen & Sioen introduced the definitions
of separation axioms in approach spaces and determined their relation to each other in 2000 and 2003
[17,15]. The distance between points and sets in a metric space were studied sue Lowen in 1989 [12].
The relationship between Functional ideas and Topological Theories are found via Lowen, Van Olmen,
and Vroegrijk in 2004 [16].
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The theory of appr. spaces, a generalization of metric and topological spaces, is based on point-
to-set distances rather than point-to-point distances. The most important motivation was to solve the
problem of a product of metric spaces infinite. Another reason for introducing approach spaces is to
unify metric, uniformity, topological, and convergence theories. Barn and Qasim [5,6] the local distance-
approach spaces is characterized, Appr. spaces, A-Random appr. spaces and compared them with usual
, appr. spaces. Colebuders, Sion,... etc [7] show that some considerable consequences on real valued
contractions. Martinez-Morenol, Rpld’an2,...etc [18] found definition the concept of fuzzy A-Random
appr. spaces as spaces popularization of fuzzy metric spaces and demonstrate a few Properties of fuzzy
A-Random appr. space.

Gutierres, Hofmann [9] calculated the concept of completeness for appr. spaces and calculated a few
properties in completeness appr. spaces. Van Opdenbosch [21] set up new isomorphic descriptions of
A-Random appr. spaces, A-Random pre-appr. spaces, convergence A-Random appr. spaces, topological
spaces, and convergence spaces, topological spaces, metric spaces, and spaces that are consistent.

Baekeland and Lowen [4] institute the measures of Lindelof and separability in A-Random appr.
spaces. Lowen and Verwulgen [10] institute define A-Random appr. vector spaces. Lowen and Windels
[11] defined an A-Random appr. groups spaces, semi-group spaces, and uniformly convergent. Lowen
[13] detail of this book A-Random appr. theory completely disband this by" presentation properly the
new two" kinds of numerically" form spaces that are" wanted: A-Random appr. spaces on the domestic
level" and united gauge spaces" on the united" level. And Hussein and Abbas [1] through which you can
find out Normed approach space. In Hussein and Saeed [18] defined the distance between two different
sets in approach normed space, topological approach Banach space. The goal of this paper is two - fold:
first, we want to put random approach group checking space in the proper perspective when random
approach vector spaces.

This paper is splitted into four divisions: In division 1, introducing the research and Preliminaries
with basic definitions. In Section 2, we introduce new definition which is called random and explains the
relationship between random space and - approach space. In Section 3, we demonstrated some properties
of §r- contractions. Section 4. We discuss convergent sequence in random appr. space with new results.
Section 5 introduced the definitions of random appr. group, random appr. semi-group, random appr.
sub-group, and solved a few examples in random appr. group, as well as introduced the definition of
random appr. vector space and proved some examples in random appr. vector space.

2. Structure of A-Random Space

Definition 2.1 A function v : [0,1] x [0,1] — [0,1] is said to a triangular norm (shortly , ¥-norm) if
the conditions that follow hold, ¥ h,l,p € [0, 1]

(1) (h,1) = (l h) (commutativity)

(12) 1 (h,1) = h (boundary condition )

(¥3) ¥ (h,p) > 1 (h,l) wherenever p > 1 (monotonicity)
(1) P (h, ¥ (,p) = ¥ (P (h1),p) (associativity)

Basic examples are the
1. Lukasiewicz ¥-norm ¢, , ¥, (h,1) = max{h+1—1,0}
2. ¢, (h,1) =hl
3. W (hyl) = min{h,l}
4. Yp (k) =min{h,l}, if max{h,1} =1

Definition 2.2 The space of each mappings H : R* — [0, 1] is said to distribution functions space
and denote VT

1. H(0) = 0andH (+00) = 1,.
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2. The set VT is partially ordered by the usual point wise ordering of functions ,that is , H < G if and
only if H (t) < G (t) for all r € R. The mazimal element for VT in this order is the distribution
function Ky given by

Ko (r) = 0, ¢fr<o0 Ko (r) = 0, if0<r<oo
O, ifrs0 0 Y TN ifr=o0

Definition 2.3 Q is non-empty set, 1 is continuous v-norm and F is a mapping from Q x Q in to M+
such that a triple (Q, F, 1), if F5, denotes the value of F at a point (x,y) € Qx K, the following condition
hold

RM1) Fypy(tr) =Ko (r) if and only if x =y, for all t >0
RM2) Fpy(r) = Fya(r)
RM3) Foo (r) Z ¥y (Fay (1), Fyz (€)), forall z,y €Q, r,e=0

The a triple (2, F, 1)) is Random metric space

Definition 2.4 Let Q be a non-empty vector space v is continuous -norm and o is mapping from
into M 7T in which, that the conditions is holding

1. 04 (r) =Ko (r) if and only ifxr =0, Vr >0
2. o (1) =0 (ﬁ), A£0,V e
3. Opqy(r+e) > (o, (r),oy(€),¥Ya,yeQre>0
The triple (Q, 0,%) is named a random normed space RN-space

Definition 2.5 Let Q be a non-empty vector space, ¥ is continuous t-norm and o is mapping from )
into V' in which, that the conditions is holding.

AR1)o, (r) =Ko (r) if and only if =0 , V¢t>0
AR2) o), (r) =0, (r), wherel\|=1,VzeX
AR3) 1m U)\I( )= Ko (1)

)

ARA4 O'w+y( +e) > (o, (r),04(e), forall z,yeX, re>0
Then a triple (2, 0,) is said to be A-Random normed space
Example 2.1 Let (€2, ]|.||z) be a L. normed spaces. Define function.

{KM@,#TﬁO
oy (1) = _lml
e ,ifr>0

Hence (2, 0,1,) is A-Random normed space

Proof:

1. o (r) =1 then, e~ Sl therefor, e~ bl _ o0

the conversely, it is clear.

_IAm]| _ Il [l I
S

2. oy (r)=¢ =e  r =e v =o0,(r)
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[[Am | [A Ll 0

3. limy_so0nm (r) = limy_9e " r = limy_,ge - = ¢ = 1, t > 0, then
1im,\*>0 O\m (’I“) = KO (’I")
ml _ lnl il _ linl llml linl lml+lnl llm+nl
4. 1/)p (o'm (r)’gn (p)) = 67”7'” e r =e v p < e T .e T = e_(ﬁ) < e_(ﬁ) =
Omtn (T +P)
O
Example 2.2 Let (2, ]|.||z) be a L. normed spaces. Define function.
KO (O)a Zf t < 0
M=\ _iriso
e >
Then (2, 0,1,) is A-Random normed space
Proof:
1. oy (t) = 1 then, t+ﬁw\| =1 therefor, ||w|| = 0 hence, w = 0 the conversely , it is clear.
_ ot t _ ot
2 o (1) = mxal = &l = et = 7w (0)
3. 1im,\_>0 O \w (t) = hm)\_)o m = lim>\_>0 m = % = 1, t>0 :>lim,\_>0 O \w (t) = KO (t)
1 1 1
4. T, (oy (t),00(s)) = t+\t|w\| = T T e = t+srlr‘fu+l” =owy (t+ )
O

Example 2.3 Let (2, ]|.||z) be a L. normed spaces. Define function.

Ko (0), if t<0
o (t) = max{l,l\it”’o}, ift>0

Then(Q2, 0,%y,) is A-Random normed space

Proof:

1. 0, (t) =1 then, {1 - @70} =1 therefor, z = 0.
the conversely , it is clear.

2. oy (1) :max{l — M,O} :max{l — M,O} :max{l — @,0} = o, (t)

3. limy—0 0xe () = limy—o max{l — M,o} — limy_o max{l - M,o} —1,
t>0=— limy__.g0xe (t) = Ky (t)
0}

L+L

4. Opyy (t+s) =maxq1— letul 0} = max {1 Tt T it

t+s
= maz {1 — ||| - [|¥]

L0} = vy (00 (1), 0y ()
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3. Structure of A-Random Approach Space

Definition 3.1 Let Q be non -empty set . A function dr : Q x 2% — V7T is called distance on Q if
satisfy the following:

R1) 6 (n,{n}) = Ko (r), for any n € 2%

R2) 6 (n,0) = Koo (1), YR EQ

R3) 0r (n, EUD) =min {6r (n, E),dr (n,D)}, foranynecQ, A Bec2?
R4) orp(n,E) > og (n,Ek(t)) +k(t), forany neQ, k(t)eVt,

where E¥®) = {n € Q:0r (n,E) > k(t)}.
A pair (2, Or) where dg is distance is said to be Random appr. space .

Example 3.1 Let (2, F, 1) be RM-space. normed spaces. Define function.

W) =\_» if p>0
prw—n]> P

Then (€, F, ) is random metric space

Proof:

1. Fun (p) =Ko (p) then m = 1 therefore, w —n =0 hence w =n

2. Fun (P) = p3u=al = p#ln—wy = Fnuw (P)

— p t _ 1 1
8- Yy (Fum (P), Fra () = pamuo=ay " &=t = 1=l * 7 Tm=al
< ’17 . 17 _ p+t _ Fw (p+t)
= 1pleoel gy el ™ pttHlw—gll a

Then (Q, F, ) is random metric space.
Given a Random metric (Q, F,T},), define 7 : Q x 28 — V7 by O

o (1) = Ko (00),if A=0
’ inf Py (), if A#0

Proof: If N # 0, for all x € Q: §£ (z, {z}) = Ko(0).
1.IEN =0, 67 (2,0) = Ko(o0)
2. If N#0, forall x€Q,0r (x,0) =infyc s Fup (t) = Ko(oo)

3. f N#0, forall z€Q,N,E e 2%
oF (2,0) = infocaFuo (t) = Ko(o0) 67 (v, NUE) =inf,cnyupFaNuE ()
=min (inf,c s Faa (t),infcpFra(t)) =min( 0r (z,N),0r (z, E))

4. N =10
5]: (Z‘,@) > (5]: (.13, @) + k‘(t)
IfN # 0,
67 (z, N)infoenTua (t) > infoenFua () + k() = 67 (z, NFO) + k(t), k(t) € V*H
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4. New Results of §z-Contractions on A-Random Approach Spaces

Definition 4.1 Let (Q,0r) and (675}:{) are A-Random appr. spaces. The function 9 : Q — U is said
to be 6r —contraction if (9 (x) ,9(A)) > 6g (x, A), forallz € Q and for any A € 22.

Proposition 4.1 Let (2, dg) be A-Random appr. spaces and 9 : (2, 6r) — (,0r) then for all M, N €
29,

1. I: (Q,0r) — (Q,0R) is 6r — contraction.

2. The constant map is dg- contraction.

Proof: It is clear. O

Proposition 4.2 Let (Q,éR),(Q,é}{) and (Q,é}{) be A-Random approach spaces . The function 9 :
(975R) — (976R),

h:(Q,68) — (Q,0g)aredr — contraction.Thenh 0¥ : (Q, 6gr) — (,8g)isdr" contraction.

Proof: Let M, N € 29 then (5;(11 o9 (N),h od(M) > 6}:3( H(N),d(M)) since ¢ is - contraction ,so
Sr(I(N), 9(M)) > Sr(N, M). ,

Thus 6z(h 0 9(N), h o 9(M)) = 6r (b (I(N),h(9(M) > 6r((N),(M)) > 6zr(N,M)h o ¥ is 6p-
contraction. O

Proposition 4.3 Let (Q,0z) and (Q, 6z) be A-Random appr. spaces and 9 : (Q, 6g) — (Q, 0g) is
Or- contraction. Then the restriction 9|g is the dr- contraction for B C ).

Proof: Suppose 9 : (2, 6g) — (€, 6g) is p- contraction and B C Q. Define f : B — Q by f(n) = 9(n)
for all n € B. 5r(fn), f(A)) = Sr(9 (n),9(A)) > dr(n, A). =

Proposition 4.4 Let (;,0r;) be a family of A-Random appr. spaces that any % € I. Then, the projec-
tion pr :JI Qi — Qi is dg— contraction.

Proof: Let x; € Q;,M € P(, pr: JI Qi — Qi projection function .

Sri(Pr(z;), Pr(M)) = b6gi(Pr(zl,...,xi), Pr(Mi)) forke I
Sri((zi), (M) < (6R1((x1),M1),>< 0r2((22), M2) x ... >f<5Ri((a:i), (Mi) = [Lic; Ori([ Lics wi, [ [;c; Mi)) =
Ori(II,er i, I;c; Mi). Hence dgi(Pr(xi), Pr(M)) < 6r(]];c; i, M). Then Pr(z) is ég - contraction. O

Proposition 4.5 Let 9 : Q — Q be dgr— contraction. Then, the map contraction I X Iy : QXN — Qx N
18 Op— contraction

Proof: For all s € Q,n € N and M € 28 )

Or(¥ (2, N),9 (M, Q))) =dr (Vs)x In, 9 (m)x Iy =0 ((9s xN, ¥ (M) x N)

= mindz((9s), 9(M))), 0z (N, N) > mindg(w, M), (N, N)

= B((s,0rN), (M, N)). So '((d(w, V) £(M,V))contraction O
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5. New Structure of A-Random Approach Vector Space

Definition 5.1 We say (2 ,0r, *) is an A-Random appr. semi-group if and only if:

1. (Q,0R) is A-Random appr. space.

2. (9, %) is a semi — group.

3 x:QxQ— Q (x,y) =z *y is dg-contraction.
Definition 5.2 We say (2 ,dg, *) is A-Random appr. group if it satisfies:

1. (Q,0R) is A-Random appr. space.

2. (9, %) is group.

3 x:QxQ— Q (x,y) =z *y is dg-contraction.

4. N:Q = Q,x— —x is dg — contraction.

Definition 5.3 (A-Random approach sub — space): A subset B of A-Random approach vector space over
the field 1 is called A-Random approach subspace if satisfy the following

1. B subspace of vector space (2,4, .).

2. (B,dr) A-Random approach space

Proposition 5.1 Let R be set of real number and (R"™, dgr) is A-Random approach space with usual
distance

Proof: (R",dr,+) is A-Random approach group with usual distance and addition for ¢ = 1,...,n For
all z € R" for all M € 27"
Op: 28" x 28" 5 Vvt define as:

infy, ent Fayy (t), M #0D

on A0 = {Ko (00), M =10

1. We will prove (R™, dr) A-Random approach space

(a) M #0, for all (x1,22,.....,2,) € R™
Or (z,{z}) = infoeaFu,a(t) = inf iy i, o (t) =Ko (t), forall, i=1,2,....,n
IfM =0, 6r (2, M) = infyecp Fu 0 (t) = Ko(t)

(b) or (xi’ (Z)) = inf@e]\/f}-zi,@ (t) = an ((‘7::131,@ (t) a]:zz,@ (t> yeoe 7]:zm@ (t)) = Ko(t)

(c) Og(vs, MUB) = infa,ieMuB]:xi,ai (t) < min (infaieM (]:a:i,a (t) yFzia (t)))
= min (infaieM}"% a(t),inf, epFe, a (t)) = min (0g (z;, M), 0g (z;, B))

(d) or (zi, M) = infaieM]:wi,a (t) > infaieM}—zi,a (t) +g(t) =0r (wiv Mg(t)) +9(1)
Then (R™, ér ) is A-Random approach space

2. Tt is clear (R", x) is group with usull addition.

(a) 6;3 (x +y,M+B) = infaeM7beB]::vi+yi,a+b (t> > infCLEM]:Ii,a (t) =+, infaieB]: ib (t)
=0R (i, M) + R (yi:B) )
Or (f (x), f(M)) =6p(—x,{—m}) = infmemF—z,—m (t) = inf _merFem (t) = 0r (w, M)

Therefore, the inverse function is §g-contraction that is (R"™, dr, +) is A-Random approach group
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Proposition 5.2 Z be a set of all integer numbers, then (Z,0r, *) is A-Random appr. group with the
usual addition

infy, ep Fap(t), B#0

or (@, B) = {Ko(oo), B=0

Such that 6p : 2% x 22 — VT

Proof:
1. We will prove (Z,dr ) A-Random appr. space

(a) B#0, forallz €Z

Or (z,{z}) = infrepFup (t) = infoeayFa, b (t) = Ko (t)
If B=0,6r(x,M) =infgcpFe, 0 (t) = Ko(t).

(b) Or (2,0) = infoepFop (t) = inf ((Fup (t) = Ko(t).

(c) dr(r,MUB) = infyenrupFab (t) < min (infpenr (Fap (1) s Faup (1))
=min (infyeprFap (t),infrepFap (t) = min (0r (z,

)
(d) 6r (z,B) = infrepFa, v (t) 2 infrepFap (t) +9g(t) =0
Then (Z,dr) is A-Random approach space.

2. Tt is clear (Z, *) is group with usual addition.

(a) 5;% (f (x,y), f (Ma B)) = 5;% (55 +y, M+ B) = infaeM7beB~7:$+y, a+b (t)
Z Z.nfaera:, a (t) "‘JnfbeB]:y, b (t) = 6R (va) + 5R (y7B)

Sk (f (2), f (M)) = 0r (—z, {-m}) = infcnrFea, —m (t) = inf _persFo, m () = 6r (x, M)

Hence, integer numbers with the usual addition is A-Random approach group

Definition 5.4 Let (Q,0g, *) be A-Random approach group and B C Q. Then, (B, g, *) is said to be
A-Random approach sub- group, if satisfy:

1. (B,ép) is A-Random approach space.
2. (B, ) is sub- group.
3.9: BxB— B uwithd(z,y) =x*y ! is Sg-contraction.

Proposition 5.3 Let Z be the set of all integer numbers and sub set of R with usual distance dg ,

Or (x, M) = {Ko(oo), M=10

Then (Z, g, +) is A-Random approach sub- group.

Proof: (Z, dg,+) is A-Random approach space (it is clear).
And (Z,+) is sub group of (R, +).

1. (Z,0g) is A-Random approach space
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We will prove + : Z X Z — 7, (n, m’l) — n — m is dg-contraction

IfN = 0, B=10 )

5R(f(x’y)af(N7B)) = 6R(x_yaN_B) > min{éR(x_yaN)’(SR(x_yvaBC)} :K()(t)

IfEN#0

6R (JZ - yvN - B) /: 7:nfaeN,b,eB]:acfyf(a —b) (t) > Z'nfaeN,bEB‘/—_va:faJr(fy —b) (t) = infaeN]:x—a (t) +
infrepF—(y+v) = Or (x,N) +dr (y, B)

Thus is6}g-contraction.

Then (Z, g, +) is A-Random appr. subgroup .

Definition 5.5 Let Q) be a non-empty set with binary operations: addition and scalar multiplication,
Or is distance on Q. We said (2,0, *,®) to be A-Random approach vector space if satisfy: A-Random
approach.

1. (Q, 6g *) is A-Random approach group.

2. a.a € Q.

3 ala+ b)= aa + ab forala € F foralla, b €.

4. (a+ba =aa+ba forala € F foralla, b €.

5 (M a)a= X(a.a), foralla e Qand A\, o € F .

6. ©: FxQ—Q06(q, a)=a.ais dg — contraction .

7. a=a,a €}

Proposition 5.4 The Fuclidean space. (R™,0r,+) with usual distance ér, addition and scalar multipli-
cation ® is A-Random approach vector space.

Proof: (R™,ér,+)) is A-Random approach group with usual distance and addition for ¢ = 1,...,n For
all X € R*, M € 28" (R", 6r ) A-Random approach space

1. It is clear xx x; € R"™.

2. (S,R (zi +yi;, N+ B) = mfaeN,bermierjf(aer) (t) :/infaEN,bEB]:ii‘f’yi*a*b (t)
> infaeN-in—a (t) + Z.nfbeB]:(yifb) =0gr (mi, N) +0gr (yi, B)

w

() x=xp o<y o
4. (x B)x; = a(Bx;).

Then (R™, dgr, +) is A-Random approach vector space O

Proposition 5.5 If/is A-Random approach vector space, then/Nis vector space.

Proof: The proof is straight forward. According to definition of A-Random approach vector space,
Xsatisfy the condition of vector space. O
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