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A study of x—Ricci solitons in the framework of trans-Sasakian 3-manifolds

Abdul Haseeb*, Doddabhadrappla Gowda Prakasha, Aysel TURGUT VANLI and Mohd Bilal

ABSTRACT: The purpose of this work is to study *—Ricci solitons in trans-Sasakian 3-manifolds. First,
+—Ricci solitons in trans-Sasakian 3-manifolds admitting cyclic n—recurrent Ricci tensor, and the curvature
condition R - @Q = 0 are considered. Furthermore, the manifolds admitting *—Ricci solitons obeying certain
conditions on the projective curvature tensor are being inspected. Finally, we construct an example of trans-
Sasakian 3-manifolds and proved that x—Ricci soliton on a trans-Sasakian 3-manifold is steady.

Key Words: *—Ricci solitons, Projective curvature tensor, Einstein manifold, Trans-Sasakian man-
ifolds.

Contents
1 Introduction 1
2 Preliminaries 2
3 *-RS in an M? admitting cyclic n-recurrent Ricci tensor 4
4 x-RS on M? satisfying R-Q =0 5
5 *-RS on M? satisfying Q-P =0 6
6 *-RS on M? satisfying P(£,(1)-S =0 7
7 p—projectively flat trans-Sasakian 3-manifolds admitting *-RS 7

1. Introduction

The study of Ricci soliton (in short, RS) is of great importance due to its wide spread usage in
quantum field theory, cosmology, general relativity, string theory, etc. A RS on a Riemannian manifold
(M, g) is specified by [13]

£eg+2A4g+25 =0, (1.1)

where S and £ mean the Ricci tensor and the Lie derivative operator along the vector field ¢ on M,
respectively; and A € R (the set of real numbers). Since for ¢ = 0, the equation (1.1) reduces to the
Einstein equation, that’s why, an Einstein manifold is a particular case of RS. The nature of RS depends
on the values of A, according to A > 0: expanding soliton; A < 0: shrinking soliton; and A = 0: steady
soliton.

The concept of *—Ricci tensor on almost Hermitian manifolds was proposed by Tachibana [25], and in
the following years this concept began to be widely used in the fields of physics and mathematics. Further,
Hamada [12] defined and studied the *—Ricci tensor of real hypersurfaces in the non-flat complex space
forms, while in contact metric manifolds *—Ricci tensor defined by Blair [3] is given by

S*(C1,¢2) = 9(Q"C1, ¢2) = Trace {p o R((1, ¢C2)} (1.2)

for any vector fields (1, (s on M, where S* is a tensor field of type (0,2) and Q* is the *—Ricci operator.
Recently, x—Ricci tensor on aw—cosymplectic manifolds was studied in [1].

In [22], Oubina defined a new class of almost contact manifolds called “trans-Sasakian manifold” with
the product manifold M x R belonging to the class Wy. The local structures of trans-Sasakian manifolds
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was carried by Marrero [21]. It is to be noticed that the trans-Sasakian structures of kind («,0), (0, 5)
and (0,0) are a—Sasakian [18], S—Kenmotsu [18] and cosymplectic [2], respectively.

Definition 1.1 [19] A Riemannian metric g on an (M, g) is called a x-Ricci soliton (in short, *-RS) if

(£e9)(C1, G2) +25%(C1,5 G2) +249(C1,62) =0 (1.3)
for all (1,(5 on M.

An abundant of work on RS has been carried out by various geometers in several ways to a different
extent, for instance, we refer to the papers [4,5,7,8,9,11,14,15,17,20,23,24,26] and the references therein.

In this study, we handle the scrutiny of a trans-Sasakian 3-manifold admitting a *-RS. The article is
unfolded as follows: Preliminaries on trans-Sasakian 3-manifolds are the focus of Section 2. In Section
3, we confer the *-RS in trans-Sasakian 3-manifolds having cyclic n—recurrent Ricci tensor and cyclic
parallel Ricci tensor. Section 4 deals with the study of *-RS in trans-Sasakian 3-manifolds satisfying the
curvature condition R - @ = 0. Sections 5 and 6 are dedicated to confering the %x-RS in trans-Sasakian
3-manifolds confessing the constraint of curvature conditions @ - P = 0 and P(&, (1) - S = 0, respectively.
In section 7, we have shown that a ¢p—projectively flat trans-Sasakian 3-manifold admitting *-RS is an
Einstein manifold and the Ricci soliton is steady. At last, we model a trans-Sasakian 3-manifold example
which helps to examine the existence of *-RS on the manifold.

2. Preliminaries

A manifold M?"*! (dimension M = 2n + 1) is said to be an almost contact metric manifold if there
is a (1,1) tensor field ¢, a vector field £, a 1-form 7 and g is a Riemannian metric (compatible) such that

2]
©?C =~ +n(C)E nE) —1=0, (2.1)
9(pC1, 9C2) = g(C1, C2) — n(C1)n(C2), (2.2)

for all (1, € x(M?"*1); where x(M?"+1) is the Lie algebra of vector fields on M?"+1. In addition, we
have

€ =0, n(p¢) =0, g(¢1,8) =n(C) (2.3)
The fundamental 2-form ® of M?"*! is defined by
P(C1,G2) = 9(C1, ¥¢2) (2.4)

for any (1, (o € x(M?"+1).

A structure (p,&,7m,9) on M1 is known as a trans-Sasakian structure [22], if (M?"*!1 x R, J, G)
belongs to the class Wy [10], where J is the almost complex structure on M?"+1 xR demarcated by smooth
functions f on M?"*1 x R and J((1, f%) = (1 — ff,n((l)%) for all ¢; on M?"*!, The condition that
might be used to express this is as follows:

(Ve p)Ca = a(g(Cr, ()€ — n(62)¢1) + Bg(pCi, (2)€ — n(C2)$C1).- (2.5)

Here, we say that o and 3 are the smooth functions on M?"*! with trans-Sasakian structure is of type
(o, B). From (2.5), it follows that

V& = —ap + B(C —n(C1)8), (2.6)

(V)G = —ag(ei, C2) + Bg(eCi, ¢¢2), (2.7)

where V stands for the Levi-Civita connection of g.
In a trans-Sasakian 3-manifold (say M?), we have [6]

R(C1,6)6 = (& =B (0(G)¢ — n(¢1)éa) (2.8)
+2aB(n(C2)eCt — n(¢1)ele)
+(C)pCi — (Cra)pta
+(B)9*G — (1B Ca,
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R(&.C)¢ = (&= B%)(9(¢r, )€ —n(C2)) (2.9)
+2a8(g(pC1, C2)€ — n(C2)¥C1)
+(Ca)pC1 + 992, G1)(grad a)
+(G28)(G1 — n(€1)€) — g(pCi, pC2)(grad B),
208 + o = 0, (2.10)
S(C1,6) = (2(a® = 82) = €8)n(C1) — 1B — (p6i)a, (2.11)

where R and S represent the curvature tensor and the Ricci tensor of M3, respectivelty. Moreover, in an
M3 of type (a, 3), we have [6]

grad 8 = p(grad a). (2.12)
For constants a and 3, we obtain from (2.10) and (2.12) that
R(EC)G = (@ =B)(9(¢, )€ —n(G)), (2.13)
R(EG)E = (@2 =B)(0(G)E -G, (2.14)
R(¢i, )¢ = (o =B (0(¢)G —n(¢)é), (2.15)
N(R(C1,¢)G) = (o = B7)(9(C2: G)n(6r) — 9(G, G)n(a)), (2.16)
S(¢i,€) = 2(a® = B (G), (2.17)
(£e9)(C1, G2) = 2B(9(C1, ¢2) — n(C1)n(C2)) (2.18)

for all ¢1, (a2, (3 € x(M3). In the paper, throughout we consider o = 3 =constant.
Definition 2.1 [27] An M3 is said to be an n-Einstein if its S is of the form
S(C1,C2) = 019(C1, C2) + a2n(C1)n(C2),
where o1 and oy are smooth functions on M3. Furthermore, M3 is said to be an Einstein if o3 = 0.

Definition 2.2 [27] The projective curvature tensor P in an M? is defined by

P(G1yG2)Gs = (G, G2)Gs — 515G, GG — S(G1, o)) (219)

where (1,(2,(3 € x(M?3).
Now, we recall the results of Haseeb et al. [16] obtained on a trans-Sasakian 3-manifold admitting *-RS
(9,€,4):
Lemma 2.1 [16] In an M?, the x-Ricci tensor S* is given by
S*(CryG2) = S(C1, G2) = (@2 = B)g(Cr, G2) = (a2 = B*)n(Cr)n(Ca) (2.20)
for any C1, ¢ € X(M3)~
Theorem 2.1 [16] An M? admitting x-RS (g,&, A) is an n-Einstein manifold of the form
S(Cri ) = (0® = 52 = B = M)g(Cr, G2) + (0 = B2+ B)n(C)n(Ce) (2.21)
and the x-Ricci soliton is steady.
By contracting (2.21), we find the scalar curvature
r=4a? — 487 — 28 — 3A. (2.22)
Again from (2.21), we obtain
QG = (o = % = B = NG + (o® = B2 + B)n(Cr)E, (2.23)
where @ is the Ricci operator related with S by g(Q¢1, () = S(¢1, ().
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3. RS on an M? admitting cyclic n-recurrent Ricci tensor

Definition 3.1 An M3 is said to admit cyclic n-recurrent Ricci tensor, if the following relation holds on
M3:

(Ve S) (€2, G3) + (Ve 9)(C3, 1) + (Ve S) (€, C2) (3.1)
=n(¢1)S(C2, G3) +1(2)S(C3, 1) +n(¢3)S(C1,C2)

for all (1, ¢a, C3 € x(M3).

The covariant differentiation of (2.21) respecting to (; leads to

(Ve 8)(G2: Ga) = (o = B2+ B{(Veum) (&2)n(Gs) +0(G) (Veum) (Gs) - (3-2)

By using (2.7) in (3.2), we have

(Ve 9) (G, G) = (o = B2+ B){—ag(eCi, &)n(Cs) — ag(er, (3)n(C) (3.3)
+B9(pC1, 9C2)n(Cs) + Bg(pCi, 9Cs)n(C2) }-

If the manifold M? has cyclic n-recurrent Ricci tensor, then in view of (2.21) and (3.3), the relation (3.1)
takes the form

{28(a”® — B2+ B) — (o® — B2 = B — M) Hg(Ca, G3)n(C1) + 9(C1, G3)n(Ca)
+9(C1,G)n(¢s)} — {(68 + 3)(a® — B2 + B)In(C)n(C2)n(¢s) =0,

which by putting ¢ = {5 = £ and using the equations (2.1) and (2.3) reduces to
(2(a? = 5%) = An(¢i) = 0.

This gives
A=2(a? - B2), (3.4)

where 7((1) # 0. By means of the fact that, in an M3 the *-RS is steady, that is, A = 0, we obtain from
(3.4) that a = £. Therefore, we have the following theorem:

Theorem 3.1 Let an M? admit x-RS. If M has a cyclic n-recurrent Ricci tensor, then o = £3 on M?3.
Next, we consider that if M3 admits cyclic parallel Ricci tensor, then (3.1) reduces to
(Ve 9)(C2,G) + (Ve 9)(C3,¢1) + (Ve 5)(C1, G2) = 0. (3.5)
In view of (2.2) and (3.3), (3.5) leads to
26(a? = 8% + B){g(¢1, G2)n(Cs) + 9(C, G3)n(C2) + 9(Ca, G)n(G) = 2n(G)n(C)n(¢s)} = 0.
Putting {3 = £ in the foregoing equation, we have
26(a” = 8% + B)g(pC1, pC2) = 0.

Thus, we have either B=00r a2 - 32+8=0 = a=F=0,ora=0,8=1 (where g(¢C1,p¢2) # 0).
Therefore, we have the following corollary:

Corollary 3.1 Let an M3 admit *-RS. If M3 admits a cyclic parallel Ricci tensor, then either M3 is an
a-Sasakian or cosymplectic or Kenmotsu manifold.
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4. *-RS on M? satisfying R-Q =0
Let an M3 admit »RS and satisfies the condition (R((1, (2) - Q)¢3 = 0. Then, we have

R(G1,¢2)QG — Q(R(C1,¢2)¢3) =0 (4.1)

for all (1, (2, (3 € x(M?). In view of (2.23), from (4.1), we have either a® — 32 + 3 =0, or

n(R(C1,¢2)¢3)€ — n(C3)R(C1, (2)§ = 0. (4.2)

Since, in a 3-dimensional Riemannian manifold, the conformal curvature tensor vanishes. Thus, the
curvature tensor R can be expressed as

R(C1,¢2)¢3 = 9(¢2,3)Q¢ — g(C1,¢3)QC + S(C2,¢3)¢1 — S(C1,(3)C2
—g(Q(Cm (3)C1 — 9(C15¢3)G2)-

Utilizing (2.21)-(2.23) in the last equation, it follows that

RGG)Gs = (-6 560G 6)G — (6, G)6) (4.3

+(a? = 82+ B)(n(¢2)n(Cs)¢r — n(C)n(¢s)C2)
+(0® = B2+ B)(g(Ca: GIn(Cr)E — g(Cr, G3)n(¢2)8),

from which, we find

n(R(¢1,¢2)Cs) = (a® — B2 — g)(g(C%Ca)??(Cl) — 9(¢1,G3)n(¢2)), (4.4)

R(G, G)E = (02 = 57— D)(0(G2)G — n(G)a). (1.5

Now using (4.4) and (4.5) in (4.2), we have

(0% — 8 — D)(alCa. GG — 9(Cr CoIm(Ga)e (16)
—n(C2)n(¢3)¢1 +n(¢1)n(¢s)¢2) = 0.

Replacing (3 by ¢2(3, (4.6) turns to

(0% — 8 — D)(alCr NG — 9(Cor CI(G)E) = .

which on replacing (> by & takes the form

(0% — 8% — )(0(C. e~ n(Cn(G)E) = 0. (@7
By contracting (4.7), we get
(a® — 2% — %) =0. (4.8)

Since, *-RS in an M? is steady, we find from (4.8) that o = 4. This helps us to state the following
theorem:

Theorem 4.1 Let an M3 admit x-RS. If M? satisfies R-Q = 0, then o = =3 on M?3.



6 A. HaseeB, D. G. PrRAKASHA, A. T. VANLI anD M. BILAL

5. RS on M? satisfying Q- P =0
Let an M? admit *-RS and satisfies the condition @ - P = 0. Then, we have

Q(P(C1,62)C3) — P(QC1, (2)Cs — P(C1, QC2)¢3 — P(C1,(2)Q¢ =0 (5.1)
for all (1, (2, (3 € x(M?3). In view of (2.19), (5.1) leads to

Q(R(C1,¢2)¢3) — R(QC1, C2)¢3 — R(C1,QC2)¢3
—R(1,¢2)Q% + S(C2, Q¢3)¢1 — S(¢1,QG3) G2 = 0.

Now by putting (3 = £ and then taking the inner product with £, the foregoing equation takes the form

N(Q(R(C1,£)¢3)) — n(R(QC1,€)¢s) — n(R(C1, Q)¢3) (5.2)
=n(R(¢1,€)Q¢) + S(€,Q¢)n(¢1) — (¢, Q¢)E = 0.

From (2.21), (2.22) and (4.3), we can easily find the followings:

QR OG) = (420~ B} (0” — 5 — Do(or,9G), (53

MRQGOG) = (420>~ B)H0? — 5~ D n(Gs) (54)
_(aQ - ﬁQ - g)S(CMCZ’»)v

MRG,QEG) = (420~ B} (0? ~ 5 — $)a(0r, 9. (5.

NRGORG) = —{A—2(a>~ B)}(0* — 5~ Dn(C)n(c) (56)
—(a? - p* - g)S(ChQ’,)a

S(£,Q¢) = {2(a® = B%) — A}*n(C3). (5.7)

Plugging (5.3)-(5.7) in (5.2), it follows that

§(61,Q%) = 2(0* — 5~ )S(G1.Gs). 5.9

In view of (2.21) from (5.8) we find either a® — 8% + 3 = 0, or S((1,(3) = {2(a® — %) — Apn(C1)n(Cs),
which by using the fact that *-RS in an M? is steady reduces to

S(¢1Gs) = 2(a” = B)n(Cn(Cs). (5.9)
Thus, we have the following theorem:

Theorem 5.1 Let an M3 admit x-RS. If M3 satisfies Q - P = 0, then either a®> — 324+ 8 = 0 or the
manifold is a special type of n-Einstein manifold.
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6. xRS on M?3 satisfying P(£,(1)-S =0
We consider an M3 admitting RS and satisfies the condition P(¢,¢;) - S = 0. Then, we have

S(P(&,C1)¢2,¢3) + S(C2; P(€,¢1)¢Gs) =0 (6.1)
for all (1, (2, (3 € x(M?). From (2.19), we have

P(€,¢1)¢ = R(§,C1)62 — *[ (C1,C2)€ — S(&, C2)Cul,
which by using R(¢,(1)G = (o — 8% — 9)(g(¢1, G2)é — n(¢2)¢1) and S(€, (o) = 2(a? — B2 — 4)n((2) takes

the form

A
P&, GG =~ 55(, Q)E + (0 — 7 — D)g(Gr, GIE (62)
By making use of (6.2) in (6.1), we have either a? — 3% = 0, or

A
S(¢1,¢2)n(Cs) + S(Cus GIn(Ge) — 2(a® — B2 — 5)(9((17 C2)n(Cs) +9(C1,¢3)n(¢2)) =0
which by putting (3 = £ and using A = 0 leads to

S(C1s G2) = (0 = B%)g(Cr, o).
This helps us to state the following theorem:

Theorem 6.1 Let an M3 admit x-RS. If M3 satisfies P(£,(1) - S = 0, then either a = 8 or M3 is an
Einstein manifold.

7. p—projectively flat trans-Sasakian 3-manifolds admitting *-RS

In this section, we consider a p—projectively flat M? admitting *-RS, that is, g(P(p(1, ()93, 9C4) =
0 holds on M3. Thus, in view of (2.21), we have

9(R(pC1, pC2)pCs, 9Ca) = %(5(90427 ©C3)9(¢C1, Ca) — S(wC1, v(3)g(pCa; Ca)),

which by taking (; = (4 = ¢; and summing over 7 = 1,2, we have

1 2
Zg (peis 0C2)wCs, pe;) = *Z (pC2, ©C3)g(pei, pei) (7.1)

[\

_(90617 ©(3)9(¢Ca; pei)].

In an M3, we have

2
> 9(R(pes, 9G)¢Gs, per) = S(9Ga, 9Gs) — (% = B2)g(0Ca, Ca), (7.2)
=1
2
Z glpei, pe;) =2, (7.3)
=1
2
> S(pei, 9G3)g(9Ga, ei) = S(pCa, 9Gs).- (74)

i=1
Utilizing (7.2)-(7.4) in (7.1), we obtain
S(pCas Ca) = 2(a® — B2)g(Ca, 9Ca),

which in view of (2.21) turns to (a? — 32 + B+ A)g(pCa, ¢(3) = 0, this implies A = —(a? — 32+ 3), where
g(0Ca, 0C3) # 0. By using the fact that, in M? the RS is steady, thus we have a? — 2 + 3 = 0. This
implies either « = 8 =0 or « = 0,5 = 1. Thus, we state the following theorem:
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Theorem 7.1 Let M? be a p—projectively flat M3 and admit the -RS. Then either M?® is a cosymplectic
manifold or a Kenmotsu manifold.

Example: We consider a manifold M* = {(u,v,w) € R3}, where (u,v,w) are the standard coordinates
in R3. Let g1, 02 and g3 be the vector fields on M? given by

0 0 0 0

= — 27 = — :27:.
01 8w+ Vo 2= 3, 0 £ §

Let g be the Riemannian metric defined by

g(ok, 01) = {

Let ¢ be the (1,1) tensor field on M? defined by

w1 = —02, wo2=01, po3=0.

Let 7 be the 1-form on M? defined by n(¢1) = g((1, 03) for all (; € X(M?). By applying the linearity of
o and g, we have

nE€) =1, ¢ =—C+n(G)E n(pc) =0,

9(C1,8) = n(C1), 9(eC, C2) = g(C1, CG2) — n(C)n(¢2)
for (1,¢2 € x(M?). Then, we have

[01,00] = —03, [02,03] = [03,01] = 0.

By using well-known Koszul’s formula, one can derive

1 1
leQl:O’ V9192:7§g33 v9193:§Q27
1 1
v9291:§937 Vg,02 =0, v9293:*§£’17
1 1
Vs 01 = §Q2’ V02 = _591; Vs03 =0.

It can be easily exposed that M?3 is a trans-Sasakian manifold of type (%, 0). Further, the following
components of the curvature tensor can be easily obtained:

3 1 3
R(o1,02)02 = — 701, Rler,03)e3 = jo1, Rle2,01)01 =~ 702,
1 1 1
R(02,03)C = J02. Rles,01)01 = J03, Rles,02)02 = 703

4 4 4

From these components we calculate S(ps, 03) = % Also from (2.21), we have S(o3, 03) = 2(a? — %) — A.
By equating both the values of S(p3, 03), we obtain 2(a? — %) — A = %7 which for o = % and 5 = 0 gives
A =0. Thus, a RS (g,£, A) on a trans-Sasakian 3-manifold is steady.
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