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Topological Degree Methods for Non-local Fractional p(x, .)- Laplacian Elliptic Equation

Abdesslam Ouaziz and Ahmed Aberqi

abstract: The purpose of this paper is mainly to investigate the existence of weak solutions to a class of
fractional p(x, .)- Laplacian problem as follows:{

(Ls
K)p(x,.)v(x) = λβ(x)|v(x)|r(x)−2v(x) + f(x, v(x)) in U,

v = 0 in RN\U, (0.1)

where f : U × R → R is a Carathéodory function, U is a smooth bounded domain of RN, and (Ls
K)p(x,.) is

the fractional p(x, .)- Laplacian operator. The main tool used here is the topological method introduced by
Berkovits for demi-continuous operators of generalized type (S+), which is based on transforming our problem
to an abstract Hammerstein equation.

Key Words: operator of (S+) type, quasimonotone operator, degree theory, Berkovits topological
degree, elliptic equation
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1. Introduction

Recently, great attention has been paid to the study of problems involving Laplacian operator
p(x, .)−Laplacian operator. These types of problems appear in many applications and many fields in
mathematics, such as elastic mechanics, electro-rheological, ultra-materials, phase transitions, thin ob-
stacle problems, optimization, minimal surfaces, stratified materials, game theory, constrained heating,
image processing, conservation laws, mathematical finance, stabilization of Lévy processes, flame prop-
agation, fluid potentials, population dynamics, crystal dislocation, etc. We refer to [3,12,13,17,18,19,20,
26,27,29,36] and the references therein for further details.
The purpose of this paper is to investigate the existence of non-trivial solutions for equations driven by
non-local integrodifferential operator (Ls

K)p(x,.) with homogeneous Dirichlet boundary conditions. Specif-
ically, we consider the following problem:{

(Ls
K)p(x,.)v(x) = λβ(x)|v(x)|r(x)−2v(x) + f(x, v(x)) in U,

v = 0 in RN\U, (1.1)

where λ is a real parameter positive, s ∈ (0, 1), U is a smooth bounded domain of RN, β is a suitable
potential function in (0,+∞) such that β ∈ L∞(U), r ∈ C(U, (1,+∞)), p ∈ C(U × U, (1,+∞)) with
sp(x, y) < N, we asssume p satisfies the following conditions:

1 < p− = min
(x,y)∈U2

p(x, y) ≤ p(x, y) < p+ = max
(x,y)∈U2

p(x, y), (1.2)

p(x, y) = p(y, x) for any (x, y) ∈ U2, (1.3)
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p(x− a, y − a) = p(x, y) for any (x, y, a) ∈ U3, (1.4)

f : U × R → R is a Carathéodory function satisfying the following assumption:

(H1) There exist α > 0 and 1 < q(x) < p∗s = Np(x,x)
(N−sp(x,x)) such that

|f(x, θ)| ≤ α
(
1 + |θ|q(x)−1

)
,

for a.e. x ∈ U, θ ∈ R,

where q : U → (1,+∞) is a continuous function such that r+ = maxx∈U r(x) ≤ q− ≤ p∗s, and (Ls
K)p(x,.)

is the fractional p(x, .)-Laplacian operator defined as follows:

(Ls
K)p(x,.)v(x) = 2 lim

ε→0+

∫
U\Bε(x)

|v(x)− v(z)|p(x,z)−2(v(x)− v(z))K(x, z)dz,

for all x ∈ U. Here Bε(x) is the ball of U of radius ε and center x and K(x, z) = 1
|x−z|s+Np(x,z) .

The topological degree theory is one of the most efficient methods for study the existence, uniqueness,
multiplicity, and boudedness of solutions to the non-lineair equations. The degree function has fundamen-
tal properties such as normalization, additivity, existence, and homotopie invariance. These properties
play an essential role in the study of non-linear differential and integral equations.
In 1912, Brouwer [15] first introduced a topological degree for continuous maps in the Euclidian space. In
1934, the authors [25] generalized the degree theory for compact operators in infinite dimensional Banach
space. Moreover, the authors in [16] introduced a topological degree for nonlinear operators of monotone
type in reflexive Banach space. Recently, Berkovits studied in [6] an extension of the Leray-Schauder
degree for operators of generalized monotone type. In 2015, the authors in [24] we introduce a topological
degree theory for a class of demicontinuous operators of generalized (S+) type in real reflexive Banach
spaces. Moreover, they investigated the following Dirichlet boundary problem:{

−∆pv = v + f(x, v,∇v) in Ω,
v = 0 on ∂Ω,

(1.5)

where Ω is a smooth bounded of Rn, f : Ω × R × RN → R is a Carathéodory function with f has the
following growth condition:

f(x, s, w) ≤ c(k(x) + |s|q−1 + |w|q−1),

c is a positive constant, q ∈ (1, p), k ∈ Lp
′

(Ω), and ∆p is the classical p− Laplacian operator. For more
generalization of properties of the degree topological, we recommend the papers [7,8,9,10,11,?,16,28].
The topological degree methods is based on solving the equation:

v + S ◦ Tv = 0.

This equation is called an abstract Hammerstein equation, where Y is a reflexive Banach space with dual
space Y ∗ and T : Y → Y ∗, and S : Y ∗ → Y are two monotones operators. The abstract Hammerstein
equation was studied by the authors in [39] when S is an operator lineair. Moreover, when S is quasi-
monotonne and T satisfies conditions (S+), it was treated in [6].
On the other side, attention has been paied to the study of fractional Sobolev space and nonlocal prob-
lems driven by the operator (Ls

K)p(x,.). For example, in 2017 the authors [23] first introduced type of

fractional Sobolev spaces with variable exponents W s,q(x),p(x,z)(U) defined as

W s,q(x),p(x,z)(U) = {v ∈ Lq(x)(U),

∫
U×U

|v(x)− v(z)|p(x,z)

|x− z|n+sp(x,z)
dxdz < +∞},

where s ∈ (0, 1), U is an open boubded of Rn, q ∈ C+(Ū), and p ∈ C+(Ū × Ū). Moreover, they proved

the compact embedding W s,q(x),p(x,z)(U) ↪→↪→ La(x)(U), where a ∈ C+(Ū) and a(x) ∈ (1, np(x,z)
n−sp(x,z) ) for
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x ∈ U. In addition, they used to the direct methods of calculs of variation for solve the following elliptic
problem: {

Lv(x) + |v(x)|q(x)−2v(x) = f(x) in U,
v = 0 in ∂U,

(1.6)

with f ∈ La(x)(U), a(x) > 1. Next, Bahrouni and Repovs [5] used Ekeland’s variational principale in
order to prove the existence of a solution to the following problem:{

Lv(x) + |v(x)|q(x)−2v(x) = λ|v(x)|r(x)−2v(x) in U,
v = 0 in Rn\U, (1.7)

where U is a smooth bounded domain in Rn, λ is a positive real parameter,
r(x) < p− = min(x,z)∈U×U p(x, z). Bahrouni [4] contenied the study of problem involving (Ls

K)p(x,.)
operator, but he used the sub-supersolution methods for investigate the existence of a solution to the
following equation: {

(Ls
K)p(x,.)v = h(x, v) in U,

v = 0 in Rn\U, (1.8)

where U is a smooth open bounded domain, s ∈ (0, 1), p is a continuous function, and h satisfies the
following assumption

|h(x, t)| ≤ A1|t|r(x)−1 +A2, for all (x, t) ∈ RN × R,

where r ∈ C(RN ,R) and 1 < r(x) < p⋆s(x), for any x ∈ RN . The authors [37] proved the existence and
uniqueness result of weak solutions for the fractional p(x, .)-Laplacian problem:

{
u + (Ls

K)p(x,.)(v − θ(v)) + α(v) = h in U,
v = 0 in Rn\U, (1.9)

using the classical method ( [37] Theorem 2.8 ), where h ∈ L∞(U), θ is a continuous functions defined
R to R, and α is a non decreasing continuous and real function defined on R. The novelty of this work is
to study the existence of the weak solution to following problem:{

(Ls
K)p(x,.)v(x) = λβ(x)|v(x)|r(x)−2v(x) + f(x, v(x)) in U,

v = 0 in RN\U, (1.10)

using the Berkovits topological degree for a generalized class of type (S+). The importance of this
technique is that it allows us to prove the existence of a solution to the our problem without using many
conditions on the function f such as Ambrosetti-Rabinowitz condition, convergence uniforme, and limit
uniforme. See [1,2,5,22,31,32,33,37]. It should be mentioned that the results in this paper are generalised
to papers [4,5,23,24,37].
The outline is as follows: In Section 2, we recall some mathematical preliminaries and essential background
concerning the recent Berkovits degree theory. In Section 3, we present some auxiliary lemmas necessary
for the proof of the existence theorem. In Section 4, we state our main theorem. By transforming an
PPE to an abstract Hammerstein equation (3.8) we prove the solvability of the nonlocal elliptic problem
(1.10).

2. Mathematical preliminaries

In this section, we review some properties and definitions of Lebesgue spaces with variable exponent
and the space of type W s,q(x),p(x,z)(U). Secondly, we state some classes of mappings and topological
degrees which will be used later. For more background, we refer to [2,5,6,21,24,34] and the references
therein.
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2.1. The fractional Sobolev space with variable exponent

Let
C+(Ū) :=

{
q : Ū → R+ : q is a continuous function, 1 < q− < q+ < +∞

}
.

For any q ∈ C+(Ū), we denote q− = inf
x∈Ū

q(x) and q+ = sup
x∈Ū

q(x). Let M(U) be the vector space of

measurable function from U into R. The Lebesgue space with variable exponent Lq(x)(U) is defined as
follows:

Lq(x)(U) = {v ∈ M(U) such that

∫
U

|v(x)|q(x)dx < +∞}.

Endowed with the Luxemburg norm

|v|q(x) = inf{α > 0,

∫
U

|v(x)
α

|q(x)dx ≤ 1}.

Lemma 2.1 [21] The space (Lq(x)(U), |.|q(x)) is a separable, uniformly convex Banach space for any
q ∈ C+(Ū).

Lemma 2.2 (Hölder’s inequality, [21]) For every q ∈ C+(Ū), the following inequality holds:

|
∫
U

g(x)v(x)dx| ≤ (
1

q−
+

1

q′−
)|g|q(x)|v|q′(x) ≤ 2|g|q(x)|v|q′(x),

for all (g, v) ∈ Lq(x)(U)× Lq′(x)(U), with 1 = 1
q(x) +

1
q′(x) .

The important role in manipulating the generalized Lebesgue spaces is played by the modular of the
Lq(x)(U) space, which is the mapping
ρv(x) : L

q(x)(U) → R defined by

ρq(x)(v) =

∫
U

|v|q(x)dx.

Lemma 2.3 [21] Let v, (vn)n∈N ∈ Lq(x)(U), then

1) |v|q(x) < 1 ( =1, > 1) ⇔ ρq(x)(v) < 1 ( = 1, > 1).

2) |v|q(x) ≤ 1 then |v|q
+

q(x) ≤ ρq(x)(v) ≤ |v|q
−

q(x).

3) |v|q(x) ≥ 1 then |v|q
−

q(x) ≤ ρq(x)(v) ≤ |v|q
+

q(x).

4) limn→+∞ |vn − v|Lq(x)(U) = 0 ⇔ limn→+∞ ρq(x)(vn − v) = 0.

Let s ∈ (0, 1), q ∈ C+(Ū), and p ∈ C+(Ū × Ū) satisfies conditions (1.2)- (1.3). The fractional Sobolev
space with variable exponent is introduced as follows:

W s,q(x),p(x,z)(U) = {v ∈ Lq(x)(U),

∫
U×U

1

µp(x,z)
|v(x)− v(z)|p(x,z)K(x, z)dxdz < +∞}

endowed with the norm
∥v∥X = [v]s,p(x,z) + |v|q(x),

where the term [v]s,p(x,z) defined by

[v]s,p(x,z) = inf{µ > 0,

∫
U×U

1

µp(x,z)
|v(x)− v(z)|p(x,z)K(x, z)dxdz < 1},

is the so-called Gagliardo semi-norm of v. For the sake of simplicity, we note X = W s,q(x),p(x,z)(U) and
K(x, z) = 1

|x−z|N+sp(x,z) .
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Lemma 2.4 [5] Let U ⊂ RN be a Lipschitz bounded domain and s ∈ (0, 1). Let (q, p) ∈ C+(Ū)×C+(Ū×
Ū). We assume p is symmetric, then the space X is a separable Banach space, reflexive space.

Theorem 1 [5] Let U ⊂ RN be a Lipschitz bounded domain, s ∈ (0, 1),
p ∈ C(U × U, (1,+∞)) and (q, r) ∈ C(U, (1,+∞)) with sp(x, z) < N, q(x) > p(x, x), and

p∗(x) =
Np(x, x)

N − sp(x, x)
> r(x) ≥ r− > 1, for all x ∈ U,

then W s,q(x),p(x,z)(U) ↪→ Lr(x)(U) is a compact embedding for any r(x) ∈ (1, p∗(x)).

Lemma 2.5 [21] We define the modular ϕ : X → R by

ϕ(v) =

∫
U

∫
U

|v(x)− v(z)|p(x,z)K(x, z)dxdz +

∫
U

|v(x)|q(x)dx,

then we have

1) ϕ(v) > 1(= 1;< 1) ⇔ ∥v∥X > 1(= 1;< 1).

2) If ∥v∥X > 1, then ∥v∥p
−

X ≤ ϕ(v) ≤ ∥v∥p
+

X .

3) If ∥v∥X < 1, then ∥v∥p
+

X ≤ ϕ(v) ≤ ∥v∥p
−

X .

Lemma 2.6 (Simon inequality, [38]) For every t, a ∈ RN , the following holds:{
|t− a|n ≤ cn

(
|t|n−2t− |a|n−2a

)
· (t− a), n ≥ 2

|t− a|n ≤ Cn

[(
|t|n−2t− |a|n−2a

)
· (t− a)

]n
2 (|t|n + |a|n)

2−n
2 , 1 < n < 2

where cn = ( 12 )
−n and Cn = 1

n−1 .

2.2. Classes of mappings and topological degree

Let E be a real, separable Banach space, and E∗ its dual. Given U ⊂ E a nonempty set, denoted by
Ū and ∂U the closure and the boundary of U , respectively.

Definition 1 Let f : U ⊂ E → E∗ be an operator and {zn}n∈N ⊂ U.

1) We say that f is an (S+)-map if for {{zn}n∈N, z} ⊂ U, we have

zn
weakly
⇀ z in E and lim sup

n→∞
⟨fzn, zn − z⟩ ≤ 0 ⇒ zn → z·

2) We say that f is a quasi-monotone operator if for {{zn}n∈N, z} ⊂ U, we have

zn
weakly
⇀ z in E ⇒ lim sup

n→∞
⟨fzn, zn − z⟩ ≥ 0.

Definition 2 Let U1 ⊂ E such that U ⊂ U1, B : U1 → E∗ a bounded operator, and f : U ⊂ E → E an
operator.

1) We say that f satisfies condition (S+)B if for {{zn}n∈N, z} ⊂ U, we have
zn

weakly
⇀ z in E

an := B(zn)
weakly
⇀ a

lim sup
n→+∞

⟨fzn, an − a⟩ ≥ 0

(2.1)

then zn → z.
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2) (Property (QM)B). We say that f satisfies condition (QM)B if for {{zn}n∈N, z} ⊂ U, we have

zn
weakly
⇀ z and an := Bzn

weakly
⇀ a ⇒ lim sup

n→∞
⟨fzn, a− an⟩ ≥ 0·

We consider the following set:

F⋆
1 (U):={g : U ⊂ E → E∗ such that g is a bounded, demicontinuous, and satisfies condition (S+)} .

FB,1(U) := {g : U ⊂ E → E | g is bounded, demicontinuous, and satisfies condition (S+)B} .

FB(U) := {f : U ⊂ E → E | f is demicontinuous and satisfies condition (S+)B} .

Let U ⊂ Df and B ∈ F⋆
1 (U), Df denotes f’s domain.

The following operators are considered:

FS+(E) := {f ∈ F⋆
1 (ω) | ω ∈ N} ,

FB(E) := {f ∈ FB,1(ω) | ω ∈ N ,B ∈ F⋆
1 (ω)} ,

F(E) := {f ∈ FB(ω) | ω ∈ N ,B ∈ F⋆
1 (ω)}

where N denotes the collection of all bounded open sets in E. Here, B ∈ F⋆
1 (ω̄) is called an essential

inner map to f .

Lemma 2.7 [24] Let ω be a bounded open set in uniformaly convex Banach space E, B : ω → E∗ be a
bounded operator, and f :ω → E. Then, we have that:

1) If f is locally bounded and verify condition (S+)B and B is continuous, then f has the property
(QM)B.

2) The operator f has the property (QM)B, if zn
weakly
⇀ z and an := Bzn

weakly
⇀ a, then

lim inf ⟨fzn, an − a⟩ ≥ 0 for any {zn}n∈N ⊂ U.

3) If f1, f2 : ω → E be two operators satisfy (QM)B condition, then f1 + f2 and αf1 satisfy also
(QM)B condition, for all α is a positive number.

4) Let f : ω → E be an operator of the type (S+)B and s : ω → E be an ather operator has the property
(QM)B, then f + s satisfies condition (S+)B.

Lemma 2.8 [6] Let B be a bounede open set in E. Let B ∈ F⋆
1 (B) be continuous and g : Dg ⊂ E∗ → E

an demicontinuous operator such that B(B̄) ⊂ Dg. Then, we have that

a) If g is quasimonotone operator , then i+ goB ∈ FB(B̄), with i denotes the identity operator.

b) If g is an operator of type (S+), then goB ∈ FB(B).

Definition 3 Let B ⊂ E be a bounded open set, B ∈ F⋆
1 (B) be continuous,

and f, g ∈ FB(E). The map H : [0, 1]× E → E given by

H(s, v) := (1− s)fv + sgv for every (s, v) ∈ [0, 1]×B

is called an admissible affine homotopy.

Lemma 2.9 [6] Let B ⊂ E be a bounded open set, B ∈ F⋆
1 (B) be continuous and f, g ∈ FB(E). The

homotopy H(a, .) satisfies the condition (S+)B .
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Theorem 2 [6] There exists a unique degree function

d :
{
(f, F, a) such that F ∈ N ,B ∈ F⋆

1 (B), f ∈ FB,1(F ), a /∈ f(∂F )
}
→ Z

that satisfies the following properties:

1) Let a ∈ F , then d(i, F, a) = 1.

2) If G : [0, 1]×B → F is a bounded admissible affine homotopy with a common continuous essential
inner map and b : [0, 1] → F is a continuous mapping in E. Then, d(G(x, ·), F, b(x)) is constant
for all x ∈ [0, 1] and b(x) /∈ G(t, ∂F ).

3) Let F1 and F2 be two disjointed open subsets of F with a /∈ f
(
F\ (F1 ∪ F2)

)
. So,

d(f, F, a) = d (f, F1, a) + d (f, F2, a) .

4) The equation fv = a has a solution in F if d(f, F, a) ̸= 0.

3. Main result

In this part, we give an existence result to the following problem:{
(Ls

K)p(x,.)v(x) = λβ(x)|v(x)|r(x)−2v(x) + f(x, v(x)) in U,
v = 0 in RN\U, (3.1)

by using the topological degree methods.

Definition 4 Let v ∈ M(U). We say that v ∈ X is a weak solution of problem (3.1) if for all h ∈ X∗

we have, ∫
U×U

|v(x)− v(z)|p(x,z)−2(v(x)− v(z))(h(x)− h(z))K(x, z)dxdz

= λ

∫
U

β(x)|v(x)|r(x)−2v(x)h(x)dx +

∫
U

f(x, v(x))h(x)dx.

We consider the functional ζ : X → R defined by

ζ(v) =

∫
U×U

1

p(x, z)
|v(x)− v(z)|p(x,z)K(x, z)dxdz

− λ

∫
U

1

r(x)
β(x)|v(x)|r(x)dx−

∫
U

F (x, v(x))dx.

Then from [5,23] it follows that ζ ∈ C1(X,R), and

⟨ζ
′
(v), h⟩ =

∫
U×U

|v(x)− v(z)|p(x,z)−2(v(x)− v(z))(h(x)− h(z))K(x, z)dxdz

− λ

∫
U

β(x)|v(x)|r(x)−2v(x)h(x)dx−
∫
U

f(x, v(x))hdx

:=< L(v), h > − < S1(v), h > − < S2(v), h > .

Lemma 3.1 Under assumption (H1) the operator L : X → X∗ is continuous, bounded, and strictly
monotone operator,

i) L is an operator of type (S+),

ii) L is a mapping homeomorphism.
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Proof: It’s obvious that L is bounded. We show that L is continuous. Assume that vn → v in X, and
we show that L(vn) → L(v) in X∗. Indeed,

< Lvn − Lv, φ >=∫
U×U

[(|vn(x)− vn(z)|p(x,z)−2(vn(x)− vn(z))− |v(x)− v(z)|p(x,z)−2(v(x)− v(z))]

×K(x, z)(φ(x)− φ(z))dxdz

=

∫
U×U

|vn(x)− vn(z)|p(x,z)−2(vn(x)− vn(z))K(x, z)
p(x,z)−1
p(x,z)

− |v(x)− v(z)|p(x,z)−2(v(x)− v(z))K(x, z)
p(x,z)−1
p(x,z) ]

× (φ(x)− φ(z))K(x, z)
1

p(x,z) dxdz.

Let

Gn(x, z) = |vn(x)− vn(z)|p(x,z)−2(vn(x)− vn(z))K(x, z)
p(x,z)−1
p(x,z) ∈ Lp

′
(x,z)(U × U),

G(x, z) = |v(x)− v(z)|p(x,z)−2(v(x)− v(z))K(x, z)
p(x,z)−1
p(x,z) ∈ Lp

′
(x,z)(U × U),

and

F (x, z) = (φ(x)− φ(z))K(x, z)
1

p(x,z) ∈ Lp(x,z)(U × U),

where 1
p(x,z) +

1
p′ (x,z)

= 1. Thanks to Hölder’s inequality, we have

< L(vn)− L(v), φ >≤ 2|Gn(x, z)−G(x, z)|
Lp

′
(x,z)(U×U)

|F |Lp(x,z)(U×U ).

Thus

∥L (vn)− L(v)∥X∗ ≤ 2|Gn(x, z)−G(x, z)|
Lp

′
(x,z)(U×U)

.

Let Vn(x, z) = (vn(x)− vn(z))K(x, z)
1

p(x,z) ∈ Lp(x,z)(U × U), and

V (x, z) = (v(x)−v(z))K(x, z)
1

p(x,z) ∈ Lp(x,z)(U×U). Since vn → v in X, we have Vn → V in Lp(x,z)(U×U).
So, there exists a subsequence of {Vn}n∈N and h(x, z) ∈ Lp(x,z)(U × U) such that Vn → V a.e in U × U
and |Vn| ≤ h(x, z). So, we have Gn → G a.e in U × U and |Gn(x, z)| = |Vn(x, z)|p(x,z)−1 ≤ h(x, z)p(x,z)−1.
We use the dominated converge theorem, we have

Gn → G in Lp
′
(x,z)(U × U).

We use to lemma2.6, we get L is an operator strictly monotonne. Now, we show that L is mapping of type
(S+). Let {vn}n∈N ⊂ X be a sequence with vn ⇀ v in X and lim supn→+∞ ⟨L (vn)− L(v), vn − v⟩ ≤ 0.

We use (i), we have

0 = lim
n→+∞

⟨Lvn − Lv, vn − v⟩ (3.2)

By Theorem 1, we have that

vn(x) → v(x) a.e in U.

This, in combination with Fatou’s lemma, gives us

lim inf
n→+∞

∫
U×U

|vn(x)− vn(z)|p(x,z)K(x, z)dxdz ≥
∫
U×U

|v(x)− v(z)|p(x,z)K(x, z)dxdz. (3.3)

From the other hand, we’ve got

lim
n→+∞

⟨L (vn) , vn − v⟩ = lim
n→+∞

⟨L (vn)− L(v), vn − v⟩ = 0. (3.4)
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Using Young’s inequality, we can see there is a positive constant c such that.

⟨L (vn) , vn − v⟩ =
∫
U×U

|vn(x)− vn(z)|p(x,z)K(x, z)dxdz

−
∫
U×U

|vn(x)− vn(z)|p(x,z)−2 (vn(x)− vn(z)) (v(x)− v(z))K(x, z)dxdz

≥
∫
U×U

|vn(x)− vn(z)|p(x,z)K(x, z)dxdz

−
∫
U×U

|vn(x)− vn(z)|p(x,z)−1|v(x)− v(z)|K(x, z)dxdz

≥ c

∫
U×U

|vn(x)− vn(z)|p(x,z)K(x, z)dxdz

− c

∫
U×U

|v(x)− v(z)|p(x,z)K(x, z)dxdz.

We combine with (3.2) - (3.4) and inequality above, we have

lim
n→+∞

∫
U×U

|vn(x)− vn(z)|p(x,z)K(x, z)dxdz =

∫
U×U

|v(x)− v(z)|p(x,z)K(x, z)dxdz. (3.5)

Now from (3.2), (3.5), and the Brezis-Lieb lemma [14], our result is proved.
We show that L is a heomeomorphism. It is easy to see that L is coercive and injective. Thanks to
Minty-Browder’s Theorem [39], L is a surjection. So, L is a bijection. There exists G : X∗ → X. such
that G◦L = idX and L◦G = idX∗. We show that G is continuous. Let gn, g ∈ X such that gn → g in X.
Let tn = G(gn), v = G(g), then L(vn) = gn and L(v) = g. Since {tn}n∈N is bounded in X, we have tn ⇀ v
in X. It follows that

lim
n→+∞

< L (tn)− L(v), tn − v >= lim
n→+∞

< gn, tn − v >= 0.

We use (i) in Lemma 3.1, we have that tn → v in X. This achevied our proof. 2

Lemma 3.2 Assume that hypothesis (H1) is fulfilled. Then the operator S : X → X∗ setting by

< Sv(x), w(x) >= −λ

∫
U

β(x)|v(x)|r(x)−2v(x)w(x)dx−
∫
U

f(x, v(x))w(x)dx

is compact, for all w ∈ X∗.

Proof: Let

S1 : X → Lq
′
(x)(U) S2 : X → Lq

′
(x)(U)

v 7−→ S1v = −λβ(x)|v(x)|r(x)−2v(x) v 7−→ S2v = −f(x, v(x)).

We will show that S1 and S2 are boundes and continuous.
• For every v ∈ X,

|S1v|q′ (x) = λ

∫
U

|β(x)|v|r(x)−2v|q
′
(x)dx

≤ λ∥β∥∞
∫
U

|v|(r(x)−1)q
′
(x)dx

≤ λC∥β∥∞
∫
U

|v|q(x)dx.
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This implies S1 is bounded in X.
• By condition (H1), there exists α > 0 such that

|f(x, v(x))| ≤ α(1 + |v(x)|q(x)−1).

So,

|S2v|q
′
(x)

q′ (x)
=

∫
U

|f(x, v(x)|q
′
(x)dx

≤
∫
U

α(1 + |v(x)|q(x)−1)q
′
(x)dx

≤ 2q
′
+

(|U |+
∫
U

|v(x)|(q(x)−1)q
′
(x)dx

≤ αc
′
(U, q(x))

∫
U

|v(x)|(q(x)−1)q
′
(x)dx

≤ αc
′
(U, q(x))|v(x)|

Lq
′
(x) ,

So, S2 is bounded in X. Now, we show S2 is continuous. Let vn ∈ X such that vn → v in X. Then, we
have vn → v in Lq(x)(U). Hence, there exist a subsequence still denote by vn and measurable function g
in Lq(x)(U) such that vn(x) → v and |vn(x)| ≤ g(x) a.e in U. Since f is the Carathéodory condition, we
have

f(x, vn) → f(x, v) a.e in U. (3.6)

According to condition (H1), we have that

|f(x, vn(x)| ≤ α(1 + g(x))q(x)−1 ∈ Lq
′
(x)(U).

We using (3.6), we have that∫
U

|f(x, vn(x))− f(x, v(x))|q
′
(x)dx → 0 as n → ∞.

The dominated converge theorem implies that

S2vn → S2v in Lq
′
(x)(U).

Finally, S2 is continue in X.

• Because i : X → Lq(x)(U) is a compact embedding, the adjoint operator i∗ : Lq
′
(x)(U) → X∗ is also

compact, as is well known. As a result, the i∗ ◦ S2 and S2 ◦ i∗ compositions are compact. We come to
the conclusion that the operator S is compact. This brings our proof to a close. 2

Now, we state our existence theorem.

Theorem 3 Under assumption (H1) problem (1.10) has a weak solution v in X.

Proof: Let v ∈ X, it’s obvious to say v is a weak solution to the (1.10) if and only if

Lv + Sv = 0, (3.7)

where L, S are the operators defined in Lemmas 3.1 - 3.2. Since S is bounded continuous and quasi-
monotone (see Lemma 3.1) and L is strictly monotone, thanks to Minty-Browder’s Theorem (see [39],
Theorem 26 A,) we have that L−1 = G is bounded continuous of type (S+).
So, equation (3.7) is equivalent to

v = Gh and h+ S ◦Gh = 0. (3.8)
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For solve equation (3.8), we will use the Berkovits topological degree introduced in section 2. To do this,
we first show that the see

D := {h ∈ E∗ such that h+ tS ◦Gh = 0 for some t ∈ [0, 1]} ,

is bounded. Let h ∈ D and take v := Gh. We use the growth condition, Hölder’s inequality, Young’s
inequality and continuous embedding Lq(x)(U) ↪→ X, we get

∥Gh∥X ≤
∫
U×U

|v(x)− v(z)|p(x,z)K(x, z)dxdz

=< Lv, h >

=< h,Gh >

≤ |t| < S ◦Gh,Gh >

≤ λ

∫
U

β(x)|v(x)|r(x)dx +
∫
U

f(x, v)vdx

≤ λ∥β∥∞C1∥v∥r
+

X + C2(

∫
U

|f(x, v)|q
′
(x)dx)

1

q
′
(x) + C3(

∫
U

|v|q(x)dx)
1

q(x)

≤ λ∥β∥∞C1∥v∥r
+

X + C2β

∫
U

((1 + |v(x)|(q(x)−1)q
′
(x))dx)

1

q
′
(x)

+ C3(

∫
U

|v|q(x)dx)
1

q(x)

≤ λ∥β∥∞C1∥v∥r
+

X + 2q
+

C4∥β∥∥v∥X + C4∥v∥X ,

where r+ = supx∈U r(x). Because the operator S is bounded, it follows the set D is bounded in X∗. As
a result, there exists a positive constant η such that

∥h∥X∗ < η for all h ∈ D.

As a result, h+xS ◦Gh ̸= 0 for all (h, x) ∈ ∂Bη(0)× [0, 1]. We use Lemma 2.7, and i+S ◦G ∈ FB(Bη(0))

and i = L ◦ G ∈ FB(Bη(0)) are present. i + S ◦ G is also bounded because the operator i, S and G are
all bounded. We come to the conclusion that

i+ S ◦G ∈ FB,B(Bη(0)) and i ∈ FB,B(Bη(0)).

We consider the map H : [0, 1]×Bη(0) → X∗ given by

H(x, v) := v + xS ◦ Lv.

By the statement (1)-(2) in Theorem 2, we can deduce

d(i+ S ◦G,Bη(0), 0) = d(i, Bη(0), 0) = 1,

by applying the homotopy invariance and normalization properties of the degree d stated in Theorem 2.
Then, there exists v ∈ Bη(0) such that

h+ S ◦Gh = 0.

We deduce v = Gh is a weak solution to the problem (1.10) in X. This completes the proof. 2
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