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Modeling two-strain COVID-19 infection dynamics with vaccination strategy

Zakaria Yaagoub and Karam Allali

abstract: In this paper, we will study five differential equations describing two-strain COVID-19 infection
dynamics with vaccination strategy. The variables of our model will represent the susceptible, the two strain
infected sub-populations and the vaccinated individuals. First, we will study the well-posedness of our model.
Next, we will give the different equilibria of our model. After that, we will study the global stability of each
equilibrium. Finally, we will give different numerical simulations in order to illustrate the convergence of
the solutions toward the equilibria. In addition, the comparison between the numerical tests and COVID-19
clinical data is conducted.
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1. Introduction

Modeling infection dynamics have shown its great importance in understanding how infectious dis-
eases spread, it also helps to take to right decisions to reduce the infection propagation [1]. The first
epidemiological mathematical model have been established by Mckendrick and Kermack in 1927 that
study the spread of epidemics by direct contact [2]. This model is abbreviated by SIR, with S meaning
the susceptible individuals, I the infected individuals and R the removed individuals. The vaccination
strategy is considered the most effective use in combating infectious disease and limiting its spread [3].
When this strategy is taking account, another compartment will be added, denoted by V and represents
the vaccinated individuals, there are many works dealing with SV IR models [4,5,6,7,8,9,10,11,12].

Coronavirus disease 2019, also called COVID-19 is a contagious disease caused by the virus SARS-
CoV-2. This disease affects all ages and causes symptoms ranging from mild to severe, some infected
individuals can recover without any medical intervention; meanwhile, others need intensive medical at-
tention [13]. This virus has infected 562 million of people in the world [14]. This virus is characterized
by its rapid spread and multiplicity of strains [15]. For example, the Alpha variant was discovered in the
UK in October 2020, this virus drew attention after it spread rapidly, causing a high incidence of infection
and causing a severe pandemic, this variant is 30 to 50% more spread than the first SARS-CoV-2 strain
[16]. The Delta variant found in India at the end of 2020, this variant is 80 to 90% more contagious
than the Alpha variant, so it caused more than twice the number of infected individuals compared to

2020 Mathematics Subject Classification: 92D30.

Submitted February 21, 2023. Published March 12, 2025

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.67224


2 Zakaria Yaagoub and Karam Allali

the previous variants [17]. The Omicron sub-variants appeared in November 2021 in South Africa and
Botswana, these variants have more than 30 mutations are more contagious than the Delta variant [18].

The mathematical literature contains an important number of works that have studied COVID-19
[19,20,21,22,23,24,25,26,27,28,29,30]. However, as COVID-19 is distinguished by the multiplicity of its
variants, so we can use multi-strain models to describe the dynamics of COVID-19. In the case of two-
strain, the infected population will be divided into two subpopulations I1 and I2, with the first one,
denoting the population of the COVID-19 first strain infected individuals and the second standing for the
population of the infected individuals by the second strain. These models use two incidence functions,
the first one for the strain-1 and the second stands for the strain-2 infection. Several works use two-strain
models to study the dynamics of COVID-19 [31,32,33,34,35,36,37]. Recently Baba and Hincal [38] have
suggested a two-strain epidemic with two incidence functions, the first one is bilinear for the strain-1 and
the second is non-monotonic for the strain-2, they demonstrated the global stability of equilibrium point
using some Lyapunov functions. This last work will be improved by the same authors [39] by choosing
two non-monotonic incidence functions. Bentaleb and Amine [40] proposed a two-strain epidemic model
with bilinear and non-monotonic incidence functions, they add a new compartment E for the exposed
individuals and demonstrated the global stability of the equilibria. This last work will be improved by
Meskaf et al. [41] by proposing two non-monotonic incidence rates.

Motivated by the previous publications, we will add to this work the effect of vaccination and quar-
antine strategies in order to study our new two-strain COVID-19 infection model:

dS

dt
= Λ− α(1− u1)SI1 − β(1− u2)SI2 − (σ + µ)S,

dV

dt
= σS − ηV I2 − µV,

dI1
dt

= α(1− u1)SI1 − (γ1 + µ) I1,

dI2
dt

= β(1− u2)SI2 + ηI2V − (γ2 + µ) I2,

dR

dt
= γ1I1 + γ2I2 − µR.

(1.1)

With S, V, I1, I2 and R represent respectively the compartment of susceptible, vaccinated, strain-1 in-
fected, strain-2 infected and recovered individuals. All of the parameters are given in Table 1. The
infection dynamics of our two-strain epidemic model are represented in Fig 1.

Table 1: Description of parameters of the model (1.1).
Parameters Description

Λ Recruitment rate
1/µ Average life of the population
α Strain-1 infection rate
β Strain-2 infection rate
u1 Strain-1 quarantine effect
u2 Strain-2 quarantine effect
σ Strain 1 vaccination rate
η Transmission rate of vaccinated individuals to strain 2

1/γ1 Strain-1 average infection period
1/γ2 Strain-2 average infection period

The present work is organized as follows. In Section 2, we will prove the existence, positivity and
boundedness of model (1.1) solutions. In Section 3, we will give the different equilibrium points depending
on the basic reproduction numbers, in the same section we will prove the global stability of these equilibria.
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Figure 1: The diagram two-strain model.

Some numerical simulations are suggest in Section 4 in order to confirm and value our theoretical results.
The last section concludes the work.

2. Existence, positivity and boundedness of solutions

In this section, we will prove the existence, positivity and boundedness of solutions.

Proposition 2.1 For any positive initial condition S(0), V (0), I1(0), I2(0) and R(0), the system (1.1)
has a unique, positive and bounded solution (S(t), I1(t), I2(t), R(t)) for all t ≥ 0.

Proof: We can rewrite the system in the form

Ẋ = f(X),

with

X =


S
V
I1
I2
R

 , and f(X) =


Λ− α(1− u1)SI1 − β(1− u2)SI2 − (σ + µ)S

σS − ηV I2 − µV
α(1− u1)SI1 − (γ1 + µ) I1

β(1− u2)SI2 + ηI2V − (γ2 + µ) I2
γ1I1 + γ2I2 − µR

 .

For the uniqueness of solution, it is clear that the function F is Lipschitz function, moreover we have

∥ F (X)− F (Y ) ∥1 ≤ k∥ X − Y ∥1, ∀X, Y ∈ R5
+

with
k = max{A, D, E, F}
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and

A = α(1− u1)I1 + β(1− u2)I2 + µ, D = γ1 + µ, E = γ2 + µ, F = µ.

So, the system (1.1) has a unique solution ∈ R5
+.

For the positivity, we have

Ṡ |S=0= Λ ≥ 0,

İ1 |I1=0= 0 ≥ 0,

İ2 |I2=0= 0 ≥ 0,

V̇ |V=0= σS ≥ 0.

So, we can deduce that solution remain positive for all t ≥ 0..
Now we will prove that that the biologically feasible region

H = {(S, I1, I2, V ) ∈ R5
+ such that S + I1 + I2 + V ≤ Λ

µ
}

is positively invariant. Let

N(t) = S(t) + I1(t) + I2(t) + V (t),

By adding the equations of system (1.1), we will have

dN

dt
= Λ− µN(t),

then,

N(t) ≤ Λ

µ
+ (N(0)− Λ

µ
)e−µt,

hence,

lim
t→+∞

N(t) =
Λ

µ
,

hence, ∃t0 > 0 such as ∀t ≥ t0 we have

N(t) ≤ Λ

µ
,

so its clear that H is positively invariant. We conclude that the system (1.1) has a unique, positive and
bounded solution in ∈ R5

+. 2

3. Analysis of the model

In this section, we show there exists a disease-free equilibrium point and three equilibrium points,
we will study the global stability of these steady state using the Lyapunov functional method’s, the first
note to notice is that the first four equations of the system (1.1) are independent to the last equation
and as the total number of the population N verifies the Eq. (3.2). so we can reduce the system (1.1) to
the system (3.1) 

dS

dt
= Λ− α(1− u1)SI1 − β(1− u2)SI2 − (σ + µ)S,

dV

dt
= σS − ηV I2 − µV,

dI1
dt

= α(1− u1)SI1 − (γ1 + µ) I1,

dI2
dt

= β(1− u2)SI2 + ηI2V − (γ2 + µ) I2.

(3.1)

R = N − S − I1 − I2. (3.2)
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3.1. The basic reproduction number

The basic reproduction number R0 is defined biologically as the number of secondary cases caused by
one typical infected individual in a population containing only susceptible individuals [43], mathematically
R0 is the spectral radius of the next generation matrix FV −1 with F is the non-negative matrix of new
infection cases and V noted the matrix of the transition of the infections associated with the system (3.1)
Let

F =


βΛ

σ + µ
0

0
αΛ

σ + µ
+

ησΛ

µ(µ+ σ)

 ,

and

V =

(
γ1 + µ 0

0 γ2 + µ

)
.

So, we have

FV −1 =


α(1− u1)Λ

(γ1 + µ)(σ + µ)
0

0
β(1− u2)Λ

(γ2 + µ)(σ + µ)
+

ησΛ

µ(γ2 + µ)(µ+ σ)

 .

So the basic reproduction number of the model (3.1) is

R0 = maxR1
0, R

2
0,

with

R1
0 =

α(1− u1)Λ

(γ1 + µ)(σ + µ)
,

and

R2
0 =

β(1− u2)Λ

(γ2 + µ)(σ + µ)
+

ησΛ

µ(γ2 + µ)(µ+ σ)
.

As
d = γ1 + µ and e = γ2 + µ,

then, we have

R1
0 =

α(1− u1)Λ

d(σ + µ)
,

and

R2
0 =

β(1− u2)Λ

e(σ + µ)
+

ησΛ

µe(µ+ σ)

3.2. Steady states

The system (3.1) has one disease-free equilibrium point and three endemic equilibrium points given
by:

1. The disease-free equilibrium point E0(S0, V0, 0, 0), where

S0 =
Λ

σ + µ
, V0 =

σΛ

µ(µ+ σ)
.

2. The strain 1 endemic equilibrium point E1(S
∗
s1 , V

∗
s1 , I

∗
1,s1 , I

∗
2,s1), where

S∗
s1 =

d

α(1− u1)
, V ∗

s1 =
σd

µα(1− u1)
,

I∗1,s1 =
σ + µ

α(1− u1)

(
R1

0 − 1
)
, I∗2,s1 = 0.
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3. The strain 2 endemic equilibrium point E2(S
∗
s2 , V

∗
s2 , I

∗
1,s2 , I

∗
2,s2), where

S∗
s2 =

e− ηV ∗
s2

β(1− u2)
, V ∗

s2 =
σS∗

s2

ηI∗2,s2 + µ
,

I∗1,s2 = 0, I∗2,s2 =
σ + µ

β(1− u2)

(
Λ

(σ + µ)S∗
s2

)
.

4. The total endemic equilibrium point Et(S
∗
t , V

∗
t , I

∗
1,t, I

∗
2,t),

S∗
t =

d

α(1− u1)
=

e− ηV ∗
t

β(1− u2)
, V ∗

t =
dβ(1− u2)

α(1− u1)η

(
R1

0

R2
0

− 1

)
,

I∗1,t =
Λ

α(1− u1)S∗
t

−
β(1− u2)I

∗
2,t

α(1− u1)
− σ + µ

α(1− u1)
, I∗2,t =

µ

η

(
σS∗

t

µV ∗
t

− 1

)
.

Remark 3.1 The equilibrium points E1, E2 and Et exists when R
1
0 > 1 and R2

0 > 1.

3.3. Global stability

Theorem 3.1 If R1
0 ≤ 1 and R2

0 ≤ 1. Then the disease-free equilibrium point E0 is globally asymptotically
stable.

Proof: We consider the Lyapunov function in ∈ R4
+

Lf (S, V, I1, I2) = S0

(
S

S0
− ln

(
S

S0

)
− 1

)
+ V0

(
V

V0
− ln

(
V

V0

)
− 1

)
+ I1 + I2.

The time derivative of Lf is given by

L̇f (S, V, I1, I2) = Ṡ − Ṡ

S
S0 − V̇ − V̇

V
V0 + İ1 + İ2

= (σ + µ)S0 + (σ + µ)S − (σ + µ)S0
S0

S
+ α(1− u1)S0I1 + β(1− u2)S0I2 + (σ + µ)S0

+ σS − µV − σS
V0
V

+ ηV0I2 + µV0 − dI1 + eI2

≤ µS0

(
2− S

S0
− S0

S

)
+ σS0

(
3− S0

S
− V

V0
− SV0
S0V

)
+ I1 (α(1− u1)S0 − d)

+ I2 (β(1− u2)S0 − e)

≤ µS0

(
2− S

S0
− S0

S

)
+ σS0

(
3− S0

S
− V

V0
− SV0
S0V

)
+ dI1

(
R1

0 − 1
)
+ eI2

(
R2

0 − 1
)
.

As the arithmetic mean is greater than or equal to the geometric mean, we will have

2− S

S0
− S0

S
≤ 0

and

3− S0

S
− V

V0
− SV0
S0V

≤ 0.

Then, when R1
0 ≤ 1 and R2

0 ≤ 1, we will have L̇f ≤ 0. Therefore the disease-free equilibrium point E0 is
globally asymptotically stable. 2

Theorem 3.2 If R1
0 > 1 and R2

0 ≤ 1, then the strain 1 endemic disease equilibrium E1 is globally
asymptotically stable.
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Proof: We consider the Lyapunov function in R4
+

L1(S, V, I1, I2) = S∗
s1

(
S

S∗
s1

− ln

(
S

S∗
s1

)
− 1

)
+ V ∗

s1

(
V

V ∗
s1

− ln

(
V

V ∗
s1

)
− 1

)
+ I∗1,s1

(
I1
I∗1,s1

− ln

(
I1
I∗1,s1

)
− 1

)
+ I2.

The time derivative of L1 is given by

L̇1(S, V, I1, I2) =

(
1−

S∗
s1

S

)
Ṡ +

(
1−

V ∗
s1

V

)
V̇ +

(
1−

I∗s1
I

)
İ1 + İ2

= Λ− µS − µV − dI1 − eI2 − Λ
S∗
s1

S
+ α(1− u1)S

∗
s1I1 + β(1− u2)S

∗
s1I2

+ (σ + µ)S∗
s1 − σS

V ∗
s1

V
+ ηV ∗

s1I2 + µV ∗
s1 − α(1− u1)SI

∗
1,s1 + dI∗1,s1

As E1 is an equilibrium point of system (3.1),
we will have: 

Λ = α(1− u1)S
∗
s1I

∗
1,s1 + (σ + µ)S∗

s1 ,
µV ∗

s1 = σS∗
s1 ,

α(1− u1)S
∗
s1I

∗
1,s1 = dI∗1,s1 .

Therefore

L̇1 = σS∗
s1

(
3−

S∗
s1

S
−
SV ∗

s1

S∗
s1V

− V

V ∗
s1

)
+ (µS∗

s1 + dI∗1,s1)

(
2−

S∗
s1

S
− S

S∗
s1

)
+ I1(α(1− u1)S

∗
s1 − d)

+ I2(ηV
∗
s1 + β(1− u2)S

∗
s1 − e)

≤ σS∗
s1

(
3−

S∗
s1

S
−
SV ∗

s1

S∗
s1V

− V

V ∗
s1

)
+ (µS∗

s1 + dI∗1,s1)

(
2−

S∗
s1

S
− S

S∗
s1

)
+ eI2(R

2
0 − 1).

We replace S∗
s1 we obtain

α(1− u1)S
∗
s1 − d = 0.

As the arithmetic mean is greater than or equal to the geometric mean, we will have

2−
S∗
s1

S
− S

S∗
s1

≤ 0

and

3−
S∗
s1

S
−
SV ∗

s1

S∗
s1V

− V

V ∗
s1

≤ 0.

Then, when R2
0 ≤ 1, we will have L̇1 ≤ 0. Therefore the strain 1 endemic equilibrium point E1 is globally

asymptotically stable. 2

Theorem 3.3 If R2
0 > 1 and R1

0 ≤ 1, then the strain 2 endemic equilibrium point E2 is globally asymp-
totically stable.

Proof: We consider the Lyapunov function in R4
+

L2(S, V, I1, I2) = S∗
s2

(
S

S∗
s2

− ln

(
S

S∗
s2

)
− 1

)
+ V ∗

s2

(
V

V ∗
s2

− ln

(
V

V ∗
s2

)
− 1

)
+ I1

+ I∗2,s2

(
I2
I∗2,s2

− ln

(
I2
I∗2,s2

)
− 1

)
.
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The time derivative of L2 is given by

L̇2(S, V, I1, I2) =

(
1−

S∗
s2

S

)
Ṡ +

(
1−

V ∗
s2

V

)
V̇ + İ1 +

(
1−

I∗s2
I

)
İ2

= Λ− µS − µV − dI1 − eI2 − Λ
S∗
s2

S
+ α(1− u1)S

∗
s2I1 + β(1− u2)S

∗
s2I2

+ (σ + µ)S∗
s1 − σS

V ∗
s2

V
+ ηV ∗

s2I2 + µV ∗
s2 − β(1− u2)SI

∗
2,s2 − ηI∗2,s2V + eI∗2,s2 ,

As E2 is an equilibrium point of system (3.1),
we will have: 

Λ = β(1− u2)S
∗
s2I

∗
2,s2 + (σ + µ)S∗

s2 ,
µV ∗

s2 = σS∗
s2 − ηV ∗

s2I
∗
2,s2 ,

β(1− u2)S
∗
s2I

∗
2,s2 + ηV ∗

s2I
∗
2,s2 = eI∗2,s2 .

Therefore

L̇2 = σS∗
s2

(
3−

S∗
s2

S
−
SV ∗

s2

S∗
s2V

− V

V ∗
s2

)
+ (µS∗

s2 + β(1− u2)S
∗
s2I

∗
2,s2)

(
2−

S∗
s2

S
− S

S∗
s2

)
+ I2(α(1− u1)S

∗
s2 − d) + I2(β(1− u2)S

∗
s2 − e)

≤ σS∗
s2

(
3−

S∗
s2

S
−
SV ∗

s2

S∗
s2V

− V

V ∗
s2

)
+ (µS∗

s2 + β(1− u2)S
∗
s2I

∗
2,s2)

(
2−

S∗
s2

S
− S

S∗
s2

)
+ dI1(R

1
0 − 1) + I2(β(1− u2)S

∗
s2 − e).

We replace S∗
s2 we obtain

β(1− u2)S
∗
s2 − e ≤ 0.

As the arithmetic mean is greater than or equal to the geometric mean, we will have

2−
S∗
s2

S
− S

S∗
s2

≤ 0

and

3−
S∗
s2

S
−
SV ∗

s2

S∗
s2V

− V

V ∗
s2

≤ 0.

Then, when R1
0 ≤ 1, we will have L̇2 ≤ 0. Therefore the strain 2 endemic equilibrium point E2 is globally

asymptotically stable. 2

Theorem 3.4 If R1
0 > 1 and R2

0 > 1, then total endemic equilibrium Et is globally asymptotically stable.

Proof: We consider the Lyapunov function in R4
+

L3(S, V, I1, I2) = S∗
t

(
S

S∗
t

− ln

(
S

S∗
t

)
− 1

)
+ V ∗

t

(
V

V ∗
t

− ln

(
V

V ∗
t

)
− 1

)
+ I1

(
I1
I∗1,t

− ln

(
I1
I∗1,t

)
− 1

)
+ I∗2,t

(
I2
I∗2,t

− ln

(
I2
I∗2,t

)
− 1

)
.

The time derivative of L2 is given by

L̇3(S, V, I1, I2) =

(
1− S∗

t

S

)
Ṡ +

(
1− V ∗

t

V

)
V̇ +

(
1−

I∗1,t
I

)
İ1 +

(
1−

I∗2,t
I

)
İ2

= Λ− µS − µV − dI1 − eI2 − Λ
S∗
t

S
+ α(1− u1)S

∗
t I1 + β(1− u2)S

∗
t I2 + (σ + µ)S∗

t

− σS
V ∗
t

V
+ ηV ∗

t I2 + µV ∗
t − α(1− u1)SI

∗
1,t + β(1− u2)SI

∗
2,t − ηI∗2,tV + eI∗2,t,
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as Et is an equilibrium point of system (3.1),
we will have: 

Λ = α(1− u1)S
∗
t I

∗
1,t + β(1− u2)S

∗
t I

∗
2,t + (σ + µ)S∗

t ,
µV ∗

t = σS∗
t − ηV ∗

t I
∗
2,t,

α(1− u1)S
∗
t I

∗
1,t = dI∗1,t, β(1− u2)S

∗
t I

∗
2,t + ηV ∗

t I
∗
2,t = eI∗2,t.

Therefore

L̇3 ≤ σS∗
t

(
3− S∗

t

S
− SV ∗

t

S∗
t V

− V

V ∗
t

)
+ (µS∗

t + β(1− u2)S
∗
t I

∗
2,t + dI∗1,t)

(
2− S∗

t

S
− S

S∗
t

)
+ I1(α(1− u1)S

∗
t − d) + I2(β(1− u2)S

∗
t − e).

We replace S∗
t we obtain

α(1− u1)S
∗
t − d = 0,

and

β(1− u2)S
∗
t − e ≤ 0.

As the arithmetic mean is greater than or equal to the geometric mean, we will have

2− S∗
t

S
− S

S∗
t

≤ 0

and

3− S∗
t

S
− SV ∗

t

S∗
t V

− V

V ∗
t

≤ 0.

Then L̇3 ≤ 0. The total endemic equilibrium Et is globally asymptotically stable. 2

4. Numerical simulations

Numerical simulations will be given in this section to check to global stability of all equilibrium points
and to confirm and value our theoretical results.

4.1. The equibria stability

In this subsection, we will study the stability of each equilibrium point. More precisely the following
figures show the evolution of the disease for the given parameters (see Table 2).

Table 2: Parameters values of two-strain model.
Parameters Fig. 2 Fig. 3 Fig. 4 Fig. 5

Λ 1 1 1 1
α 0.1 0.2 0.1 0.2
β 0.15 0.15 0.2 0.2
u1 0.2 0.1 0.1 0.1
u2 0.4 0.4 0.3 0.3
σ 0.3 0.3 0.3 0.3
µ 0.1 0.1 0.1 0.1
η 0.02 0.02 0.1 0.1
γ1 0.3 0.2 0.3 0.2
γ2 0.4 0.4 0.3 0.3



10 Zakaria Yaagoub and Karam Allali

0 10 20 30 40 50 60 70 80
0

5

10

15

Time

P
o
p
u
la
ti
o
n

 

 

S
V
I1
I2
R

Figure 2: Stability of the disease-free equilibrium with R1
0 = 0.50 and R2

0 = 0.75.
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Figure 3: Stability of the strain-1 endemic equilibrium with R1
0 = 1.50 and R2

0 = 0.75.
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Figure 4: Stability of the strain-2 endemic equilibrium with R1
0 = 0.50 and R2

0 = 2.75.
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Figure 5: Stability of the total endemic equilibrium with R1
0 = 1.50 and R2

0 = 2.75.
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Fig. 2 shows the evolution of all two-strain variables. We can observe that all curves converge to 0
except the curves of susceptible and vaccinated individuals. The two basic reproduction numbers is less
than 1 (R1

0 = 0.50 and R2
0 = 0.75), which coincides with our result given in Theorem 3.1. Fig. 3 shows

that the strain-1 persists while the other strain-2 dies out. The strain-1 reproduction number is greater
than 1 while the other strain-2 reproduction number is less than 1 (R1

0 = 1.50 and R2
0 = 0.75), which

coincides with our result given in Theorem 3.2. In Fig. 4 we can observe that the strain-2 persists while
the other strain-1 dies out. The strain-2 reproduction number is greater than 1 while the other strain-1
reproduction number is less than 1 (R1

0 = 0.50 and R2
0 = 2.75), which coincides with our result given

in Theorem 3.3. Finally, Fig. 5 we can see that both strains persist and both reproduction numbers
are greater than 1 (R1

0 = 1.50 and R2
0 = 2.75), which coincides with our result given in Theorem 3.4.

We can observe from this last figure that the strains-2 dominate the other strain-1, therefore the strain
with the large reproduction number will dominate the other. All previous numerical results confirm our
theoretical results.

4.2. The quarantine effect

In this subsection, we show the quarantine effect to reduce the infection of COVID-19.
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Figure 6: The dynamics of the population for different values of quarantine.

Fig. 6 illustrates the quarantine effect to reduce the infection, we can observe that the number of
infected individuals I1 and I2 decreases in the existence of quarantine. The number of removed individuals
also decreases, this is due to the fact that the number of infected individuals diminishes.
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4.3. Model comparison with COVID-19 clinical data

In this section we will compare our model with the clinical data of COVID-19.

January 16 February 13 March 10 April 14 May 10 June 01 June 30, 2022

23 000 000

23 100 000

23 200 000

23 300 000

Day

V
a
cc
in
a
te
d
I
n
d
iv
id
u
a
ls

 

 

Clinical data

σ = 14

σ = 15

σ = 16

Figure 7: Fitting of the two-strain model to COVID-19 clinical data for different σ values.
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Figure 8: Fitting of the two-strain model to COVID-19 clinical data for different µ values.

Fig. 7 and Fig. 8 show the dynamics of vaccinated individuals between January 16 and June 30,
2022, the value of the following parameters: Λ = 4756892, α = 0.2, β = 0.2, u1 = 0.1, u2 = 0.3, γ1 =
0.2, γ2 = 0.3, ρ = 0.3, m1 = 0.001, m2 = 0.002, ϕ1 = 0.4, ϕ2 = 0.3, ψ1 = 0.4 and ψ2 = 0.3. The solid
curves show the dynamic of the two-strain model for different values of θ and δ, and the points show the
clinical COVID-19 infected individuals reported in Morocco [42]. We can observe that our model results
are very close to clinical data, so the model can fit COVID-19 clinical data especially for a short period.

5. Conclusion

In this work, we have studied a two-strain COVID-19 epidemic model with quarantine and vaccination
strategy. We have proved the existence, positivity and boundedness of solutions, we have shown that
the model has for equilibrium points, the first namely the disease-free equilibrium, the strain-1 endemic
equilibrium, the strain-2 endemic equilibrium and the total endemic equilibrium. We have used the next
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generation matrix method to find the both reproduction numbers R1
0 and R

2
0 and by using some Lyapunov

functions we have given the conditions of the global stability of all the equilibria: when both reproduction
numbers are less than 1, the disease-free equilibrium is globally asymptotically stable which means that
both strains die out. When R1

0 is greater than 1 and R2
0 is less than 1 which means that the first strain

persists and the second strain dies out, the strain-1 endemic equilibrium is globally asymptotically stable,
and when R2

0 is greater than 1 and R1
0 is less than 1 which means that the second strain persists and the

first strain dies out, the strain-2 is globally asymptotically stable. The last equilibrium point is globally
asymptotically stable when both reproduction numbers are greater than 1, we have shown also that the
strain-1 with the greater reproduction number will dominate the other strain. Numerical simulations are
given in order to support our theoretical results concerning the stability of equilibria and to show the
quarantine efficiency to reduce the infection of COVID-19, and finally, we have compared our model with
real vaccination COVID-19 data to value our analytical results. As the future direction of this present
work, one can consider the same problem with generalized incidence rates.
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