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On integral bases and monogenity of pure octic number fields with non-square free
parameters

Lhoussain El Fadil and Istvan Gaal*

ABSTRACT: In all available papers, on power integral bases of pure octic number fields K, generated by a
root « of a monic irreducible polynomial f(z) = 28 — m € Z[z], it was assumed that m # 41 is square free.
In this paper, we investigate the monogenity of any pure octic number field, without the condition that m
is square free. We start by calculating an integral basis of Zg, the ring of integers of K. In particular, we
characterize when Zyx = Z[a]. We give sufficient conditions on m, which guarantee that K is not monogenic.
We finish the paper by investigating the case when m = a*, u € {1,3,5,7} and a # F1 is a square free rational
integer.
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1. Introduction

Let K = Q(«) be a number field generated by a root « of a monic irreducible polynomial f(x) € Z[z]
of degree n. Denote by Zy its ring of integers and dg its absolute discriminant. The ring Zy is said to
have a power integral basis if it has a Z-basis (1,0,---,0"~!) for some 6 € Zy. That means Zy = Z[0],
that is Zk is mono-generated as a ring, with a single generator 6. In this case, the field K is said to be
monogenic and not monogenic otherwise.

The problem of deciding the monogenity of a number field and constructing power integral bases is
a classical problem of algebraic number theory, going back to Dedekind [6], Hensel [18] and Hasse [16].
This area is intensively studied even nowadays, cf. [10] for the present state of this research.

It is well-known that Zg is a free Z-module of rank n. For any primitive element § € Zg (that is
K =Q(0)), Z]0)] is a subgroup of Zy of finite index. We call

ind(0) = (Zr : Z[0))

the index of 6. Obviously, ind(#) = 1 if and only if (1,6,...,0" 1) is an integral basis of Zg. As it is
known [10], we have
A() = ind(9)? - dg

where A(0) is the discriminant of the minimal polynomial of 6.

The greatest common divisor i(K) of the indices of the primitive elements § € Zk of K is called the
(field) index of K. Tt is clear that if 4(K) > 1, then K is not monogenic. On the other hand, i(K) =1
does not imply that K is monogenic. If a prime p divides ¢(K), then p is called a prime common index
divisor of K.
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Let (1,ws,...,wy—1) be an integral basis of Zx. The discriminant A(L(X;,...,X,)) of the linear
form L(Xy,...,Xp—1) =w1 X1 + ...+ wp_1X,_1 can be written (cf. [10]) as

A(L(‘Xla s 7Xn—1)) = (ind(le B 7Xn—l))2 : dKa

where ind(X71, ..., X,,—1) is the index form corresponding to the integer basis (1,ws, . ..,w,—1) having the
property that for any 0 = 2o+ wiz1+. .. +wp—12p—1 € Zg (with o, z1,...,2,—1 € Z) we have ind(0) =
lind(z1,...,2n-1)|- Therefore 6 is a generator of a power integral basis if and ounly if x1,...,2,-1 € Z is
a solution of the index form equation ind(z1,...,z,—1) = £1.

According to our notation K is generated by a root « of a monic irreducible polynomial f € Z[x].
The index

ind(f) = (Z : Z[a))

is called the index of the polynomial f and we also have
A(f) = ind(f)? - dx,

A(f) denoting the discriminant of f.

Among all types of number fields, most investigations deal with pure number fields K generated by a
root of an irreducible polynomial " —m. Assuming that m is square free, Gadl and Remete [11] studied
pure quartic fields, Ahmad, Nakahara and Husnine [2,3], Ahmad, Nakahara and Hameed [1], El Fadil
[8] pure sextic fields. Applying the index forms, Gadl and Remete [12] investigated pure number fields
of degrees 3 < n <9.

The subject of our present paper is the monogenity of pure octic fields. For square free m Hameed
and Nakahara [15], proved that if m = 1 (mod 16), then the octic number field generated by m'/® is not
monogenic, but if m = 2,3 (mod 4), then it is monogenic.

In all above quoted papers, the authors consider only pure octic number fields generated by a root
of a monic polynomial f(z) = 2% — m, where m # +1 is a square free rational integer. Our purpose is
to extend these results to arbitrary parameters m, without assuming that m is square free. We start by
calculating an integral basis of Zk in Theorem 2.1. We give sufficient conditions on m, which guarantee
the non monogenity of K. We conclude the paper by studying the case where m = a*, u € {1,3,5,7},
and a # F1 is a square free rational integer.

2. Main results

Throughout this paper, m # =1 is a rational integer such that the polynomial f(z) = 2% —m is

irreducible over Q. Let a be a root of f(x), let K = Q(«) with ring of integers Zg. Replacing « by

o m . . . . .
> and m by o5 and repeating this process until we get v,(m) < 8 for every prime integer p, we can
assume that m = ala%agaﬁagaga;, where aq,...,a7 are square free pairwise coprime rational integers.
_ _ 2 2 _ 2.2 .3 3 _ 233 4 _ 23,3 4.5
Set Ay = asasasay, Az = azasasagas, Ay = azasajasagas, As = asaszajazagar, As = azazaiazagas, and

— 2,34 5 6
A7 = asajajazagas.

The following theorem gives explicitly an integral basis of Zg .

Theorem 2.1 Using the above notations let ma = 57ty and let u € Z such that mou =1 (mod 26). In
the following table B is an explicitly given integral basis of K.

Table A :
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conditions B
- i T 5 G 7
va(m) is odd (Lo 520 50 50 G )
2 3
m =28 (mod 32) (Lo &, &, ), age(e) o dal) o7dala))
bo(a) = at + 2moua? + 2mau
2 3 2 3
m = 12 (mod 32) (14504(7 %, %34’ ¢221‘(§)’ 043%(50‘) ,4‘1 ;j((ia), a6fjga))
o) = a™ + 2moua® + dmoucy + Omou
=4 (mod 16 1 . @2 o 92(0) ada(a) oda(a) oda(a)
m= mo ) ( ) @ Az Az’ 2A4 0 245 2Ag ) 2A~ )
do(a) = a* + 2mou
m = 48 (mod 64) (Lo, &, o, o adala) o adalo)
7 Ag 3 4 5 6 7
do(a) = a2 + 2gngu . .
m = 80 (mod 128) (1, %z, ”‘3’2(3“)7 (¢2QE§4)) ) a(%ﬁ?)) - (ﬁi(f)) ) a(ﬂi(;:)) )
do(a) = a? + 2mou
2 3 2 2 R
m = 144 (mod 256) (1, o, O ,%3, 7¢§E§4) ) 7(1(1)22,4(1?) ) &a ng)
do(a) = a® + 2mou and 0 = ¢3(a) — 8moudi(a) + 24mougs(a) — 32mou
2 3 2 2 R
m =16 (mod 256) (1, o, v ,%3, LZ(XZ ) 7a(z)22f(1?) ) &a élei)
do(a) = a® + 2mou and 0 = ¢3(a) — 8m2u2¢§(04) —|—324m2ugz52 () — 32mou
2 3 K
m = 448 (mod 512) (1, 5 %37 ¢22,Eﬁ)a aii(:)v - ;jéa)v - ;jsa))
ba(a) = a* + dmaoua® + 12moua® + 24maou
— 2 a3 d2(0) age(a) Pda() a¢a(a)
m =192 (mod 512) (1, 2—2, %3, 22AZ , a4f45a - 45; - 2270‘ )
do(a) = a* + dmoua? + 8mou
2 3 2 3
m = 64 (mod 256) (Lo 5, &, G2, oge(e) o fal) o falo))
QZ)Q(OZ) = Oé4 + 8m2u
2 3 I 5 6} 7
m =3 (mod 4) Lo S 4o b S % &)
_ 2 3 4+ I 5+ I 6+ I 2 7+ I3
m=5 (mOd 8) (iya;%z’413374a2'?zl ’4a 2% a7a5 22162a4’a22124n7a ) )
— ST + —2ma®—m’a’ +m e’ +2ma+3
m:9(m0d ].6) (17a71a427%7a2AT ’51227;(1704, o n (14A76n(1 na n )
a77ma(’+m2a"7ma4+zzja37ma2+(m2+4m)a+m)
d
a77ma6+m2a57ma4+m2a37ma2+(m2+4m)a+m)
8 Ay

As a consequence we obtain:

Corollary 2.1 Let K = Q(«) be a pure octic number field generated by a root a of a monic irreducible
polynomial f(z) = 28 —m € Z[z]. Then Zyx = Zla] if and only if m is a square free integer and
m # 1 (mod 4).

. . az ()13 a4 as 06 a7 . . . .
I'n case of the integral basis (1, «, VT v v e e 14—7)7 considering the explicit form of factors of
the index form we conclude:

Theorem 2.2 Keeping the notation of Section 2, if vo(m) is odd or m = 3 (mod 4), then
8ajazasar|(a3al + 1)
s a necessary condition for the monogenity of K.
By the + sign we mean that for the monogenity of K the divisibility condition must hold with at

least one of the signs. Note that similar conditions can be derived also in the other cases of the integral
basis, but the calculation becomes far too complicated.
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Our next main result gives sufficient conditions on m for the non-monogenity of K. It relaxes the
condition m is square free required in [15,12].

Theorem 2.3 Let K = Q(«) be a pure octic number field generated by a root o of a monic irreducible
polynomial f(z) = 2® —m € Z[x]. If one of the following conditions holds

1. m =1 (mod 32),
2. m =16 (mod 512),
3. va(m) is odd and azas (mod 8) € {2,6},

then K is not monogenic.

Finally, we consider monogenity of pure octic fields for m of type a“:

Theorem 2.4 Assume that m = a* with a # +1 a square free rational integer and uw € {3,5,7}. Then

1. If a # 1 (mod 4), then K is monogenic and Zk is generated by 0 = Z‘—:, where (x,y) € Z? is the
unique solution in non negative integers of the equation uxr — 8y = 1 with x < 8.

2. Ifa=1 (mod 4), then K is not monogenic with the exception of a = —3.

3. Preliminaries

In order to show Theorem 2.1 and Theorem 2.3, we recall some fundamental facts of Newton polygon
techniques applied to algebraic number theory. Namely, the theorems on the index and on the prime
ideal factorization. For a detailed presentation of this theory we refer to the paper of Guardia and Nart
[14].

- - 1.

Let f(z) € Z[z] be a monic irreducible polynomial with a root a, let f(z) = []i_; ¢s(z) " modulo p

be the factorization of f(x) into powers of monic irreducible coprime polynomials of F,[x]. Recall that a
well-known theorem of Dedekind says that:

Theorem 3.1 ( /21, Chapter I, Proposition 8.3])

If p does not divide the index (Zx : Z[c]), then pZyx = Hpii, where p; = Lk + ¢i(a)Zk

i=1
and the residue degree of p; is f(p;) = deg(d;).

In order to apply this theorem, one needs a criterion to test whether p divides the index (Zk : Z[a]). In
1878, Dedekind proved the following criterion:

Theorem 3.2 (Dedekind’s criterion [5, Theorem 6.1.4] and [6])
For a number field K generated by a root o of a monic irreducible polynomial f(x) € Zlx] and a rational

prime integer p, let f(x) =[], El(m) (mod p) be the factorization off(x)ﬂL Fy[x], where the polyno-

mials ¢; € Z[z] are monic with their reductions irreducible over Fp, and ged(¢s, ¢5) = 1 for every i # j.

f(@) —ITiz, ¢ ()
p

1. p does not divide the index (Zk : Z[a]).

If we set M(x) = , then M (x) € Z[x] and the following statements are equivalent:

2. For everyi=1,...,r, either l; =1 orl; > 2 and ¢;(z) does not divide M(x) in Fp[z].
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When Dedekind’s criterion fails, that is, p divides the index (Zg : Z[a]) for every primitive element
a € Zk of K, then it is not possible to obtain the prime ideal factorization of pZy by Dedekind’s
theorem. In 1928, Ore developed an alternative approach for obtaining the index (Zx : Z[a]), the
absolute discriminant, and the prime ideal factorization of the rational primes in a number field K by
using Newton polygons (see [19,22]). For more details on Newton polygon techniques, we refer to [7,13].
For any prime integer p, let v, be the p-adic valuation of Q, Q, its p-adic completion, and Z, the ring
of p-adic integers. Let v, be the Gauss’s extension of v, to Qu(x); vp(P) = min(vp(a;), i =0,...,n)
for any polynomial P = """  a;z° € Qp[z] and extended by v,(P/Q) = v,(P) — 1,(Q) for every nonzero
polynomials P and @ of Q,[z]. Let ¢ € Z,[z] be a monic polynomial whose reduction is irreducible in

F,[z], let Fy, be the field %T For any monic polynomial f(z) € Z,[x], upon the Euclidean division by
successive powers of ¢, we expand f(z) as follows: f(z) = 22:0 a;(z)p(x), called the ¢-expansion of
f(x) (for every i, deg(a;(z)) < deg(¢)). The ¢-Newton polygon of f(x) with respect to p, is the lower
boundary convex envelope of the set of points {(4,v,(ai(x))), a;(z) # 0} in the Euclidean plane, which
we denote by Ng(f). The ¢-Newton polygon of f, is the process of joining the obtained edges S, ..., S,
ordered by increasing slopes, which can be expressed as Ny(f) = S1 + --- + S,. For every side S; of
Ny(f), the length of S;, denoted 1(.S;) is the length of its projection to the x-axis and its height , denoted
h(S;) is the length of its projection to the y-axis. Let d(S;) = ged(I1(S;), h(S;)) be the ramification degree
of S. The principal ¢-Newton polygon of f, denoted N, (f), is the part of the polygon Ng(f), which is
determined by joining all sides of negative slopes. For every side S of N’ (f), with initial point (s, us)
and length [, and for every 0 < ¢ <[, we attach the following residue coeflicient ¢; € Fy as follows:

g

0, if (s + 14, us4;) lies strictly above S,
“= <as+i($)> (mod (p, ¢(x))), if (s 414, us4;) lies on S,

pls+i

where (p, ¢(z)) is the maximal ideal of Z,[z] generated by p and ¢. Let A = —h/e be the slope of S,
where h and e are two positive coprime integers. Then d = [/e is the degree of S. Notice that, the points
with integer coordinates lying on S are exactly

(s,us), (s +e,us—h), -, (s+ de,us — dh).
Thus, if 7 is not a multiple of e, then (s + ¢, us1;) does not lie in S, and so ¢; = 0. The polynomial
fs(y) = tay® +ta_1y’ '+ -+ tiy + to € Fyly],

is called the residual polynomial of f(x) associated to the side S, where for every i = 0,...,d, t; = cje.
Let Ny (f) = S1+---+ S, be the principal ¢-Newton polygon of f with respect to p. We say that
f is a ¢-regular polynomial with respect to p, if fs,(y) is square free in Fyly] for every i = 1,...,7. The

ryany ——i . .
polynomial f is said to be p-regular if f(x) = []i_, ¢; ' for some monic polynomials ¢, ..., ¢; of Z[z]
such that ¢1,..., ¢ are irreducible coprime polynomials over ), and f is a ¢;-regular polynomial with
respect to p for every i = 1,...,t.

The theorem of Ore plays a fundamental role for proving our main Theorems:
Let ¢ € Zp[z] be a monic polynomial, with ¢(z) irreducible in F,[z]. As defined in [9, Def. 1.3], the ¢-
index of f(z), denoted by inde(f), is deg(¢) times the number of points with natural integer coordinates
that lie below or on the polygon Ny (f), strictly above the horizontal axis, and strictly beyond the vertical
axis (see Figure 1).

In the example of Figure 1, indg(f) = 9xdeg(¢).

Now assume that f(z) = []._, @li is the factorization of f(z) in F,[x], where every ¢; € Z[z] is monic

polynomial, with ¢;(x) is irreducible in Fp,[z], ¢;(x) and ¢;(x) are coprime when i # j and 4,5 =1,...,t.
For every i =1,...,t, let N . (f) = Si1+ -+ Sir, be the principal ¢;-Newton polygon of f with respect

to p. For every j =1,...,7;, let fs, (y) = [[22, fﬁf (y) be the factorization of fg,, (y) in Fg,[y]. Then



6 L. EL FADIL AND I. GAAL

Figure 1: N, (f)-

we have the following index theorem of Ore (see [9, Theorem 1.7 and Theorem 1.9], [7, Theorem 3.9],
[19, pp: 323-325], and [22]).

Theorem 3.3 (Theorem of Ore)

1.
vp(ind(f)) > Z indg, (f).

The equality holds if f(x) is p-reqular.

2. If f(x) is p-regular, then

ri Sij

pZK = HH pr;;ca

i=1j=1k=1

is the factorization of pZy into powers of prime ideals of Zx lying above p, where e;; = l;;/d;;,
lij is the length of Sij;, di; is the ramification degree of Sij, and fijx = deg(¢i) x deg(iji) is the
residue degree of the prime ideal pi;; over p.

When Ore’s program fails; that is if f(z) is not p-regular, then it may happen that some factors of
f(x) provided by Hensel’s lemma and refined by first order Newton polygon techniques are not irreducible
over Q,. In this case in order to complete the factorization of f(z) in Q,[z], Guardia, Montes, and Nart
introduced the notion of high order Newton polygon. They showed, thanks to a theorem of index [13,
Theorem 4. 18], that after a finite number of iterations this process yields all monic irreducible factors
of f(z) in Qplz], all prime ideals of Zx lying above a prime integer p, the p-valuation of the index
(Zk : Z]a]), and so up to a sign the absolute discriminant of K.

We recall here some fundamental techniques of Newton polygons of high order. For more details, we
refer to [13] and [14]. As introduced in [13], a type of order r — 1 1is a data t = (g1(x), —A1, g2(2),

—X2y .oy gro1(x), =Ar_1,¢r—1(2)), where every g;(z) is a monic polynomial in Z,[z], \; € Q*, and
r—2

¥r_1(y) is a polynomial over a finite field of p’ elements and H = H fi, with f; = deg(;(x)), satisfying
i=0

the following recursive properties:

1. g1(z) is irreducible modulo p, ¥o(y) € Fly] (Fo = F}) is the polynomial obtained by reduction of
g1(z) modulo p, and Fy := Fy[y]/(¥o(y)))-

2. For every i = 1,...,7 — 1, the Newton polygon of i order, N;(g;11(z)), has a single sided of slope
=i
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3. For every i = 1,...,7 — 1, the residual polynomial of i** order, R;(g;+1)(y) is an irreducible poly-
nomial in F;[y]. Let ¢;(y) € F;[y] be the monic polynomial determined by R;(gi+1)(y) =~ ¥i(y)
(are equal up to multiplication by a nonzero element of F;), and F; 11 = F;[y]/(¢:(y)). Thus,
Fo CF; C --- CF, is a tower of finite fields.

4. For every i = 1,...,7 — 1, g;4+1(z) has minimal degree among all monic polynomials in Z,[z]
satisfying (2) and (3).

5. ¥r_1(y) € Fr_1]y] is a monic irreducible polynomial, ¢,_1(y) # y, and F, = F,_1[Y]/(¢¥r_1(y)).

Here the field F; should not be confused with the finite field of ¢ elements.

Let wy = [V, ,0] be the Gauss’s extension of v, to Q,(z). As for every ¢ = 1,...,r — 1, the residual
polynomial of the i" order, R;(g;+1)(y) is an irreducible polynomial in F;[y], then according to MacLane’s
notations and definitions [20], g;+1(z) induces a valuation on Q,(x), denoted by w;t1 = e;[wi, git1, Ait1],
where \; = h;/e;, e; and h; are positive coprime integers. The valuation w;4; is called the augmented
valuation of w; with respect to g;4+1 and A;41, defined over Q,[x] as follows:

wig1(f(z)) = min{e;1wi(al™ (2)) + jhit1, 5=0,...,nit1},

MNi41

where f(z) = Z aerl ng x) is the g;11(z)-expansion of f(x). According to the terminology in [13],

the valuation wr is called the r*"-order valuation associated to the data t. For every order r > 1, the
g-Newton polygon of f(x), with respect to the valuation w,, denoted N,(f) 1is the lower boundary
of the convex envelope of the set of points {(i,p;),4 = 0,...,n,} in the Euclidean plane, where pu; =
wr(al(x)gi(x)). Its principal part is denoted N, (f). The following are the relevant theorems from
Guardla—Montes—Nart’s work (high order Newton polygon):

Theorem 3.4 ([13, Theorem 3.1)) - o

Let f(z) € Zplx] be a monic polynomial such that f(x) is a positive power of ¢p(x) for some monic poly-
nomial ¢(x) such that ¢(x) is irreducible over Fo. If N7 (f) = S1+ - -+ Sy has g sides, then we can
split f(z) = Fo(z) x Fi(z) x --- x Fy(z) in Zy[z], such that N, (F;) = S and R.(F;)(y) = R-(f)(y) up
to multiplication by a nonzero element of F, for everyi=1,---g.

Theorem 3.5 ([13, Theorem 3.7))
Let f(z) € Zp[z] be a monic polynomial such that N (f) = S has a single side of finite slope —\,. If
t

R.(f)(y) = H ¥ (y)* is the factorization in F,[y], then f(x) splits as f(x) = Fo(x) X Fy(z) X -+ X Fy(x)

in Zp|z such that N, (F;) = S has a single side of slope =\, and R, (F;)(y) = ¥;(y)* up to multiplication
by a nonzero element of F,. for everyi=1,--- t.

Remark 3.1 The statement of Theorem 3.4 coincides with that given in [13, Theorem 3.1], with

fo = Fi(z) x -+ x Fy(x).
The statement of Theorem 3.5 coincides with that given in [13, Theorem 3.7], with f¢ x,) = Fi(z) x
- X Ft(x)

In [13, Definition 4.11], the authors introduced a definition of the index of a polynomial f(z) which

is not necessarily irreducible over Q as follows: ind(f) = Zle ind(F;) + Z vp(res(F;, Fj)), where
1<i<j<k

flx) = Hle F; is the factorization of f(x) in Qp[z], ind(F}) = v, ((Z; : Zp[ay])), ai; aroot of F(x) in Q,,
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Z; the integral closure of Z, in Q,(c;), and res(F;, F;) is the resultant of F; and Fj. This definition of
index extends the known one of ind(f) = (Zk : Z[a]), with o € Zk a primitive element of K and f its
minimal polynomial over Q. For a fixed irreducible polynomial F'(z) in Z,[z] and a fixed data

t = (g1(x), A1, 92(2), = A2, ..., gr1 (), = Ap1, Yroa (),

the authors introduced in [13, Definition 4.15], the notion of r*"-order index of f(z) € Z,[x] as follows: Let
N,.(f) be the Newton polygon of rt"-order with respect to the data t and ind,(f) = fo--- fr_1ind(N,.(f)),
where f; = deg(v;(x)) and ind(N,(f)) is the index of the polygon N,.(f); the number of points with
natural integer coordinates that lie below or on the polygon N,.(F'), strictly above the horizontal line of
equation y = w,(f), and strictly beyond the vertical axis. They showed the following theorem on the
index which generalizes the theorem of index of Ore as follows: Let f(x) € Z[x] be a monic polynomial,
which is irreducible over @, and

t = (g1(x), =M1, 92(x), = A2, ..o, gr1 (), = Ap1, Uror ()

a fixed data such that N,.(f) has a single side of negative slope ( 1,_1(y) divides R,.(f)(y)). Then we
have the following theorem of index:

Theorem 3.6 ([13, Theorem 4.18))

p(ind(f)) > indy () + -+ indy( ).
The equality holds if and only if ind.4+1(f) = 0.

Recall that by definition ind(N,11(f)) = 0 if and only if N,41(f) has a single side of length 1 or height
1. By [13, Lemma 2.17] (2), if R.(f) is square free, then the length of N,.(f) is 1. Thus if R,.(f) is square
free, then ind,1+1(f) = 0, and so the equality v,(ind(f)) = ind;(f) + - - - + ind,(f) holds.

In order to complete the calculation of the index of any separable polynomial f € Z[z], the authors
introduced an iterative method to evaluate v, (res(F;, F;), with f(x) = Hle F; the factorization of f(x)
in @[], as follows: if F; and F; are coprime modulo p, then res, (F;, F;) = 0. If F; and F}; are congruent
to a power of a monic irreducible polynomial g7 € Fy[z], then the authors introduced the rth_resultant
of F; and F; as follows:

resr(Fi, Fj) = fo cee fr—l X HliIl(EJiFIj7 EjH,’),
where E; and H; are the length and height of the sides S; of N7 (F;). Recall the following convention: If
S; is reduced to a single point, then F; = H; = 0 and R,.(F}) is a constant of F,..
Thanks to [13, Lemma 4.8] and [13, Theorem 4.10], we have the following:

vp(res(F;, Fy)) > resi(Fy, Fj) + - -+ + res. (F;, Fj).
Moreover, if the data

t= (gl (l‘), _A17g2(x)7 _)‘Qa e agr—l(x)a _A’r‘—lv wr—l(x))
satisfies the condition N, (F;) has a single side of negative slope; ¥,.(y) divides R,.(F;)(y), then the equality
holds if and only if R, (F;)(y) and R,41(F})(y) are coprime.
In particular, if F; and F}; are coprime modulo p, then v,(res(F;, Fj)) = 0.
If for some integer r = 1,...,k, ¥.(y) does not divide R, (Fy) for some s = 1,2, then the equality holds.

4. Proofs of main results

Proof of Theorem 2.1.

During this proof, F; is the i*" field of the tower provided by Montes algorithm. Since A(f) = F83m7 is
the discriminant of f, thanks to the formula A(f) = (Zk : Z]|a])?dk, the prime candidates to divide the
index (Zk : Z[a]) are those dividing 2 - m.
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1. Let p be a prime dividing m. Then f(z) = 2® (mod p). For ¢ = x, Ny(f) = S has a single side join-
ing the points (0,v,(m)) and (8,0). Then ind;(f) = inde(f) = VP(HZ 5 A;). Also by [9, Theorem

2.7, (1,a, A—z i—z, v Z—Z, A—7) is a free Z sub-module of Zk. Now, let d =ged(vp(m),8). Then

Ri(f)(y) = y* — m,, where m, = m/p"»(™). If 2 does not divide v,(m), then d = 1, Ry(f)(y) is

irreducible over Fy, and so by Theorem 3.3, md(f) = indy(f) and (1, a, 3—2, e 3—1, %z’ j—z, j—:) isa
p-integral basis of Z. If 2 divides d, then d € {2,4}. In this case if p # 2, then Ry (f)(y) = y*—m,

is square free over F; ~ F( (because ¢ = z, and so deg(¢) = 1 = [Fy : Fg]). Thus by Theorem 3.3,
vp(ind(f)) = indy (f) and (1, o, A—z, %Z’ X—i, %Z’ A—z, A—i) is a p-integral basis of Zg. It follows that if
2 divides m and vo(m) is odd, then (1, «, A—2, X—Z, 3—4, 2—5, j—e, f‘—?) is an integral basis of Z .

If d € {2,4} and p = 2, then R1(f)(y) = (y — M2)? is not square free and we have to use second
order Newton polygon techniques.

(a) If vo(m) = 2, then for ¢ = z, we have f(z) = ¢* (mod 2), Ni(f) = S has a single side of
slope —\; = —1/47 er =4, and Ri(f)(y) = y*+1 = (y + 1)% According to the definitions
and notations of [13,20], let wy = e;1[v2, A1] be the valuation of second order Newton polygon
defined by wy(a) = eivn(a) = 4vy(a) for every a € Qy and wo(x) = ey Ay = 1. Let ¢p = ot 4 2
be a key polynomial of wy and f(x) = ¢3 — 4py + (4 — m) the ¢o-expansion of f(x). As
wa(p2) = 4, wa(d3) = 8, and wa(4¢z) = 12. It follows that:

i. If vo(4 —m) = 3; m = 12 (mod 16), then there are 2 cases :
If 15(12 — m) = 4; m = 28 (mod 32), then for ¢ = 2% + 222 + 2, we have f(z) =
#3 — 4723 — (4 + m) is the @o-expansion of f(x). As wa(d3) = 8, wa((—42?)¢pa) = 14,
and wse(4 +m) > 20, we conclude that if wy(4 + m) = 20, then Ny(f) has a single side,
inda(f) = 6, and Rao(f)(y) = y>+y-+1. Thus f(z) is irreducible over Qy and v (ind(f)) =
indy (f) + indg(f) =446 =10. If wa(4+m) > 20, then Na(f) has two sides of degree 1
each. f(z) = Fi(x)Fa(z) and vo(ind(f)) = vo(ind(F1)) + vo(ind(Fy)) + ve(res(F1, F)) =
04 0+ res1(F1, Fo) + resa(F1,Fy) = 44 6 = 10. Based on the polygon Ni(f), we
conclude that V(a) = 1/4. Similarly, based on Naz(f), we conclude that V(¢2(a)) > 5/2,

and so (1,a,a?, a3, ¢2(a) a@(a) L ¢2(a) L ¢2(a)) is a 2-integral basis of Zg. Since the

Montes algonthm is local the algorlthm prov1deb p-integral bases, sometimes we have to

replace ¢o(x) by an ws-equivalent polynomial. For example, in our case, if v,(4;) > 1

a3¢2(a)
847

for some ¢ = 2,...,7 and for some odd prime integer p, then

is not p-integral
(V(as;’T?ga)) < 0 for some valuation V' of K extending 1,). So, we have to replace ¢2(x)

by g(x) = z* + 2moux? + 2mou with u an integer which satisfies ums = 1 (mod 32) and
show that B = (1, a, AZ’ jz, Z(X‘j, O‘qugj), az%:), aZgA(f)) is an integral basis of Zg. Since
for every prime integer p, v,(Zk : Z[a]) = v,(2° Hi7=2 A;), we need only to show that
every element of B is integral over Z. By the definition of g(x) and by the first point
of this proof the V-valuation of each element of B is greater or equal than O for every
valuation V' of K extending v, for every odd prime integer p. Let us show the same result
for p = 2. For this reason we need to give a lower bound of V(a) and V (¢2(«)) for every
valuation V of K extending v5. Let V be a valuation of K extending vo. Since V(o) = 1/4,
V(p2(a)) > 5/2, va(g(x)—p2(x)) > 5, and a € Zk, we conclude that V(g(a) —pa(a)) > 5
Thus V(g(«)) > 5/2, and so by a simple verification, the V-valuation of each element of B

o ¢a(a) aga(e) o’¢a(a) a3¢2(a)
A A BAL ) oA dAe

is greater or equal than 0. Hence (1, «
basis of Z .

In the remainder of this proof, these techniques will be repeated. So in every case, we give
an adequate ¢o(x) for which f(z) is regular with respect to wq, we give the ¢o-expansion
of f(z), and a lower bound of V(¢2(a)) for every valuation V of K extending vs.

If 13(12—m) > 5 (m = 12 (mod 32)), then for ¢ = 2t + 222 + 42+ 6, f(z) = 3+ (-8 —
422 — 82)pa + (12 — m + 162 + 3222 + 32x) is the ¢o-expansion of f(z). As wa(¢3) =8,
wa((—8 — 42% — 87)p2) = 14, and wa (12 — m + 1623 + 3222 + 327) = we(1623) = 19, we

) is an integral
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conclude that Na(f) = S has a single side joining (0, 19) and (2, 8). Therefore inds(f) = 5,
the side S is of degree 1, f(z) is irreducible over Q2, and by Theorem 3.6 v5(ind(f)) =

ind; (f) + 5. Thus (1, a, A2, f‘z, ¢22£‘i‘), aé’i‘(:‘), 0‘25220‘), 2 ¢2(°‘)) is a 2-integral basis of Zg.

Now by replacing ¢o(z) by g(z) = 2* 4+ 2moux? + 4mouz + 6mou with u an integer which

(1,a a? a® gla) agle) o’g(e) Oé?’g(a))
? Az’ A3’ 2A4 2As5 0 2Ag ' 4A,

satisfies ums = 1 (mod 16), we conclude that B =
is an integral basis of Zg.

If v2(4 —m) = 4; m = 20 (mod 32), then wy(4 —m) = 16 and N2(f) = T has a single side
joining the points (0, 16), (1,12), and (2, 8). Thus, ind;(f) = 4 and Ro(f)(y) = y?>+y+1is
irreducible over Fy = Fy = F (because deg(¢) =deg(1)1) = 1). Hence , f(z) is irreducible
over @y and by Theorem 3.6 vo(ind(f)) = indy (f) + 4. Based on the polygon Ny(f), we
conclude that V(¢2(a)) = 2. Replacing ¢2(z) by z* + 2mou with an integer u satisfying

umg = 1 (mod 16), we conclude that (1, 7327 sz 4’22151‘2)7 agz(a), o fjéa)’ @ ¢2( )) is an

integral basis of Z .

If vo(4—m) > 5; m = 4 (mod 32), then wa(4—m) > 20 and Na(f) = T1 + T3 has two sides
joining (0,v), (1,12), and (2,8) with v > 20. Thus each side is of degree 1, and so f(z) =
Fy(z)Fy(x) with every F;(z) irreducible over Qo. Thus v (ind(f)) = ind; (Fy)+ind; (F2)+
resy (Fi, Fy)+inds (Fy)+inda (Fy) +rese(F1, Fy) = resy (Fi, Fy)+resa(Fy, Fy) = 444 = 8.
Based on Na(f), we have V(¢2(a)) > 2, and so by replacing ¢o(z) by z* + 2mou with an

integer u satisfying ums = 1 (mod 16), we conclude that
2 3 4 3
(1, v, o j , < Jgil”z“, a +22Z‘”2“‘1, a +2m2“0‘ o’ +2maua ) is an integral basis of Z k.

2
Note that the two cases (i) and (i) could combmed into one case, namely v5(4 —m) > 4.

(b) If va(m) = 4; m = 16 (mod 32), then for ¢ = z, f(z) = ¢® (mod 2), Ny(f) = S has a single
side of slope —1/2, Ri(f)(y) = y* + 1 = (y + 1)*. Let wa be the valuation of second order
Newton polygon defined by ws(a) = 2v2(a) for every a € Q2 and wa(z) = 1. Let ¢ = 22 + 2
and f(z) = ¢3—8¢3+24¢3 —32¢2+ (16 —m) the po-expansion of f(x). Since m = 16 (mod 32),
then vo(m — 16) > 5. It follows that:

i.

ii.

iii.

If v5(16 — m) = 5; m = 48 (mod 64), then Na(f) = T has a single side joining the points
(0,10) and (4,8) with slope —1/2, inda(f) = 2, and residual polynomial Ra(f)(y) =
(y+1)2. Let us use the third order Newton polygon associated to the data t = (x,1/2, ¢,
1/2,¢3), where ¢3 = ¢3(z) + 42 = x* + 42% + 42 + 4 is a key polynomial of wo and let
w3 = 2[wa, 1/2] be the valuation of third order Newton polygon; ws(a) = 4v,(a) for every
a € Qq, w3(z) =2, and w3(d2) = 2(2+1/2) = 5. Let f(z) = ¢3+(8—8x% —8z)p3+ (—m—
48 — 1622 — 322 + 322%) be the ¢3-expansion of f(x). Since m = 48 + 64k for some integer
k, —m —48 — 1622 — 321 + 3223 = —16¢p(x) — 64 + 64k — 322 + 322>, and so w3 (—m —48 —
1622 — 322 + 3223) = w3(16) + w3(¢2) = 21. Thus N3(f) = T has a single side joining the
points (0,21) and (2, 20). It follows that its height is 1, ind3(f) = 0 and f(z) is irreducible
over Q. By Theorem 3.6 vo(ind(f)) = ind; (f) + inda(f) = ind; (f) + 2. Based on Ny(f),
we have V(a) = 1/2 and based on Ny(f), we get V(cbg( ) = 5/4 Replacing ¢2(x) by

3

by 2% + 2maou with umso = 1 (mod 16), we get (1, Az’ I Ai aﬁi(:“), ZZ 2 fjia)) is an
integral basis of Zg.

If 15(16 — m) = 6 (m = 80 (mod 128)), then Ny(f) = T5 has a single side joining
the points (0,12) and (4,8). Thus inda(f) = 6. As T is of degree 4 and Ry(f)(y) =
vt + 9>+ 1 = (y> +y + 1)%, we have to use third order Newton polygon techniques.
Let w3 be the valuation of third order Newton polygon, ¢3 = ¢3 + 2x¢s + 422 and
f(x) = 3 + (—(4x + 12)da + 16 + 24x) b3 + (— (1287 + 32)¢po + 1922 — m + 80). Since
ws(¢p2) = 3, we conclude that N3(f) = T3 has a single side joining the points (0,12)
and (2,13), which is of degree 1. Thus inds(f) = 0, f(z) is irreducible over Qy and by
Theorem 3.6 vo(ind(f)) = ind; (f)+6. Based on Nyi(f) and Na(f), we get V(o) = 1/2 and
V(pa(a)) = 3/2. Replacing ¢o(x) by 2% + 2maou by umg = 1 (mod 16), V(da(a)) = 3/2

2 2 2,2 3
and (1, o, %27 aé’;(f), ¢22$), “‘55,(5”‘), = fjia), ai’i‘(f)) is an integral basis of Z.

If v2(16 —m) = 7; m = 144 (mod 256), then wy(16 —m) = 14 and Na(f) = T1 + T3 has 2
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sides joining the points (0,14), (1,12), (2,10), and (4,8). Thus inds(f) = 7. Since the at-
tached residual polynomials of f(z) are R12(f)(y) = y*+y+1 and Roo(f)(y) = (y+1)?, in
order to complete the calculation of the index v5(ind(f)), we have to use third order New-
ton polygon. Let ¢35 = ¢o + 42 = 22 + 42 + 2 be the key polynomial of wa, w3 = [wa, 1] the
valuation of third order Newton polygon; ws(a) = 2v5(a) for every a € Qg, wz(z) = 1, and
w3(¢p2) = 3. Let f(z) = ¢4+ (88— 161)¢3 + (728 —544x)p3 + (96 — 3776x) 3 — (6528 +m+
3824) be the ¢g-expansion of f(z). As w3((728 —544x)¢p3) = 12, w3((96 — 3776x)p3) = 13,
and w3 (6528x + m + 3824) = 13, N5 (f) = T has a single side joining the points (0, 13)
and (2,12). Thus T is of height 1, ind3(f) = 0 and f(x) is irreducible over Q. By
Theorem 3.6 vo(ind(f)) = ind; (f) + inda(f) = indy (f) + 7. Based on Ny(f), N2(f), and
N3(f), we get V(a) = 1/2 and V(p2(a)) > 3/2. Let 0 = ¢3(a) — 8¢3 () + 24¢2(a) — 32.
We need to show that 2% € Zg. For this reason we have to show that V(0) > 5 for
every valuation V of K extending vo. Since Na(f) has two sides of slopes —2 and —1,
by Theorem 3.4, f(x) = fi(z) X fa(x) in Zs[z] and there are two distinct valuations
V1 and Va2 of K extending v which satisfy Vi(¢a(a)) = 2 and Va(p2(a)) = 3/2. If
V(ga(a)) = 2, then a simple verification shows that V() > 0. If V(¢a(a)) = 3/2,
as f(a) = 0, we have 6 = gg_(;(;, and so V() = 7—3/2 > 5. Hence % € Zg and
(1,a o®) aga(a) ¢3(e) a¢i(x) o 29 is a 2-integral basis of Z. By replacing ¢o(x) by
T T TR T8 1320 32

2?2 + 2maou with mau = 1 (mod 32), we get (1, a, Z‘—Z, O‘gi‘(;‘), qégj), ag%(:) , &, 40‘7{97
integral basis of Zy, where 6 = ¢3(a) — 8maug3(a) + 24maugs(a) — 32mau.

) is an

If v5(16 —m) > 8; m = 16 (mod 256), then let v = wy(16 —m), ¢ = 22 — 22 + 2 and
f(z) = ¢35+ (16 +87) @3 + (—40 + 32x) 2 — 32x¢9 + (16 — m) be the ¢o-expansion of f(z).
If v > 9, then Ny(f) =Ty + T + T3 has 3 sides joining the points (0, 2v), (1,13), (2, 10),
and (4,8). In this case f(z) = Fi(z) x Fa(x) x F5(z) with Fi(z) and Fy(z) irreducible
over Qy. For F3(z), since its residual polynomial attached to T3 is Ra(f)(y) = (y + 1)?,
we have to use third order Newton polygon techniques. Let ¢35 = ¢ + 22 = 22 + 4z + 2
be the key polynomial of wa, ws the valuation of third order Newton polygon and f(x) =
3+ (88—162) 3+ (728 —544x)p2 + (96 —3776x) 3 — (65287 +m+3824) the ¢3-expansion of
f(z). Asws((728—544x)¢3) = 12, w3((96—3776x)p3) = 13 and w3 (6528z+m+3824) = 13,
N3 (f) = T has a single side joining the points (2, 13) and (2, 12) with height 1. Thus F5(z)
is irreducible over Q9 and inds(f) = 0, va(ind(f)) = ind; (f) +inda(f) = ind; (f)+8. Thus
l/g(ll'ld(f)) = indl(Fl) +indy (Fg) +indy (Fg) —|—7“681(F1, FQ) + 7"651(F1, F3) +res; (Fg, F3) +
indz(Fl) + indg(F2) + iDdQ(Fg,) + T@SQ(Fl, FQ) + T€82(F1, Fg) + TBSQ(FQ, F3) =04+0+4+1+
1424+2404+0+2+2+2+4+2=ind;(f) +8. If v =38, then Nao(f) = T1 + T has 2 sides
joining the points (0,16), (1,13), (2,10), and (4,8). In this case f(z) = Fi(x) x Fa(z).
Since the residual polynomial of f(z) attached to Ty1; Ro(f)(y) = y? +y + 1 is irreducible
over Fy, we conclude that Fij(z) is irreducible over Q2. For Fy(zx), Since the attached
residual polynomial of the last side is Ro(f)(y) = (y + 1)2, we have to use third order
Newton polygon techniques. Let ¢3 = ¢g + 22 = 22 + 4z + 2 be the key polynomial of
wa, ws the valuation of third order Newton polygon, and f(z) = ¢3 + (88 — 16x)¢3 +
(728 — 544x)¢3 + (96 — 3776z)p3 — (6528x + m + 3824) the ¢s-expansion of f(z). As
w3 ((728 — 5442)p3) = 12, w3((96 — 3776x)¢3) = 13, and w3(65282 + m + 3824) = 13,
N3 (f) = T has a single side joining the points (2,13) and (2,12) with height 1. In
this case we have also vo(ind(f)) = ind;(f) + 8. Let V be a valuation of K extending
va. In both cases, based on Ni(f) and Na(f), we get V(a) = 1/2 and V(¢p2(a)) >
3/2. If V(pa(a)) > 5/2, then V(¢3(a) + (16 + 8a)p3(ar) + (—40 + 32a)¢2(ar) — 32a0) >
11/2, and so V(%2 > 0, where 6 = ¢3(a) + (16 + 8a)p3(a) + (—40 + 32a)¢2(a) — 32a.

If V(¢a(a)) = 3/2, then V(i1 H0rsI0i () CI0EM)gs() 500 ) _ y(dbom ) > § —
5. Thus V(&) > 0 and V(2Z) > 0 for every valuation V of K extending v5. Thus
(Lo, o, aszla) od(@) avla)

6 sl
0 b
2,

, 35> gq) 1s a 2-integral basis of Zx. Replace ¢a(x) by % —
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2 2
2maoux + 2mou with mou = 1 (mod 64), we conclude that (1, «, j—z, agi(f), 4)222), aﬁf;‘(:),

&, %) is an integral basis of Zx, where 6 = ¢3(a)+(16mou+8moua)d3(a)+(—40mou+
32moua)pa(a) — 32maua.

(c) If vp(m) = 6; m = 64 (mod 128), then for ¢ = z, we have f(z) = ¢® (mod 2), Ny(f) = S
has a single side of slope —\; = —3/4, e; = 4, and Ry (f)(y) = y*> +1 = (y + 1)%. Let wy be
the valuation of second order Newton polygon defined by wo(a) = ejve(a) = 4vs(a) for every
a € Q2 and wa(x) = ey A1 = 3. It follows that:

i If vo(m —64) =7 (m = 192 (mod 256)), then there are two case:
If vo(m —192) = 8 (m = 448 (mod 512)), then for ¢g = x* + 423 + 1222 + 24, we have
f(z) = ¢3 + (=224 — 823 — 8% + 32x) o + (4800 — m + 51223 + 230422 — 768x) is the ¢o-
expansion of f(x). As wa(¢3) = 24, wa((—224 — 823 — 822 + 322)¢2) = 30, and w4 (4800 —
m+ 51223 + 230422 — 768x) = wo(7682) = 35, we conclude that Na(f) has a single side of
degree 1. Thus f(x) is irreducible over Qa, ind2(f) = 5 and 1/2 (ind(f)) = ind; (f)+5. Since
V(a) = 3/4 and V (¢(a)) = 35/8. By replacing ¢o(z) by z* +4umaz3 +12umoz? 4 24umy

2
with mou =1 (mod 32), we get (1, «, AZ’ jz, ¢22£Q‘), O‘fi(:)7 fjéa), 2 ¢2(a)) is an integral

basis of Zg.
If vo(m —192) > 9 (m = 192 (mod 512)), then for ¢ = 2* + 422 + 8, we have f(z) =
¢2 — 8x%¢y — (64 + m) is the ¢o-expansion of f(x). As wa(d2) = 24, wo(—8x%¢s) = 30,
and wo(64 +m) = wa(m — 192) > 36, if va(m — 192) = 9 (w2(m — 192) = 36), then
No(f) has a single side with Ro(f)(y) = y*> + y + 1, f(z) is irreducible over Qo and
vo(ind(f)) = indy (f) + 6.
If vo(m — 192) > 10, then Na(f) has 2 sides of degree 1 each. Thus f(z) = Fy(z) x Fa(z)
with each F; is irreducible over Qo. In this case we have also vo(ind(f)) = ind;(f) + 6.
Since V(¢2(a)) > 9/2 and V(a) = 3/4, if we replace ¢o(z) by z* + 4dmouz + 8mau with
umg = 1 (mod 32), then (1, q, Az’ jz, ¢>2215‘<z)7 aﬁz(:), azfjga), a32¢j£a)) is an integral basis
of ZK

ii. If vo(m — 64) > 8 ( m = 64 (mod 256)), then for ¢ = a* + 8, we have f(z) = ¢35 —
16¢2 + (64 — m) is the ¢o-expansion of f(z). Since wa(¢p3) = 24, wo(16¢2) = 28, and
wo(64 —m) > 32, it follows that if wy(64 — m) = 32, then Ny(f) has a single side with
Ro(f)(y) = y> +y + 1. So wa(ind(f)) = inda(f) + 4. If wo(64 — m) > 32, then Ny(f)
has two side with degree 1 each. In this case, we have also vo(ind(f)) = inda(f) + 4. In
both cases we have V() = 3/2 and V(¢2(a)) > 4. Replacing ¢2 by ¢ = 2* + 8umy with

o ¢2(0) aga(a) Pea(e) « ¢2(04)
N vl v i -y vty

umg = 1 (mod 32), we get (1, «
Zk.

) an integral basis of

2. If m =1 (mod 2), then f(z) = (z — 1)® (mod 2). Let ¢ =z — 1, f(z) = ¢® + 847 + 28¢5 + 56¢° +
700* + 564> + 2842 + 84 + 1 — m. It follows that:

(a) If v9(1 —m)=1; m =3 (mod 4), then Ny(f) = S has a single side joining (0,1) and (8,0).

Thus vy(ind(f)) = indy(f) = 0. It follows that (1,0, 4>, 2%2() & o o al) 5 an integral
basis of Zp.

(b) If vo(1—m)=2; m =5 (mod 8), then Ny(f) = S1 has a single side joining (0,2), (4,1) and
(8,0) with residual polynomial Ry (f)(y) = y?+y + 1, which is irreducible over F; = Fy. Thus
vo(ind(f)) = ind; (f) =4 and
(1, e, Az’ 32 0‘4;‘21"4, “ 5"2240‘, o ‘5;’;:0‘2, 0‘7"2';’11;0‘3) is an integral basis of Zg.

(¢) If vo(1 —m) =3; m =9 (mod 16), then Ny(f) = S1 + S has 2 sides joining (0, 3), (2,2),
(4,1), and (8,0). Thus R11(f)(y) = ¥*> +y + 1 and Ro1(f)(y) = y + 1. It follows by Theorem

3.3 that v (ind(f)) = indl(f) =6 and

3

(1 a (172 o’ a4+m @ +m a o +2ma +3m [e% +ma +2ma+3m
Y Ag? A 2A4 0 2A5 4A6

7 6 2 5
o t2ma +3m "4';7?“ +2ma’£3m’a) ig ap integral basis of ZK.
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(d) If vo(1 —m) =4; m = 17 (mod 32), then Ny(f) = S1 + S2 + S3 has 3 sides joining (0,4),
(173)7 (272)7 (47 1)7 and (870) Thus Rll(f)(y) = y2 +y+ 1 and Rll(f)(y) =Y+ 1 for every
i = 2,3. It follows by Theorem 3.3 that v2(ind(f)) = ind(f) = 7 and

(1 a ai afg a4+m4 o¢5+m4o¢ 04672ma57m2o¢4+m2o¢2+2ma+3m2
’ ? A2 ) A3 ? 2A4 ) 2A5 ? 4A5 ?
7 6 2.5 4 2 3 2 2
_ —_ — 4 . . .
a_—ma dmia —ma J”;A:‘ ma”+(m”tdm)atmy 45 an integral basis of Z.

(e) If vo(1—m)>5; m=1 (mod 32), then Ny(f) =51 + Sz + 53+ S4 has 4 sides joining (0, v),
(1,3), (2,2), (4,1), and (8,0) with v = v5(1 —m) > 5. Thus R;1(f)(y) = y + 1 for every
i=1,2,3,4. It follows by Theorem 3.3 that v5(ind(f)) = indi(f) = 7 and

(1 a a72 oi a4+m4 a5+m4oz a672ma57m2044+m 042+2ma+3m
’ ? Az ’ Ag’ 2A4 ? 2A5 ? 4A5 ?
2 4 2 2 2
ol —me’+m’a’ ~ma +mAa37ma Hm tdm)atmy i¢ an integral basis of Z
8A7 :

Proof of Theorem 2.2.
Let a be a root of f(z) = 28 — m as above, ¢ a primitive eighth root of unity. The conjugates of o are
a® =a,0® = Ca,...,a™ = Ba,a® = "a. For every k = 1,...,8, let o5, be the embedding of K
defined by o(a) = ¢*a. Then 04,09, ...,0s are the embeddings of the number field K.

Let L(z) = ar; + oy + a’xs + a'zy + a®x5 + ab26 + o’z and denote by L) (z) its conjugates,
corresponding to a? (1 <i < 8). Let

_ L0 (z) — LU ()

Hij(0) = — &= a0
for 1 <i<j<8. Wehaveo(H;;(z)) = Hgj7(z) wherei+1=i+1for1<i<T7andi+1=1for
i =8, and similarly j + 1. Set
Fy(r) = His(z) - Hae(w) - Haz(x) - Has(z),
Fg(l‘) = ng(l‘) -Hgg(ZE) ~H34($(,') -H45(.7,‘) -H56(£E> ~H67($C) -H78(.7,‘) -Hgl(,CE).

Using symmetric polynomials these factors were explicitly calculated by using Maple [4] which showed
that they have rational integer coefficients. (It also follows from the fact that these products remain fixed
under any element of the Galois group of the normal closure of K.) These polynomials divide the index

form
J(l’l,...,$7): H |Hz](ﬂj‘)|
1<i<j<8

of the basis (1, a,a2,a%, a* a® af, a”) of K, which is also of integer coefficients. Denote by Fig(z) the

third factor of the above product. (Fig(x) is of degree 16, since the index form has 28 factors.)
Therefore we obtain
J(Q?l, cee ,.1‘7) = :|:F4(,T) . Fg(l‘) . Fl(g,(.’lﬁ),

where the factors Fy(x), Fs(x), Fi6(x) have integer coeflicients, of degrees 4, 8, 16, having 10, 169, 9185
terms, respectively.
If vo(m) is odd or m = 3 (mod 4), then K = Q({/m) has integral basis

Oé2 043 044 045 Oéﬁ CY7
) 7A2’A37A4’A57A67A7 .

Therefore

\/m = |D(Oz)| _ H1§i<j§8 |a(l) — a(j)|

Ay A3AyAsAgAr A Az Ay As AgAr
Any algebraic integer ¥ € Zx can be written as

7 7

oF 1A, T,
U= Y7 = 51 7 Yo = —— RO,
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where Ag = 1, A7 /A and y;, are integers, zp = ﬁ—;yk, (k=0,1,...,7). Hence

1 . )
ind(v) = I wo-v9

VIDk| 1<i<j<8

Ay Az Ay AsAgAs 1

" Micicjes 0@ —a0] AF

_ A2A3A4A5A6A7 H L(Z) (Z) — L(]) (Z)

[T @9k -LY)

i<j<8

28 D) _
A7 1<i<i<s a( ) a(])
We obtain Ao A Ay Ac A A
ind(9) = 222 2285 ST Fy(2) - Fy(2) - Fig(2).
7
In Fy(2), Fs(2), F16(z) we substitute the representations of As,..., A7 and m in terms of aq,...,a7. We

extract the ged-s Wy, Wg, Wig of the coefficients of Fy(z), Fs(2), F16(2), respectively, then we obtain

F4(Z) = W4 . GY4(Z)7 Fg(z) = Wg . Gg(z), Flﬁ(Z) = W16 . Glg(z),

where G4(z), Gs(z), G16(z) are polynomials of z1, ..., z7 with integer coefficients, and
A28
WiWsWig = u :
T A, A3 Ay A5 Ag Ay
Therefore

ind(¥) = Ga(2) - Gs(2) - G16(2).

Calculating explicitly G16(2) — a3a§G3(z) we obtain
8ajazasar|(Gig(2) — a3aiGa(2)).

If K is monogenic, then for some z1,...,27 € Z we have ind(9) = 1. Hence G4(z) = £1,Gs(z) =
+1,G16(2) = £1, that is the above divisibility relation implies

8aiazasar|(asa £ 1).

with at least one of the signs. O

The existence of prime common index divisors was first established in 1871 by Dedekind who exhibited
examples in cubic number fields. For example, he considered the cubic field K generated by a root of
2% — 22 — 2z — 8 and he showed that the prime 2 splits completely in Zg. So, if we suppose that K is
monogenic, then we would be able to find a cubic polynomial generating K, that splits completely into
distinct polynomials of degree 1 in Fa[x]. Since there are only 2 distinct polynomials of degree 1 in Fa[z],
this is impossible. Based on these ideas and using Kronecker’s theory of algebraic numbers, Hensel gave a
necessary and sufficient condition on the so-called ”index divisors” for any prime integer p to be a prime

common index divisor [17].

In order to prove Theorem 2.3, we need the following two lemmas. The first one is an immediate
consequence of Dedekind’s theorem. The second one follows from [13, Corollary 3.8].

Lemma 4.1 Let p be a rational prime integer and K a number field. For every positive integer f, let
Py be the number of distinct prime ideals of Zy lying above p with residue degree f and Ny the number
of monic irreducible polynomials of Fplx] of degree f. If Py > Ny for some positive integer f, then p is
a common index divisor of K.
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By Hensel’s correspondence and [13, Corollary 3.3], the following Lemma allows to calculate the
ramification index and the residue degree of each prime ideal of K lying above a prime integer p.

Lemma 4.2 Let p be a prime integer, f(z) € Zy[x] a monic polynomial such that f(z) is a power of
o(x) for some monic polynomial ¢ € Zy[z], whose reduction is irreducible over F,, N;(f) = S; has a
single side of slope —X; and R;(f)(y) = ¥i*(y) for some monic irreducible polynomial v; € F;[y] for
everyi=1,...,7—1. Let e; be the smallest positive integer satisfying e;\; € Z for everyi=1,...,r—1.
If N.(f) =T has a single side of degree 1, then f(z) is irreducible over Q,. Let p be the unique prime
ideal of Q(B) lying above p, where B is a root of f(x). Then e(p/p) = e1 X -+ X e, is the ramification
index of p and f(p/p) = deg(¢) x H:;ll deg(1);) is its residue degree.

Proof of Theorem 2.3

1. If m =1 (mod 32), then f(z) = MS (mod 2) and Ny(f) =51 + S2 + S5+ Sy has 4 sides joining
(0,v), (1,3), (2,2), (4,1), and (8,0), where v = v5(1 — m). Thus each side is of degree 1, and so
there are 4 prime ideals of Zg lying above 2. Since there are only 2 monic irreducible polynomial
of degree modulo 2. By Lemma 4.1, 2 divides i(K), and so K is not monogenic.

2. If 15(16 — m) > 8; m = 16 (mod 512), then f(z) = 2® and N;i(f) = S has a single side of slope
—A\; = —1/2 (see Figure 2). Then e; = 2 is the ramification index of S. Also for ¢ = 22 + 2, we
have f(x) = ¢35 — 8¢5 + 24¢3 — 32¢3 + 16 — m. So, No(f) = T} + T + T3 has 3 sides joining the

pomts (0,v), (1,12), (2,10), and (2, 8) (see Figue 3) with v = we(16—m) > 16, residual polynomials
Rio(f)(y ) =y+1fori=1,2and R32(f)( ) = (y+1)2. By Theorem 3.4, f(z) = Fy(x)x Fy(x) x F3(z)

in Zg[ | where F;(z) is monic irreducible over Qq for ¢ = 1,2 and F3(x) is monic. In order to complete
the factorization of F3(x), we have to use third order Newton polygon. For ¢3 = ¢o+4x = 22 +4x+2,
we have f(z) = ¢3 + (88 — 162)p3 + (728 — 544x)¢2 + (96 — 3776x)pa — (m + 3824 + 6528z).

So, NéFg) = N3 (f) = Uy + Uz has two sides joining (0,15), (1,13) and (2,12) (see Figure 4).

Thus Fs(z) = Fs1(x)Fs2(x) with each F3;(z) irreducible over Qy for each ¢ = 1,2. By Hensel’s

correspondence, there are exactly 4 prime ideals pi, P2, P31 an p3o of Zk lying above 2. By Lemma

4.2, e(p;) = e1 x eg =2 for i = 1,2 and e(ps;) = e1 X ea x e3 = 2 for each ¢ = 1,2. We have also

f(p) =1 for each prime ideal factor p € {p1,p2, P31, Pps2}. As there are only two monic irreducible

polynomial in Fg[z], 2 divides i(K), and so K is not monogenic.

A

Figure 2. Ny(f).

3. If v5(m) is odd, then by Theorem 2.2,
8ajazasar|(a3al + 1)

is a necessary condition for monogenity of K with at least one of the signs. Thus if asag = 2 (mod 8)
or asag = 6 (mod 8), then 8ajazasar; does not divide (agag)? £ 1 with neither of the signs. Thus
K is not monogenic.
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A o
Ts
T5
8
1 2 4 i
Figure 3: Na(f).
A
15
Uy
13 U2
12
1 2

Figure 4: Ny (f).

O
Proof of of Theorem 2./
Assume that m = o' with a # £1 is a square free rational integer and t € {3,5,7}. Since ged(t,8) = 1,

let (u,v) be two non-negative integers solution of tu —8v = 1 and v < 8 and § = <. Since 0% =
8u u tu . . . . . . . .
o = iw = %% = aand 2% — a is irreducible over Q (because it is an Eisenstein polynomial), hence

Q(f) = Q(a) = K. Thus K is the octic number field generated by a root 6 of g(z) = 28 — a with a square
free integer a. Applying [12, Theorem 8], we get the following results:

1. If a # 1 (mod 4), then K is monogenic and Zg is generated by 6.

2. If a =1 (mod 4), then K is not monogenic, except for a = —3.
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