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1. Introduction and preliminaries

Let E be a nonempty set. The mapping d defined from E x E into the set of all non-negative real
numbers R, is called a metric on E, if, the following axioms are satisfied,

o Vz,y € E, d(x,y) =0, if and only if z =y, (the separation)
o Vr,y € E, d(x,y) = d(y, ), (the symmetry)
o Va,y,z € B, d(z,y) <d(z,z)+d(z,y). (the triangle inequality)

Then, the ordered pair (E, d) is the so called a metric space [14]. In 1944 Marc Krasner introduced the
notion of ultrametric space [13] in which the triangle inequality is strengthened to :

Va,y,z € E, d(z,y) < sup{d(z, 2),d(z,y)}.
It follows that, every ulrametric space is a metric space, indeed,

Va,y,z € B, d(z,y) < sup{d(z, 2),d(z,y)} < d(z,2) + d(z,y).
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2 C. HARRAFA AND A. MBARKI

The idea of the notion of b-metric space was initiated from the work of Bourbaki [23] and Bakhtin.
Czerwik gave an axiom which was weaker than the triangle inequality and formelly defined a b-metric
space [22]. Indeed, the b-metric space is a space in which the triangle inequality is replaced by :

for a given real number s in [1,00). It should be noted that the class of b-metric spaces is effectively
larger than the class of metric spaces since a b-metric is a metric when s = 1.

In 2000 Branciari introduced a new metric by substituting the triangle inequality with the quadrilat-
eral inequality.

Definition 1.1 [21] Let E be a nonempty set and let d : E x E — Ry, then the pair (E,d) is called the
Branciari metric space (or generalized metric space) if its differs from a metric space only in the triangle
inequality such that, for all x,y € E and for all distinct u,v € E each of them distinct from x and vy,

d(z,y) < d(z,u) + d(u,v) + d(v,y). (the quadrilateral inequality)
Then, the map d is called a Branciari metric (or generalized metric).

In 1942 Karl Menger introduced the notion of a statistical metric space [13] as natural generalisation
of metric space in which the distance d(x,y) between two points x and y is replaced by a distribution
function f,,. The value fy, (¢) of this function at every real number ¢ can be interpreted as the probability
that the distance between x and y is less than t. For the historical details, as well as for the motivations
behind the introduction of Probabilistic metric spaces, the reader should refer to the book by Schweizer
and Sklar [1].

More precisely, let R be the set of all real numbers, and let :
At ={f:R —[0,1] | fis nondecreasing, left-continuous, and f(0) = 0}

The axiomatic characterization of a probabilistic metric space is quite similar to that of a metric space.
In such a space the range of the distance function is the set AT rather than the set of non-negative real
numbers and a suitable semigroup operation defined on AT replaces the operation of addition in the
triangle inequality. The set A" has a natural partial order, namely, f < h if and only if f(¢) < h(t), for
every t. The greatest element in AT with respect to this order is the Heavyside distribution function
defined by:

) 0 if ¢ is negative (or null)
I =
* 1 if ¢ is positive

Remark 1.1 Since any function f in AT is equal to zero on | — oo, 0], we can consider the set AT
consisting of non-decreasing functions f defined on [0, 00| that satisfy f(0) = 0 which are left-
continous on |0, c0[. Notice that we can extend these functions to [0, c0] by adding the condition
f(o0) = 1. Such functions are called a distance distributive functions.

Definition 1.2 A commutative, associative and nondecreasing mapping T from [0,1] x [0,1] into [0, 1]
1s called a t-norm if and only if,

T(a,1)=a forall ae€]l0,1].
Example 1.1 We mention the three typical examples of t-norms as follows: for all a,b € [0, 1],
e Tp(a,b) = ab,
e Thrin(a,b) = Min(a,b),
e Tr(a,b) = Mazx(a+b-1,0).
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Definition 1.3 A probabilistic semi-metric space (briefly, a semi-PM space) is an ordered pair (E,JF)
where E is a set, and F is a mapping from E x E into AT such that for all pairs of points x and y in E:

1. F(z,y) = e if and only if x =y,
2. F(z,y) = F(y,x).

The function F(z,y) is usually denoted by fs,, and foy(t), its value at a real number ¢, is interpreted as
the probability that the distance between x and vy is less than t.

Definition 1.4 A two place function T mapping AT x AT into A is called a triangle function if, for
all f,h, and | in AT,

1. 7(f,e00) = f, (boundry condition)
2. 7(f
3. 7(f
3. 7(f,7(h, 1)) = 7(7(f, h),1). (associativity)

,h) > 7(f,1) whenever h > 1, (monotonicity)
Jh) =71(h, f), (commutativity)

For any argument ¢, the value of the distribution function 7(f,h) at ¢ is denoted by 7(f, h)(t). A t-
norm 7T is called continuous if it’s continuous as a function, in the usual interval topology on [0, 1] x [0, 1],
(Similarly for left- and right-continuity). Therefore, if, T is left-continuous ¢-norm, then the operation
77 from AT x At into AT defined by :

mr(t) = sup{T(f(u), h(v)) | u +v =t}
is a triangle function [5].

Definition 1.5 [1] Let (E,F) be a semi-PM space, and let T be a triangle function. Then (E,F,T) is
a probabilistic metric space under T if, for every triple of points x,y, and z in E:

fay = T(fozs foy).  (the probabilistic triangle inequality)
If, this is the case, then we say that (E,F,T) is a probabilistic metric space.

Definition 1.6 [I] Let (E,F,T) be a probabilistic metric space and T = 7p for a t-norm T. Then
(E,F,T) is the so called Menger space.

Definition 1.7 [18] Let (E,F) be a semi-PM space, 7 is a triangle function and let s > 1 be a real
number. Then a quadruple (E, F,T,s) is called a probabilistic b-metric space if, for every triple of points
z,y,z in E and for allt >0 :

fwy<5t> > T(fa:za fzy)(t)

If, T = 1 for some t-norm T, then (E,F,T,s) is called a b-Menger space.

Definition 1.8 [16] Let § : Ry — Ry be a function such that, 6(t) <t fort >0, and p be a selfmap of
a probabilistic b-metric space (E, F,7,s). We say that p is a d-probabilistic contraction if,

Ve, y € E and t >0, fi2),p0)(0(t)) > foy(st).

Definition 1.9 [17] Let (E,F) be a semi-PM space, and let T be a triangle function. Then (E,F,T) is
called a probabilistic generalized metric space if, for all x,y € E and for all distinct points u,v € E, each
of them distinct from x and y,

Jay = T(fou, T(fuv, foy))-  (the probabilistic quadrilateral inequality).

In order theory, an order embedding is a special kind of monotone function, which provides a way to
include one partially ordered set into another, indeed,
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Definition 1.10 [9] Let (G, <) and (G',<') be two posets, a function ¢ : G — G is an order embedding
if ¢ is both order-preserving and order-reflecting, i.e,

Vry e, w<yed@) < o).
An order embedding is necessarily injective, indeed, for all z,y in G,

s(x) =odly) & o)< dy) and $(y) < o)
< <y and y<zw
= =Y.

Then, an order isomorphism can be characterized as a surjective order embedding. As a consequence,
any order embedding ¢ restricts to an isomorphism between its domain G and its image Rang(¢). Since
¢ is an injective mapping then,

Y,y € G, x <y ox) < oy).

Another characterization of order isomorphisms is that they are exactly the monotone bijections that
have a monotone inverse. If ¢ is an order isomorphism, then so is its inverse function. if ¢ is an order
isomorphism from (G, <) to (G',<’) and 4 is an order isomorphism from (G, <") to (G",<"), then the
function composition of Yo ¢ is itself an order isomorphism, from (G, <) to (G",<"). When an additional
algebraic structure is imposed on the partially ordered sets (G, <) and (G, <'), a function from G to G’
must satisfy additional properties to be regarded as an isomorphism.

Definition 1.11 An order isomorphism ¢ from a poset G to itself is called an order automorphism.

Definition 1.12 [9] A well-order relation < on a set G is a total order on G with the property that
every nonempty subset of G has a least element in this ordering. The set G together with the well-order
relation is then called a well-ordered set.

2. Main results

The purpose of this paper is to unify all these generalizations even for probabilistic versions. Indeed,
our approach is based on the quiver spaces [10] which is a recent generalization of metric spaces. In such
spaces, the range of the metric is a given nonempty partially ordered magma (G, <, *) which contains the
least element ey. By generalizing the triangle inequality for a quiver space we establish that the following
metrics are very special cases namely, Ultrametric, b-Metric, Probabilistic b-Metric, Branciari Metric and
Probabilistic Generalized Metric. Our approach led us to generalize and study the Banach contraction
principle in the framework of this theory. Throughout this work, we adopt the following notation :

e N is the set of all non-negative integers,
e 7 is the set of all integers,

e Q is the set of all rational numbers,

i : is the identity transformation of the set G,

Rang(¢) : is the range of the map ¢,
e A — B : is the set of elements in A but not in B.
e In : is the logarithm function.

e exp : is the exponential function.

For reasons and motivations mainly related to particle physics namely, the phenomenon of quantum
entanglement [2], we have recently introduced the notion of the guiver space [10] as a generalization of
metric space, indeed,
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Definition 2.1 Let E be a nonempty set and (G, <,*) be a nonempty poset magma which contains the
least element eq. Let F be a mapping from E x E into G such that, (x,y) — F(2,y) = foy, then (E,F)
is called a quiver space on (G, <,x), if the following three axioms are satisfied :

o Vx,yc E, foy,=-coif and onlyifz =1y,
b V%ZJEE, fx,y:fy,x;
b Vx,y,z€E7 f:v,ygfa:,z*fz,y~

Having introduced the necessary terms, we now turn to our main topic. Let (G, <, ) be a nonempty
poset magma which contains the least element eg and let F be a mapping defined from F x E into
(G, <, %), such that, Yo,y € E, F(x,y) = fzy. We consider that, (G/,j) is a nonempty poset, ¢ is a
map from G to G, and let F4 be the mapping defined by :

Fo: ExXE— (G,=)
('Tay) = f¢(x,y) = (¢O.F)(l‘,y) = ¢(fac,y) = Cayy

Proposition 2.1 Let (E,F) be a quiver space on (G, <,*) with the least element ey, and let ¢ be an
order embedding from (G, <) into (G ,=), such that, Yo,y € G, ¢(zxy) 2 ¢(x) L ¢(y), where L is an
operation on Rang(p). Therefore, (E,Fy) is a quiver space on (Rang(¢), =, L) with the least element

P(eo)-

Proof: Let (E,F) be a quiver space on (G, <, ), suppose that, ¢ is an order embedding from (G, <)
into (G, =), therefore,

e Let 2’ be in Rang(¢), then, there exists a unique 2 € G such that, ¢(z) = z'. Since ¢ is an order
embedding from (G, <) into (G , <), then, eg < x < ¢(ep) X ¢(x) = x , it follows that, ¢(eg) is the
least element of (Rang(¢), <),

e Since ¢ is injective, then,
Va,y € B, oy = dleo) © ¢(fry) = dle0) & foy =eo &z =1y,

o Vz, y ek, Cxy = Cyx < ¢(fz,y) = ¢(fy,z) e f;z,y = fy,za

e For all z,y,z in F,

Joy S fozxfoy & ¢(fxy) = O(fa,z * fzy)
= A(fey) 2 O(fez) L d(foy)

S Cpy D CpxLcy.

Since L it’s an operation on Rang(¢), it follows that, (E, Fy) is a quiver space on (Rang(¢), <, L) with
the least element ¢(ep). O

Corollary 2.1 Let (E,F) be a quiver space on (G, <, *) with the least element eg, ¢ is an order embedding
from (G, <) into (G, =), and let L be the operation on Rang(¢), defined by, for all x,y in Rang(p),

zLy=¢(7 (x) x ¢~ (),
where ¢~1 is the inverse of ¢ from Rang(¢) into G, therefore, the following are equivalent,

(i) (E,F) is a quiver space on (G, <,*) with the least element e.

(i1) (E,Fy) is a quiver space on (Rang(¢), <, L) with the least element ¢(eo).
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Remark 2.1 Since ¢ is an injective mapping, then the previous operation L on Rang(¢) is well-
defined. In the sequal, the operation L will play an important role for the proofs of most theorems.
Now, we will introduce a new space as a generalization of the quiver space which will be the main
object of our study.

Definition 2.2 Let v be an order embedding from (G, <) to itself then, (E,F) is called a Oy quiver space
on (G, <, *) with the least element eq, if, the following azioms are satisfied :

e Va,y€ E, fu,=ceoif and only if x =y, (the generalized separation)
eV, ye E, fr,=fya (the symmetry)
o Va,y,z€E, Y(fsy) < fo:*fay. (the generalized triangle inequality)

Then, the function F is called the Hy-quiver metric on E.

Remark 2.2 Let (E,F) be a quiver space on (G, <,x) with the least element eg, then, (E,F) is a
0;., quiver space on (G, <,x*) with the least element eg.
Note that, we can define several classes of a 0y quiver space according to the choice of the actions of
1 in the generalized triangle inequality, indeed,

Definition 2.3 o (E.F) is called a 1y quiver space on (G, <,*) with the least element ey, if its
differs from a 0y quiver space only in the third property such that,

V$7y7Z€E7 fw,ygw(fw,Z*fZ,y)7

o (E,F) is called a 2, quiver space on (G,<,x) with the least element eq, if its differs from a Oy
quiver space only in the third property such that,

Va,y,2 € E,  foy S(foz) x(f2y),

o (E,F) is called a 3y quiver space on (G, <,x) with the least element eq, if its differs from a Oy
quiver space only in the third property such that,

Vr,y,z € F, w(fl,y) < w(fx,Z) * w(fzy)

Proposition 2.2 Let ¢ be an order automorphism of (G, <), where 1)=1 is the inverse of 1. Then, the
following are equivalent,

(i) (E,F) is a 0y quiver space on (G, <,*) with the least element eg.
(11) (E,F) is a 1y,-1 quiver space on (G, <, ) with the least element eg.

If, in addition, v is an automorphism of (G, *) which means for all x,y in G, Y(x*xy) = (x) *P(y), it
follows that,

o (E,F) is a 1y quiver space on (G, <,*) with the least element eq, it’s equivalent to (E,F) is a 2y
quiver space on (G, <,x) with the least element e,

o (E,F) is a 3y quiver space on (G, <,*) with the least element ey, it’s equivalent to (E,F) is a

quiver space on (G, <,x) with the least element eg.

Proof: Let (E,F) be a 0y quiver space on (G, <,*) with the least element eq, since 1 is an order
automorphism of (G, <), then so is its inverse function ¢ ~!, therefore, for all z,y and z € E,

w(f%y) < fz,z * fz,y ~ fr,y < wil(fm,z * fz,y)-
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If, ¢ is an automorphism of (G, *) it follows that, for all z,y and z € E,

And for all z,y and z € E,

w(fw,y) < Z/J(fw,Z) * w(fz,y) = ¢(fa:,z * fZ,y) S foy < oz * foy-
O

Definition 2.4 Let ¢ be an order embedding from (G, <) to itself then, (E,F) is called a generalized Oy
quiver space on (G, <,x) with the least element eq, if the following axioms are satisfied:

1. % 1s an associative operation,
2. Vx,y € E, foy=-eco, if and only if, x =y,
3. Vz,y €k, fLy:fy,x;

4. Yx,y € E and for all distinct points u,v € E, each of them distinct from x and vy,
Then, the function F is called the generalized H.,-quiver metric on E.

When there is no ambiguity, we will say that (E,F) is a 0y quiver space on (G, <, *) without men-
tioning the least element eq.

Remark 2.3 Note that, We can also define several classes of the generalized 0, quiver space, for
instance, let ¢ be an order embedding from (G, <) to itself then, (E, F) is called a generalized 1,
quiver space on (G, <, ), if it differs from a generalized 0, quiver space only in the four property
such that, Vz,y € E and for all distinct points u,v € E, each of them distinct from x and y,

ffy S ¢(fitu *fuv * f’L)y)'

Now, let T' be a given t-norm on [0,1]. The equivalent of the complementary t-conorm of T' [1], for
the notion of a triangle function on A™, is given by the notion of the reverse operation that we have
recently introduced to define a new kind of geometry called the geometry of operations [12]. Then, we
recall some definitions and results related to the reverse operation that we will use in the sequal.

Definition 2.5 [1] A commutative, associative and nondecreasing mapping S from [0,1] x [0,1] into
[0,1] is called a t-conorm if and only if,

S(a,0)=a forall a€]l0,1].

The t-conorms are dual to t-norms under the order-reversing operation that assigns 1-z to x on [0, 1].
Given a t-norm T, the complementary t-conorm S is defined by: S(z,y) =1-T(1—z,1—y), Vx,y € [0,1].
The t-conorms are used to represent logical disjunction in fuzzy logic and union in fuzzy set theory.

Definition 2.6 [12] Let (G, <) be a poset which contains the greatest element e, and T is an operation
on G, then, T is called a triangle operation on G if, for all f,h, and n in G,

1. fres = f,

2. frh < frn whenever h < n,
3. (frh)tn = fr(hTn),

4. frg=g7f.
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Definition 2.7 [12] Let (G',<') be a poset which contains the least element ey, and v is an operation
on G, then, v is called a co-triangle operation on G if, is commutative, associative, non-decreasing
operation and

Vi ed, freg=f.

Remark 2.4 Let (G, <) be a poset which contains the greatest element e, then, if we define the
opposite order of < on G, by,

Ve,ye G, z<PPysy<z

Therefore (G, <°PP) contains the least element eg’” which is equal to e, it follows that, every
triangle (resp co-triangle) operation 7 on (G, <) is a co-triangle (resp triangle) operation on (G, <°PP

Let (G,7) be a nonempty magma, and € is an injective mapping from G into a given nonempty set
G, then, 0 restricts to a bijective mapping between its domain G and its image Rang(f), the reverse
operation [12] of 7 on Rang(f) under 6 is the operation Hg(7) defined by:

Ho(T) : Rang(#) x Rang(f) — Rang(0)
(z,y) = aHo(T)y = 007" (x)707" (3))

Theorem 2.1 [12] Let G be a non empty set, T is a given operation on G, and 0 is an injective mapping
from G into a given non empty set G , therefore, there exists a unique operation He(7) on Rang(6) that
makes 0 a homomorphism from (G,7) to (Rang(0), He(T)).

Remark 2.5 [12] Since Vz,y € G, 6(zty) = 6(x)Ho(7)0(y), it follows that, Vx,y € Rang(h),
0~ (xHo(T)y) = 071 (x)70~ (z), therefore, Ho-1(Ho(T)) = 7.

Theorem 2.2 [12] Let G be a nonempty set, T,v are two operations on G, and let 6 be an injective
mapping from G into G , therefore,

o (G,7,v) is a field & (Rang(0), Ho(7), Ho(v)) is a field,

o If, 0 is bijective from G to G, therefore, (G, ) is isomorphic to (G, He(T)).
Example 2.1 (The reverse operation) Let P(G) be the power set of a nonempty set G, ¢ is the involutory
function from P(G) to itself, such that, VA € P(G), §(A) = A where A is the complement set of A.

Therefore,
VA, B € P(G), AC B< 0(A) CP? §(B).

Then, 6 is an order isomorphism from (P(G), C) into (P(G), C°PP), and since (P(G), A, N) is a ring [5],
where A is the symmetric difference, therefore, (P(G), Ho(A), He(N)) is also a ring, such that,

VA, B € P(G), AH¢(A)B = 00 1(A)AI(B))
= 4

I

<b
N
>
Sy

VA,B e P(G), AMo(N)B = 0

I
>
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Since 62 = ip (), therefore, Hg2(A) = A and Hg2(N) = N. Notice that, He(U) =N, indeed,

VA, B € P(G), AH¢(U)B = 00" (A)ubs(B))
@]

bN
o

= 9(
9(ANB)
B.

|
BN
DI N

Then, Hq(U) =N.

Remark 2.6 Suppose that, G is a nonempty set, + is an operation on G, and let  be an injective
mapping from G into G, therefore, if, (G, +) is a group, it follows that, (Rang(0), He(+)) is also a
group, where the inverse of € G under +, is denoted by, —z. Thus, the inverse y~! of an element
y € Rang(0) under Hy(7), is given by, y= = 0(—071(y)).

Theorem 2.3 [12] Let (G, <) be a poset which contains the least element ey, T is an operation on G, 6
is an injective mapping from G into a given nonempty set G, and Hq(7) is the reverse operation of T on
Rang(0) under 0, and let <, be a binary relation on Rang(6) such that,

’

va',y € Rang(9), «’ S,e y <0 2)<o(y).
Therefore,
1. (Rang(6),<p) is a poset, and 0(eq) is the least element of Rang(f),
2. 7 and Ho(T) have the same monotonicity,

Corollary 2.2 [12] Let (G, <) be a nonempty poset, and T is a triangle operation on G, for all 8 an
injective mapping from G into a non empty set G , if we define the binary relation <, on Rang(6) by:

Va:/7y/ € Rang(), r S; y/ & 9_1(1:,) <opp 9_1(y/)

Therefore, Ho(T) is a co-triangle operation on (Rang(0), S;). The operation Ho(T) is called the comple-
mentary co-triangle operation on Rang(f) under 0 of the triangle operation T on G.

Corollary 2.3 [12]
e A triangle function is a triangle operation on AT,
e A triangular norm is a triangle operation on [0,1],
e A triangular conorm is a co-triangle operation on [0,1].

Now, we establish some preliminaries results of the order embedding. Let (G, <, ) be a nonempty poset
magma, we define the following,

Emb;(G, <) : the set of all order embedding ¢ from (G, <) to itself, where
Ve e G, (z) <.
Emb;(G, *) : the set of all order embedding from (G, <) to itself, where
Vr,y € G, Yz *y) < P(x) *P(y).
Emb(G, x) : the set of all order embedding from (G, <) to itself, such that,
Yo,y € G,z xy) = () *(y).

And let,
Emb;(G, <, %) = Emb;(G, <) N Emb(G, *)
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Remark 2.7

e Observe that ig belongs to Emb; (G, <, %),
e If, ¢ is an order automorphism of (G, <), then we use the notation Aut; instead of Emb;,

e If, ¢ is an order embedding of (G, <) such that, Va2 € G, z < ¢(x), then we will use the
notation Emb, (G, <), idem for Embs(G, *) and Emb, (G, <, %), it follows that,

Emb(G, *) = Emb; (G, x) N Embs(G, *).

e We define 1" as the n-th iterate of 1, where n € N, by : ¢* = ig and "1 = o)™,

e Let 11,15 be two order embedding from (@, <) into (G, <'), then, ¥y < 15 (resp. ¥y < 1)
means that, Vo € G, ¥1(x) < a(x) (resp Vo € G, ¢1(x) < ha(x)).

Proposition 2.3 Let (G, <,*) be a nonempty partially ordered magma, v is a mapping defined from G
to itself, therefore,

o (Emb;(G,<),0) is a magma.
e For allyp € Emb;(G, <), and for alln € N*, ™ <),

e For all ) € Emb;(G, %) , and for alln € N, Y™ € Emb;(G, *).

Proof:

e Let ¢, ¢ in Emb;(G, <). For all z € G,

p(z) <z = P(o(x) < YP(z) & (Yo o)(z) <=

e By induction, for n = 1, 1* = < 1). Suppose that the property hold for n € N*, therefore, since
¥ € Emb;(G, <), then, for all x in G, Y"1 (z) = " (Y(z)) < Y(¥(x)) < ¥(z), it follows that, for
all n € N*, " <.

e By induction, for n = 0, ¥° = ig € Emb;(G, *), and for n =1, ' =1 in Emb;(G,*). Suppose
that the property hold for n € N, then, for all z,y in G, Y™ (x xy) < ¢¥"™(z) * Y™ (y), since ¥ €
Emb; (G, *), it follows that, Yo,y € G, " (x xy) = (" (z * y)) < PR"(x) * ¥"™(y)), then,

Vao,y € G, Yz xy) < " F(z) x "L (y). Therefore, Y"1 in Emb; (G, *).

Theorem 2.4 Let (E,F) be a 0y quiver space on (G, <,*) with the least element e, and let ¢ be an
order embedding from (G, <) to itself. Suppose that, ¥ and ¢ commutates, it follows that, (E,Fy) is a
Oy, quiver space on (Rang(¢), <, He(*)) with the least element ¢(eg) where ¢, is the restriction of ¥ on
Rang(¢). In addition if, ¢ € Emb;(G, <), then, (E,F) is a Opoy quiver space on (G, <, x*).

Proof: Let (E,F) be a 0y quiver space on (G, <,*), and ¢ is an order embedding from (G, <) to itself.

e According to The proposition 2.1 then,
— ep is the least element of (G, <) its equivalent to ¢(eg) is the least element of (Rang(¢), <),
= Va,y € B, Fy(x,y) = dleg) & =y & fry =eo,
- Vw,y SOR f¢(1’,y) = f¢(y,x) ~ fﬂc,y = fy,m
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For all z,y,z in F,

w(f:r,y) Sfop*foy & (¢ (fm,y)) <9 (fac,z * fz,y)
= Ur(0(fay)) < O(fa,2)Ho($)O(f2y)
< U (Fola,y)) < Folz, 2)He () Fo(2,9).

Since v is an order embedding from (G, <) into itself, and

Yr(Rang(0)) = ¢(Rang(0)) = Rang (¢ o ¢) = 0(Rang(y)) < Rang(0)

then, 1, is an order embedding from (Rang(f), <) into itself, therefore, (E,Fy) is a 0y, quiver
space on (Rang(¢), <, He(*)).

o Let ¢ € Emb;(G, <), since (E, F) is a 0, quiver space on (G, <, %), therefore, for all z,y and z € E,

1/f(fm,y) < fz,z * fzyy g ¢(’l/)(fr7y)) < ¢)(fz,z * fz,y)
= (Yo ¢)(fx,y) < foz* fay

Then, (E,F) is a Oyog quiver space on (G, <, *).

Corollary 2.4 Let (E,F) be a 0y quiver space on (G, <,x), where ¢ in Aut;(G, <, %), it follows that,

Vp,q € N*, (E, Fyr) is a Oya quiver space on (G, <, *).

Proof:

Let (E,F) be a 0y quiver space on (G, <,x), where ¢ is an order embedding from (G, <) to itself.
Since for all p, g in N*, ¢P commutates with ¢9, therefore, according to the Theorem 2.4 and by induction
its easy to see that,

o If, ¢ € Emb;(G, <), it follows that, ¥n € N*, (E,F) is a Oy» quiver space on (G, <, %),

o If, p € Emb;(G, *), which means Hy (%) = *, then, according to the Theorem 2.4, it follows that,
Vn € N*, (E, Fyn) is a 0y quiver space on (Rang(y"), <, *).

Therefore, since ¥ € Aut;(G, <, ), it follows that, for all p,q € N*,

(E, Fyr) is a Oya quiver space on (G, <, ).

Remark 2.8
Notice that, for all ) an order automorphism of (G, <),
o Y€ Aut;(G,<) & ! € Auts(G, <),
o Y € Aut;(G,*) & ™1 € Auts(G, ).

Let Emb<(G) be the set of all order embedding from a nonempty poset (G, <) to itself. Let * be a given
operation on G, we define the binary relation [x] on Emb<(G) by, for all ¢, p € Emb<(G), ¥ = ¢[*] &
there exists 6 an order automorphism of (G, <) such that, Hy(*) = * and ¢ =0 otpo L.

Proposition 2.4 The binary relation [%] defined previously on Emb<(G) is an equivalence relation.

Proof: Let x be an operation on a nonempty poset (G, <). Therefore,
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e For all 1 in Emb<(G), ¥ = Y[+, indeed, H;, (x) = * and ¢ = ig otp oig".

o Let ¢, ¢ in Emb<(G) such that, ¢ = @[*], then, there exists § an order automorphism of (G, <)
such that, Hg(*) = * and ¢ = 6 o1p 0 1, according to the proposition 2.3 it follows that,

Ho—1(¥) = Ho-1(Ho(¥)) = Hio(x) =+ and p=0"Lorod.
Therefore, ¢ = ¥[x].

e Suppose that, 1) = ¢[*] and ¢ = ¢[*] then, there exists 6, and 05 two order automorphism of (G, <)
such that, ¢ = 0 0007 and ¢ = 05 0 p 0 05" where Hy, (¥) = Hg, () = . It follows that,

¢=(02001) 010 (B2061)" and He,op, (¥) = *.
Therefore, 1 = ¢[*|, then The binary relation [*] defined on Emb<(G) is an equivalence relation.
O
Remark 2.9 Let (G, <) be a nonempty poset. Suppose that G is well-ordered, therefore for all * an
operation on G, the only possible class of space on (G, <, x) where 9 is an automorphism of G is the

quiver space, indeed, the only order automorphism of a given well-ordered set (G, <) is the identity
transformation of G [9].

3. Examples of a 0, quiver spaces on a poset magma (G, <, %)

In this section we present some well-known examples of a 0y quiver spaces. A nonempty set G
equipped with a binary operation x, is a monoid [7], if it satisfies the following two axioms:

e For all z,y and z in G, the equation (z * y) * z = x x (y * z) holds. (associativity)

e There exists an element ey in G such that for every element x in G, the equalities eg * x = x and
x * eg = x hold. (the identity element)

Remark 3.1

e A monoid (G, ) whose operation is commutative i.e for all z,y in G, z*y =y *x, is called a
commutative monoid.

e A partial order < of a nonempty poset (G, <) is called compatible with a given operation * on
G, if, for all z,y, z and r in G,

r<yand z<rimpliesx*xz < yx*r.
In the sequal we consider that,
e (G, <) is a nonempty poset which contains the least element ey,
e (G,x*) is a commutative monoid with the identity element eq,
e The partial order < is compatible with the operation x.

3.1. Ultrametric metric spaces

Let < be the standard less-than-or-equal relation on R, therefore,

e (R4, <) is a nonempty poset which contains the least element 0,
e (R4, sup) is a commutative monoid with the identity element 0,
e (Ri,+) is a commutative monoid with the identity element 0,

e The partial order < is compatible with both operations + and sup.
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Proposition 3.1 Let (E,d) be an ultrametric space. Therefore, (E,d) is a Oi, quiver space on
(R, <, sup).

Proof: Let (F,d) be an ultrametric space, then,
o Vz,y € E, d(x,y) =0, if and only if z =y,
o Vr,y € E, d(z,y) = d(y,x),
e Forall z,y,z € E, i, (d(x,y)) =d(z,y) < sup{d(x,z),d(z,y)},
e Forall z,y in Ry, g, (sup(z,y)) = sup(x,y) = sup(ir, (z),ir, (v)),
o forallzin Ry, g, (v)=z<ux.

It follows that, ir, € Aut;(Ry, <, sup) = Auts(Ry, <, sup). O

3.2. b-metric spaces

Proposition 3.2 Let (E,d) be a b-metric space for a given s > 1. Then, (E,d) is a Oy, quiver space on
(Ry, <,+), such that, Vs is the order embedding of (R4, <) defined by, for all t in Ry, s(t) = ﬁ, where
s in Aut;(Ry, <, +).

Proof: Let (F,d) be a b-metric space for a given s in [1,00), and 95 is defined by:
’(/JS : ]R+ — R+

twws(t):é

e 1), is bijective from Ry to itself, indeed, s 0 ¢, = g 0 s = ig, where V¢t € Ry, p4(t) = st, and
for all z,y e Ry,

xgy@)gggws(m)smy)

Then, 15 is an order automorphism of (R, <).

e For all z,y in Ry,

booty) =Y =Y @) 4 ly) and @) = <a
Hence, s € Aut;(Ry, <, +).

Since (F,d) is a b-metric space for s, then,

e Vr,ye E, d(z,y)=0&x=y,

o Vr,ye E, d(z,y)=d(y,z)

e Forall x,y,z € F,

palde,) = T2V < i 2) 1 d(e, )

Therefore, (E,d) is a Oy, quiver space on (Ry, <,+) where ¢ € Aut;(Ry, <,+). O

Remark 3.2 For s =1, 1), = ig,, it follows that, every metric space (E,d) is a O¢R+ quiver space on
(R-H <, +)'



14 C. HARRAFA AND A. MBARKI

3.3. A functional equation of commutativity

Motivate by the Theorem 2.4, we show some properties of monotone and strictly monotone functions
that commutes with ¢, where @ in RY — {1} and v, is the linear function from R to itself such that,
Yo (t) = at. Indeed, let ¢ be a mapping from R to itself that commutes with 1),. Therefore, ¢ commutes
with v, if and only if,

For all t in Ry, ¢(at) = ad(t),

It is clear that the linear functions are solutions of the previously functional equation. Let a € R} — {1},
suppose that ¢ commutes with ¢,. For ¢ = 0, and since a # 1 , it follows that, ¢(0) = 0. On the other
hand, ¢(1) = @ cannot be determined (which is normal, since we have seen that all linear functions
are suitable). By induction, it’s easy to see that, for all ¢ in R4 and for all n in N, ¢(a™t) = a"¢(t) and
d(L) = %, (¢ commutes with v, if and only if ¢ commutes with w%). Let ay(t) = @ for all ¢ in R,

am

it follows that, for all n € N, and for all ¢ in R,

aplt) = ag(a"t) = ag ).

Notice that, Vn € N*, ay(1) = ¢(1) = olat) a"$(=L). It follows that, for all n in N, ¢(a™) = a" ' ¢(a)

a™

and (b(a%) = frfi)l Suppose that ¢ is non-decreasing, and a in (1, 00),

o Let t > 1. If, there exists p € N* such that, ¢t = aP, then, ay(t) = ay(1l). Otherwise, there exists
p € N* such that, ¢ in JaP, a?*1], it follows that,

a? <t<aPtl = ¢(aP) < () < plaPTh)
= aPo(l) < ¢(t) < aPTl (1)
t

=

apt1 t aP
= W < y0) < any(1)
= A <oy < o0

Therefore, for all t > 1, %t < o(t) < pa)t.

e Let ¢ in ]0,1[. If, there exists m € N* such that, ¢t = —L, then, ay(t) = ay(1). Otherwise, there

exists m € N* such that, ¢ in ]am—lﬂ, a%[, in the similar way we obtain the previous results, which

means, for all ¢ in R, a"’T(l) < ap(t) < ang(l).

(i) If, ¢(a) < a, then, for all t in R, ¢L5§) < ay(t) <a,
(ii) If, ¢(a) > a, then, for all t in R%, 1 < ay(t) < é(a),
(i) If, ¢(a) = a, then, for all t in RY, 1 < ay(t) <a

(iv) ¢ is continuous in 0 and if, ¢(a) > 0 then, lim ;4 ¢(t) = +o0.

e It should be noted that, for all ¢;,t5 in RY, such that, ¢; < to we have the following : %o%(tl) <
ag(tz) < acg(ty). Indeed, let ¢; < tp in RY, if, there exists p € N* such that, to = aPt;, then,
a(t1) = ag(t2). Otherwise, there exists p € N* such that, ¢ in JaPt;,a?* [, or 1 in |2+, 22,

and since ¢ is non-decreasing therefore, we obtain,

Sataltn) < as(t2) < aarg(tr).

e For all n in N* and for all ¢ in R%,

g (1) = g (B(1))ag (1),
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For example for ¢ = 1, then, for all p in N, agr (1) = @ Since ¢ commutes with ,, then, for all
pin N, ¢P commutes with 1),, it follows that,, for a given p in N we have, for all n € N, and for all
tin RY,
t
Qpp (t) = Qpp (a”t) = O[d;p(ai,n)

o If, there exits (20, y0) in Ry?, such that, ¢(xo + yo) = ¢(20) + ¢(yo), therefore, for all n in N, the
couples (a"wg,a"yo) and (7%, £3) satisfies the same equation.

Example 3.1 1. Let a in (1,00), ¢ is the function defined from R, to itself by : ¢(0) = 0 and

¢(t) = aP, where p is the unique integer such that, t € [a?,aPT'[if ¢ > 1 and ¢(t) = L with

t €[5, a,,—l[ if, t < 1. Indeed, for all t € [a?, ap+1[, it follows that, at € [aPT!, aPT?[, therefore
¢(at) = aPT! = ag(t) then, ¢ is a non-decreasing function which commutes with v),.

2. Let 0 < k < a, and ¢ is the function defined from Ry to itself by : ¢5(0) = 0 and ¢r(t) =
aP+k(t— ap) Wherep is the unique integer such that, t € [a?,aPT1[ift > 1 and ¢y (t) = S+k(t— =)
with ¢ € [, L[ if, ¢ < 1. Indeed, for all ¢ € [a?, ap“[ it follows that, at € [aPT!, aP*?|, therefore

or(at) = artt +k(at—aP™t) = a¢k( ), then, ¢y, is a strictly non-decreasing function which commutes
with .

Remark 3.3 Notice that, if, there exists ¢y in R% such that, a¢(t0) < ay(1), therefore, there exists
p € N* such that, ¢, in ]ap aP*1[, or to in |, ap[ then, 0 < Lag(1) < ay(to) hence, 0 < ag(to), it

follows that, 1 < g"’((t )) <a,and 1 < i";((tf)) < 1. On the other hand, if, for example t( in ]aP, a? [,

then, for ¢, in R such that, a¢(t0) o = ¢(aP) = aP@(1l), and since ¢ is non-decreasing, then,
ag(to)te < o(to) = a¢(t0)t0, it follows that,

_ap(l)

a? <t, = aP <ty < aPth.
Oéqg to)

Definition 3.1 Let (E,d) be a b-metric space for a given s € [1,00) and let ¢ be the order automorphism
of Ry such that, ¢s(t) = Bt where B in R, therefore, (E,dy,) is a Oy, quiver space on (Ry, <, +).

Proof: For all 3 in R} and for all 1,5 in Ry,

tHe, ()t = ¢p(05" (0) + b5 (t2))

(m(ﬁtw; 2)

= t1+1ts

Therefore, Hy,(+) = +. Since ¢p commutates with 1, then, according to the theorem 2.4, it follows
that, (E,dg,) is a 0y, quiver space on (R, <, +). O

3.4. The probabilistic b-metric space

Theorem 3.1 Let 6 be an order embedding from a nonempty poset (G, <) into a nonempty poset (G/, =).
Therefore, the following are equivalent,

(i) (E,F) is a 0y quiver space on (G, <,T) with the least element ey.
(i1) (E,Fp) is a 0, quiver space on (Rang(9),=,He(T)) with the least element (eo).

Such that, o = @ o1 o0~ is the order embedding from (Rang(0), <) to itself where 0~ is the inverse of
0 from Rang(0) into G.
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Proof: Let (E,F) be a 0, quiver space on (G, <,7) with the least element ey. Let § be an order
embedding from (G, <) into a nonempty poset (G/, <) and let Fy be the mapping defined by :

Fo:ExXE— (G,=)

’

(z,y) = Fo(z,y) = (0o F)(x,y) = 0(foy) = fay
According to The proposition 2.1,

e ¢ is the least element of (G, <) its equivalent to 0(eq) is the least element of (Rang(6), <),

b Vﬂc,y € F, f:/v,y = 0(60) A e(fa:,y) = 9(60) <~ fx,y =€ =T =Y.

o Vr,y €E, fr,=fra© 0foy) =0(fya) & foy = fya

For all z,y,z € F,

w(fz,y) < f:v,szz,y <~ e(w(f:r,y)) = a(fz,szz,y)
& (000007 )(fy,) X 0(fo)Ho()0(f2.y)
g (P(f;,y) = f;,zHe(T)f;,y

d

If, in addition, 6 is surjective, then, (E,Fp) is 0, quiver space on (G/, =, Hp(7)) with the least element
0(eo) such that, ¢ = fo1)of~1 is the order embedding from (G, <) to itself where §~1 is the inverse of 0
from G into G. In addition, if, G = G and =<=<, it follows that, ¢ = o1 0§~ ! is an order embedding
of (G, <).

Remark 3.4 According to the corollary 2.2, if, 7 is a triangle operation (resp co-triangle operation)
on G, then, for all # an order embedding from (G, <) into (G, <°PP), Hy(7) is a co-triangle operation
(resp triangle operation) on (Rang(d), <).

Corollary 3.1 Let (E,F) be a 0y quiver space on (G, <,x), if, there exists an 6 an order automorphism
of (G, <) such that, 8 commutates with 1 and He(x) = *, therefore, (E,Fy) is a Oy quiver space on
(G, <, %).

Let < be the natural partial order on the set of all functions f defined from R into the interval [0, 1],
and let,
A™ ={f:R—[0,1] | fis non-increasing, left-continuous, and f(0) = 1}.

Remark 3.5 Since any function f in A~ is equal to 1 on | — 00,0], we can consider the set A~
consisting of non-increasing functions f defined on [0, 00[ that satisfy f(0) = 1 which are left-
continous on ]0, co[. We may also extend these functions to [0, oc] by adding the condition f(c0) = 0.
The set A~ has a natural partial order, namely, f < h if and only if f(t) < h(t), for every t. The least
element in A~ with respect to this order is the function defined by:

) 1 sit est non-positive
¢ _
0 0 sit est strictly non-negative

(AT, <°PP) is a nonempty poset which contains the least element €,

e (A7, <) is a nonempty poset which contains the least element eq,

(AT, 7) is a commutative monoid with the identity element e,

For all # an order isomorphism from (A™, <°PP) into (A™, <),

(A7, Hp(7))is a commutative monoid with the identity element €,
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e The partial order <°PP is compatible with the operation 7,

e The partial order < is compatible with the operation Hg(7),

Proposition 3.3 Let s € [1,+00), and let T be a triangle function on AT . Therefore, every probabilistic
b-metric space (E,F,T,s) its equivalent to the (E,F) is a Oy, quiver space on (AT, <°PP T) with the least
element €, such that, 1 is the order automorphism in Aut;(AT, <°PP) defined by,

For all f in AT, and for all t in R, ¥s(f)(t) = f(st).

If, in addition (E,F,,s) is a b-Menger space, then, 15 in Aut;(AT, <PP T).

Proof: Let (E,F,7,s) be a probabilistic b-metric space, then, for every triple of points x,y, z in E,

VE € R, foy(st) > 7(faz, fo)(t) & VEER, fry(st) <PP 7(fuz, f2y)(t)
= ws(fa:,u) Sopp fszfzy-

Where )5 is the order automorphism of (A, <°PP) defined by:

Ve AT v (f)t) = f(st), VteR
Indeed, let s € R%, for all f,gin AT,

<™y o g<f
& VEeR, g(st) < f(st)
& 1hs(g) < ¥s(f)

< Us(f) <P hs(g).

Since wéoz/zs = 1501 = ia+, then, ¢, is bijective, and for all fin AT, we have, forallt € R, f(t) < f(st),
then, g (f) <°PP f,kwhich means that, 1 belongs to Aut;(AT, <°PP). According to the remark 2.4,
(AT, <°PP) contains the least element eg’” which is equal to e, then, since (E,F,7,s) is a semi-PM
space, it follows that, every probabilistic b-metric space (E, F, T, s) its equivalent to the (E,F) is a Oy,
quiver space on (AT, <°PP 1) with the least element €, where 15 in Aut;(AT, <°PP). If, in addition
(E, F,7,s) is a b-Menger space, with the t-norm T, then, for all f,g in AT, and for all t € R,

{Ws(Nrs () = sup{T[s(f)(u),¥s(g9)(v)] | u+v =t}
= sup{T[f(su),g(sv)] |u+v =1t}
= sup{T[f(u),g(v)] | v +v = st}
= (frrg)(st)
= Ys(frrg)(t).

Therefore, for all f,g in AT, ¥, (f)rrs(f) = ¥s(fTrg), then, ¥, € Aut; (AT, <PP 7). O
Theorem 3.2 Let s € [1,+00), and T is a triangle function on AT. Therefore, every probabilistic b-
metric space (E,F,T,s) is equivalent to the (E,Fp) is a 0y, quiver space on (A~,<,Hg(T)) with the

least element €g, where Heo(T) is the complementary co-triangle operation on A~ under 6, of the triangle
function T seen as a triangle operation on AT, such that,

e 0 is the order isomorphism from AT into A~ defined by :
vt € Ra e(f)(t) =1- f(t)a

o o, =001, 007" is the order automorphism in Aut;(A~,<) defined by, for all f € A~ and for all
tER, @s(f)(t) =1— (071 (f))(st).
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o Forall f,g € A=Vt € R, Ho()(f,9)(t) =T(07(f),07(9))(t).

If, in addition (E,F,,s) is a b-menger space, then, s in Aut;(A~, <, Ho(T)).

Proof: Let 6 be the mapping defined from AT into A~ such that,

VteR, 0(f)(t) =1-f(b).

Then, Vf,h € AT, f <°PP h & 0(f) < 6(h), and since 0 is bijective, it follows that, # is an order
isomorphism from (AT, <°PP) into (A~, <). Let (E,F, T, s) be probabilistic b-metric space, according to
The proposition 3.3, it follows that, (E,F,7,s) is 0y, quiver space on (A1, <°PP 1) such that, 1 is the
order automorphism in Aut;(A*", <°P) defined by for all f in AT, and for all ¢ in R, ¥(f)(t) = f(st),
and for all f in A™, ¢4(f) < f, then, according to the theorem 3.1, we conclude that, (E, Fp) is a 0,,
quiver space on (A~, <, Hg(7)), such that, g5 = 0 01)s 00~ is the order automorphism in Aut;(A~, <),
where

e Forall f,ge A, fHo(r)g=00""(f)T0"(9)),

e Forall f € A~ and for all t € R, o (f)(t) =1 — (0~ 2(f))(t).

3.5. The probabilistic generalized metric space

Let ¢ be an order embedding from (G, <) to itself and let (E, F) be a generalized 0, quiver space on
(G, <, %), 0 is an order embedding from (G, <) into a nonempty poset (G'7 <) and let Fy be the mapping

defined by :
Fo:ExE— (G,=)
(z,y) = Fo(z,y) = (00 F)(x,y) = H(fw,y) = f;7y

Since the operation #, is associative, then, according to the theorem 2.2, Hy(*) is an also associative, and
for all z,y € E and for all distinct points u,v € E, each of them distinct from x and vy,

H(fx,u * fu,’u * fv,y) = (fx,u * fu,'u)/HO(*)f;,y
- a(fm,u * fu,v)He(*)f;,y'
f;;,uHO(*>f;,vH9(*)f;,y'

It follows that,

'(/)(fw,y> S fLu * fu,v * fv,y = e(w(fw,y» j e(f:r,u * fu,v * fv,y)
& (009007 (foy) = fouHo(¥) fuuHo() -,
& 0(fay) X fouHo() fuHa(¥)fe .
Corollary 3.2 Let 0 be an order embedding from (G, <) into a nonempty poset (G/, =<). Therefore, every
(E,F) a generalized 0y quiver space on (G, <,T) with the least element ey, its equivalent to (E,Fy) is a

generalized O, quiver space on (Rang(6), <, Ho(7)) with the least element 0(eq), such that, o = fohofh™?
is an order embedding from (Rang(6), <) to itself where 0=1 is the inverse of 0 from Rang(6) into G.

Corollary 3.3 FEvery generalized probabilistic metric space (E,F,T) is a generalized 0;,_ quiver space on
(A, <, Hg(7)) where 0 is the order isomorphism from AT into A~ such that, ¥Vt € R, 6(f)(t) = 1— f(1).

Corollary 3.4 Every Branciari metric space (E,d) is a generalized O, quiver space on (R, <, +).
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3.6. The cartesian product of a 0, quiver spaces

Theorem 3.3 Let (E1,F') and (Ea, F?) be two 0y quiver spaces on (G, <,T) where T is a co-triangle
operation on G and v is an automorphism of (G, 7). Therefore, the cartesian product (Ey x Eq, F*) is
a Oy quiver space on (G,<,T) such that, F* is the mapping defined from (Ey x E2)? into G by, for all
(z1,41), (22, y2) € E1 X Eo,

fx((x17y1)7 (anyZ)) = f(zl,y1)7(x27y2) = f;l,ngfgi,yg'

Proof: Let (F1,F') and (Es, F?) be two 0y quiver spaces on (G, <, 7) where T is a co-triangle operation
on G and 1 is an automorphism of (G, 7). Let F* be the mapping from (E; x E»)? into G such that,
for all (z1,y1), (72,y2) in By x Ea,

F*((z1,51), (22, 92)) = f(§17y1)7(r27y2) = fil,xﬁfjm-

e Let (z1,y1) and (x2,y2) in Ey x Es. Since 7 is a co-triangle operation on G, it follows that,
mvae S Sh ooTI2 4, and idem for f2 . Therefore, since (E1, F') and (Ey, F?) are two 0y quiver
space on (G, <,7), it follows that,

X _ 1 2 _
f(901>y1),(962,y2) =¢o w1227 Jy1,y2 = €0

1 _ 2

w10, = €0 and fy
r1 = x5 and y; = yo

(x1,91) = (22,92)-

:eo

Tt

e For all (x1,y1), (22,y2) € E1 X Ea,

X _rl 2 _rl 2 _rX
f($17y1)7(£27y2) - fﬂClﬂCzT yi,y2 fﬂizﬂﬂlT Y2,y1 f($27y2)7($17y1)'

e For all (x1,y1), (z2,y2) and (z3,y3) in Fy X Ea,

1 2
z/}(f(>ﬂ<617211)7(902,1/2)) = 1/)( @y, yhyz)
O(fay )T 1)

< (farwaTfrawn) Ty T Fi )
= (FaraaT i) T (TS5 )
- f(>;17y1)7(1'37y3)Tf(>;37ys)7($27y2)'
Then, the cartesian product (Ey x Ea, F*) is a 0, quiver space on (G, <, 7). O

4. The Banach contraction principle in a complete 0, quiver space

In this section we prove the analogue of the Banach contraction principle in a complete 0, quiver
space on the positive cone (P, <,x) of a cauchy-complete archimedean ordered field (F,x, L, <), where
W € Emb;(P, <).

The Picard-Banach fixed point theorem stated by Stefan Banach in 1920, as part of his work on
solving equations integrals, it is a very strong theorem which, under certain conditions, does not only
give the existence fixed point, but also uniqueness and even an iterative method to determine it. After
that, based on this finding, a large number of fixed point results have appeared in recent years. Generally
speaking, there usually are two generalizations on them, one is from spaces, the other is from mappings.
For example, let (E,d) be a metric space and p: E — FE, if there exists a k € [0,1) such that,

d(p(z), p(y)) < kd(z,y) for everyz,y € E

Then, p is the so called k-contraction. Every k-contraction p: E — E on a complete metric space (E, d)
has one and only one fized point. This is the well known Banach contraction principle.
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4.1. Ordered fields

We recall some well-known definitions, and properties about the notion of an ordered field [4], [5] that
we will use in the sequal and we prove the main result of the ordered fields.

Informally an ordered field is a field with an order relation < that satisfies the usual rules of elementary
algebra and arithmetic. The formal definition focuses on the subset of positive elements. The order
relation < is formally defined in terms of these positive elements. Indeed,

Definition 4.1 An ordered field (F,*, L) is a field with a subset P such that,
e P is closed under addition and multiplication,

o For any element x € F exactly one of the following occurs:

r=0p, x€P, x_1 €P.

Where x_1 is the inverse of x under the operation *.

Remark 4.1 When we say that P is closed under addition and multiplication, we mean that if z,y € P
then z *y and z 1 y are in P. The second condition, that exactly one of xt = 0p, x € P, x_1 € P
holds, is called the Law of trichotomy.

Definition 4.2 Let F be an ordered field with a subset P. The elements in P are called the positive
elements and P is called a positive cone.

Definition 4.3 Let F be an ordered field with a positive cone P. If, x € F is such that x_1 € P then x
18 said to be negative.

Theorem 4.1 [/] (F,, L) is an ordered field with a positive cone P, if and only if a relation < can be
defined on F satisfying,

If, x,y,z € F, and x <y, then x x z < y * z,

If, z,y,z€F, Op <z, andx <y, thenz L z <y L z,
e Forall xz,y € F, exactly one of x =y, x <y, ory < x holds,

o Ifr,y,ze€F, x <y, andy < z, then x < z.

Remark 4.2 Thus, given an ordered field F, one may assume that there exists a relation < defined
on F satisfying the conditions listed in the theorem 4.1, indeed, let (F, x, L) be an ordered field with
a positive cone P, therefore, we may define the relation < on F by:

Ve,y €F, © <y< y*xx_1is a positive element.

Then, we write < y. The relation < satisfies the conditions of the theorem 4.1. Conversely, suppose
there is a relation < that satisfies the conditions of the theorem 4.1, then, P = {« |z € F and Op < z}
is a positive cone of F.

Proposition 4.1 (The mized transitivity) Let x,y,z € F. If x <y and y < z, then © < z. Likewise, if
r<yandy < z then x < z.

Theorem 4.2 [5] Let (F,*, L, <) be an ordered field, then, the relation < satisfies the conditions of the
theorem 4.1. In addition, < is a total order on F.

Definition 4.4 Let (F,*, L, <) be an ordered field. F is said to be archimedean, if, for each x € F, with
x > O, there exists n € N such that, n.1ly > x.
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Definition 4.5 The following function is called absolute value and can always be defined on an ordered
field.
l.|: (F,%, 1, <) =P

o] = sup(z,z_1) if x # Op
o O]F Zf.’E = O[[T

Proposition 4.2 [/] Let (F,*, L, <) be an ordered field. The function |.| defined above is a norm, this
means that it satisfies the following properties :

e Vx €F, |z| =0f & x =0p,
e Vz,y €F, |z Ly|l=|z| Lyl
o Vz,y €F, |zxy| < |z] =yl

Remark 4.3 Let (F,*, L, <) be an ordered field. We can also equip an ordered field F with a
topological structure as follows. For each z € F and g > Oy, the g-neighborhood of z is given by:

B(z,g9)={y€F | lyxxz_1| <g}.

From which one can define open sets, closed sets, continuity, convergence, and another topological
metric notions. In particular, every ordered field is a metric space.

Definition 4.6 o A sequence (xp)nen in an ordered field T is said to be converge to an element x
of F, if for every element g € F where g > Op, there exists an N € N such that n > N implies
|z * () 1] < g. Then, x is said to be the limit of the sequence (Tn)nen and one writes lim x,, = .

o A sequence (y)nen in an ordered field F is said to be Cauchy sequence in F, if for every element
g € F where g > Op, there exists an N € N such that n,m > N implies |z, * (x)-1] < g.

o An ordered field F is said to be Cauchy-complete if every cauchy sequence in F converges to an
element of F.

Proposition 4.3 [/] Let (x,)nen and (yn)nen be sequences with values in an ordered field (F,*, L, <).
If, (zn)nen and (Yn)nen converge then the sequences (Tp * Yn)nen, (Tn L yn)nen and (¢ L x,)nen for a
gwen c € F converges and

o lim(x, *y,) = limz, * limy,.
o lim(z, Ly,)=Ilimz, L limy,.
o ForallceF, lim(c L x,)=cLlimx,.
Theorem 4.3 [20] Let (F,x, L, <) be an ordered field. The following conditions are equivalent,
(i) F is archimedean.
(ii) The sequence (h™)nen converges to Op whenever |h| < 1p.
(iii) The geometric series 1y * hx h? x ..., converges to (1p * h_1)~! whenever |h| < 1p.

where h® = 1y, and for alln e N*, h* =h L h 1L ... L h.
S —

n times

Now, we prove the main result of the ordered fields, indeed,

Proposition 4.4 Let (F,<) be a nonmepty poset equipped with two operations x and L. Let 6 be an
injective mapping from F to a nonempty set F , then, the following are equivalent,
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(i) (F,x, L, <) is an archimedean ordered field.
(it) (Rang(8), Ho(x),Ho(L), <y) is an archimedean ordered field.

If, in addition 0 is surjective, it follows that,

(F,*, L, <) is isomorphic to (]F/,He(*),Hg(L), <;)).

Proof: Let (F, <) be a nonmepty poset equipped with two operations * and L. Let 6 be an injective
mapping from F into a nonempty set F. According to the Theorems 2.1 and 2.2, it follows that, 6 is an
isomorphism from (I, ) and (F, L) into (Rang(0), He(x)) and (Rang(8), He(L)) respectively and 6 is an
order isomorphism from (F, <) into (Rang(6), §:9), then, (F,x, L, <) is an ordered field its equivalent to
(Rang(0), Ho(*), Ho(L), </9) is an ordered field. Therefore, if, 8 is surjective, then, the ordered fields are
isomorphic. O

Remark 4.4 Notice that, if, 6 is an injective mapping from the ordered field (F,x, L,<), into a
nonempty set F', then, if, (P,<,%) is the positive cone of F, therefore, (6(P), <y, Hg(*)) is the
positive cone of the ordred field (Rang(), Ho(7), Ho(v), <y).

Let (R, +, -, <) be the cauchy-complete archimedean orderd field of real numbers,

Example 4.1 Let ¢, be the order automorphism of (R, <) defined by, for all ¢t € R, ,(t) = a -t where
a € RY.. Therefore, Hy, (4+) = +, and for all z,y € R,

tHy, (y = Ya(y () 9 (2))

Va a'

According to the proposition 4.4, then, (R, 4+, H, (+), <) is an archimedean ordered field, with the positive
cone R,.

T Y
a

4.2. The contraction of 0, quiver space

Definition 4.7 Let (F,*, 1, <) be an ordered field equiped with the positive cone P. Let (C,C) and
(M, M) be two Oy, and Oy,, quiver spaces on (P, <,x) respectively. Let p be a map from C into M.
Then, p is called a kg-lipschitzienne from (C,C) into (M, M), if there exists 6 an order isomorphism
from (F, <) into (P*, <), where P* the set of non-zero elements of P, such thal,

o The operation Hy(*) is equal to the operation L on P*,
o There exists k € P such that, Yo,y € C, My oy < k L Yc(cey)-
With, for all z,y € C, C(x,y) = ¢y and for all z,y € M, M(x,y) =my ,.

Definition 4.8 (The contraction) Let (F,x, L, <) be an ordered field equiped with the positive cone P.
Let (E,F) be a0y quiver space on (P, <,x) and let p be a selfmap of E, then p is called the kg-contraction
of (E,F) if, p is a kg-lipschitzienne from (E,F) to itself, with k € [O, 0(0p)).

Remark 4.5

e Let (E,F) be a 0y quiver space on (P, <,*) a positive cone of an ordered field (F,*, L, <),
and let p be kg-contraction of (E,F) then,

V‘T,y €L, fp(z),p(y) <kl w(fr,y)
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e It should be noted that, since 6 is an isomorphism from (F, %) into (Rang(0), He(x)), it follows
that, (P*,Hg(x)) is a commutative group with the identity element 6(0r) and since Hg(x) =L
on P* which is closed under the operation L, and Op < 1y (1Ip € P* for any ordered field F)
then, 6(0p) = 1p« = 1F the identity element of L on F.

Proposition 4.5 Let (E,d) be a metric space, and let p be a k-contraction of (E,d), therefore, p is
kexp-contraction of (E,d).

Proof: Let (E,d) be a metric space, and let p be a k-contraction of E. According to the remark 3.2,
(E,d) is a Oi, quiver space on (Ry, < +). Since (R,+,-, <) is an ordered field with the positive cone
Ry and the exponential function exp is an order isomorphism from (R, <) into (R, <), such that,

Vz,y € RY,  aHexp(+)y = exp(ln(z) + In(y)) = z.y
Then, Hexp(4) = - on R% where k < exp(0) = 1, and
Va,y € B, d(p(z),p(y)) < k-d(z,y) =k -ir, (d(z,y)),

It follows that, p is kexp-contraction of the metric space (E,d). O

Proposition 4.6 Let (E,F) be a 0y, quiver space on (Ry,+,<) the positive cone of the ordered field
of real numbers, where for all t in Ry, ¥s(t) = ﬁ for a given s € [1,00). Let p be a selfmap of E,
such that, there exists k € Ry, where for all z,y in E, fyu) p0) < k- fey, with s-k < 1. Therefore, p
is (ks)exp, -contraction of (E,F), where ks = s -k and exp, is the order isomorphism from (R, <) into
(R, <) defined by,

t
For allt € R, exp,(t) = exp(-).
s
Proof: Let (E,F) be a 0y, quiver space on (Ri,+, <), where for all ¢ in Ry, ¢;(t) = ﬁ, for a given

s € [1,00). Let (R,+, -, <) be the ordered field of real numbers, and exp, is the order isomorphism from
(R, <) into (R%, <), defined by, for all t € R, exp,(t) = exp(g). Let p be a selfmap of E, such that, there
exists k € Ry, and for all z,y in E, fy(2) py) < k- fey, where sk < 1. therefore,

THexp, (H)y = exp,(expyt(z) +expyt(y))
= expy(s-In(z) + s-In(y))
It follows that, Hexp, (+) = -, on R%, and for all x,y in E,
<k <(s-k Joy
Fo@ o) Sk foy & fo@pw) < (s-k) - =
S Sy < ksHexp, ()15 (fay)-

Since s - k < 1, then, k, in [0,exp,(0)), therefore, p is (ks)exp_-contraction of (E, F). O

Theorem 4.4 Let (E,F) be a 0y quiver space on the positive cone (P, <,%) of an ordered field (F,x*, L
,<). Let p be a kg-contraction of (E,F), such that 8, commutates with v, where 0, is the restriction of 0
on P. Therefore, p is 0(k)o, -contraction of the (E,Fy) a 0y quiver space on the positive cone (6(P), <, L)
of the ordered field (P*, L, Hy(L),<).

Proof: Let (E,F) be a 0, quiver space on the positive cone (P, <, ) of an ordered field (F,x, L, <).
Let p be a kgp-contraction of (E,F), such that, § commutates with . Observe that, since 6 is an
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order isomorphism from (F, <) into (P*, <), according to The proposition 4.4 and The remark 4.4, then,
(P*, L, Ho(L),<) is an ordered field with the positive cone (§(P),<,L). For all z,y € E,

Fo@)p) Sk LY(foy) & 0p(fow@)oy) < Op(k LY(fry))
& Fo,(p(x),p(y)) < Op(k)Ho, (L)0p(Y(fry))
& Fo,(p(2),p(y)) < 0p(k)Ho, (L)Y (0p(fz,y))
& Fo,(p(x), p(y)) < Op(k)He, (L)Y(Fo, (z,y))

Since ¢, commutates with ¢, according to the Theorem 2.4, then, (E,Fy) is a 0, quiver space on
(0(P),<,1). Since k in [0p,0(0F)), it follows that, 6(k) € [1]F,9( 7)) with 6,(P*) = 6(P)*, then, p is
6(k)g,-contraction of the (E, Fy,) a 0y quiver space on the positive cone (6(P), <, L) of the ordered field
(P*, L, Ho(L),<). O

Definition 4.9 Let (E,F) be a 0y quiver space on (G,<,x), let p be a selfmap of E and ¢ is a selfmap
of G, then, p is said to be,

o A right ro-function of (E,F) if, Va,y € E, fo@).py) < (00 V) (fa,y)

o A left ly-function of (E,F) if, Vz,y € E, ¢(fo@),p(y)) < V(fr,y)-

Corollary 4.1 Let (E,F,1,s) be a probabilistic b-metric space for a given s € [1,00). Therefore, ev-
ery p a d-probabilistic contraction of E, is the left l,-function of the (E,Fy) a O,, quiver space on
(A™, <, Ho(1)) where v is an order embedding from (A=, <) to itself defined by,

Ve AT VE>0, v(f)(t) = (6(f)°0)(1),
with, 8 and s are defined as in The theorem 3.2.

Proposition 4.7 Let (F,*, L, <) be an ordered field equiped with the positive cone P and (E,F) be a
0y quiver space on (P, <,x). Every p a hg-contraction of (E,F), where Op < h, is the right r4-function
of (E,F) where ¢ in Emb;(P, <), such that, Vp € P, ¢(p) =h L p.

Proof: Let (F,*, L, <) be an ordered field equiped with the positive cone P and (E,F) be a 0y quiver
space on (P, <,x). Let p be a hg-contraction of (E,F). Since h is invertible under the operation L and
the partial order < is compatible with the operation L, then, for all p;,ps in P,

pr<peehlp <hlp & o)< op2)
Since h < §(0p), it follows that, for all p € P,
¢(p) =h Lp<0(0p) Lp<p.
Then, ¢ in Emb; (P, <), such that,

V:r,y € Ev fp(m),p(y) < h L Q/J(fz,y) = ¢(w(f$,y)) = ((b o w)(fx’y) < qu(fzyy)
It follows that, p is the right ry-function of (E, F). O

We define convergence and Cauchy sequence in a 0y quiver space on the positive cone (P, <, %) of an
ordered field (I, %, L, <) and we define the completeness of a 0, quiver space on the positive cone (P, <, )
of an ordered field (T, *, L, <) as follows:

Definition 4.10 Let (E,F) be a 0y quiver space on the positive cone (P, <,*) of a given ordered field
(F, %, L, <) and let (x,)nen be a sequence in E, then,

o The sequence (x,)nen s said to be convergent to x € E under x, if for every g > O, there exists
ng € N such that n > ng = fo, » < g, and one writes limz,, (x) = .
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e The sequence (Tn)nen @8 called a Cauchy sequence under x, if for every g > O, there exists a
positive integer ng such that,

Ym,n e N m,n>ng= fz, 2. <G

e (E,F) is said to be Cauchy-complete under *, if, every cauchy sequence under * has a limit under
.

o A selfmap p from E to itself, is said to be continous, if, for all x € E and for all sequence (x,)nen in
E such that, lim x,,(x) = x implies that the sequence (p(xy,))nen converges and lim p(z,,)(x) = p(z).

Remark 4.6

e If there is no ambiguity we will only say that a sequence converges without mentioning the
operation. The sequence (z,)nen is said to be converge to x € E, if and only if the sequence
(fen,z)nen in P converge to Og.

e Let (F,*, L, <) be an ordered field equiped with the positive cone P and let (E,F) be a Oy
quiver space on (P, <, ) where ¢ € Emb;(P, <). Let p be a hp-contraction of (F,F), then p
is continous. Indeed, let € F and (2, )nen be a sequence in E that converges to x, then, we
have,

fp(zn),p(m) <hLl w(ftn,:c) <hLl fxn,x~

Since (fz,, x)nen converges to O then, (f,(z,),p(x))nen converges also to Op. It follows that, the
sequence (p(z,,))nen converges to p(z), then p is continous.

In his study of the semi-metric space (E,d) which only satisfies the properties of the separation and
the symmetry [15], Wilson introduces the following axiom: for each pair of distinct points x,y in E,
there exists a number r,, > 0, such that, for all z € E, r,, < d(z,z) + d(z,y). Let » > 0, and let

B(z,r) ={y € E | d(z,y) < r}. The previous axiom is equivalent to the assertions that,

e Do not exist distinct points x,y € E, and a sequence (2 )nen in E, such that, d(z, z,,) + d(z, zn,)
converges to 0.

e The limits are unique.

e I/ is Hausdorff in the sense that given any two distinct points x,y in E, there exists positive
numbers r, and ry, such that, B(z,ry) N B(y,ry) = @. This suggests the presence of a topology.

Let ¢ be an order embeding from P the positive cone of an ordered field (F, <) to itself. Since O < (0F)
and for all z in P, Op < z < ¢(0p) < ¢(x), then, the mixed transitivity implies Op < ¥ (z), Vo € P*. Let
(E,F) a0y quiver space on (P, <, x) the positive cone of an ordered field F, then, for all distinct points
r,y in |

Or < U(foy) < foz* foy, forall ze E.

Therefore, the limits are unique.

Theorem 4.5 Let (F,*, 1, <) be a cauchy-complete archimedean ordered field equiped with the positive
cone P and let (E,F) be a Cauchy-complete 0y quiver space on (P,<,x) where 1 € Emb;(P,<). There-
fore, every p a hg-contraction of (E,F) has one and only one fized point.

Proof: Let (F,x*, L, <) be a cauchy-complete archimedean ordered field equiped with the positive cone
P and let (E, F) be a Cauchy-complete 0, quiver space on (P, <,*) where ¢ € Emb;(P, <). Let p be a
hg-contraction of (E,F), then, there exists h € P where h < 6(0p), such that,

any € Ea fp(w),p(y) < h L w(fa,y)

Therefore, according to The remark 4.6, for any pair of distinct fixed points z and y of F, f,, =
fo@)oty) S h L U(fay) <O0F) L(fay) = ¢(fay). Since ¢ € Emb;(P, <) it follows that, ¢ (fz,y) < foy
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then, p have at most one fixed point in E. For all n in N*, f,n () on(y) < 0" (fz,y), Where ¢(p) = h L 9 (p)
for all p € P. Since ¢ € Emb;(P, <), then, for all z,y € F and for all n € N,

fp"(w),p"(y) < h" L ’l/)(fT,y) < ™ L f'r,y
Observe that, if x = p(y), it follows that, for all y € E, and for all n € N,

Sor+1(),om () = Jor@)om) S B LU(fo)y) S B L fo),y-

Let n,p € N, and z € FE and define the iterative sequence by z,+1 = p(x,) for all n € N with zg = x.
According to the lemma 4.4 and since h < 1y which means that 1y * h_; is invertible under L, therefore,

Sortr(@),on @)

fortv @) prtr=1(2) * fortr=1(@),pntr=2(2) * - % fort1(a) on(2)
(A" L foay) * (WP L fp@ye) %o (B L fo)0)
(WP PP~ ) L o

(g h*.. *hp)Lh"pr
(
(

f$n+p ST

IA A

Ipxh_ 1)~ b L (Ip * (hp+1),1) LA™ L fo) e
Ipxh 1) L (Ipx (P _1) LA™ L fo 0

Since (1p * (RP*1)_; < 1p), then, for all n,p € N and for all zg =z € E,
fz‘ner,a:n S (1IF * h—l)_l 1L fa:l,w 1 hn

According to the Theorem 4.3, and since F is an archimedean ordered field, then, the sequence (h™),en
converges to Op. Therefore, the sequence (z,)nen is a cauchy sequence in E. Hence, since (E,F) is
cauchy-complete 0y, quiver space on (P, <,x), then, there exists v in E such that, limz,, = 7 and since
p is a continuous function, then,

= T 2 () = i 41 () = lim p(z)(5) = p(lim a0 (+)) = p(7)
Therefore « is a fixed point of p. O
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