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Polynomial stabilizability of a plate equation in a waveguide with dissipation at infinity *

Mohamed Malloug

ABSTRACT: We consider the dissipative plate equation in a waveguide, in the case where the usual Geometric
Control Condition of Bardos, Lebeau and Rauch [5] is not necessarily satisfied. More precisely, assuming that
the damping is concentrated close to infinity. We prove polynomial energy decay with respect to a stronger
norm of the initial data.
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1. Introduction and statement of the main results

This article concerns the energy decay rate for the damped plate equation in waveguide. This is an
important and interesting question in the general understanding of PDE without the usual geometric
control condition (GCC) of Bardos, , Lebeau and Rauch [5] and a relevant situation for application.
This paper is a natural continuation of ones [17], we are motivate to study this topic due its importance
and its application in the field of mechanical engineering. It appears especially in various problems of
linear elasticity, for example when looking at displacement of a plate. Our investigation is motivated
by analyzing this displacement when the damping is effective. The result seems new and interesting
especially when the domain is not compact.

Let d,n € N*, and let w be a bounded, open, smooth and connected subset of R™. We denote by 2 the
straight wave guide R? x w C R9*". Everywhere in the paper we denote by (z,y) a general point in
Q, with € R? and y € w. Given uy € HZ(Q) and u; € L?(Q2), we consider on € the dissipative plate
equation

Otu+ A%u+adu=0 inRy xQ, (1.1)

subject to the initial conditions
uw(0) = ug, Opu(0) =uy (1.2)

with the so called ”hinged” boundary conditions

u=Au=0 on R4 x9N (1.3)
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In (1.1), u stands for a mechanical variable denoting the vertical displacement of plate while the function
a stands for a damping variable. Assuming that a is bounded, smooth and there exists a compact subset
K of Q and ¢y > 0 such that

V(z,y) € Q\ K, a(z,y) > co. (1.4)

The energy E(t) of solution of Eqs (1.1)-(1.3) is given by the following expression

B(t) = /Q \Au(t)|? dz + /Q Ou(t)|? da. (1.5)

We can easily check that every sufficiently smooth solution of Egs (1.1)-(1.3) satisfies the energy identity

E(ty) — E(t1) :fQ/tz/Qa|8tu(t)|2 dzdt,

for all to > t1, and therefore, the energy is a non-increasing function of time variable t. Among the exist-
ing results available in the literature for plate equation, many of them concern the plate equation with
boundary conditions u|y, = 0 and Aul,, = 0. This set of boundary is known as "hinged” boundary
conditions. We first mention the sharp result obtained in [13]. This result implies in particular that the
plate equation can be stabilized by means of a feedback acting in arbitrary sub-domain of the rectangle.
The same geometry and the same technique can be found in [20]. For a special geometric condition with
boundary damping term, an exponential stability is established for square plate by moment feedbacks
only in [3]. In [18], a polynomial decay is proved if the last geometric condition in [3] is not fulfilled.
For the ”clamped” boundary conditions :u = d,u = 0 on Ry x 992, where 0, is the outward normal to 92
, the literature for plate type equations give us a few available results. We first mention the important
result obtained [19], on compact Remanian manifold with boundary, a log-type estimate decay for energy
is proved. In the whole domain with a damping term of Kelvin voigt-type, which corresponds to the form
term 0;/\, an exponential decay have been proved in [10].

The geometry of trajectories decide whether a uniform energy exists or not. We have uniform decay for
the energy of the damped equation under the so-called geometric control condition (GCC) [5]. Roughly
speaking, the assumption is that any (generalized) bicaracteristic (or classical trajectory, or ray of geo-
metric optics) meets the damping region (in the interior of the domain or at the boundary) or escape at
infinity. If only the bounded trajectories go through the damping region, we are limited to investigate
the local energy, which measure the fact that the energy escape to infinity. Closely related problems have
obtained in ([2],[16]) for the dissipative wave equation outside a compact obstacle of the Euclidean space
(with dissipation at the boundary or in interior domain). If all the classical trajectories go through the
damping region and not only the bounded ones, it is possible to study the decay of the total energy. This
means that all the energy is dissipated by the medium. We mention for instance [1] for the wave equation
in a exterior domain with the damping at infinity and [22] for the damped Schrédinger equation in wave
guide. Here, we consider the domain neither compact nor close to the Euclidean space at infinity in any
usual sense, so that properties of both compact and Euclidean domains will appear in our analysis. In
our setting, when the damping coefficients vanish inside a compact K, the geometric control condition
fails. For instance, if there exists o € R? such that a(xg,y) = 0 for all y € w then any trajectory staying
in {zo} x w will neither see the damping nor escape to infinity ( see the same geometry in [17]). In this
case, most of the classical trajectories meet the damping region. Indeed, except the bounded trajectories,
all the rays which have a non zero velocity in the x direction and escape to infinity. Moreover, outside
some bounded subset all rays meet the damping region. Closely related problems have been considered in
[7] ( about the dissipative wave equation on partially rectangular domains on both ends) and [1] (about
the wave equation with dissipation a damping at infinity). Therefore, no uniform decay estimate for the
energy with respect to energy norm of initial data is possible. However, if we allow some loss of regularity,
we may have some energy decay. The main purpose of the present article is to estimate the resolvent
operator. In spectral point of view, since 0 belongs to the resolvent, there is no low frequencies effect.
Thus, the energy decay is only limited by the contribution of high frequencies. Notice that, when 0 is a
singularity and the damping is effective at infinity, the contribution of low frequencies is more appreciated
and the general rate of decay is governed by the contribution of low frequencies. Furthermore, for certain
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works one recover the phenomenon of diffusion comes from the contribution of low frequencies we refer
to ([17],[1]), but here there is no ”low frequencies effect” at all. The semi classical defect measure and
the now usual contradiction argument will be central in the analysis here.
To formulate the problem (1.1)-(1.3) in the semigroup setting, introducing the unknown function v = d,u,
we rewrite it in matrix form:
oU(t)=—-AU(t) in Ry xQ,
U=AU=0 on Ri x00 (1.6)
U(0) = Uo = (uo, o),

0 I
() .
A is an unbounded operator defined on the Hilbert space H = HZ(Q) x L*(Q), where HZ(Q) = {u €
H?(Q),u=Au=0 on R, x 0} with respect to the norm

where we have set U = (u,v) and

Jul? = /Q (18] ?de (18)

with the domain
D(A) = (H*(Q) N H§ () x H3(9). (1.9)

Now let Uy = (ug,u1) € D(A). It is standard that u is a solution of Eqs (1.1)-(1.3) if and only if
U :t— (u(t),du(t)) is solution of (1.6). Since the operator A is maximal accretive (see Proposition 2.2
below), we know from the Hille-Yosida theorem that —A generates a contractions semigroup, so that the
problem (1.6) has a unique solution U : t — e~*AU, € C°(R,, D(A)) N CY (R, H).

In order to characterize the rate of energy decay, we give the growth estimate of the resolvent which is
the main result of this paper.

Theorem 1.1 (Resolvent-estimate) Let o € R. Then, the operator A —io is invertible on H and
there exist C' > 0 such that
. \—1 2
[(A —io) ||£(H(Q)) <O +]al)
From the resolvent estimate of Theoreml.1, we obtain the following energy decay for the damped plate
equation

Theorem 1.2 (Energy-decay) Let k € N*. Then, there exists C > 0 such that for t > 1 and Uy €
D(AF), we have
le™* 0ol < =2 [[A%Us |

To prove Theorem 1.1, first we show that the resolvent (A — ic)~! is defined on the imaginary axis (
there is no singularity for ¢ = 0). Then, by contradiction arguments based on semiclassical measures
introduced by Gerard and Leichtnam [12]( see also [15,8,14,23]) ,we shall prove that the semiclassical
measure is identically null (see section 3). In Theorem 1.2, we obtain a polynomial energy decay. Here,
there is no singularity at 0, so we can convert resolvent estimate into estimate for propagator. The proof
of Theorem 1.2 is a slight adaptation of [6, Theorem 2.4] and because of this, we shall omit its proof.
The same kind of results can be found in [15,7,17].

The structure of the article is as follows:

In section 2, we give general properties of the resolvent. We recall some basic properties of the hinged
bi-Laplacian operator in waveguide which we can use to write the resolvent as a series of resolvents on
R? shifted by eigenvalues of bi-Laplacian operator on the section w. Section 3 is devoted to estimate the
resolvent and the proof of Theorem 1.1. Finally, Section 4 is devoted to discuss some problems close
o (1.1)-(1.3): The damped plate equation on the waveguide with "hinged” boundary condition with
dissipation everywhere on the domain and the damped plate equation on the waveguide with ”clamped”
boundary condition.
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2. Properties of the Resolvent

We recall that an operator A on some Hilbert space K with domain D(A) is said to be accretive if for

all ¢ € D(A) we have
Re (A, ) > 0.

Moreover A is said to be maximal if it has no other accretive extension on K than itself. We know that
the accretive operator A is maximal accretive if and only if (A — ¢) is boundedly invertible for certain
(therefore any) ¢ € {¢ € C : Re(¢) < 0}. Finally, the operator A is said to be (maximal) dissipative if
iA is (maximal) accretive. If A is both dissipative and accretive, then it is maximal dissipative if and
only if it is maximal accretive.

2.1. Some basic properties of the resolvent

As usual for the damped plate equation, the resolvent (A — z)~! on H will be expressed in terms of
the resolvent of A2 — za, where A? is the bi-Laplacian operator on . We denote

C_:={CeC:Re(¢()<0} andC":={¢ecC:Im()>0}.
Proposition 2.1 Let z € C_. Then —z2 belongs to the resolvent set of the operator A% — az.

Proof: The bi-Laplacian is a model of fourth-order operator A? := A o A with the domain D(A?) =
H*(Q)NHZ(K)) is a self-adjoint and non-negative operator on L?(Q). If Im(z) = 0 then —az is a bounded
and non-negative operator, so A? — az is selfadjoint and non-negative. Since —z? is has negative real
part, it belongs to its resolvent set. Now assume that Im(z) > 0. Then —az is bounded and dissipative,
so A% — @z is maximal dissipative. Thus its resolvent set contains C* and in particular —z2. Finally, if
Im(z) < 0 then —(A? — az) is maximal dissipative and 22 belongs to C*, so we can conclude similarly.
O

For z € C_, we set
R = (A% —az+22)_1.

Proposition 2.2 The operator A is maximal accretive on H. Moreover for z € C_ and F € H we have

(A—2)"'F = ([ 137(5(;222 2) 7;3) F. (2.1)

Proof: For U = (u,v) € D(A) we have
Re (AU, U) g = {(av,v) 12(q) 2 0,
so A is accretive on H. Then
I(A+D)U5 = AU + U5 +2Re (AU U) ;> U7
so (A + 1) is injective. It remains to prove that A 4+ 1 is surjective in H. Let F' = (f,g) € H. For

U = (u,v) € D(A) we have

u="TR(-1)(g+af+ f)

et (2.2)

(A+1)UF<:>{

Since —1 € C_, so R(—1) is a bounded operator from L?(2) to HZ(f2)). Defined this way, U = (u,v)
indeed belongs to D(A) so F' € Ran(A + 1). This proves that (A + 1) has a bounded inverse in £(H), so
A is maximal accretive. In particular any z € C_ belongs to the resolvent set of A. Then if we denote by
Ra(z)F the right-hand side of (2.1), we can check by straightforward computation that R4 (z)F € D(A)
and

(A—2)Ra(z)F = F.

This proves that (A —2)7! = Ra(z) on H. O
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2.2. Specific properties of the resolvent on a flat waveguide

On a flat waveguide © ~ R?% x w, The bi-Laplacian operator can be split as the sum
A% = A2+ A2 420,17, (2.3)

where A2 is the usual bi-Laplacian on R% Afl is the hinged bi-Laplacian operator, —/A\, is the usual
Laplacian on R¢ and —A\, is the Dirichlet Laplacian operator on w. In the hinged boundary conditions, we
can deduce eigenvalues of bi-Laplacian Ai from eigenvalues of Laplacian —A,. Indeed, u is a eigenvalue
of AZQ/ if only if \/p is a eigenvalue of —A,, ( see introduction in [19]). Furthermore, A; and —A, are non-
negative self-adjoint operators on L?(w) with compact resolvent. Therefore, there exist an orthonormal
basis for L?(w) made of (¢r),ey of eigenfunctions: Vk € N*, we have [pllf2¢,) = 1, ¢x € D(A),

Aigpk = purpr and —Ayo = /Irpr, with

O<pr <. .. pp <o lim py = Ho0.

Jj—>00

Let u € L?(2). For almost all z € R? we have u(z,-) € L?(w), so there exists a sequence (ug(x))ren:
such that in L?(w) we have
u(z,) = > up(z)pr (2.4)
keN*

and

(@, Mo = D lu(@).

keN*

After integration over x € R? we obtain that u;, € L?(R%) for all k € N* and

2 2
”uHL?(Q) = E Huk||L2(Rd)-
keN*

For m € N* and z € C_, we set

m

- 1
gm = frpr and vy, =Y (A2 =2/l —a(z)z + (22 + ) frers
k=1 k=1

where (f)pen is @ sequence of functions in L?(R?). Then for all m € N* we have v, € D(A?) and by
direct computation (A? — a(z)z + 22)v,, = gm. Therefore v, = (A% — a(x)z + 22)1g,,. At the limit
m — 0o we obtain

(82 —a(@)z+ 227 f = D (A2 =2yl — a(@)z + (2 + ) fron. (2.5)
keN*

2.3. Extension of the resolvent on the imaginary axis

Proposition 2.3 Let 0 € R. Then the resolvent R(io) is well defined and extends to an operator in
L(L*(Q), HF(Q)).

Proof: e First case: 0 >0

Let @ = a + colx. Then @ > ¢y everywhere on §2. This implies that the operator A? — io(a — cp) is
maximal dissipative, so its spectrum is contained in the lower half-plane. Therefore the spectrum of
A? —jca(z) (and in particular its essential spectrum) is a subset of {Im(¢) < —ocg}. Since A% —ioa(x)
is a bounded and relatively compact perturbation of A? —icda(z), we deduce by the Weyl Theorem ( see
[17, Theorem B.1 in appendix], applied with a connected component containing {Im(z) > —7¢y} that its
essential spectrum is included in {Im(¢) < —ocp}. Then o2 belongs to the spectrum of A? — iga if and
only it is an eigenvalue. Now assume that u € D(A?) is such that (A% —ica — 0?)u = 0. Then

/ alu)® = . Im ((A? — ica — 0®)u,u) = 0. (2.6)
Q g
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Since a > 0, this implies that u = 0 on suppa. Hence (A% — 02)u = 0. But this impossible owing to the
unique continuation result [11].

e Second case: ¢ < 0

The operator —(A? — io(a — cp)) is maximal dissipative, and we conclude similarly as the first case
exluding the possibility that —o? is an eigenvalue of the operator of (A% —io(a — cp)).

e Third case: 0 =0

For u =", o ur(2)@r(y) € D(A?) we can write

<A2U’U>L2(Q) = Z <(Ai + pr — 2\/HkAm)ukvuk>L2(Rd)
keN*
2
=2 1 Z [kl z2Ra)
keN*
> 72 (2.7)

So A? is injective which implies that ker A% = ker(A?)* = {0}. Then
[Ran(A2)]" = ker(A2)* = {0}, (2.8)

which proves that Ran(A?) has dense range. It remains to prove that Ran(A?) is closed in L?(Q) by
showing that Ran(A?) is a complete space. Let (g,,) be a Cauchy sequence in Ran(/A?), so there exists
a sequence (f,) € D(A?) such that g, := A?f,. From (2.7), we have

1o = Fnll gy < VD)™ (lgn — gonll ey - (2.9)

This implies that (f,,) is a Cauchy sequence in L?(Q) which is complete, there exists f € L?(Q) such that
fn — f € L%(Q). Since A? is self-adjoint, so it is closed. As a consequence, g, — A?f. This proves
that the resolvent R(0) is well defined and R(ic) extends to a bounded operator from (L?(Q) to HZ(2)).

O

3. Resolvent estimate and proof of Theorem 1.1
3.1. High frequency estimates

We are now in the position to capture the high frequency behavior estimates.

Proposition 3.1 Let k € N* and o be a non-negative function on R such that a > cq for some co > 0
outside some bounded subset of R<. Then there exist 00 2 0 and ¢ > 0 such that for |o| = oo we have

c

A2 2 finDy — ioa — o *IH <<
H( ¢ Hr o J) L(L2(RY)) O

We refer to [23] for general results about semiclassical analysis.

Proof: For the rescaled variable h = % the estimate reads

_ 1

P2 = 2(ikDs) — iha — 1] 7| <<, 0<h<l 3.1
|23 ~2vimon) —ina =) 7| S < (3.1)
We define P(a, h) := h?(A2 —2,/lix ;) —iha — 1 and its enough to show there exists a positive constant

C' such that o
||u||L2(]Rd) < n ”P(avh)u”LQ(Rd)' (32)

We argue by contradiction. If the assertion were false, then for m = 1, 2, ... there would exist 0 < h,, < %

and (um),, ey € H*(RY)N such that h, — 0 and

h
Hp(avhm)umHL(LQ(Rd)) S Em ||Um||z:(L2(Rd))- (3.3)
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By dividing ||tm|| ;2 (gay by suitable constants, we suppose that |[tm ;2 (ga) = 1 then
HP(OQ hm)um||L2(Rd) = O(hm)~ (34)

The sequence (u,,) is bounded in L?(R%) so, after extraction of a subsequence if necessary, there exists
a Radon measure p on R?? such that for all ¢ € C5°(R??) we have

(OPY (@) tm, U ) —— qdp, (3.5)

m—r 00 R2d

where the Weyl quantization operator Op;, is given by the formula

w - T+Yy
Obi, @un(o)i= [ [ emr (Y G )y
Rd JRd
We first observe that

2
lowmllze@ay S [Vt g
1
= h—Im (P(ct, b ) U, U

—0. (3.6)
e Let Car(P) be is the characteristic variety of p:
Car(P) := {(z,€) € T"R? x Q : p(x,&) = 0} (3.7)

where p(z,€) = |¢|* — 1 is the principal symbol of the operator h2(A2 — 2,/fxA,) — 1. In the first, we
show that  is supported on Car(P). Let ¢ € C§°(R??) be equal to 0 near Car(P) which is meaning that

suppa Np~1(0) = B. We must show that
/ gdp = 0. (3.8)
R2d

We can define

q(x,§)
b(x,€) = 3.9
(®,6) = T (39)
is well-defined from the assumption on ¢. From symbolic calculus, we have
Opj,, (q) = Opyy, () [hn (A% = 2/ 5e) = 1] + Oy 2 (hiy). (3.10)
Therefore,
n}gnoo <Opﬁm (@) um, um> = nlgnoo <OPZJm (b) [hfn(Afg -2y W De) — 1] Um, um>

= lim (Opjl, (0)[h5 (A2 = 2V/AkD0) = ihiner = Ut tm)
= Tim_(Opj;, (0)(P(ct, hm) )it )
=o0(1), as m — oo. (3.11)

Let x € C5°(R%,[0,1]) be such that a(x) > ¢ on a neighborhood of supp(1 — x). (3.11) and (3.6) imply
that u is supported in supp(x) x {¢ € T*R? : p(z,£) = 0}.
e Moreover, for ¥ € C§°(R?,[0,1]) such that (&) = 1 if | = 1| = 0 we have
/2d X(x)f((g) d,u(x,{) = lgn <Op7;zvm, (X(w)f((f))umvum> = lim <umaum> =1, (312)
R m oo

m—r o0

so pu # 0. We will derive a contradiction to this.
e Hereafter write P, := P(«, hy,). Then

Py o= h2,(A2 = 2/l D) — ihma — 1, (3.13)
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and
P o= h2 (A2 =2/ unlNy) 4 ihma — 1 (3.14)

and therefore
P, — P}, = —2icthy,. (3.15)

Now, select ¢ € C§°(R??) takes real-valued and setting Cy,, = Op}. (c)(, b D). Then C,, = Cy;,. Using
(3.4) and (3.15), we calculate that

O(hm)

2iIm (Co P, , U )

= Cumum7um> - <um> C’m—Pmum>

(
- <(Cmpm - Cmp;:y,)umvum>
= <[Cmypm]umaum> + <(Pm - P;:L)Cmum7um>
hm w . w
== <Ophm({c,p})um,um> — 2ih,, <Ophm (a)um, um> (3.16)

Dividing by 22 and let m — 0o, we obtain

(u,{c,p} + 2ac) = 0, (3.17)

Now, Let be b a function such that {¢, p} + 2ac > 0 on supp « (for the buillding of this function, we refer
to [23, Theorem 5.9, P113] ). This imply that x = 0, wchih is a contradiction to (3.12) and achieve the
proof of the proposition 3.1. O

3.2. Proof of Theorem 1.1

The main point will be to estimate the resolvent (A —ioc)~! : H — H for 0 € R and |o| > 1.
Theorem 1.1 is a direct consequence of the following result

Proposition 3.2 Let Q be the straight waveguide R%xw C R and we consider the stationary problem:

(A? —iao —o®)u=f
Uy =0 (3.18)
Dulpg =0

Here o € R and |o| > 1. Assuming that a is bounded and there exists a compact subset K of Q and co > 0
such that V(z,y) € Q\ K, a(x,y) = co. Then, we have

2 2 2
lilny S 1 ngey + 02 /Q ale,y) Juf?. (3.19)

Proof: When establishing (3.19) it is sufficient to do so when a = a(z) is a function of x only. Assume
that (3.19) has already been established in the special case. Indeed, if a = a(x,y), there exist a; such
0 < a1 < a and a1 > ¢y outside some bounded subset of compact and a; depend only on z € R,

Now if u € HZ (1) satisfies

(A% —dao — o*)u = f, (3.20)
then
(A% —iayo — o) u = f —io(a; — a)u. (3.21)
Applying (3.19) and (3.21) we get,
2 2 2 2
lullz2() S Ifllz20) +0° (@ —ar)ullzziq) + 02/9‘11 Jul”. (3.22)

Since a — a; is bounded and positive, this yields

2 2 2 2
[ullzz0) S I\fIILz(Q>+02/Q(a—a1)IUI +72/Qa1 jul”
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The bound (3.19) follows in general case. In what follows, when proving (3.19), we shall therefore assume
that a = a(z) is a function of x only. In this case, from section .2, we can apply the seperation of
variables, we observe that the imaginary axis is included in the resolvent set of the operator A% —i. In
particular (2.5) applied for z = io , so for all k € N* we have in L?(R)

w = [(A2 = 2/ ss) = ioa = (0 = )]~ i (3.23)

Let k € N*. The operator (A2 —2,/ur/\,;) —ioa is maximal accretive (if o > 0 it is accretive and maximal
dissipative, and if ¢ < 0 we consider its adjoint) so if 02 — yp < —1 we have

||Uk||L2(Rd) S ||fk||L2(Rd)- (3.24)

Let now o be given by Proposition 3.1. By continuity of the resolvent ¢ — ((A2 —2,/x/\,) —ica—¢) ™!
there exists C' > 0 such that if 02 — puy € [—1, 03] we have

HUkHL2(Rd) <C ka||L2(Rd) : (3.25)
It remains to consider the case 02 — py > 03. Let 7 = \/02 — i € [09,0]. We have
(A2 —2y/plNg) —ita— 72w, = fi +i(0 — 7)aug (3.26)
By Proposition 3.1 we obtain
||uk||L2(Rd) S ||fk||L2(]Rd) + |o] ||auk||L2(]Rd) : (3:27)

Hence, summing the square of the norms with respect to k, we achieve the proof of the Proposition 3.2.
O

Proposition 3.3 Let Q be the straight wave guide R? x w C R¥*" Assuming that a is bounded and there
exist a compact subset K of Q and co > 0 such that V(z,y) € Q\ K, a(z,y) = co. Then, we have
R(ioc) = O(lo|) : L*(Q) — L*(Q) o] > 1. (3.28)

Proof: Multiplying the equation (3.18)by %, integreating by part and taking the imaginary part. Then,
we have

7 [ alul® < o 1l o (3.29)

Combining (3.19), (3.29) and using the Young inequality, we deduce that
gy < OCol) 112 - (330
g

We are now in the position to estimate the global resolvent (A —io)~! on the imaginary axis. In doing
so, we shall derive bounds of the following operators:

R(io) : L*(Q) — L*(Q),

R(io) : L*(Q) — HZ(Q),

R(io)(iaoc + %) + 1 : HZ(Q) — L*(Q)
and

R(io)(a —io) : HZ(Q) — HZ(Q).

With the proposition 3.3 available , we have

R(io) = (O(|o])) : L*(Q) — L*(Q). (3.31)
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Multiplying the equation (3.18) by u = R(ic) f and integreating by parts. Then, for f € L%(Q2) we have

|AR(i0) fl[72(0) = (£, R(i0) f) + io (aR(io) f, R(io) f) + 0 |R(i0) |32 cy - (3.32)
Proposition 3.3 together with 3.32 shows that
R(io) = (O(c?)) : L*(Q) — H3(Q). (3.33)
So by duality,
R(io) = (O(02)) : (H) () — L¥(9). (3.34)

We see that R(ico)(c? +iac) + I = R(ic)/A\? with the fact that the operator A? : (H3)(Q) — (HZ)'(Q)
is continuous, we deduce that

R(io)(0? +iac) + 1 = O(c?) : H3 () — L*(Q). (3.35)
It remains to estimate the norm of R(io)(a — o), we write
R(io)(a — io) = %[R(wm? —1). (3.36)
If f € HZ(Q) and u = R(io)A?f € HZ(Q), then
(A? 4 a(z)io + oP)u = A?f € (HE) (Q). (3.37)
Multiplying (3.37) by @, integrating by parts and taking the real part, we get
||u||§fg(9) — o ullZz) < IA% iy @ llullmz) S 1 Tz lull @), (3.38)
therefore
lullz ) < OMW)(@®lullZ2 () + 11 F2()- (3.39)
Combining the estimate (3.39) with (3.35) , we get
3
[ullzz0) < O[S 300 (3.40)
Therefore
R(io)(a —ic) = O(|o]?) : H3(Q) — H2(Q). (3.41)

Combining together (3.31), (3.33), (3.35) and (3.41) with the fact that A has no imaginary spectrum, we
get the basic bound:
. N—1 2
|(A —io) ||L(H(Q)) <C+|o]), oceR

The proof of Theorem 1.1 is complete.

4. Connection problems

If a = 1 then in particular the Geometric Control Condition (GCC) holds and we easily get better
high frequency resolvent estimates. If o € R\ {0}, w € H*(Q) N HZ(Q) and f € L?(2) are such that

(A% —io — 0®)u = f,
then

0 [[ullz2() = = Tm (£ ) < (£} [l
from which we deduce that .
o
and consequently that (A — io)~! is uniformly bounded for |o¢| > 1. Furthermore, there is no "low
frequencies effects”, so the energy decay is limited by the contribution of high energy. In this case we
know that the contribution of high frequencies decays exponentially without any loss of derivative.

Theorem 4.1 (Energy-decay) Let Uy € H, then there exists C > 0 and o > 0 such that fort > 1 we
have

||R(i0)|\L(L2(Q) S

e~ Ts]|,, < Ce™ || Uoll 4 -

I
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4.1. Improved decay estimate.

It is well understood that plate equation with "hinged” boundary condition is linked to Schroidinger
equation since 87 + A? = (9; + iA)(9; — iA). However, even without Geometric Control Condition an
observability estimate or equivalently an exponential decay rate for the damped Schroidinger equation can
hold (see [9]). The energy decay for the damped plate equation in the waveguide may be an exponential
one. To improve the decay rate of this paper, it may be an open problem.

4.2. The damped plate equation on the wave guide with ”clamped” boundary condition.

Now we discuss the damped plate equation in the wave guide Q2 with ”clamped” boundary condition.
Consider the following equation:

Pu+ A*u+adu=0 onRy xQ, (4.1)

subject to the initial conditions
w(0,2) =ug  Ou(0,z) = uy (4.2)

and” clamped” boundary conditions
u=0p,u=0 on Ry x9N (4.3)

In a spectral point view, the main difficulty that occurs in the problem (4.1)-(4.3) that we can not deduce
the eigenvalues of bi-Laplacian Ag from eigenvalues of Laplace —A,. Indeed, let 1 be a eigenvalue of Af},
it can not \/u is an eigenvalue of —D,,. To do this, we consider a function ¢ € H 2 such that

Alp=pp and ¢=08,6=0 on Ry x I, (4.4)

from the unique continuation, ¢ vanishes identically ( see some comment in introduction [19]). Let discuss
now about resolvent estimates, for the high frequencies part, we use the same ideas as in Proposition 3.1.
The main difference with the hinged boundary conditions is that in this case the transverse operators bi-
Laplacian AZ and Laplacian —A, on w, whose first eigenvalues are nulls, Therefore, there is a singularity
at 0. Thus, there is a low frequency effect which need to study the contribution of low frequencies.
Extending the results of this article to this case is an interesting problem.
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