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Global stability of a multi-dimensional system of rational difference equations of
higher-order with Pell-coefficients

Ahmed Ghezal* and Imane Zemmouri

ABSTRACT: This article considers a new multi-dimensional system of rational difference equations of higher-
order with Pell-coefficients. In this system, the Pell-coefficients are allowed to Pell-sequence, while it is
considered constant for this system. This system generalizes the same as the first-order system introduced
in this article. We show that the solutions of this system are also associated with Pell-numbers. The global
stability of positive solutions of this system is also established.
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1. Introduction

The uni-dimensional bilinear difference equation has received the interest of several workers including
Adamovié¢ (1971), Boole (1880), Brand (1955), Jordan (1956), Krechmar (1974), Mitrinovi¢ and Adamovié
(1980) and Mitrinovi¢ and Keckié¢ (1984). As also observed by some workers (e.g. Stevié et al. 2019 and
references therein), this difference equation can be solved in several ways. More lately, Stevié et al. [32]
presented the definition of a two-dimensional bilinear system of difference equations which, according to
their definition, is two-difference equations satisfying the equations

L aul? + (2) ault) + 8

Up, - ) Up, =—5 n=0, (11)
L T R

where «, 3, v and § are satisfy some regularity conditions, such that the general solutions via the
generalized Fibonacci sequence. In this regard, many papers have recently given formulas for solutions
of difference equations and systems in terms of the Fibonacci sequence (see., [12], [31], [34], [36]).
Furthermore, among the methods that proved the solvability of System (1.1) is to transform it into
the most important system of homogeneous linear difference equation of the 2nd-order, which has the
following form:

thy1 = oty + Bty_1,Tnt1 = Qrp + Bro—1,n > 1,

where «, 8 € R or C such that 8 # 0, in particular, we give information about the Pell sequence that
establishes a significant part of our study, defined as follows

Poi1 =2Py+ Py_1,n > 1, (1.2)
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with initial conditions Py = 0 and P; = 1. The following Binet formula of the Pell numbers gives the

solution to equation (1.2),
a® — "
P,=—
n a— b I’
where a = 14 v/2 and b = 1 — /2. Moreover, the Pell-Lucas sequence has the same homogeneous linear
difference equation with constant coefficients as the Pell sequence,

Qn—i—l = 2Qn + Qn—hn Z 17

with distinct initial conditions Qg = @1 = 2 and the closed-form expressions for the Pell-Lucas numbers
are 0, = a” +b". Now, the search for closed-form solutions of systems of difference equations is a classic
problem (see., [4]-[17], [19]-[20], [21]-][22], [26]-[31], [35], [37]), so, this article gives formulas for solutions
in terms of Pell sequence, we consider the following m—dimensional system of difference equations with
Pell-coeflicients,

. P +P u(ijl)modm
= ek Lm € Noyi € {1,.m}, (1.3)

Pits + Peyou

n—I

and the initial values u'”), i € {1,...,m}, j € {0,1,..., [}.

2. Main results

To solve system (1.3) we require to utilize the following lemmas.

Lemma 2.1 Let (P,,n > 0) the Pell sequence and (Qn,n > 0) the Pell-Lucas sequence, we have some
important relations, for n,m € N,
PmPn+1 + Pm—lpn = I'm4n,
Pn71Pn+1 - Pr% = (_1)" )
Pnfl +Pn+1 = Qn»
Pm(n-‘rl)Perl + (_1)m+1 P = Pmpm(n-i-l)-i-lv
Pm(n+1) - Pm+1pmn = Pun-1Pnm
Pm(n+1)+1 - Pm+1Pmn+1 = Pman
Moreover, the sequence (PnP;_&l, n > 1) converges to a=! = —b.
Lemma 2.2 Consider the homogeneous linear difference equation with constant coefficients
Wot1 — Qmywn + (=) w,—1 = 0,n >0, (2.1)

with initial conditions wg, w_1 € R*. Then,

me+1 Pmkn

Pmk(nJrl) w1
P,

Yn >0, w, = meo +(=1)

where (Py,n > 0) is the Pell sequence and (Qn,n > 0) is the Pell-Lucas sequence.

Proof: Difference equation (2.1) is ordinarily solved by using the following characteristic polynomial,
A2 — QA+ (1) = (A —a™) (XA —b™) = 0, roots of this equation are A\; = a™*, g = b™*. These
roots are linked to the roots of the Pell number sequence. Then the closed form of general solution of

the equation (2.1) is
Vn > —1, w, = c1a™*" 4 cob™ ",

where wg, w_1 are initial values such that

Wo = €1 + Co
C1 C2
w_1 =

a™k Mk
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and we have

a™wy — (—1)"* w_4 (—=1)"™ w_y — b™Fwyg
C1 = m m , C2 = m m ;
a™mk — bk a™mk — hMmek

after some calculations, we get

a™wy — (1) w_y 0 (=1)" w_g — b wg

Wn = a™k — b + amk — prmk b
(ams (D) — s (b)) gy (—1)™* (e — gmen) g
a™k — hmk
Proj,(n+1ywo + (_l)mm_l Prjnw_1
= B .
The lemma is proved.[] O

Lemma 2.3 Consider the following rational difference equation,

Pmk + Pmk_lun

Un+1 = P

,n > 0. 2.2
mp+1 + Pmkun ( )

Then,
Vn> 1. w. — Pmkn—luo + Pmkn.
- " Pmknu(] + PmknJrl
Proof: Using the change of variables v, = Py, 11 + P, un, we can write (2.2) as
41
Vg1 = (Pﬁ% — Pmk*]-Pkarl) + (Pmk*]. + Pmk+1> Un, _ (_1)7”“_ + kavn,n >0, (23)
Un Un
and v, = o we get wpi1 — Qumuwn + (=1)"™ w,—1 = 0,n > 0, by Lemma 2.2, the closed form of

n—1
general solution of the equation (2.3) is

o = P tninywo + (=1)™ T P w_y Py (ny1yvo + (=)™ Py "> 1
Prjnwo + (_1)mk+1 Pmk(nfl)w—l Prnynvo + (_l)mk+1 Pmk,(nfl) o

then,

Un = Pn_li (Un = Pry11)

-1 P'rrLk(n+1)UO + (71)mk+1 Pmkn
= Pmk me+1 = Pyt
Pmknvo + (71) Pmk(n—l)

Pmk(n+1)PmkuO + (Pmk(n+1)Pmk+1 + (_1)mk+1 Pm;m) p
m — LImp+1
Pmknpmku0+ (PmkankJrl + (_1) st Pmk(nfl))

| Pmk(nJrl)uO + Pmk(nJrl)Jrl
- Pmk - Pmk"rl
PmknuO + Pmkn+1
_ Pmknfluo + Pmknyn Z 1.
Pmknuo + Pmkn—&-l

_ p—1
= P’mk

The lemma is proved.[ O



4 A. GHEZAL AND I. ZEMMOURI

2.1. On the system (2.4)

In this subsection, we consider the following system of difference equations of 1st-order,

i Pqo + Pk+1u$zi+1) modm .
S)“ - T modm e ksm € No,i € {1,....,m}. (2.4)

Pyits + Pyyoun
Now, using the last difference equation in (2.4), we get

(m—1) _ Prt2 + Pyiul™ _ DPopya + Pojysul’y

Uyt q - nzl,
" Piys + Pooul™  Popys + Popraul,
similarly, we get
_ 1
(m—2) _ Pria+ Pk:+1u£’Lm 2 _ Pspge+ P3k+5“£121 >
Upt1 = = o "= 2,

—1)
Prys + Pk+2U£Lm ) Pspy7 + Papyet,
and recursively for the above, we can get

1
S0 Dmee) F Pnih2) -1 1) n>m-1
n+1 — 1 ' - .

Pm(k+2)+1 + Pm(k?+2)u512(7n—1)

System (2.4) can be written as the following rational difference equation of 3rd-order

" _ Pmk + Pmk—lun—(m—l)
s Pkarl + Pmkunf(mfl)

,n>m— 1. (2.5)

where my = m (k+ 2). Let uy s = Umn+s, s € {0,1,...,m — 1}. For this, we have

Pmk + Pmk—lun s
U = —.n>0,s€{0,1,....m—1}.
s Pmk+1 + Pmk.un,s { }

By Lemma 2.3, the closed form of general solution of the equation (2.5) is easily obtained, in the following
corollary

Corollary 2.1 Let {un,n > 0} be a solution of equation (2.5). Then

Pmkn—lus + Pmkn
Pmknus + PmknJrl

Yn>m—1, Umnts = ,s€{0,1,....m— 1},

where (P,,n > 0) is the Pell sequence.
Through the above discussion, we can introduce the following Theorem
Theorem 2.1 Let {ug),ug), ...,ué"‘), n > 0} be a solution of system (2.4). Then,

(s+i) mod(m)

(1) _ Pmkn“l‘sk + Pmkn+sk—1uo )
Uprints = 5,5 €{0,1,..,m—1},i € {1,...,m},
Pmkn+8k+1 + PmknJrskug)s—H) mod(m)

where (P,,n > 0) is the Pell sequence.
Proof: From Corollary 2.1, we have

(1)
(1) o Pmkn—lus + Pmkn
Yn >m —1, umn+S—P D
mnUs + Pmkn+1

,s€{0,1,....,m—1},
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and by system (2.4), we get

(s41) mod(m)

P, P,
ugl) — Sk + I, 1“(()S+1)mod(m) ,s€40,1,....,m—1}.
PS)«+1 + PSkuO

Now, using Lemma 2.2, we obtain

s mod(m
(1) _ (Pmkn—lpsk + Pmknpsk+1) + (Pmkn—lpsk—l + PmknPsk) UE) + (m)
mn+s — s m m
(PmknPek + Pm,kn—&-lpsk—i-l) + (Pmknljsk—l + Pm,kn—&-lpsk) u(() 1) mod(m)

s mod(m

_ Pmkn—&-sk + Pmkn—&-sk—lug) 1) mod(m)

— ,s€{0,1,....m—1}.
Prpnisist + Pmk77,+sku((js+1) od(m)

The theorem is proved.[] O

2.2. On the system (1.3)

In this article, we study the System (1.3), which is an extension of System (2.4). Therefore, the System
(1.3) can be written as follows

(i+1) mod m
(4) _ Prrz + Poa1tg 1), (2.6)

7‘l’l 1(n+1)—5 — B mod m ’
(RO Ppi3 +Pk+zuélﬁ;n,f

for j € {0,1,....1},i€{1,...,m} and n € N. Now, using the following notation,
ul), = uggll)n_j,j €{0,1,...,1},ie{1,...m},

we can get (I + 1) —systems similar to System (2.4),

] P +P uerl) mod m
S}rl,j _ Perz + P (iil)modm’i € {1,...m},n € Ny, (2.7)
Pyys + Pryou,, ;

for j € {0,1,...,1}. Through the above discussion, we can introduce the following Theorem
Theorem 2.2 Let {ug),ugf), ...7u5Lm),n > O} be a solution of system (1.3). Then, for j € {0,1,...,1},

) P +P _ u(sj!—i) mod(m)
(4) mrn—+sg mgn+sp—1%_j 3
Uy )i T — ,s€{0,1,....m—1},0€{1,...,m}
( )(mn+s)—j P77Lkn+8k+1 —+ Pmkn—ksku(j;_l) od(m)

where (Py,n > 0) is the Pell sequence .

Proof: Let {u(l) u? '™ n >0,57€{0,1,.., l}} be a solution of systems (2.7) with initial values

M50 syttt g o
(@)

g5, @ € {1,...,m}. Using Theirem 2.1, we obtain, for j € {0,1,...,1},

) P +P B u(sjl-i) mod(m)
(4) myn+sg mpn+sp—1%0, 5 .
s = s €40, 1, om — 1} i€ {1,...,m}.
Prntsi+1 t Progntsy, uéf;'ﬂ) mod(m)

u

Returning to the original notation, we obtain
9 ; d
(’L) Pmkn+9k + Pmkn_l,_sk_lu(_‘s;_z) mo (m)

u . = .
(I4+1)(mn+s)—j s+i) mod(m)’
Prjnts,+1 Pmkn+sku(7j (

for s € {0,1,....m—1},5€{0,1,...,1},i€{1,...,m}.00 O
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3. Global stability of positive solutions of (1.3)

In the following, we will study the global stability character of the solutions of system (1.3). Obviously,
the positive equilibriums of system (1.3) are

m)»

E = (a0, u), ., ulm ) = <01, = = —al

where 1,,,y denotes the vector of order mx 1 whose entries are ones. Let the functions h; : (0, +oo)m(l+1)

(0,4+00), ¢ € {1,...,m} defined by

—

(i+1) mod m

D\’ 2)\’ ! Piyo+ P )
fi ((l‘é;) ’ (gél)) y ey (lg";)) ) = l(z'-‘,—l)modm’z € {1,...,771},
Piq3 + Pryox,)

where z.,, = (0,21, ..., Zm) . Now, it is usually useful to linearize the system (1.3) around the equi-
librium point E in order to facilitate its study. For this purpose, introducing the vectors X! :=

’ ’ ’ . . . .
((Xg)) ,(Kf)) N (Xff”)) where Xﬁf) = (ng),xszl,.. z® ), i € {1,...,m}. With these no-

9 ¥n—1

tations, we obtain the following representation

1’n+1 = Alzn’ (31)
where

0 0 0 S L 0 ) 0

=Z(1-1) ZL(-1)  (Pria—Priab)? (=1) (1-1)

I(l—l) Q(171) O(l—l) Q(171) O(l—l) Q(,,I) O(l—l) Q(171)

B : : : : oo : : o
A= Og-1y 0 Oy 0 OG0 Oy Fh ’
Oa-1 Qu-y Te-ny  Quy o de-ny Quey Ou-ny Quoy
1)k
Oy ﬁ(,hi,ﬁkﬂb)' Oq-1y 0 o Oq-1y O Ohyy 0
Ou-1) Oqu-y Ou-1y QOqu-y o Oa-1y QOq-yy la-1y  Oqoy

with Oy, ;) denotes the matrix of order k x [ whose entries are zeros, for simplicity, we set Oy := O 1)
and Q(k) = O,1) and I(,,) is the m x m identity matrix. We summarize the above discussion in the
following theorem

Theorem 3.1 The positive equilibrium point E is locally asymptotically stable.

Proof: After some preliminary calculations, the characteristic polynomial of A; is
Py, (A) = det (A — Al(masay) = (D)™ 40 () + (1) Ao (V)

where Aj (\) = XD and Ay (\) = S8 then [Agx ()] < A1 (V] A+ [A] = 1. So,
according to Rouche’s Theorem, all zeros of A; (A) — Az (A) = 0 lie in the unit disc |A\| < 1. Thus, the

positive equilibrium point E is locally asymptotically stable.] O

Corollary 3.1 For every well defined solution of system (1.3), we have

limugf) =-b, i€ {l,..,m}.

Proof: From Theorem 2.2, we have

i d(m)
Pmkn-i-sk + Pmkn+8k—1u(,s—“) me .
(SJH) a5 € {0,1,....m —1},i € {1,...,m}
Pmkn+sk+l + Pmkn-ﬁ-skufj

(D) s
lim U 1) (mnts)—f = lim

1 Pmkn+sk—1u(sfi) mod(m)

_ ]im P'mkn+5k —J
- Pvnkn+sk+1 + u(€+1) mod(m)
Proprto —j

1— bu(j;rz) mod(m)

a+u(s+1) mod(m) ’

=J
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for i € {1,...,m}, hence

(s+1) mod(m)
lim u(i) = Lo (1 _ \/5) U
(I4+1)(mn+s)—j (1 + ﬁ) + u(s+i) mod(m)

—J

((1 _ u(jjﬂ) mod(m)) +u(j;ri) mod(m)ﬂ) ((1 4ot mod(m)) _ \/5)

—J

((1+u(s+i)mod(m)) +\@) ((1+u(_s;-i)mod(m)) —\/i)

—J

_ ((1 +ul mOd(m>)2 - 2) +v2 ((1 +ul m°d(m))2 - 2)

. 2
((1 + u(_ej—i—z) mod(m)) . 2>

=-b,ie{l,..,m}.O

The following Corollary is an immediate consequence of Theorem 3.1 and Corollary 3.1.

Corollary 3.2 The positive equilibrium point E is globally asymptotically stable.
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