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Existence of a positive solution for a second order Sturm-Liouville boundary value
problem on the half-line with a nonlinear derivative dependence via variational methods

Aicha Bouzehhar, Siham Boumaraf and Toufik Moussaoui™*

ABSTRACT: In this paper, a class of second order Sturm-Liouville boundary value problem on the half-line
with dependence derivative is considered. The existence of a positive classical solution is proved by using
variational methods and iterative methods.
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1. Introduction

Our aim in this paper is to apply critical point theory and iterative methods to prove the existence of

a positive classical solution for a second order Sturm-Liouville boundary value problem with derivative
dependence. We consider the following problem

—(pa' (1) + s(t)a(t) = f(t,2(t),a'(1), ¢ €[0,+00), a1

az'(0) — fz(0) = A, xz(400) =0, '

where: f € C([0,+00) x [0, 4+00) xR, [0, +00)) and f(¢,0,£) Z 0 for t € [0,4+00), £ €R, p, s € L>®[0, +00)
with c[eossmgp > 0, [eossmfs >0,0< p(O) < 400, A<0, and o, 8 > 0.
+o0 +

Recently, these types of problems have been extensively studied in the case when there is no the presence
of the derivative ([1],[2],[3],[4], [5],[7],[9],[12]) by using fixed point theorems and variational methods.
In our case, we can not use critical point theory because the problem (1.1) is not of variational type. De
Figueiredo, Girardi and Matzeu in (8] studied the existence of solutions for semilinear elliptic equations
with dependence on the gradient by using iterative methods, and associating a family of semilinear elliptic
problems with no dependence on the gradient of the solution.

In order to use variational methods, we consider a family of boundary value problems with no dependence
on the derivative of the solution, that is, for each w € X, we consider the following problem

z(t),w'(t),  te[0,+00), (1.2)

Now we can treat Problem (1.2) by Variational Methods and the existence of a solution for the initial
problem can be obtained by iterative methods.

In this paper, we ask new assumptions on the nonlinearity f which are different from those in ([1], [3],
[7], [9], [12]). Let the assumptions:
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(Cy) there exist p > 2, h € C(]0,4+00) x [0,400) x R,[0,400)) and | € C([0,+00),[0,+00)) with

min [(¢) > 0 such that
t€[0,400)

f(ta xaé) = l(t)(ﬁlt(x) + h(t7xu€)7
where @, (z) := |zl 2z,
(Cq) there exist ¢ € L'([0, +00), [0, +00)) and d € C([0, +00), [0, +00)) such that

h(t,z,&) < c(t)+d(t)z.

||dHoo < p—2
essinfg 4oy s o

(C4) There exists Ry > 0 such that

1 [1]lo 2 _ Nl M" Ry p(0)A?
“(1l—-—|R; > ———— MR, .
2 ( essinfp o) 8 0 I *lellzs 0ot 2B«

(Cs) There exist positive constants L and Lo such that

|f(t,$,§) - f(t7y7§)| S L1|ZL' 7y‘7 vt € [O,+OO),$,y € [07MR0)a€ € ]Ra
|f(t,z,&) — ft.2,&)| < Lao|l§ = €|, Vte[0,+00),2 € [0, MRy), & & € R

2. Related lemmas

Let X be the Sobolev space W12(]0, +00)) endowed with the norm

Jolx = ( / R + s<t>|x<t>2)dt) "

which is equivalent to the usual norm.
Let p: [0,400) — (0, +00) be bounded, continuous, differentiable function with

l[pll L2 12| L2
M = ’ : < '
max ((ess Nf(0,+00) 0)72 (essinfly o) 5) 72 +o0

We consider the following spaces

Cipl0,400) = {z € C([0,+00),R) : lim p(t)z(t) exists}

t——+oo

endowed with the norm

[#]locp = sup  p(t)]z(t)].
te[0,4+00)

Lemma 2.1 X embeds continuously into Cy [0, 400).
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Proof: For z € X, we have

+oo
p(t)a(t) = / @@f(@)dg’
t
+o0 oo
< / p’(9)$(9)d9‘ + / p(ﬁ)x’(e)da‘
t t
+oo % +oo %
< / p(0)do 2%(0)do
0 0
+oo %
n ( P
0 0
+oo % +oo 3
/ v / s(0)z%(0)do
(ess 1nf[0 +o0) 8)
0 0
1 +oo 3 o0 %
0 22(0)do
+(essmf 0,400) P) /2 ( (©) / (9)
0
1P|l 2 Ilp|| 2
<
~ (essinfiy 4o 5)'/ 2 x (essinfpy o0, PR Il x
[2/llz» lpll.2
<
= maE ((eSS inf[07+oc) 3)1/2’ (eSS inf[07+oo) p)1/2 H‘T”X
< M|zl x.
Then [[z[|oo,p < M||z|x. )

The following compactness embedding is an important result.

Lemma 2.2 The embedding X — C,[0,400) is compact.

To prove that X embeds compactly into C),[0,+00), we need the following Corduneanu compactness
criterion.

Lemma 2.3 ([6]) Let D C C;,([0,400),R) be a bounded set. Then D is relatively compact if the
following conditions hold:

(a) D is equicontinuous on any compact sub-interval of [0,+00), i.e., for all J C [0,+00) compact, for
all e > 0, there exists § > 0, for all t1,ta € J : |t1 — ta| < 0 implies |p(t1)x(t1) — p(t2)x(t2)| < e, for all
rxeD,

(b) D is equiconvergent at 400 i.e., for all e > 0, there exists T = T(e) > 0 such that for allt : t > T(e)
implies [p(t)z(t) — (px)(+00)| < g, for all x € D.

Proof: [Proof of Lemma 2.2] Let D C X be a bounded set. Then it is bounded in C} [0, +00) by Lemma
2.1. Let My > 0 be such that for all x € D, ||z||x < M;. We will apply Lemma 2.3.
(a) D is equicontinuous on every compact interval of [0, +00). Let x € D and ¢;,t3 € J C [0, +00) where
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J is a compact sub-interval of [0, +00). Using the Cauchy-Schwarz inequality, we have

p(t)(ty) — plt)a(t)] = / (pa)' (00
= |[ v at0) + 0100
< ( / p’2(9)d9) ( / x2(0)d0)
+ ( / pZ(e)de) ( / a:’2(9)d0)
(T p’2(e>d6> 2 (tf p2<0>d9> 2
< max (eSSiIlf[o,.g.oo) 5)1/2’(essinf[07+oo) p)1/2 ||$||X
(tflp/2 (0)d9> ’ (tflp2 (0)d9> ’
< M;max 2 e — 0,

(essinfiy o0y 8)"/? (essinfiy o0y p)*/2

as |t1 —tg‘ — 0.
(b) D is equiconvergent at +oco. For ¢ € [0, +00) and z € D, by the Cauchy-Schwarz inequality and since
p € L*(]0,4+00)) then p(4+00) = 0. We have

()(1) — (o) (Ho0)l = [(pe)(®) — pl+00)a(+o0)
— ()0
+oo
— | wor o

“+o0
| s+ x’w)pw)de\

(Fraw) (From

N

<
= T essinfg o) 9)7 (essinfp o) p) 7 Illx
+oo 3 +oo 3
( / p’2(9)d9) ( [ p*(0)do
s M : : — 0
> 1 Imax (esS inf[O’Jroo) 8)1/2 ) (ess inf[0,+oo) p)1/2 )
ast — +oo. -

Definition 2.1 A function x € X is said to be a classical solution of BVP (1.1) if = satisfies the
equation in (1.1) for all ¢ € [0, +00) and the boundary conditions of (1.1). Moreover, x is said to be
a positive classical solution of BVP (1.1) if z(¢) > 0 for every t € [0, +00).

We need also the following lemma where the proof is easy.
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Lemma 2.4 For x € X, let x* = max{4x,0}. Then the following siz properties hold:

(i) = € X implies x+, 2~ € X;
(it) z=at —x—;
(i) o+ x < llellxs
(iv) if (zn) uniformly converges to x in Cp[0,400), then (z;}) converges to ™t in Cj [0, +00);
(v) 2F ()2~ () =0, (%) (t)(27)'(t) =0 for t € [0, +00);
(vi) Bp(z)at = [aF|P, Bp(z)z™ = —|z™[P.

Lemma 2.5 Let w € X be fized. If v € C([0,400)) is a classical solution of the BVP

—(p)a' (1)) + s()x(t) = f(t,at(t),w' (1)),  te€[0,+00),
az'(0) — Bz(0) = A, =z(400) =0,

then x is a positive classical solution of BVP (1.2), i,e., 2(t) > 0 for any t € [0, 400).

Proof: If z € C(]0,+00)) is a classical solution of BVP (1.2), by Lemma 2.1 in [11], we have

v

>

+oo
| [t ©) = st + st.a™ 0.0/ 0)] a0t
+oo , +oo +oo
/ () (1)) 2~ (£)dt — / s()(t)z ()t + / Ft 2t (1), (6) 2 ()dt
0 0 0
+o0 too
(002 @]3™ = [ o6 e+ [ s @)
0

0
+oo
o), o' ()~
4 / £t 2 (), 0 ()2~ (D)dt

2

+00 Foo
o0 O+ [ (@O [ s @)

+oo
zH (@), ()~
+ / F(t 2 (1), o (1) (Bt

A+ pz(0) _
a

+o00
~p(0) = (0) + / (PO (@) (1) + st (@~ (1)) at

+oo
+/0 flt, a2t (b)), (t)x (t)dt

+oo
Tl + / St 2 (1), ()2 (1)t

2 (0) + Bz (0))

—A
+p(0) +l27 %

l=~ 1%

Then z~(t) = 0 for t € [0, +00), that means that x(t) > 0 for ¢ € [0, +00). If (t) = 0 for ¢t € [0, 4+00),
we have the fact that f(¢,0,&) Z 0 for t € [0, +00) and £ € R, which it is a contradiction.

O

Remark 2.1 To prove the existence of a positive classical solution of BVP (1.2), it suffices to get a
classical solution of BVP (2.1) by using Lemma 2.5.
We need also the following Lemma.
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Lemma 2.6 (See [13], Theorem 38.A) For the functional F: M C X — [—o0, +o0] with M # &,
miny e F'(u) = « has a solution in case the following hold:

(1) X is a real reflexive Banach space;

(it) M is bounded and weak sequentially closed, i.e., by definition, for each sequence (u,) in M such
that u,, — u as n — 400, we always have u € M;

(#i1) F is weak sequentially lower semi-continuous on M.

3. Main results

For each w € X fixed, the functional corresponding to (2.1) is

ezl | ap(0) A+ Bz(0))
ot = Bpx e e (2220)

+oo
7/0 [F(t,z™(t),w' (t) — f(£,0,0'(t))z™ (t)] dt, (3.1)

where

Pt 2,€) = /O F(tu, £)du.

It is easy to see that the functional ¢, is Gateaux differentiable and the Gateaux derivative at a point
ze X is

A+ pz(0)
a

+oo
(e (),v) = /O [o(8)2"(8)0"(t) + s()2(t)o(t)] di + p(0) v(0)

+oo
—/0 flt, ™ (1), (t)v(t)dt. (3.2)

for all v € X. By [12], ¢}, : X — X* is continuous and the critical point of the functional ¢, is the
solution of BVP (2.1).

Theorem 3.1 Assume that (C1) — (C4) hold, then for each w € X, Problem (1.2) has at least one
positive classical solution xo with ||zo||x < Ro.

Proof: We will show that there exists an R > 0 such that the functional ¢, has a local minimum
rg € B := {l’ e X: ||£L'||X < R}

Firstly: X is a reflexive Banach space.

Secondly: We will show that By is weak sequentially closed.

Let R > 0 which will be determined later and let (u,) C Bgr be a sequence such that (u,) is weakly
convergent to u in X. By the Mazur theorem [10], there exists a sequence of convex combinations (vy,),
such that v, — u in X. Since Bp is a closed convex set, (v,) C Br and u € Bg.

Thirdly: Let w € X be fixed. We will show that ¢, is sequentially weak lower semi-continuous (w.l.s.c)
on ER.

For this reason, we use the following decomposition ¢, (z) = ¢L(z) + 2 (), where

+o0o
@ =5 [ b 0 + )0 a
and
2 _ 1 [+ ’ ’ - ap(0) A+ pz(0) ?
o2(z) = 5/0 [F(t,at(t),w'(t) — f(£,0,0'(t)z™ (t)] dt + 25 ( a )
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As x, — x on X, we have (z,,) converges to z in Cj ,[0,400). So 2 is weak sequentially continuous. It
is easy to see that ol is continuous and by using the convexity of !, we have that ol is sequentially
weak lower semi-continuous. Therefore, ¢, is sequentially weak lower semi-continuous on Bg. So our
claim follows from Lemma 2.6. Without loss of generality, we assume that ¢, (7o) = min, 5 ¢u ().
Fourthly: Now we will show that

wu(xg) < 1nf cpw() (3.3)

€D

For any « € 0Bg, we have by (3.1), (C1) and Lemma 2.1,

R2 +oo
oul(z) > 77/ F(t,zt(t),w'(t))dt
0
R? Foo TI(t) |2t (1) d(t)(zt(t))?
s ORS00
R? ||l||oo 1 oo
2 5 - 2%, IICIILlllxlloo,p—nglloo/ (x*())*dt
0
Rr? ||l||oo ]| oo
> —— _ H7lleo B o Plee 2
> ol = Nellsalellos ~ 5 occiie = ol
R? ||l||oo lld]] oo
> = _ [Mleopm M _ Nl
> ol = el Ml — 5o ==l
R2 l oo d||so
2 I 2essinflg 4 o0) s
So
2 l d
inf ¢, (x) > £ ”OOM”R“ llellp MR — MRQ.
*€HBR 2 I 2essinfly 4o s
Note that
p(0)A?
w < w 0) =
$w(T0) < ¢uw(0) 28a

so by the condition (C4), we have, there exists an Ry such that ¢, (z) > ¢,(0) > @,(z0), for any
x € 0BpR,. Then (3.3) holds and zg € Bg,, i.e.,

[zollx < Ro. (3.4)

O

Theorem 3.2 Assume that (C1) — (C5) hold, then problem (3.1) has at least one positive classical
solution provided that

Lo
essinfig 1 oo) A/PS
0< [0 +00) VP <1,
1 Ly ~ Bp(0)C1 M
essinflg 4 o) 8 «

where C1 = sup(g ;) %.

Proof: We construct a sequence (z,,) C X as solutions of the following problem

(P) {(p(ﬂx;(t))’ﬂ(t)xn(t)f(t,xi (), (wn—1)'(t), fort € [0, +o0)
" L aa, (0) = Bz, (0) = A, x,(+00) =0,
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obtained by the minimization principal in Theorem 3.1. We start with an arbitrary zg € X.
It follows from (3.4) and Lemma 2.1 that
[nllx < MRy. (3.5)

We multiply the two sides in (P,) and (P,4+1) by @p41(t) — z,(f) and we integrate over (0,+00), we
obtain
+o0

+o0
| 00 o)~ [ s 0@ - w)a

0
A+ By (O)

+p(0) "

+oo
(#n41(0) — 2 (0)) =/0 Ft g (1), (@n-1)' (0) (@ (t) — 2 (t))dt,
(3.6)

and

+o0 Foo
[ 60 @~ @)t + [ s @) - 2 (®)d
0 0

A + /an-i-l (0)

+p(0) "

“+oo
(3.7)

Subtracting (3.7) from (3.6), we obtain that

+oo
/0 P(E) (@1 (£) = 2 (1)) (@1 () — 2, (1))t

) (41(0) — a0

+oo
+ / §()(@n11(t) = 20 (8))(Tn41(t) — 2a(1))dE —
0
+oo
=/O (f(tzmya (), (@n) () = £t 23 (1), (2n-1)' () (2m42 () — 2 (2))dlt.

Then,
+oo
| @) = 0 + s () = (0] de = P20 ,10(0) = ,(0))
+oo
= /O (fFtaga (0)s (20) (1) = [t 2 (1), (2n-1)" (1)) (@4 (t) — za(t))dt
So
+oo
znsr —zal% = /O (ftszg 1 (1), (2n) (1) = f(t 2y (1), (zn-1)' (1)) (Tnt1(t) — 2a(t))dt
220 1)~ 2 0)?
We have

+o0
/0 [f(t, 2 (1), (20) (1) = (& (1), (20-1) ()] (21 (t) — 2 (1)) d

“+oo
=/0 [t 21 (1), () (8) = f(t a7 (0), () (1)) + f(8 275 (2), () (1))
—f(t, 2 (1), (2n1) ()] (o (t) — 2 (1))t
“+o0
< /0 [t 2y (), () () = £, 25 (8), (20) (D) ||2nra (t) — 2 (t)]dE

+oo
+/0 [t 2 (), (@) (8) = f(t 2y (), (@n2) (D)l 41 (8) — n (B)]dE.
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It follows from the assumption (C5) that
+oo
/0 [F(t 2 a (8), (22)' (1) = f(t, 27 (1), (2n—1) ()] (nra(t) — wa(t))dt
+oo o0
< [ i) =)t + L [ 0= @l —

+o0 1 9
< / S D@ () — za(0)

+oo

e | \/7\/7 @/, (1) = @y 1 ()1V/5(0) 21 (t) — 2o (1)

Ly
< ——
essinfg o) 8

L2 oo ! ! 2d ” oo 2d ”
b= ([ el —par) ([ sl P
< L1 L2

T essinfjg 1) S essinfly o) /5

[ Znt1 *anX

[ Zns1 — wnH?X + |zn — Zn-1llx|Tns1 — 2ol x,

which gives

Jonss =k € —— g — 2l %+ 2 l2n — Za1 x|t — Tallx
essinfig o0 s essinfjg yo0) /PS5
Bp(0
4220 1, 10) ~ 20 0))
L1 2 L2
1_7 n — 4n S N n - 4n— n — 4n
(- st =l < ol — mucallx o — sl
Bp(0)
+ 220 (1 (0) — 20 (07

We have
1

p(t)

where C1 = supjg ;o) %. Then

|Znt1(t1) — Zn(t1)] < —<p)|Tnt1(t) — zn(t1)| < Cillzntr — Tl p < CrM|[|pg1 — 20l x,

- V- ol < Y ey~ suilx T — 2l
essinfg o) 8 = essinfjg o) (/P8
Bp(0)C1 M
|01 — allk-
o
That is,
Ll 6,{)(0)01M L2
(- = - st = wnlk < — I = Ectllx 71 — 2allx-
essinflg 4oy o essinflg o) /05
So
Lo
essinfjg o0y /PS5
— < 2 _ _ .
|Tns1 — 2nllx < I ﬁp(O)ClM |z — 2n_1llx

essinfp ;o) 8 «
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Ly
. essinfg o) /05 . . .
Since 0 < . < 1, (x,) is a Cauchy sequence in the reflexive Banach space
- 7 T Bp0)Ci (n) y seq D
essinfp o) 8 «

X, so the sequence (z,) converges strongly in X to some x which is a weak solution of Problem (2.1).
Since the nonlinear term f is continuous, then a weak solution of our problem is a classical solution. 0O
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