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Lacunary Z-Convergent o-Asymptotically Equivalent Difference Sequences of Fuzzy Real
Numbers

Sankar Jyoti Boruah and Amar Jyoti Dutta™

ABSTRACT: In this paper we have introduced the concept lacunary (A, o) Z-asymptotically equivalent se-
quences of fuzzy real numbers in terms of Orlicz function, which is a natural combination of asymptotic
equivalent, o-convergence, difference sequence, Z-statistically limit, Z-statistically lacunary sequences and Or-
licz function of fuzzy real numbers. Let, 6 be a lacunary sequence. Two sequences X = (X;) and Y = (Y;) of
fuzzy real numbers are said to be lacunary (A, o) Z-asymptotically equivalent of multiple L with respect to
M, provided that for every € > 0 and § > 0,

} >0 } el

1 _ [ AX
reN: —{|tern M(d =22 g
hr AY t(m)
We have established some relations between the classes of the sequences related to our study.

) _ o (S 0(8,M))
uniformly in m = 1,2, 3, ... and it is denoted by X ~ Y.
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1. Introduction

In 1993, Marouf [17] introduced the concept of asymptotically equivalent sequences for real num-
bers. Later, Patterson [19] extended the concepts by introducing asymptotically statistical equivalent
sequences. Nuray and Savag [18] proposed statistically convergent and statistically Cauchy sequences for
fuzzy numbers. Savag [28] presented the natural combination of the notion of asymptotically equivalent
and M-statistical convergence of fuzzy numbers. Also, Savag and Gumusg [25] generalized the concept
of Z-asymptotically lacunary statistical equivalent sequences. Dutta [4] showed some important results
of asymptotically equivalent generalized difference sequence of fuzzy real numbers by introducing Orlicz
function. Patterson and Savag [20] showed lacunary sequences in asymptotically statistical equivalent
sequences. Moreover, Savag [22], Savag and Basarir [24], Savag and Patterson [27] and many more ([1],
[10], [21], [26]) presented some new concept of o-convergence in various sequence spaces. In recent time,
different researchers ([3], [5], [6], [7], [11], [12], [29], [30], [31], [32], [33], [34], [35], [36], [23], [9],
[2]) contributed in the field and established some important results. Lindberg [14], Lindenstrauss and
Tzafriri [15] studied the idea of Orlicz sequence spaces and established some relations in Banach space
theory.

A continuous, non-decreasing and convex mapping M : [0,00) — [0, 00) with the conditions: M (0) =
0,M(z) > 0, for z > 0 and M(z) — oo, for x — oo is known as Orlicz function. This Orlicz function M
is called the modulus function, if the convexity is replaced by M (x +y) > M(x) + M(y).

Lindenstrauss and Tzafriri [15] defined the Orlicz sequence £y; space as follows:

Iy = {x cw: Z M (ml) < 00, for some p > O}, where w denotes the class of all real and complex
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sequences x = (z).

Remark 1.1: For any Orlicz function, the inequality M (Az) < AM (z), VA with 0 < A < 1 holds.

A non-empty family Z C 2V is said to be an ideal if it satisfies the conditions: (i) for each A,B € T
implies AU B € Z and (ii) for each A € T and for each B C A imply B € Z. A non-empty family of
sets F C 2N is said to be a filter of N if it satisfies the following conditions: (i) ¢ ¢ F, (ii) for each
A,B € F implies AN B € F and (iii) for each A € F, and for each BU A imply B € F. An ideal I is
said to be a non-trivial ideal if N ¢ 7 and Z # ¢. It is clear that I is a non-trivial ideal if and only if
F(IZ)={N—-B:BeZI}isa filter on N.

Kizmaz [13] introduced the idea of difference sequence space X (A) as follows:

X(A) ={z = (z1) € w: (Axy) € X}, for X = ¢g,c and l; where A(zy) = x4 — T441, for all ¢ € N.
Later, Et and Colak [8] generalized this as follows:

X(AP)={x = (z4) e w: (APx;) € X}.

The generalized difference operator has the following binomial representation:

p

APy, = Z (=1)"(®)znte

n=0

Let, o be a one-to-one mapping from the set of natural numbers to itself such that o*(m) = o (¢*=*(m)),
t=1,2,3,.... A continuous linear functional ¢ on £, is said to be an g-mean or an invariant mean if and
only if

(i) ¢(x) > 0 when x4 > 0 for all ¢ where z = ()

(ii) p(e) =1 where e = (1,1,1,...) and

(iii) @(T5(m)) = () for all x € lo.

Lorentz [15] already showed that the o-mean is the Banach limit when we consider o(k) = k+ 1 and V,,
is the set of almost convergent sequences.

A fuzzy real number X is a fuzzy set on R, more precisely a mapping X : R — I(= [0, 1]) associating
each real number ¢, with its grade of membership X (¢), which satisfy the following properties:
(1) X is normal i.e. if there exists tg € R such that X (¢y) = 1.
(ii) X is upper semi-continuous i.e. if for each ¢ > 0 and for all @ € I, X1 ([0,a + €)), is open in the
usual topology of R.
(iii) X is convez i.e. if X(¢) > X(s) A X(r) = min (X (s), X (1)), where s <t < r.
(iv) The closure of {t € R: X(t) > 0} is compact.
The class of all upper semi-continuous, normal, convex fuzzy real numbers is denoted by R(I).
The absolute value of X € R(I) is defined by

_f max{X(t),X(-t)} fort>0;
X1(8) = { 0 otherwise.

The set R of all real numbers can be embedded in R(I). For r € R, 7 € R(I) is defined by

_ 1 for t=rm;
’"(t)_{o for t#r.

We denote the additive identity and multiplicative identity of R(I) by 0 and 1 respectively.

For any X,Y, Z € R(I), the linear structure of R(I) induces addition X +Y and scalar multiplication
AX, A € R in terms of a-level set, defined as [X + Y]® = [X]® + [Y]® and [AX]* = A[X]?, for each
a € ]0,1]. A subset E of R(I) is said to be bounded above if there exist a fuzzy real number p such that
X < pfor every X € E. We called p as the upper bound of E and it is called least upper bound if p < p*
for all upper bound p* of E. A lower bound and greatest lower bound can be defined similarly. The set
E is said to be bounded if it is both bounded above and bounded below.
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Let D be the set of all closed and bounded intervals X = [XT X% and Y = [V Y E]. We define a
metric on D by

d(X,Y) = max {| X" —YF|, | X® - YVF|}.
It is straight forward that (D, d) is a complete metric space.

Define, d: R(I) x R(I) = R by

d(X,Y)= sup d(X“, YY) for X,Y € R(I).

0<a<l

It is well established that (R(I),d) is a complete metric space.
A sequence X = (X;) of fuzzy real number is a function X from the set of natural number into R(I),
where X, is the t** term of the fuzzy sequence.
Let EF be the class of sequence of fuzzy real numbers, the linearity of Ef' can be understand as
follows:
For (X;),(Y:) € EF, p€ R and for all t € N,
(i) (Xp)+ (V) = (X, +Y;) € EF and
(ii) p(X;) = (pX;) € B, where

_f Xu(p7'k) if p#0;
p(Xy)(k) = { 0 ifp=o0.
2. Definitions and Preliminaries

In this section we mention some definitions related to the topic.

Definition 2.1 A sequence (X) of fuzzy real numbers is said to be convergent to Xo € R(I), if for every

e > 0, there exists ng € N such that d( X, Xo) < €, for all k > ny.

Definition 2.2 A lacunary sequence is an increasing sequence 8 = (k) of positive integer such that
hy = (k. — kr—1) = 00 as r — oo with kg = 0. The interval determined by 0 is given by I, = (k,._1, k]

and the ratio

1s denoted by q,.

r—1

Definition 2.3 A sequence (X;) of fuzzy real numbers is said to be statistically convergent to a fuzzy real
number X if for every e > 0,

1 _
lim — [{t <n:d(Xe, Xo) > €} =0

n—oo N

(denoted by st —lim X = X ).
Definition 2.4 A sequence (X;) of fuzzy real numbers is said to be Z-convergent to a fuzzy real number
Xo if for every e > 0,
{teN:|X; —Xg| >e} €T.
Definition 2.5 Two sequences X = (Xy) andY = (Y;) of fuzzy real numbers are said to be asymptotically
equivalent if
o X o
tli>I£lo d (Yt’ 1) =0

It is denoted by X ~ Y.
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Now, we give the following definitions in connection to our results.

Definition 2.6 Two sequences X = (Xi) and Y = (Y1) of fuzzy real numbers are said to be (A, 0)-
statistical asymptotically equivalent of multiple L with respect to M if for every e > 0,

t<n. o (df BXerm L =0
=n AYat(m) N

SL(A)

C 1
lim —
n—o0o N

uniformly in m = 1,2,3, ... (denoted by X Y).

Definition 2.7 Two sequences X = (X;) andY = (V) of fuzzy real numbers are said to be (A, o)-strong
Cesaro asymptotically equivalent of multiple L with respect to M if

AX e
(m)
lim — E M , L =

Cr(A)

uniformly in m =1,2,3, ... (denoted byX Y).

Definition 2.8 Two sequences X = (X;) and Y = (Vi) of fuzzy real numbers are said to be lacunary
(A, o) T-asymptotically equivalent of multiple L with respect to M if for every e > 0,

ven: 2lier (a2 1YY Vssler
' h7- e AYUt(m) ’ =& -

. . I(SZ,H(AJV[))
uniformly in m =1,2,3, ... (denoted by X ~ Y).

Definition 2.9 Two sequences X = (X;) and Y = (Vi) of fuzzy real numbers are said to be lacunary
(A, o) strong T-asymptotically equivalent of multiple L with respect to M if for every e > 0

{TGN {;M< (AY::((Z)) L>)}Z€}€I

T(NE(A,M))

uniformly in m = 1,2,3, ... (denoted by X Y).

3. Main Results

Theorem 3.1 Let, 0 = (k) be a lacunary sequence, then
(N (A) (S22 §

Z(S7,0(A))

(@) Ifx”
(b) If X,)Y € loo(A,0) and X

Y, then X

J

Y, then X HINE(A))

Y.

Proof: (a) If lim infg,. > 1, then 3 6 > 0 such that ¢, > 1+ ¢, for sufficiently large r. We have,
r—00

h 1)
h, = (k, — kr—1) which implies, T > 15
Let, X HNE(A)) Y. Therefore, for any a > 0, we have

1 t
{reN;Zd(iﬁW L)>a}eI
h’"'telr tm)
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Now, for a given € > 0

AX _¢ s AX ¢
(m) o’ (m)
S d Gy, r) = ) d (v L)
tel, (m) X 4 ol (m)
tel, & d(AY (m) L>>€
t(m)

Hte] d(if,:::; L) >£}

AX b () )>i{ (AX?(M) )> H
> d(FvEe L > et (T ) 2.

Ehr tel,
i (e a(S2)=0)

Then for any é > 0,
C { Z d (AX o' (m) L) > a} € I, where a = &4.

1
{7’ eN: —
T

v (T, AY. t(m)

Z(57,0(2))

Therefore, X Y. This complete the proof.

(b) If lim inf g, > 1, then 3§ > 0 such that ¢, > 1+, for sufficiently large . We have, h, = (k, —kr—_1)
r—00

hy )
hich impli >
which implies, o155

Z(57,6())
Suppose, X, Y € [(A,0) and X ~ Y. Therefore, for any v,e > 0, we get

{rGN:hlr{tGI d(ayee L) 2 }‘zy}ez.

Then, 3 an integer P such that d ( ~ t:m) L) < P, for all t.

Now, for some € > 0,

AX ot
Z d( (m) L)
AY
tel, ot (m)
AX t AX t
: i(3m.1) (351
Zf AY, t(m) Z . AY, t(m)
tel, &g(yiw L> >e tel, & d(yiw L>

t(m) t(m)

gPHteI d(AX ot (m) L) >s}‘+a

t(m)

Then for any 6 > & > 0 (¢ and ¢ are independent),

L AX ot (m) >
{rEN hﬂg d(Fye,r) 5}

1 ¢
Q{TGN:h {te] d(%f;m; L) 25}‘ 27}61,
(wherey =% & a=(0—¢)>0).
Thus, X TNE(A) Y. This complete the proof. O

Theorem 3.2 Let, M be an Orlicz function and 6 = (k,) be a lacunary sequence with lim inf ¢, > 1,

T—00
then
(a) X Z(ST(A,M)) Yo X I(S’Z’é:\(JA,M)) :
(b) x TEEM y oy x FIERAD)
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Proof: (a) If lim infg,. > 1, then 3 6 > 0 such that ¢, > 1+ ¢, for sufficiently large r. We have,
r—00
hy 1)
hr = (kr — kr—l) which implies, E Z m

Y. Then for any a > 0 and € > 0 we can write

{wen: L|{r<niar(1(Fe ) 2|z af ez

Now, for any € > 0 and for k,._; < n < k, we have

Let, x "OH)

al{e=nar(1(5ze0)) =
> {e < (a(80)) 2 <)
> {ren v (a(Rm 1)) 2}

0 1 AX .
> I, M( (ﬁ L )> H
_(1+6> {te d AYot(m)’ ) =°
Then for any « > 0 and for sufficiently large r, we have
1 ¢
fre: b ffeenona(Si5)) 22} o)

1 AX . %)
C T — <n: o m) )) H> ="
_{nEN n‘{t_n M(d<AYf(m)L > ap €7, where T

I(SZ,Q(AvM))

This implies, X Y. This complete the proof.

(b) If lim inf ¢, > 1, then 3§ > 0 such that ¢, > 1+, for sufficiently large . We have, h, = (k, —kr—1)

hT )
hich implies, —
which implies, o _1+5
(e (a,M . .
Let, X (CEEM) Y, then for a given € > 0 we can write

{nem: 2 Er(i(3emn)) 2} ez

Now, for k.1 < n <k, we get

12 ([ AX ¢
L (a3
n t; Aot (m)
> 2w (i (5 )
ky t=1 Yot(m)
1 [ AX ¢
> (A (e )
~ k, tel, AYot(m)
h, 1 ~(AX_;
S PadC )
ky h, ET AYotm)

> (i) B M (0(Se0)

Then for any « > 0 and for sufficiently large value of r, we have

{TGN Etg M( (i};;::; L>> >a}
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c {nEN: ( (AX ::’")’ L)) } €z, Wheree:%.

This implies, X (NLr(vA M)y This complete the proof.

To show the next result, we assume that the lacunary sequence satisfies the condition that for any
set Ae F(I),U{n:k._1 <n<kqreA}lecFT). O

Theorem 3.3 Let, M be an Orlicz function and 0 = (k,.) be a lacunary sequence with lim sup g, < oo,
T—00
then

Z(SZ_S(A,M))

(a) x Ty o x TEHEAD)

Y,

NE(8.M)) Z(CE(A.M)

) x ™ Y= X Y.

Proof: (a) If lim supg, < oo, then 3 @ > 0 such that ¢, < Q,Vr > 1.
T—>00

I(S% ,(AM
Let, X ( L’gr(v )

wlfre o (i(5ae.n)) 26 <af aa

p={nens f{t<n:nr(@(52e.0)) 2o <o

We observe that A € F(Z), the filter of Z. Also for some as > 0 we take,

Y. For any «, a; and € > 0 we define the following sets,
1
A= {7" eN:

1
Op:hf
P

Now, let n be any integer with k,._3 < n < k.. Then for some r € A we have,
allrsmar(a(Se ) =)
n - AYt () =

< [frshear (a(REe ) 2 o)

{ten:m(d(F72 1)) zef| <anvpea

= p e nm (a(Semn)) 2 o)+ erf? M (1T ) 2 <]

tp e (1S n) 2| v s s [frenn (a(5en) 2

e n (3 ) ) e e (30 -
o gh e b (3T 1)) 2 <]

_ kfllcl + ki:jl Co+ ...+ 7"77“];19:—107’

<{supC}
peA kr—1

< Qa

Now, taking a; = Qo and as the fact we have U{n : k,_1 < n < k,,r € A} C B, where A € F(T) it
shows that the set B € F(Z). This complete the proof.
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(b) If lim supg, < oo, then 3Q > 0 such that ¢. < Q,Vr > 1.
r—00

Let, x ZNEEA)

A:{TGN L5 (a3, L))<a}and

rtel,

B{neN ZM( (M“"‘)L)><a1}.

t(m)

We observe that A € F(Z), the filter of Z. Also for some ay > 0, we take

ZM( (% L))<a2,Vp€A

hy ¢e1, “(

Now, let n be any integer with k.1 <n < k,.. Then for some r € A we have,

()
SEAICED)

| N

ax Sotm
AY, i)’

Ky 1 tel
AX ¢ ko AX

= M ) s M 2at(m) L

kjlkr 1t§ ( ( AVt (m) ))+(k2_kl)kr 1t§2 ( (AYt< .

kr — kr—1 AX ¢

. =t M(d (m) L
- (kr — kr—1)kr—1 tezl: ( (Ayf< m) ))
_ kl k? - kl kr — k"r—l
= kT,101 + ko Cg"‘—l— o Cr

K,

< {supC’p}k

peEA r—1
< Qo

Now, taking an = Qo and as the fact we have U{n : k,_; < n < k.,r € A} C B, where A € F(Z), it

shows that the set B € F(Z). This complete the proof.

Theorem 3.4 Let, M be an Orlicz function.

I(CZ’(\%,IM)) I(SZ\SA))

Y=X Y.

(a) X

(b) If M is bounded, then X L(SE(AD

T(CF(A,M)

Y=X Y.

Z(CE(A.M))

Proof: (a) Suppose, X Y, then for any « > 0, we have

{nen:t £ ar(i(5zem 1)) 2l ez,

We consider d( o L) > ¢, for a given € > 0.

ot (m)
Thus we have,

12 AX,
)
n ; ( (AY t(m)

Y. For any o, ay,¢ > 0 we define the following sets,

AX, o, AX, i,
1 ( ( t<(m>) L)) 2, M ( (AY f<(m>) L)) +
Ky teh kr_1 tels

d
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7 AXO't m
Z M (d m) [,
AYot(my
_/AX ot :
t<n & d( “”; L) >e

2M(5)%Ht<n d(% L) >5H

t(m)

1
> =
n

Now, for any ¢ > 0,

1 = (AX t(m
{nEN:nHtSn:d(Mt((m; L) >5H 2(5}
AX t
c {neN ( ( pam, L)) }ez, where a = M(£)d > 0.
Therefore, X I(SK(A)) Y. This complete the proof.

(b) Suppose, M is bounded and x TELAY

1 = ¢
fnewidlfisnsa(Fzen) 2| za) ez
n at(m)
We consider d ( t(’") L) > ¢ for a given € > 0. Thus we have,
12 AX,
RICC )
n ;1 ( ( AYot(m)
1 n [ AX ¢ 1 n S (AX 4
o w(d (s e) « 5 M (d (S o)
n > d AYot(m) T 2 Aot ()

_/AX
t= l&d( ”Z(m)7L>25 t:l&d(Ayat(m)yL><5

ot (m)
< sup M(n ‘{t<n d(A);it’((’”; L) >s}‘—|—M(5)

Y. Then for any d; > 0, we have

~+

Now, for any § > 0 we have,

{neN ZM< (Feae, L))Ze}

ot . d— M(e)
C — < Tot(m) ’ > - ).
- {n eN: Ht n: d( Vi L) } 51} €T, (taklng 01 D (s))
Z(CL (A, M)

Therefore, X Y. This complete the proof. O

Lemma 3.1 Let, M be an Orlicz function and we consider 0 < § < 1. Then fory # 0 and each (Z) >4,

we have M (i) < 2M(1)5! (;) .

Theorem 3.5 Let, M be an Orlicz function and 6 = (k,) be a lacunary sequence. Then

Z(Ng(a) T(NE (M)

X Y=X Y.

Proof: If lim infq, > 1, then 3 § > 0 such that ¢, > 1 + J, for sufficiently large . We have, h, =
r—00 6

1+6

Y, where X = (X;),Y = (Y¥2) € wp. Then for any ¢ > 0 we have,

1 - AXUt(m)

tel,

h
(kr — kr—1) which implies, 5 >

Let, x *H)



10 SANKAR JYOTI BORUAH AND AMAR JYOTI DUTTA

For any «, 8,7 > 0, we define the sets,
A={reN: it ¥ d(55e, L) <apand
" tel, fm)

_ AXot(m)
p-{reni g u(i(322.0)) <0}
Clearly, A € F(I), the filter of Z.

Now, for a given 1 > 0, we choose 0 < § < 1 such that M (p) < 1, for 0 < p <.

Let, r be any integer such that » € A. By using the Lemma 3.8 we have,

SRIC o)

hr +7. t(m)
1 - s 1 - +
=5 2 mUGwE)) e 2o M(i(EE)
tel, & d(% L) <5 " el & d(i);”;(()) ,L) >5
S (AX,
< ) + - 2M U5 T d (e 1)
hy hy tel, at(m)

1
S g1+ hf2M(1)5_1h7€
<e + 2M(1)571

1
Taking 5 > (51 + h2M(1)51hrs> > 0 and as the fact that U{r : r € A} C B, it shows that the
set B € F(I).

Z(NZ (A, M)

Therefore, X Y. This complete the proof. O

Theorem 3.6 Let, M be an Orlicz function and 6 = (k) be a lacunary sequence. Then,

Z(NT (AM T(NT (A ) . M(t
x TNELAD) y o 5 FVES) Y, provided thm # =7>0.
—00

Proof: If lim infg, > 1, then 3 § > 0 such that ¢, > 1+ 6, for sufficiently large . We have,

hr )
hy = (k; — ky_1) which implies, k—r 3
We already proved that X LINE(&) Y= X Z(NL (&,M)) Y.

Now we show that,

I(NL(A,M)) Z(NL(A)

X Y = X YiflimMT(t):fy>0.

t—o0

T(N(AM)

Let, X Y, where X = (X;) and Y = (1}).

Let v > 0 such that M(t) > ~yt,Vt > 0. Therefore, for any § > 0 we have,

{reN h—”; M( (%:((m; L))>(5}€I

Now, we have
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1 AX AX
= ot (m) ot (m) L))
hy Z} ( (AYf<m> )) ”;’Y( < Yot (m)
_ AX ot (m) )
h 2, d(AYt( ) L

r tel,

Then for any € > 0,

1 AX
. (m)L
{reN.hHgd(Aym )> }

_{TEN h—rtg M( (i);it(:) L)) >75}€I,where575.

o

Z(VE(a))

Therefore, X Y. This complete the proof.

Theorem 3.7 Let, M be an Orlicz function and 6 = (k,) be a lacunary sequence.

I(NF(A,M)) I(57 4(A)) v

(a) X Y =X

Z(S7,6())

(b) If M is bounded, then X © 22"y = x TWEGA)

Y.

11

Proof: (a) If lim infg, > 1, then 3 § > 0 such that ¢, > 1+ ¢, for sufficiently large r. We have,

h, = (ky — kr—1) which implies, Z— > 16?

FNEQQMD) g, Therefore, for any v > 0 we have,

Let, X

frems i 5w (a(3se.0)) > e

Now for some ¢ > 0,

pEM@(EEsy) s 2 (i(EEe)

hy tel, ™ _(AX ¢,
tel, & d(AYif(“) L) >e

at(nz)’
{tend(5v2e 1) > |

t(m)

>M()h

T

Then for any § > 0,

{ren:|{ten d(F2m,0) 2 )| > 5}

{rEN — ZM( (AX 2 (m) L>)>7}EI,wher67:M(E)(5.
he (&7, “om)
Z(NE (A,M)) 7(SZ.0(2))

Therefore, X Y=X Y. This complete the proof.

(b) If lim inf g, > 1, then 3 § > 0 such that ¢, > 144, for sufficiently large r. We have, h, = (k, —k._1)
r—00

- )
>,
kr — 146

Z(S7,6(4)) C
Let, X ~ Y. This implies for any §; > 0 and € > 0

{TEN:HtEI d(A);if:’")) L>>s}’>51}61

which implies,
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Suppose, M is bounded. Then we have

<

o M (1 (e )

r tel,
1 — (A 1 N
— Z M(d(A);a‘(m)7L))_~_7 Z M(d(A);at(Tn)wL))
D (X ot (m) h, A ot (m)
tel, & d(m,L> >e tel, & d(m,L> <e
1 - (AX
sup M(1,) 7 {terd(5pe ) = z—:}’ +M(e)
- ot(m

Then for any 6 > M(g) > 0, we have

-

1 (AX,
reN:— ¥ M(d(57e2, 1)) >0
hy e, ot m)

1 = (AX t(m) 6_M(E)
e : e > = —.
{r eN I {t cl, d(A gy 7L) > 5}‘ > 61} € 7, where 6, sup M (L)

(57.6(2)) I(NZ(A,M))

z
Therefore, X ~ Y=X ~ Y. This complete the proof. |
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