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Frequently supercyclic operators and frequently supercyclic Cy-semigroups

Mansooreh Moosapoor

ABSTRACT: In this paper, the concept of frequent supercyclicity for operators and for Cp-semigroups is
defined. It is proved that if an operator T is frequently supercyclic, then T™ and AT are frequently supercyclic
for any natural number n and any non-zero scalar A. Also, it is established that frequent supercyclicity
of a Cp-semigroup implies frequent supercyclicity of any of its operators. Moreover, by using discretization
and autonomous discretization of a Cp-semigroup, some equivalent conditions for frequent supercyclicity are
stated.
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1. Introduction

Assume X is a Banach space. Suppose T': X — X is a linear and continuous operator or briefly
an operator. We show the collection of operators on X by B(X) in this paper. If ord(T,z) = {T"z
n =0,1,2,...} is dense in X for some = € X, we say T is hypercyclic. If Corb(T,z) = {aT"z : a €
C,n=0,1,2,...} is dense in X for some 2 € X, then we say that T is supercyclic. Hypercyclic operators
can be constructed only on infinite-dimensional spaces, while supercyclic operators can be made on both
finite-dimensional spaces and infinite-dimensional spaces [11]. One can see [2], [11], and [13] for a history
of these operators.

An operator T on X is called frequently hypercyclic if there is some z € X such that dens{n €
Ny : T"2z € U} > 0 for any non-empty open set U, where Ny is the set of non-negative integers. By
dens(B) we mean the lower density of B. Remind for a subset B of natural numbers is defined by
lim ian—)+oo card{mSNN:mEB}.

In fact, in frequent hypercyclicity, the number of times an element’s orbit meets with an open set is
of interest.

It is shown that there are hypercyclic operators that are not frequently hypercyclic [3, Example 2.9].
Also, frequent hypercyclicity of an operator implies that any of its powers are frequently hypercyclic [3,
Theorem 4.7]. Moreover, some criteria for frequent hypercycliciy are stated in [7]. Also, in [14] frequent
hypercyclicity of Toeplitz operators are investigated. One can also see [12], [20], and [22] for more
information.

Another structure that considers in dynamical systems is a Cp-semigroup. By a Cy-semigroup (7});>0
on X, we mean a family of operators on X with these properties:

(i) To =1,
(ii) Tsqt =TTy for any s > 0 and ¢ > 0,

(iii) limg_Tsx = Tyx, for any z € X and ¢t > 0.
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The concept of hypercyclicity for Cp-semigroups is defined by Desh, Schappacher and Webb in [10].
A Cy-semigroup (1):>0 on X is called hypercyclic if there is € X such that orb((1}),x) = {Tyx : t > 0}
be dense in X.

Like hypercyclic operators, hypercyclic Cp-semigroups exist only on infinite-dimensional spaces [11,
Proposition 7.12]. Any infinite-dimensional Banach space support a hypercyclic Cp-semigroup [5]. In [6],
there are some theorems about the existence and non-existence of this type of Cy-semigroups. Moreover,
we have the following theorem about the behavior of operators of a Cy-semigroup.

Theorem 1.1 (/9]) Suppose (T})i>0 is a hypercyclic Co-semigroup. Then Ty is hypercyclic for any t > 0.

One can also see [19] for some extensions.
We say (T}, ) is a discretization of (T}):>0, when (t,,) € R=Y is an increasing sequence tending to infinity.
If ¢, = ns for some s > 0, we say (T3, )n, = (Tns)n is an autonomous discretization of (T3):>o.

Hypercyclicity of an autonomous discretization of a Cy-semigroup is equivalent to hypercyclicity of
the Cp-semigroup and it is equivalent to hypercyclicity of any discretization of the Cp-semigroup [11,
Theorem 7.26].

The concept of frequent hyperciclicity is defined for Cy-semigroups, either. The Cy-semigroup (13):>0
on X is named frequently hypercyclic if x € X exists such that for any non-empty open set U of X,
dens{t € R=? : T,z € U} > 0 [11, Definition 9.29]. It is proved in [9, Theorem 3.2] that frequent
hypercyclicity of (T});>o implies that for any s > 0, T, is frequently hypercyclic. Some criteria for
frequent supercyclicity and frequent hypercyclicity of tranlation Cp-semigroups are studied in [4]. Also,
one can see f-frequent hypercyclic operators in [8].

A Cp-semigroup is called supercyclic if {\Tyx : ¢t € RZ%, X € C} for some z € X. It is proved that a
Banach space X can support supercyclic Cy-semigroups if dim(X) = 1 or dim(X) = oo [21, Lemma 2.3].
Also, the supercyclicity of a Cy-semigroup implies supercyclicity of its operators as follows.

Theorem 1.2 ([21]) Suppose (Ti)i>0 is @ supercyclic Cy-semigroup. Then Ty is supercyclic for any
t>0.

In [16] some sufficient conditions for supercyclicity of Cp-semigroups are stated. One can see some
results about this type of Cp-semigroup in [15].

In this paper, we extend the concept of supercyclicity and we define frequently supercyclic operators
and frequently supercyclic Cy-semigroups.

In Section 2, we introduce frequently supercyclic operators. We show that the collection of frequently
hypercyclic operators is a proper subset of the collection of the frequently supercyclic operators. We
prove that frequent supercyclicity preserves under quasiconjugacy. Moreover, we establish that if 7" is
frequently supercyclic, then T™ and AT are frequently supercyclic for any n € N and any A € C with
A#0.

In Section 3, we define frequently supercyclic Cy-semigroups. We show that there are frequently su-
percyclic Cp-semigroups that are not frequently hypercyclic. We establish that if a Cy-semigroup contains
a frequently supercyclic operator, then it is frequently supercyclic. Moreover, frequent supercyclicity of a
Cy-semigroup implies that any of its operators is frequently supercyclic. We establish a Cy-semigroup is
frequently supercyclic if and only if some autonomous discretization of it is frequently supercyclic. Also,
we state some other equivalent conditions for frequent supercyclicity.

2. Frequently supercyclic operators

By the idea of frequently hypercyclic operators and supercyclic operators we introduce the concept of
frequent supercyclicity as follows.

Definition 2.1 Let T € B(X). We say that T is frequently supercyclic if, for some z € X,
dens{n € Ny : \T"x € U; A € C}

is positive for any non-empty open set U of X.
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The vector z is called a frequently supercyclic vector for T. By FSH(T), we show the set of all
frequently supercyclic vectors of T' .

by definition, it is clear that frequently hypercyclic operators are frequently supercyclic.

Frequently supercyclic operators can be constructed on both infinite-dimensional and finite-dimen-
sional spaces as it is shown in the next examples.

Example 2.1 By [11, Example 9.12], the differentiation operator D on the space of holomorphic oper-
ators on C, H(C), is frequently hypercyclic. So, it is frequently supercyclic.

Also, it is shown in [11, Example 9.15] that the Rolewicz ’s operators T' = AB, where A € C with
|A| > 1 and B is the backward shift on I? , 1 < p < o0, is frequently hypercyclic. So, it is frequently
supercyclic, either.

Example 2.2 Consider T : C — C for any = € C is defined with Tx = Az, where A € C and A # 0. We
state 1 is frequently supercyclic vector for T. For this, consider U is a non-empty open set of X. Let
y € U. Then { € C and

Y Yy
IT1=2)= .
3 i\ yeU

Also, {5 € C and

Y2, Yo
FT 1= F)\ =yel
Similarly, for any n € N, {7"1 € U. Hence,

dens{n € Ng : \T"1 € U; A € C} > 0.

T is not frequently hypercyclic. Since, frequently hypercyclic operators are hypercyclic and hypercyclic
operators do not exist on finite-dimensional spaces [11, Proposition 7.12].

Lemma 2.1 If T is a frequently supercyclic operator on X, then it is supercyclic.

Proof: Let U be a non-empty open subset of X. Suppose x € X is a frequently supercyclic vector for
T. Hence,

dens{n € Ng : \T"x € U; A € C} > 0. (2.1)

Therefore, there is ng € Ny and Ag € C such that \yT™z € U. So, we can conclude that Corb(T,z) =
{A\T"x;n € Ng,\ € C} = X. Hence, z is a supercyclic vector for T.

d

In the following lemmas we show that while an operator has a frequently supercyclic vector, it has
many of them.

Lemma 2.2 Let T € B(X). If x is a frequently supercyclic vector for T, then T™x is a frequently
supercyclic vector for T for any m € N.

Proof: Let U be a non-empty open subset of X. Hence, T~™(U) is an open set in X. By frequent
supercyclicity of T,

dens{n € Ng : \T"z € T (U); A € C} > 0.
Hence,
dens{n € Ny : \T"*t"z € U;\ € C} > 0. (2.2)
So by (2.2),
dens{n € Ny : X\T"(T™z) € U; X\ € C} > 0.

Therefore, Tz is a frequently supercyclic vector for T
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Lemma 2.3 Let T € B(X). If x is a frequently supercyclic vector for T, then fx is a frequently super-
cyclic vector for T for any B € C with § # 0.

Proof: Let U be a non-empty open subset of X. Hence, 37U is an open set in X. By frequent
supercyclicity of T',

dens{n € Ny : \T"z € B~'U; A e C} > 0.
Hence,
dens{n € Ng: BAXT"z € U; A € C} > 0. (2.3)
So by (2.3),
dens{n € Ng : \T"(pz) € U; X € C} > 0.

Therefore, Sx is a frequently supercyclic vector for 7.
O

By Lemma 2.2 and Lemma 2.3, we can conclude that when = € X is a frequently supercyclic vector
for T € B(X), then ST™x is a frequently supercyclic vector for T, for any non-zero € C and any
m € Np.

We call an operator S : Y — Y is conjugate to T': X — X if a continuous map ® : ¥ — X with dense
range exists such that T o ® = ® o S. In the next theorem, we investigate that frequent supercyclicity
preserves under quasiconjugacy or not.

Theorem 2.1 Frequent supercyclicity of operators preserves under quasiconjugacy.

Proof: Let S € B(Y) be a frequently supercyclic operator. Suppose T' € B(X) is quasiconjugate to S.
So, a continuous map ® : Y — X with dense range exists such that

Tod=®0S8. (2.4)

Let  be a frequent supercyclic vector for S. Suppose U is a non-empty open set of X. ®~1(U) is
open and non-empty. Also, by frequent supercyclicity of S,

dens{n € Ny : \S"z € &~ *(U); A\ € C} > 0.
So,
dens{n € Ny : \@o S"z € U} > 0.
Hence by (2.4),
dens{n € Ng: \T" o ®z € U} > 0. (2.5)
Therefore (2.5) implies that,
dens{n € Ny : \T" o (®x) € U} > 0.

Hence, ®x is a frequently supercyclic vector for T'.
O

If T is frequently supercyclic, then any power of T is frequently supercyclic as we prove in the following
theorem.

Theorem 2.2 IfT € B(X) is frequently supercyclic, then T™ is frequently supercyclic for any n > 1.
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Proof: Let = be a frequently supercyclic vector for T. Hence, x is a supercyclic vector for T. By [1,
Theorem 2|, z and Tz are supercyclic vectors for T2.
Let w € X be an arbitrary element. Hence, there is p,q € N and v, u € C such that

3

€
5 .

and  [|pT?7 e —w| < 5

VT2 — w] < (2.6)

Let

g
A={neNy: ||\["x —z| < ;A e Ch 2.7
{neNo:| I < xR aly max (e, ey € © 27

By frequent supercyclicity of T, densA > 0. Consider n € A. Hence by (2.6), there exists A € C such
that

13

INT"x — z|| < . (2.8)
2max{|y], |p[} max{|[T?[], [ T2*+1|[}
If n = 2k, then by (2.6) and (2.8),
IPAT?*4P) g — || < |yAT> 4P e — 4T + 2Tz — w|
< WT*IAT* x — z|l + | T*z — wl| (2.9)
<e.
If n = 2k + 1, then by (2.6) and (2.8),
|‘)\;LT2(k+q+1)I —w|| < H)\MT2(k+q+1)x _ MTQqulx + uTQqulI —w|
ST INTHH e — ]|+ [|p T2 e — w
<e. (2.10)

Consider B = {k+p;2k € A}U{k+p+1:2k+ 1€ A}. If for some § > 0 and a natural number M,
card(AN{0,1,...,N}) > dM then

(=9

M

card(AN{1,3,...,2] 5 ]+1}) > > (2.11)
or
card(AN{0,2,4, 72[%} +1}) > 5TM (2.12)
If (2.11) occurs, then
card(BN{1,3,..., 2[M - 1] +1}) > 57M
and if (2.12) occurs, then
card(BN{0,2,4, ..., 2[%] +1}) > 5TM

Hence, B has positive lower density too. So, we establish that T2 is frequently supercyclic. Other
powers are similarly proved.
O

Corollary 2.1 Let T € B(X). Then T is frequently supercyclic if and only if T™ is frequently supercyclic
for somen € N withn > 1.



6 M. MOOSAPOOR

Proof: Let T? is frequently supercyclic for some p € N with p > 1. Let x € X be a frequently supercyclic
vector for TP. If U is a non-empty open subset of X, then

{neNg: ANTP)"z eU; e CC{neNy: \T"z € U; X € C} (2.13)

The left set of (2.13) has positive lower density. So, the right set has positive lower density too.
O

It is stated in [11, Theorem 9.35] that hypercyclicity of T' implies hypercyclicity of AT for any A € C
with |A] = 1. In the next theorem, we prove this for frequently supercyclic operators for any A with A # 0.
That means, if T" is frequently supercyclic, then any non-zero multiple of T is frequently supercyclic as
we prove in the following theorem.

Theorem 2.3 If T € B(X) is frequently supercyclic operator, then T is frequently supercyclic for any
a € C with a # 0.
Moreover, FSH(T) = FSH(aT).

Proof: Let x be a frequently supercyclic vector for T. Fix 0 # a € C. Suppose U is a non-empty open
set of X. By frequent supercyclicity of T,

dens{n € Ng: X"z € U, € C} > 0.
But
{neNg: XMz eUNeC}l={neNy: \aT"z €U, X € C}.
Hence,
dens{n € Ny : \aT"z € U, X € C} > 0.

Hence, oT is frequently supercyclic.

Corollary 2.2 IfT € B(X) is frequently supercyclic operator, then oT™ is frequently supercyclic for any
a € C with A # 0 and any n € N.

3. Frequently supercyclic Cy-semigroups

In this section, we extend the concept of frequent supercyclicity for Cy-semigrous. We begin with
defininition of frequently supercyclic Cy-semigrous.

Definition 3.1 Suppose (T3):>0 is a Cp-semigroup on X. We call © € X a frequently supercyclic
vector for (T});>o if for any non-empty open subset U of X, the set {t € R=? : X,z € U;\ € C}
has positive lower density.

Mind if F € RZ°, then the lower density of F is defined as follows

card{t <p:teF}
" .

dens(F) = liminf, 4

It is clear that frequently hypercyclic Cy-semigroups are frequently supercyclic.
Frequent supercyclicity implies supercyclicity, as it is proved in the next lemma.

Lemma 3.1 Frequently supercyclicity of the Cy-semigroup (Ty)i>0 on X implies its supercyclicity.
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Proof: Let U be a non-empty open subset of X. Suppose x € X is a frequently supercyclic vector for
(T})¢>0. Hence,

dens{t ¢ RZ%: \Tyx € U; A € C} > 0.
Therefore, there is tg > 0 and A9 € C such that ATy, z € U. So, we can conclude that Cord((T3),x) =

{ATiz;t > 0,\ € C} is dense in X. Hence, x is a supercyclic Cp-semigroup.
O

In the next lemmas we show that similar to Lemma 2.2 for operators, while a Cy-semigroup has a
frequently supercyclic vector, it has many of them.

Lemma 3.2 Consider (T;)i>0 is a Co-semigroup on X. Suppose x is a frequently supercyclic vector for
(Ty)t>0. Then Tsx for any s > 0, is a frequently supercyclic vector for T.

Proof: Consider s > 0. Let U be an open subset of X. Hence, T, *(U) is an open set in X. By frequent
supercyclicity of T,

dens{t € R= : \Tyx € T;H(U); A € C} > 0.
Hence,
dens{t € R=Y : AT}, .o € U; A € C} > 0.
So by definition of a Cy-semigroup,
dens{t € R=% : \T,(T,x) € U; A € C} > 0.

Therefore, Tsx is a frequently supercyclic vector for (7};)¢>o.
O

Lemma 3.3 Consider (T;);>0 is a Co-semigroup on X. Suppose x is a frequently supercyclic vector for
(T})t>0. Then Bz for any B € C with 5 # 0, is a frequently supercyclic vector for (T})i>o.

Proof: Let U be an open subset of X. Hence, 71U is an open set in X. By frequent supercyclicity of
(Tt)e>o0,

dens{t e R=": N,z € B7'U; A € C} > 0.
Hence,
dens{t € R=": BATyz € U; A € C} > 0. (3.1)
So, we can deduce from (3.1) that
dens{t € R=" : \T;(Bx) € U; A € C} > 0.

Therefore, Sz is a frequently supercyclic vector for (T})¢>o.
O

By Lemma 3.2 and Lemma 3.3, we can conclude that when =z € X is a frequently supercyclic vector
for (T};):>0, then STz is a frequently supercyclic vector for T, for any 8 € C with 8 # 0 and any m > 0.

If a Cy-semigroup contains a frequently supercyclic operator, then the Cy-semigroup is frequently
supercyclic, either.

Theorem 3.1 Let (T})i>0 be a Cy-semigroup on X. If Ts is a frequently supercyclic operator for some
s> 0, then (T})i>0 s a frequently supercyclic Cy-semigroup on X.
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Proof: Let T, be a frequently supercyclic operator for some s > 0. Let U be a non-empty open subset
of X. So, by definition of the frequent supercyclicity,

dens{n e N: XTT'x € U; A € C} > 0. (3.2)
But for any p € R with p > 0,

card{n e N:n <pand X7z € U;\ € C}
< card{t € RZ0: ¢ <psand N[,z € U;\ € C}. (3.3)

By (3.3),
dens{t € R=" : \Tyx € U; A € C} > dens{n € N:n < pand \T""z € U; A € C}.
Hence, by(3.2),
dens{t € R : \Tyz € U; A € C} > 0.
Therefore, (T}):>0 is a frequently supercyclic Cp-semigroup on X. O

The following example shows that frequently supercyclic operators can be made on finite-dimensional
spaces.

Example 3.1 Assume (7}):>0 is a Cp-semigroup on C that is for any x € C and any ¢ > 0 is defined by
TtIE = )\tl',

where (A;) C C such that \g =1, A\; # 0 and Ag\; = A\s1¢ for any s > 0 and ¢ > 0.

It is shown in Example 2.2, for any s > 0, T is a frequently supercyclic operator. So, (T});>0 is a
frequently supercyclic Co-semigroup by Theorem 3.1. But (T}):>0 is not frequently hypercyclic. Since
frequently hypercyclic Cy-semigroups are hypercyclic and hypercyclic Cy-semigroups do not exist on
finite-dimensional spaces [11, Theorem 7.15].

Assume (T})>0 is a Cp-semigroup on X. suppose (S;)¢>o is a Cp-semigroup on Y. Then (T});>0 is
called quasiconjugate to (S¢)i>o if a continuous map ® : ¥ — X with dense range exists such that for

any t >0, T;0o® =0 5.

Theorem 3.2 Frequent supercyclicity of Cy-semigroups preserves under quasiconjugacy.

Proof: Let (S;):>0 be a frequently supercyclic Cyp-semigroup on a Banach space Y. Suppose (T});>0 is
a Co-semigroup on X quasiconjugate to (S;)¢>0. So, a continuous map ® : ¥ — X with dense range is
exists such that for any ¢ > 0,

T,o®=®0S8, (3.4)

Let = be a frequent supercyclic vector for (S:)¢>0. Suppose U is an open and non-emptyset of X.
®~1(U) is open and non-empty. Also, by frequent supercyclicity of (S¢)¢>0,

dens{t € R=Y : \S;z € &1 (U); A € C} > 0.
So,
dens{t € R=9: \® o Sz € U} > 0. (3.5)
Hence by (3.4) and (3.5),

dens{t € RZ% : \T, o dz € U} > 0.
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Therefore,
dens{t € R=%: \T} o (®x) € U} > 0.

Hence, @z is a frequently supercyclic vector for (7})¢>o.
O

It is proved in [11, Theorem 9.36] that frequently hypercyclicity of (T3);>o implies that any of its
operators is frequently hypercyclic and the set of their frequently hypercyclic vectors are the same. Now,
we want to prove similar theorem for frequent supercyclic Cy-semigroups. First, we need the next lemma.
The proof of the following lemma is similar to Lemma 3.1 in [9]. By FSC((T}):>0), we mean the set of
frequently supercyclic vectors of (T});>0. Also, Uy denotes a base of open and balanced neighbourhoods
for zero.

Lemma 3.4 Let (T})i>0 be a frequently supercyclic Co-semigroup on X. Suppose x is a frequently su-
percyclic vector for (T;)i>o0. Then for anyy € X, m €N, and U € Uy,

-1
dens{t € UneN[nT,n) ALz —yeU} > 0.

Theorem 3.3 If (T)i>0 is a frequently supercyclic Cy-semigroup on X, then Ts is frequently supercyclic
operator for any s > 0.
Moreover, for any s > 0, FSC((T})i>0) = FSC(T).

Proof: Suppose s > 0. If x is a frequent supercyclic vector for T, then it is easy to see that x is a
frequently supercyclic vector for (T3):>o.

Suppose that z is a frequently supercyclic vector for (T3);>0. Suppose y € X, W is an open and
balanced neighbourhood of zero. Without loss of generality, we can assume that s = 1. Let p € N, W' is
an open and balanced neighbourhood of zero and A € C be such that W/ + W/ C W and X,y —y € W’
for any 0 <t < %. Also, by properties of a Cp-semigroup, there exists V' € Uy such that T;(V) C W’ for
any 0 <t < ]%. By Lemma 3.4,

-1
dens{t € UneN[n

) Xl —yeU} > 0. (3.6)

n—1

Suppose for some n € N, t € [T,n) and suppose \Tyx —y € V. consider oy := [t] + 1 — ¢t. Hence,
0<ar < % and t + a4 € N for any a;. Therefore,

So,

dens({n € Ny : \T,,x —y € U; A € C}) (3.7
n—

1
> dens{t € Upen]| ,n): \Nlyx—y e U}.

By (3.6) and (3.7), dens({n € Ny : A\T,x —y € U; X € C}) > 0. Hence, x is a frequently supercyclic
vector for Tj. O

By Theorem 3.3 we state the following equivalent condition.

Corollary 3.1 Consider (T;)i>0 is a Co-semigroup on X. The following statements are equivalent:
(1) (T})e>0 is frequently supercyclic.

(i) For anyt >0, T} is a frequently supercyclic operator.



10 M. MOOSAPOOR

(iii) For some t > 0 Ty is a frequently supercyclic operator.

By Theorem 3.3 and Corollary 3.1, we can state some equivalent conditions between a frequent
supercyclic Cp-semigroup and its discretization and its autonomous discretization as follows.

Theorem 3.4 Suppose (Ti)i>0 is a Co-semigroup on X. Then the following statements are equivalent:
(1) (T})i>0 is a frequently supercyclic Cy-semigroup.
(i) Any discretization of (Ty)i>o is frequently supercyclic.

(i11) Any autonomous discretization of (T})i>0 s frequently supercyclic.

(tv) Some autonomous discretization of (Ty)i>o is frequently supercyclic.

Proof: (it) — (iii) is clear. Also, (ii¢) — (iv) is obvious.

For (i) — (i), let (t,) be an increasing sequence such that t, — co. By (i), (T3)i>0 is frequently
supercyclic. So, by Theorem 3.3, T; is frequently supercyclic for any ¢ > 0. Especially, T}, is frequently
supercyclic. Now, by Theorem 3.1, (T}, ), is frequently supercyclic.

For (iv) — (i), assume there is s > 0 such that (T3, ), = (Ths)n is frequently supercyclic. Assume x
is a frequently supercyclic vector for (T,,5),. Let U be an open subset of X. Hence,

dens({n € Ng : A\T,,,x € U; A € C}) > 0.
So by properties of a Cy-semigroup,

dens({n € Ng : XI'x € U; A € C}) > 0.

Therefore, T is frequently supercyclic and by Theorem 3.1, (T}):>0 is frequently supercyclic.
O

Using the proof of Theorem 3.4, we can conclude the next corollary about frequently supercyclic
vectors of a Cy-semigroup.

Corollary 3.2 Suppose (T})i>0 is a Co-semigroup on X. Then the following are equivalent:

(i) z is a frequently supercyclic vector for the Cy-semigroup (T;)i>o-

(i1) x is a frequently supercyclic vector for any discretization of (T})i>o is frequently supercyclic.
(i11) x is a frequently supercyclic vector for any autonomous discretization of (T3)i>0.

(v) x is a frequently supercyclic vector for some autonomous discretization of (T})i>0-
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