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On solutions of a two-dimensional (m + 1) —order system of difference equations via Pell
numbers

Ahmed Ghezal*, Khalil Zerari and Imane Zemmouri

ABSTRACT: In this paper, we are interested in the closed-form solution of the following two-dimensional
system of difference equations of (m + 1) —order,

0 _ L ,

Ty (i+1)mod2’7'€{1’2}’n’m€N0’

+ wnfm

and the initial values x(jg, i€ {1,2}, j € {0,1,...,m} are real numbers do not equal —1/14. We show that
the solutions of this system are associated with Pell numbers and some other numbers. It is shown that the
global stability of positive solutions of this system holds. Our results are illustrated via numerical examples.

Key Words: Stability, Pell numbers, balancing numbers, Pell-Lucas numbers, Binet formula, system
of difference equations.
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1. Introduction

Despite the tremendous development of difference equations, it remains to construct solutions to them
explicitly useful (see., [1] — [24], [26] — [34]). In particular, great importance is given to the difference
equations related to Fibonacci, Bell, Jacobthal, Padovan, Lucas and their generalizations. This led to the
emergence of a new problem, which is how to turn nonlinear difference equations or systems into linear
difference equations or systems, while homogeneous linear difference equations of the 2nd-order are well
established and very common equations due to their many applications, which have the following form

Tpyl = QTy + BTp_1,n > 1,

where a, 8 € R or C such that 8 # 0, in particular, we give information about the Pell sequence that
establishes a significant part of our study, defined as follows

Pn+1:2Pn+P7—17 n>1,

with initial conditions Py = 0 and P, = 1. The following Binet formula of the Pell numbers gives,
P, = (a® —=b")/(a—b), where a = 1 ++/2 and b = 1 — /2, and the closed-form expression for the
Pell-Lucas numbers are Q,, = a™ + b"”. Now, in this paper, we seek to provide a class of system of
nonlinear difference equations which can be solved in explicit form, but the solutions are expressed by
Pell numbers, is the following two-dimensional system of difference equations,

@ _
xn—&-l - 14—|—Z‘£lij:rzm0d27l € {172} yM,m € N07 (1.1)

* Corresponding author

Submitted March 10, 2023. Published August 24, 2025
2010 Mathematics Subject Classification: 39A10 and 40A05.

Typeset by 85% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.67451

2 A. GHEZAL, K. ZERARI AND I. ZEMMOURI

(@)

and the initial values z* o

i€{1,2},j€{0,1,...,m} are real numbers do not equal —1/14.
2. Main results
To solve system (2.5) we require to utilize the following lemmas.
Lemma 2.1 Consider the homogeneous linear difference equation with constant coefficients
Yn+1 — 1yn —yn—1 =0,n >0, (2.1)

with initial conditions yg, y—1 € R. Then,

Vn > 0, Yn = %PSUVFI) + %P?)nv

where (Py,,n > 0) is the Pell sequence.
Proof. Difference equation (2.1) is ordinarily solved by using the following characteristic polynomial,
AN — 14N —1=0,

roots of this equation are
M=T4+5vV2=0d% s =7—-5V2=0"

These roots are linked to the roots of the Pell number sequence. Then the closed form of general solution
of the equation (2.1) is
Vn > —1, y, = 16> + b,

where g, y_1 are initial values such that

Yo =C1+ C2
C1 C2
y1=m
and we have
a*yo + y—1 b yo + y—1

after some calculations, we get

B ny a3(n+1) _ b3(n+1) N E a3 — p3n
=7 a—b 5 '

The lemma is proved.[]
Lemma 2.2 Consider the homogeneous linear difference equation with constant coefficients
Zn+1 + 142, — 2p—1 = 0,m > 0, (2.2)

with initial conditions zg, z—1 € R. Then,

n (% Z_
>0, 20 = (<1)" (FPourn) = £ Pon)

where (Py,n > 0) is the Pell sequence.

Proof. Difference equation (2.2) is ordinarily solved by using the following characteristic polynomial,
A2 + 14X\ — 1 = 0, roots of this equation are

A = —a® Ny = =02
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These roots are linked to the roots of the Pell number sequence. Then the closed form of general solution
of the equation (2.2) is

Vn > -1, z, = (=1)" (51a3" —i—Eng”) ,

where zy, z_1 are initial values such that

and we have

after some calculations, we get

Zn = (_l)n (a (50 + 6_1) a” + (—béo - a5_1) bSn)

_ ( 1)77, 20 a3(n+1) _ b3(n+1) 2.1 a3 — p3n
N 5 a—"b 5 a—>b '

The lemma is proved.[]

Lemma 2.3 Consider the following system of difference equations

t0) | =140 med2 L4 ie (19} >0, (2.3)

n—1»
e . ) ) .
with initial conditions t_; € R, i € {1,2}, j €{0,1}. Then,
i i i+1) mod 2 i i+1) mod 2 i
té,i = %tg)P3(2n+1) + %t(,ir Jmed2p . téﬁﬂ = %téJr Jmo Penyr) + %t(,)1P3(2n+1)a
forie{l1,2}, n>0.

Proof. From system (2.3), we get the following system

0+t =1 () + o)+ (12, 442

1 2 1 2 1 2 , Z 07 (24)
8~ 2 = 1 (80— ) (2, )
Using the change of variables y,, = t5}) + tg) and z, = tsll) - tgf), we can write (2.4) as

Yn+1 = 14y, + yn—1
>
{ Zntl = —14zp, + 22p1 n20,

by Lemmas 2.1 — 2.2, we have

Y Y-
Vn >0, y, = EOPS(n—H) + TlPSnv
20

Vn > 0, zn:(—l)n<5

Z_
P3(n+1) - Tlp?yn) 3

hence, the closed form of general solution of the system (2.3) is (t%l), tg)) =((yn+2n)/2,(Yn —2n) /2),
n > 0. The lemma is proved.l]
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2.1. On the system (2.5)
In this subsection, we consider the following system of difference equations of 1st-order,
(i) 1

Tnt1 = (i+1) mod 2’

ie€{l,2},n e Ny. (2.5)
14 + xp,

To find the closed form of the solutions of the system (2.5) we consider the following change variables

t(i+1)mod2
7 n—1 .
$£):T,Ze{l,2},n207

then the system (2.5) becomes

"o

O = 1agltDmed2 40 e (19} n>0.

n—1»

By Lemma 2.3, the closed form of general solution of the equation (2.5) is easily obtained, in the following
Theorem

Theorem 2.1 Let {xg),xg),n > O} be a solution of equation (2.5). Then,

i) _ Psy, + xéi)Pg(zn—l)

( .
T - , 1€ {1,2},
P3op i1y + $g )P6(n :
7+1) mod 2
G _  Dseary T 20 Pon . o (1,2)
Tont1 = (iT1) mod 2 b 14
Po(nt1) + g Pyopn 1)

where (Py,n > 0) is the Pell sequence.

Proof. Straightforward and hence omitted.[]
2.2. On the system (1.1)

In this paper, we study the System (1.1), which is an extension of System (2.5). Therefore, the System
(1.1) can be written as follows
(@) 1

x = -
(m+1)(n+1)—t (i+1) mod 2’
14 + x(nH—l)n—t

ie{1,2},

for t € {0,1,...,m} and n € N. Now, using the following notation,

e =al) i€ {12} te {01, m},

we can get (m + 1) —systems similar to System (2.5),
(i) 1

Tnt1,e = (it1)mod?2’

i€{1,2},n € Ny,
M+,

for t € {0,1,...,m}. Through the above discussion, we can introduce the following Theorem

Theorem 2.2 Let {x%l),:rg),n > fm} be a solution of equation (1.1). Then, fort € {0,1,...,m},

: Psn + 2 Py

(2) _ 1én —t43(2n-1) .
Lo(m+1)n—t — i ;i€ {1,2},

P3oni1) + 23 Fon
i+1) mod 2

(%) P32n41) + x(_:r ) Psn, .

Tmt1)(2n+l)—t — T mod2 i€ {1,2},
Ps(ny1) + x5 P32p41)

where (P,,n > 0) is the Pell sequence.
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Proof. The proof of Theorem 2.2 is based on Theorem 2.1 for (m + 1) —systems (1.1).0

Corollary 2.1 Let {xg), :cﬁf), n > —m} be a solution of equation (1.1). Then, fort € {0,1,...,m},

MO _ Qent+1 + Qon—1 + JJ(_Z?: (Q3(2n71)+1 + Q3(2n71)71) ic{1,2)
2(m+1)n—t i ) ) )
(m ) Q3@nt1)+1 + @32ng1)-1 + 29 (Qensr + Q((Sin—l)
1+1) mod 2
() B Q3@n+1)+1 + Q3nt1)-1 + a:(_f ™92 (Qgni1 + Qon1) e 19
‘T(m+1)(2n+1)—t - (i+1) mod 2 RS { ) }7
Qs(nt1)+1 T Qo(nt1)-1 + T4 (Q3(2n+1)+1 + Q3(2n+1)—1)

where (Qn,n > 0) is the Pell-Lucas sequence.
Proof. We see that it suffices to remark
8P, = Qni1 + Qn—1, (see., [25]).0

Corollary 2.2 Let {xsll), x%z),n > —m} be a solution of equation (1.1). Then, fort € {0,1,...,m},

x;@nﬂ)n_t _ 2P5nQsn ) (2P3n-1Q3n—1 —(i)Q3(2n71))
2P 42Qsn+2 — Q3(2n11) + 20 P3nQsn
2P3n12Q3n+2 — @3(2n41) + 2070 Py Qs
2P3(541)Q3(n+1) + x(_ifl) mod? (2Psn12Q3n+2 — Q3(2n+1))

where (Pp,n > 0) is the Pell sequence and (Q,,n > 0) is the Pell-Lucas sequence.

, 1€{1,2},

(4) _ .
L(m+1)(@nt+1)—t — ;1 e{L2},

Proof. We see that it suffices to remark
Py, = PnQn and 2P2n-|—1 = 2Pn+1Qn+l - Q2n+1 (see., [25])D

Corollary 2.3 Let {xg), :E%Z),n > fm} be a solution of equation (1.1). Then, fort € {0,1,...,m},

, Bian + x@B _
() _ bBian tDean—1) .
x2(m+1)n7t - (i) y 1E {17 2};
Bgant1) + - Bian .
7+1) mod 2
o) _ Bspnry +25 ™ By, ie{1,2}
m+1)(2n+1)—t 4 mod ) ) )
(mDEn+D Biant1) + Jf(—jl) 2BG(2n+1)

where (Bp,n > 0) is the Balancing sequence.
Proof. We see that it suffices to remark
P, = 2By, (see., [25]).0

Remark 2.1 There are many systems whose solutions can be expressed by Pell, Balancing and Pell-Lucas

numbers, which are
() 1 :
Ty = ——————=,1€{1,2},n,m € Ny, > 1,
+1 0, +x(z+l)mod2

n—m

where 0; = a3 + b3 € {14; ...} ,1 > 1. Using the results of Theorem 2.2, we get

; Pan + 29 Py

(%) _ Tein —t131(2n—1) .
‘,E;(m—!—l)n—t - (3) XAS {17 2} )

P3yont1) + 251 Pein
i+1) mod 2

o) ~ Pygnsn + :c(_zzr Jmed2p ie (12}

m+1)(2n+1)—t — i mo ’ ’ )

(meDEnD) Peiny1) + $£j1) d2P3l(2n+1)

forte€{0,1,...,m}.
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3. Global stability of positive solutions of (1.1)

In the following, we will study the global stability character of the solutions of system (1.1). Obviously,
the positive equilibriums of system (1.1) are

E= (E(l),f@)) = ¥(1,1),E=—d*(1,1) .

Let the functions hy, hs : (0, +oo)2(m+1) — (0, +00) defined by

h ((xglgn) («2)) ) - m e {12},

where w.,,, = (g, U1, ..., Un) . Now, it is usually useful to linearize the system (1.1) around the equi-
librium point E in order to facilitate its study. For this purpose, introducing the vectors X! :=

' ' ' @) () MONRY
((Xg)) , (Kf)) > where XV = (x oy e Ty m) ,i € {1,2}. With these notations, we obtain
the following representation
Xn-i—l = Fan7 (31)

where

7/(m71) 0 fszl) _a_ﬁ

Fm _ I(;n—l) O(m 1) O(nL—l) Q(m—l)
Om-1y —a O(m-1y 0 ’

Om-1) Oun-1y Im-1) Q-1

with O(j,;y denotes the matrix of order k£ x [ whose entries are zeros, for simplicity, we set Oy := Oy x)
and Q(k) = O,1) and I(,,) is the m x m identity matrix. We summarize the above discussion in the
following theorem

Theorem 3.1 The positive equilibrium point E is locally asymptotically stable.
Proof. After some preliminary calculations, the characteristic polynomial of F;,, is
Pr,, (\) = det (Fp = Mg(my1))) = A (A) = A2 (V)
where A; (A) = A2 and Ay (\) = a2, then |[Ay (V)| < [A1 (V)],YA @ |A| = 1. So, according to
Rouche’s Theorem, all zeros of Ay (A\) — Aa(A) = 0 lie in the unit disc |A\| < 1. Thus, the positive

equilibrium point F is locally asymptotically stable.l]

Corollary 3.1 For every well defined solution of system (1.1), we have lim xg) = lim xf) = b

Proof. From Theorem 2.2, we have

Pen + Cﬂgpzs(znq)
P3opq1) + it(_zlpen
1+ (%) P3an—1)

(@)

2(m+1)n—t — lim

lim x

= lim —p ot Pen
S al
1+ IIZ(_Z])¢1173
a’ + x(fl

= a73 = —bS’
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. P + g—&-l) mod 2P .
lim 2" G b 0

(m+1)(2n+1)—t (i+1) mod 2
Pony1) + 224 P3(2n41)
1+ J,'(iJrl) mod2 Py,

— lim —t P3ant1)
LPonen) . (i+1)mod2
P3any1) —t

i+1 d2 _
1+ x(f:r Jmod2, -3
= i+1) mod 2
ad + x(_zz_ ) mo
= a_3 = —b3,

which completes the proof of Corollary 3.1.00

The following result is an immediate consequence of Theorem 3.1 and Corollary 3.1.

Corollary 3.2 The positive equilibrium point E is globally asymptotically stable.

4. Numerical Examples

In order to clarify and shore up the theoretical results of the previous section, we consider some interesting
numerical examples in this section.

Example 4.1 We consider interesting numerical example for the difference equations system (1.1) when
m = 1 with the initial conditions x(_li = 0.3, xél) = 2.2, x(_zf = 1.2 and Igz) = —2.1. The plot of the
solutions is shown in Figure 1.

2.5

1.5 [

0.5 |

-0.5 |

-1.5

-2.5

5 10 15 20 25 30 35 a0
n

Figure 1. The plot of the solutions of system (1.1); when m =1 and we put the

initial conditions m(_li = O.S,xgl) = 2.2,x(_2% =1.2 and xéQ) =-2.1.

Example 4.2 We consider interesting numerical example for the difference equations system (1.1) when
m = 2 with the initial conditions

i 0 1 2
-3 2 -1
22 -1 —01
Table 1. The initial conditions.

X

—3

The plot of the solutions is shown in Figure 2.
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o 5 10 15 20 25 30 35 a0 as
n

The plot of the solutions of system (1.1); when we put the initial
conditions in Table 1.

Example 4.3 We consider interesting numerical example for the difference equations system (1.1) when
m = 3 with the initial conditions

1 0 1 2 3

D103 01 02 02
2 | —04 03 -01 02

—1

Table 2. The initial conditions.

The plot of the solutions is shown in Figure 3.

Figure 3.

0.3
0.z |
0.1 |

ol

0,0
o

ot

0.2 |

0.3

-0.4
o 10 20 30 40 50 60
n

The plot of the solutions of system (1.1); when we put the initial
conditions in Table 2.

In these examples, we show that the solutions of the system (1.1) for some cases are globally asymptotically

stable.
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