Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-12
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.67463

Korovkin-Type Approximation Theorems for Positive Linear Operators via Statistical
Martingale Sequences

Abhisek Satapathy, Bidu Bhusan Jena* and Susanta Kumar Paikray

ABSTRACT: In this paper, we introduce and study the notions of statistical product convergence and statis-
tical product summability via deferred Cesaro and deferred Norlund product means for martingale sequences
of random variables. After that, we establish an inclusion theorem concerning the relation between these two
lovely and potentially useful notions. We also describe and prove a set of new Korovkin-type approximation
theorems for a martingale sequence over a Banach space based on the principles we have put forward. Addi-
tionally, we demonstrate that most (if not all) of the prior findings both in statistical and classical forms can
be improved upon by our approximation theorems. Finally, we offer an example of martingale sequence by
using the generalized Bernstein polynomials to show that our established theorems are significantly stronger
than the traditional and statistical versions of several theorems already exist in the literature.
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1. Introduction and Motivation

Let (92,F,P) be a probability measurable space, and let (Y}) is a random variable defined over this
space. Suppose that Fy C F (k € N) be a monotonically increasing sequence of o-fields of measurable
sets. Now, considering the random variable (Y}) with respect to measurable functions (Fy), we adopt a
stochastic sequence (Y, Fy; k € N).

A given stochastic sequence (Yy,Fi;k € N) is said to be a martingale sequence, if

(i) E[Yx| < oo,
(ii) E(Yy41|Fr) =Y almost surely (a.s.) and

(iii) (%) is a measurable sequence of functions,

where E is the mathematical expectation.
We now recall the notion of convergence of martingale sequences of random variables.

A martingale sequence (Y, Fi; k € N) with E|Y}| is bounded and Prob(Yy) = 1 (that is, with proba-
bility 1) is said to be convergent to a martingale (Yp, Fp), if

khﬁnolo(Yk’Fk) — (}/(),Fo) (]E|Y0‘ < OO)
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The concept of statistical convergence has recently emerged as one of the most important ideas in
both the theory of sequence spaces and the theory of summability. The investigation and study of sta-
tistical convergence are presently very useful in sequence space because it is quite more powerful than
the classical convergence. Two renowned mathematicians, Fast [6] and Steinhaus [29], separately offered
such a lovely idea for the first time. As a result, various researchers developed many interesting and prac-
tical results in a variety of mathematical areas, such as Fourier series, Approximation theory, Probability
theory, Machine Learning, Signal Processing, Measure theory, and so on. Moreover, the introduction
of statistical probability convergence has enhanced the splendour of this development. For some recent
research works in this direction, see [2], [3], [4], [7], [9], [10], [12], [13], [19], [20], [23], [24], [26] and [31].

Let & C N and, let
G, ={A: A<k and )€ &} (k e N).
Then 6(®) is the natural density of &, defined by

§(&) = lim 1] =a,

k—oco N

where a is a real finite number and |®]| is the cardinality of &y.

A given sequence (1) is statistically convergent to p if, for each € > 0
G.={A: A<k and |zyn—b] 2¢€} (k eN)

has zero natural density (see [6] and [29]). Thus, for each € > 0, we have

(&) = lim 1o =0.

k—oo k
We write

stat lim xp = b.
k— o0

The definition of statistical convergence of the martingale sequence is now given below.

Definition 1.1 A bounded martingale sequence (Yi,Fr;k € N) having its probability 1 is said to be
statistically convergent to a martingale (Yo, Fq) with E|Yy| < oo if, for all € > 0, we have

S, ={A:AZEk and |(Ya,Fr)— (Yo,Fo)| 2 €}

has zero natural density. This means that, for every e > 0, we have

0(B.) = lim [©] =

k—oo k 0-

We write
statmart klim (Yi,Fi) = (Yo, Fp).
—00

Example 1.1 Let (Fi,k € N) be a monotonically increasing sequence of 0-mean independent random
variables over o-fields. Also, let (Yy) € Fy, be such that

1 (k=2™; meN)
Y. =
0 (otherwise).

It is easy to see that the martingale sequence (Yi,Fi;k € N) is statistically convergent to zero, but not
simply martingale convergent.
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Motivated by the aforementioned developments, we investigate the concepts of statistical product con-
vergence and statistical product summability via deferred Cesaro and deferred Norlund product means
for martingale sequences of random variables. We establish an inclusion theorem concerning the rela-
tionship between these two important and useful notions. Additionally, we present new Korovkin-type
approximation theorems for a martingale sequence over a Banach space based on our proposed concepts.
Our theorems extend and enhance the majority, if not all, earlier findings on both statistical and classical
versions. Furthermore, we demonstrate that our theorems significantly improve upon several previously
existing results. Finally, we provide an example of a martingale sequence based on generalized Bernstein
polynomials to show that our established theorems are considerably stronger than the traditional and
statistical versions of many existing results in the literature.

2. Product Means for Martingale Sequence

Let (ax) and (bx) be sequences of non-negative integers such that a;, < by, and
lim bk = +400.
k—o0
Then the deferred Cesaro mean for the martingale sequence (Yj,Fi; k € N) is defined by

(Yak+17Fak+1) + (Yak+27Fak+2) +ot (ka’Fbk)
bk — A

by,

1
T— > (Y F)

i=ar+1

Similarly, let (g;) be a sequence of non-negative numbers such that
by
Qv= > q
j=ar+1

Then the deferred weighted mean for the martingale sequence (Yy,Fx;k € N) of random variables is
defined by

1
N (Y, Fre) = o Z q; (Y, ;).

For the martingale sequence, we now define the product of deferred Cesaro and deferred Norlund
means as follows:

b
1
Ar(Ye, Fi) = (CN ) = — > W)
k k i=ap+1
1 L T
— il (Y5, F5).
b — ay, izaz:_’_l Qi .=Z q]( / j)
k j=ar+1

We now present the definitions of statistical deferred Cesaro and deferred Norlund product mean
convergence (that is, the DCN-mean convergence) as well as statistically deferred Cesaro and deferred
Norlund product mean summability (that is, the DCN-mean summability) for martingale sequences as
follows.

Definition 2.1 Let (a) and (bi) be sequences of non-negative integers. Also, let (qx) be a sequence of
non-negative numbers. A bounded martingale sequence (Yy,Fy; k € N) having probability 1 is statistically
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deferred Cesaro and deferred weighted product mean convergent (DCN-mean convergent) to a martingale
(Yo, Fo) with E|Yy| < oo if, for alle >0

@e = {/\ tA § (bk — ak)Qk and qA|(Y)\,F)\) — (Yo,]Fo)| é 6}

has zero natural density. This means that, for every € > 0, we have

lim {A:AS (b —ar)@k  and  gr[(Ya,Fx) — (Yo, Fo)| 2 €}

0.
k500 (br — ar)Qr

We write

Akstat kli—)H(}O(YIw]Fk) = (YbaFO)

Definition 2.2 Let (ax) and (by) be sequences of non-negative integers. A bounded martingale sequence
(Yy,Fi; k € N) having probability 1 is statistically deferred Cesdaro and deferred weighted product summable
(DCN-mean summable) to a martingale (Yo, Fo) with E|Yy| < oo if, for alle > 0

66 = {)\ rap < A § bk and |A>\(Yk,IFk) — (YO,IFO)| 2 6}
has zero natural density. This means that, for every e > 0, we have

lim ‘{)\ rap < A § bk and |A>\(Y]€,Fk) — (YE),FOH z e}l -0
k=00 b, — ay,

We write

statAk kILH;o Ak(Yk7Fk) = (YE),F())

We now develop an inclusion theorem relating to the two aforementioned new and intriguing ideas
that, every statistical DCN-product mean convergent martingale sequence is statistically DCN-product
mean summable, but the converse is not generally true.

Theorem 2.1 If a given martingale sequence (Yy,Fi;k € N) is statistical DCN- mean convergent to a
martingale (Yo, Fo) with E|Yy| < oo, then it is statistically DCN- mean summable to the same martingale,
but not conversely.

Proposition 2.1 Suppose the given martingale sequence (Yi,Fr;k € N) is statistically DCN- mean
convergent to a martingale (Yo, Fo) with E|Yy| < co. Then, by Definition 2.1, we have

lim {A:AS (b —ar)@k  and  gr|(Ya,Fx) — (Yo,Fo)| Z €}] 0
koo (br, — ar)Qr

Now, for the following two sets:
Re={N: A= (b —ar)Qr  and  qx|(Yx,Fx) — (Yo, Fo)| 2 €}

and

Rg = {/\ tA § (bk — ak)Qk and qA|(Y)\,F)\) — (Yo,IFo)| < 6},
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we find that

b
1
A (Yi,Fr) — (Yo,Fo)| =
‘k}( ks k) (07 O)‘ bk:_ak :Z

bi
> — (Yo, Fo)
=ak+

Q Pt
) b
Z [ q;(Y;,F;) — (Yo, Fo)

<
bk_ak b= ak+1
Yy, F Yy, F
bk_ak. (07 0) (07 0)
1=ar+1
1 ok
< - Y. Fr) — (Yy, I
= (bk_ak)Qk -72_‘—1‘( ks k) ( 05 0)|
1=ag
(AER)
1 Ok
o Yy, Fp) — (Yo, F
e AR
(AERY)
1 ok
+ (Yo, Fo)| | —— Z -1
bk Ok p=ar+1
1 1
S —— Rl + —————|R¢| =0.
- (bk—ak)Qk| | (bk—ak)Qk| |

Thus, we clearly obtain
|Ak(Ye, Fr) — (Yo, Fo)| <.

Therefore, the martingale sequence (Yi, Fr; k € N) is statistically DCN-mean summable to the martingale
(Y(),FQ) with ]E|Y0‘ < 0.

We next provide an example to show that a statistically DCN- mean summable martingale sequence is
not always statistically DCN- mean convergent, which evidently supports the non-validity of the converse
proposition.

Example 2.1 Let us set
ap, =2k, by=4k and q =k (keN).

Also, let (B, k € N) be a monotonically increasing sequence of 0-mean independent random variables of
o-fields with (Yy) € Fi, such that for k is even

1 (k=m?; m € N)
Y, = (2.1)
0 (otherwise)

and for k is odd
-1 (k=m? m eN)
Yy = (2.2)
0 (otherwise).

It is easy to see that, the martingale sequence (Yy,Fi; k € N) is neither ordinarily DCN- mean convergent
nor statistically DCN- mean convergent; however, it is statistically DCN- mean summable to 0.
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3. Korovkin-Type Theorems for Positive Linear Operator

The approximation features of the Korovkin-type theorems have lately been extended (or general-
ized) in a variety of different areas of mathematics such as (for example) sequence spaces, Banach spaces,
Probability spaces, Measurable spaces, and others. This concept is extremely valuable in Real Analysis,
Functional Analysis, Harmonic Analysis, and other related areas. Here, in this connection, we choose to
refer the interested readers to the recent works [5], [15], [21], [22], [23] and [25]

We establish here the statistical versions of new approximation of Korovin-type theorems for martin-
gale sequences of positive linear operators via our proposed DCN-product summability mean.

Let C([0,1]) be the space of all real-valued continuous functions defined on [0,1] under the norm
Il - |oo- Also, let C[0,1] be a complete norm linear space. Then, for g € C[0, 1], the norm of g denoted by
llg|| is given by
l9lloc = sup{lg(®)| : ¢ € [0,1]}.

We say that the operator £ is a martingale sequence of positive linear operators, provided that
L(g;t) 20 whenever t =0 with £(g;t) < oo and Prob(L(g;t)) = 1.

Theorem 3.1 Let
L;:C[0,1] — C]0,1]

be a martingale sequence of positive linear operators. Then, for all g € C|0,1],

Aussas i [[£4(g:1) = (1) o0 = 0 (3.1)
if and only if
A Jmn [ £4(1:1) — 1]l =0, (32)
Austae Jim [1£:(285) 240 = 0 (33)
and
Aucsta im [|£5(38%5 1) — 3t%]|oc = 0. (3.4)

Proposition 3.1 Since each of the following functions:
got)=1, g(t)=2t and go(t) = 3¢t>

belong to C[0,1] and are continuous, the implication given by (3.1) implies that the conditions (3.2) to
(3.4) is obvious.

In order to complete the proof of the Theorem 3.1, we first assume that the conditions (3.2) to (3.4)
hold true. If g € C[0,1], then there exists a constant K > 0 such that

lg(t)| = K (Vtel0,1]).
We thus find that

lg(y) —g(®)| =2K  (y,t €[0,1]). (3.5)
Clearly, for a given € > 0, there exists 6* > 0 such that
lg(y) —g(t)] <€ (3.6)

whenever
ly —t| <d&* forall y,te]0,1].
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Let us choose
o1 =p1(y,t) =4y — t)*.
If ly — t| = 6%, then we find that
2K
l9(y) = 9(O)] < 5501 (y,0).

Thus, from the equations (3.6) and (3.7), we get

2K
19(y) = 9Ol < e+ S0y, b),
which implies that

2K
—€— 5@801(11775) Sg(y) —gt) e+

2K
52+ ¥1 (y7 t)

(3.8)

Now, since L;(1;t) is monotone and linear, by applying the operator L;(1;t) to this inequality, we have

£t (= ron.0) < £:01:0(a0) - ()

2K
= Li(1;t) (5 + 52*@1(%@) :

We note that t is fixed and so g(t) is a constant number. Therefore, we have

2K
—eLi(Lit) — = Lilenit) < Li(gst) — 9(t)Li(15t)

2K
< €£i(1;t) + @Li(gol;t).

We also know that

Li(g;:t) —g(t) = [Li(g; 1) — g()Li(1:8)] + g(D)[Li (15 8) — 1],
So, by using (3.9) and (3.10), we have
Llgst) — ol0) < eLi131) + g Lalpt) + g(OIL:(151) — 1]

We now estimate L;(p1;t) as follows:

Li(p1;t) = Li((2y — 2t)%;1) = Li(4y® — 8ty + 4t%; 1)
= L;(4y%t) — 8tL;(y; ) + 412 L;(15)
= 4[Li(y*;t) — 1) = 8t[Li(y; 1) — 1]
+ 4822 (15t) — 1].

Thus, by using (3.11), we obtain

Liast) — gt) < eL151) + S {AlL. (5 1) — 1)
— 8t[Li(y; t) — 1] + 4% [Li(158) — 1]}
+g@®)[Li(1;t) —1].
= dLi(150) 1]+ e+ 2 (4L 1) — )
— 8t[Li(y;t) —t] + 42 [Li(1;) — 1]}
+9(@)[Li(1;8) — 1].
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Since € > 0 is arbitrary, we can write

8K
i) =901 S e+ (e S+ &) 1230130 -1

16K
52* |‘C (yv )_ ‘ 52* |£ ( )_t2|

S E(ILi(158) — 1]+ [Lilys t) — ¢
+ Ly 1) — 7)), (3.12)

where

( 8K 16K 8K>
£ =max|e+ .

3 T T e

Now, for a given k > 0, there exists € > 0 (e < k), we get
Tutim) = (i1 S (b —a)Qx and g |Li(g5t) — g(t)] = ).
Furthermore, for j =0,1,2, we have
. K—€
Tt k) = {Z 21 S (b —ar)Qr  and i |Ti(git) —g;(t)] 2 35} )

so that

Clearly, we obtain

2
1% (% 7)o, %35 (& R)ll oo,

(br, — ax) Qk - (b — ar)Qr

(3.13)
Now, using the above assumption about the implications in (3.2) to (3.4), and by Definition 2.1, the
right-hand side of (5.13) tends to 0 as n — co. Consequently, we get

5 1%t 8 )lleoy
m ——— =
k—o0 (ﬁk — Oék)Pk

Therefore, the implication (3.1) holds true. This completes the proof of Theorem 3.1.

0 (0, k> 0).

Next, by using Definition 2.2, we present the following theorem.

Theorem 3.2 Let T; : C[0,1] — C[0,1] be a martingale sequence of positive linear operators. Also, let
g € C[0,1]. Then

stata, lim [Ti(g:) - g(t) | = 0 (3.14)
if and only if
stata, Zl_l)r(r:o (I%:(1;t) — 1||eo =0, (3.15)
stata, zllglo 1% (2t;t) — 2t||oc = 0 (3.16)

and

staty, lim ||T;(3t%;t) — 3t = 0. (3.17)
71— 00
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Proposition 3.2 The proof of Theorem 3.2 is similar to the proof of Theorem 3.1. We therefore, choose
to skip the details involved.

We provide below an illustrative example for the martingale sequence of positive linear operators that
does not meet the conditions of the DCN product mean of statistical convergence versions of Korovkin-
type approximation Theorem 3.1, and also the results of Jena and Paikray et al. ([7], [8]), and Srivastava
et al. [18], but it meets the conditions of statistical DCN product mean summability versions of our
Korovkin-type approximation Theorem 3.2. Thus, our non-trivial Theorem 3.2 is quite powerful than
the results asserted by Theorem 3.1, and so also the results of Jena and Paikray et al. (see [7] and [8]),
and Srivastava et al. [18].

We now recall the operator

o (o),

which was used by Al-Salam [1], and more recently, by Viskov and Srivastava [30] (see [17] and [27]).
Here, in our Example 3.1 below, we use this operator in conjunction with the Bernstein polynomials.

Example 3.1 Let us consider the Bernstein polynomials By (g;v) on C[0, 1] given by (see also [28])

Bi(g;v) = gg (;) (f) vVil—v)Ft (v eo,1]). (3.18)

Nezxt, we present the martingale sequences of positive linear operators on C[0,1] defined as follows:
Li(g;v) = 1+ Ve, F)Jv(1 +vD)Bi(g;v) (Vg € C[0,1]) (3.19)
with (Y, Fi) as already mentioned in the above Example 2.1.

Now, by using our proposed operators (3.19), we calculate the values of the functions 1, 2v and 312
as follows:

Li(1;v) = 1+ (Y, Fo) (1 +vD)1 = [1 4 (Yi, Fi)v,

£:(2viv) = [L+ (Vi F)v(1 + vD)2v = [L+ (Y, F)w(1 + 2v),

and

Li(3v%v) = [L+ (Y3, F)lv(1 +vD)3 {V2 + ’/(1Z_V)}

e {e (6- %)},

stata, lim ||£;(1;v) — 1|l = 0,
11— 00

so that, we have

stata, lim ||£;(2v;v) — 2v]0 =0
1—00
and
staty, lim [|£;(3v%;v) — 3% = 0.
1— 00

Consequently, the sequence (L;(g;v)) satisfies the conditions (3.15) to (3.17). Therefore, by Theorem
3.2, we have

stata, lm [[£5(g;v) = glloo = 0.

Here clearly, the given martingale sequence (Y;, ;) of functions in Example 2.1 is statistically DCN
product mean summable; however, not DCN product mean statistically convergent. Thus, the martingale
operators defined by (3.19) satisfy Theorem 3.2. However, these operators do not satisfy Theorem 3.1.
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4. Remarkable Conclusion and Observations

This final section of our investigation presents a number of additional remarks and observations about
the numerous findings that we have proved in this article.

Remark 4.1 Let (Yy,Fi;k € N) be a martingale sequence given in Example 2.1. Then, since
. 1
staty, lim Y; = — on [0, 1],
i—00 2
we have
stata, Tim [|£a(gji0) — ;)0 =0 (G=0,1,2). (41)
Thus, by Theorem 3.2, we can write
stata, lim [[£i(g5¢) = 9(t) [0 = O, (4.2)

where
go(t) =1, gqi(t) =2t and go(t) = 3t>.

Here, the martingale sequence (Yy,Fi; k € N) is neither statistically convergent nor it converges uniformly
in the traditional sense. Thus, the ordinary and statistical versions of Korovkin-type theorems certainly
do not work here under the operators defined by (3.19). However, our Theorem 3.2 still works. As a
result, this application shows that our Theorem 3.2 is a non-trivial generalization of the classical as well
as statistical versions of Korovkin-type theorems (see [6] and [11]).

Remark 4.2 Let (Y, Fy; k € N) be a martingale sequence as given in Example 2.1. Then, since
. 1
state, iligloyi =g on [0, 1],

so (4.1) holds true. Now, by applying (4.1) and Theorem 3.2, the condition (/.2) also holds true. However,
since the martingale sequence (Yi,Fr;k € N) is not statistically DCN product mean convergent, but it
1s statistically DCN product mean summable. Thus, Theorem 3.2 is certainly a non-trivial extension of
Theorem 3.1. Therefore, Theorem 3.2 is powerful than Theorem 3.1.

Remark 4.3 Inspired by a recently published article by Srivastava et al. [18] and [19], we draw the
attention of interested readers to the potential of establishing Korovkin-type approximation theorems over
Banach spaces using martingale sequences. Furthermore, in light of recent results by Paikray et al. [1]]
and Saini et al. [16], we encourage curious readers to explore further research in the area of fuzzy
approximation theorems.

Conflicts of Interest: The authors declare that they have no conflicts of interest.
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