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Automorphism groups of groups of order p?¢>
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ABSTRACT: In this paper, we have computed the automorphism groups of all groups of order p?¢? up to
isomorphism, where p and g are distinct primes.
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1. Introduction

A. S. Hadi, M. Ghorbani and F. N. Larki [5] classified the groups of order p?q® upto isomorphism,
where p and g are distinct primes. They showed that any group of order p2g? is either a direct product
of groups or a semidirect product of groups. Our aim in this paper is to find the automorphism group of
all groups of order p2q?, where p and ¢ are distinct primes.

Bidwell et. al. [1] proved that if H and K are finite groups with no common direct factors and
G = H x K, then the automorphism group Aut(G) of G can be expressed as the 2 x 2 matrices of maps
satisfying some conditions (see [1, Theorem 3.6, p. 487]). Also, Bidwell and Curran [2] proved that if H
and K are finite groups with a group homomorphism ¢ : K — Aut(H) and G = H x4 K is the semidirect
product of H and K, then the automorphism group Aut(G) of G is in one to one correspondence with
the group of 2 x 2 matrices of maps satisfying some conditions (see [2, Lemma 2.1, p. 489]). Recently, the
automorphism groups of all groups of order p?q are obtained by Campedel et. al. [3]. So, it motivates
us to study the automorphism groups of all groups of order p2¢>.

We will use the results mentioned in the previous paragraph in order to achieve our goal. In the
second section, we have recalled some results which will be useful for us in achieving our goal of this
paper. In the third section, we have listed all groups of order p?q? upto isomorphism, where p and ¢
are distinct primes. In the last section, we have found the structures of the automorphism groups of all
groups of order p?q? upto isomorphism and have listed them in the Tables 1 and 2.

Throughout the paper, we will identify the internal direct product G = HK (semidirect product
G = HK) with the external direct product G = H x K (semidirect product G = H x4 K, where the
group homomorphism ¢ : K — Aut(H) is defined by ¢(k)(h) = h* = k='hk, for all h € H and k € K).
The commutator of two elements z,y € G is defined as [z, y] = 'y~ zy and the conjugate of an element
x is defined as 2¥ = y~'zy. The cyclic group of order n, symmetric group on n symbols, alternating
group on n symbols and dihedral group of order 2n are denoted by Z,, S, A, and D,, respectively. The
quaternion group of order 8 is denoted by @s. The greatest integer function is denoted by [-].
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2. Preliminaries

In this section, we will recall some results about the automorphism group of direct product of groups
and semidirect product of groups.

Theorem 2.1 [1, Theorem 3.6, p. 487] Let G = H x K, where H and K have no common direct factor,

and let
A=1( N aecauml, B=1(Y 5| 5e Hom(k, z()\,
C= {G{ <§) 13 € Hom(H, Z(i))} . and D{ <O{ (12 g) EE Aut(K)} . }

Then A, B,C, D are subgroups of Aut(G) and Aut(G) = ABCD, where AD = A x D normalizes B
and C.

Note that in [2], for the group G = H x4 K, the group homomorphism ¢ : K — Aut(H) is given
by ¢(k)(h) = khk™! for all k € K and h € H. In this paper, we define the group homomorphism as
#(k)(h) = k~'hk for all k € K and h € H. Thus the following theorem is immediate from the Lemma
[2, Lemma 2.1, p. 489].

Theorem 2.2 [2, Lemma 2.1, p. 489] Let G = H x K be the semidirect product of groups H and K

and let
A— a f |aEMap(H,H), B € Map(K, H),
" \\y 0)'vyeHom(H,K), §€ Hom(K,K) [’

where the maps «, 8,7, satisfy the following properties for allh € H and k € K,
(i) a(hh') = a(h)a(n' )W),

1

(1) B(kK') = B(k)B(K')°F)
(itd) y(h*) = 5(h)°®),
(iv) a (h’fl) ﬂ(lc)”(’“ﬂ)_1 = B(k)a(R)** ™),
(v) for any W'K € G, where W' € H and k' € K, there is a unique hk € G such that a(h)B(k)Y™ ™" = b/
and y(h)o(k) = K.

Then there is a one to one correspondence between the automorphism group of G, Aut(G) and A given
/ !/

by 6 <> (: g) where O(h) = a(h)y(h) and (k) = B(k)5(k). Also, if 0' = (3 ?,) then

0o — a/aJrﬁ/,y"/(*a) a/BjLﬂ/(;V'(*ﬁ) (2 1)
Yo+ 'y Y8+ 480 ’ '

where the maps —a and —f3 are defined as (—a)(h) = a(h)™ and (—=B)(k) = B(k)~! for all h € H and
keK.

Corollary 2.1 /2, Corollary 2.2, p. 490] Let G = H x K be the semidirect product of H and K, where
K is abelian. Then

(i) v € Hom(H/[H, K], K),

(i0) Jor allh € H and k € K, a (B*) (k)™ = Bk)a(n)*®".
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Let K be abelian and
P ={(a,6) € Aut(H) x Aut(K) | a(h*) = a(n)°®) Vh € H,k € K},
S ={B € Map(K,H) | B(kK') = B(k)B(K')*" h¥ " B(k) = Bk)R* ", Vk,K € K}

and let the corresponding subsets of A be

o {(s 9 eoer} o {(} Do)

Theorem 2.3 Let G = H x K be the semidirect product of H and K, where H and K are abelian and
<3 ?) € A. Then, if Hom(H, K) is the trivial group, then A is a group and Aut(G) ~ A~ Q x R.

Proof 1 Let Hom(H, K) be the trivial group. Then for all (: ?) € A, we have v = 0. Now, using

the Equation (2.1), one can easily observe that A is a group and the binary operation reduces to

o BN\ [(a B\ _ (da &f
(5 %) 5)=(0 55)

Now, let (a 5) € A. Then we have

)
aﬁ_lB a 0
<o 5)‘(0 1) (o 5>€QR’

where B = B6~1. Also, for any ((1) f) €Q and (g g) € R, we have

a 0\ /1 B\ [a 0\ (1 a7'B5
(0 5) <0 1><0 5)(0 1 )GQ'
Thus, Q@ < A. Also, QN R = {1}. Therefore, A~ Q x R.

We will identify the automorphisms of the group G with the corresponding matrices in A.

3. Groups of order p?¢?, p and ¢ are distinct primes

In [5], the authors have classified the groups of order p?q?, where p and ¢ are distinct primes, as
follows.

Theorem 3.1 [5, Theorem 3.1, p. 91] Let G be a group of order p*q®>. Then G is isomorphic to one of
the following groups.

(i) If pg = 6, then G is isomorphic to

1. Zsg,

Zag X L3,

Ze X Zg,

Zaz X Ls,

Zg X D3 ~ S3 X Zg >~ Dg X Z3,
D3 x D3 ~ S35 x S3,

Dy X Zs,

Ay X Zs,

™ RS S o



9.
10.
11.
12.
13.
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Dss,

H x Z3 where H = (a,b| a* =% = 1,a7tba = b~ 1),

K X Zs, where K = {(a,b,c,| a®> = b? = ¢ = (abe)? = (ab)?® = (ac)? = 1),
{a,b,c|a®=b>=c*=a,b] =1,c tac = b,c 1bc = a™1),

{a,b,c|a? =b*=c%=a,b] = 1,c tac = b,c " Lbc = ab),

{a,b,c|a®=b>=c*=a,b] =1,clac=a"t ¢ the = b1),

(ii) If pq # 6, then G is isomorphic to

15.
16.
17.
18.

19.
20.
21.

22.

23,
2.

25.

20.

27.

28.

29.

30.

31.

32.

33.

3.

Ly
Lg X g X L2,
ZLq
Lg X Lg X Ly X L,

{(a,b | a?’ =P’ = 1,a7tba = b", 77 =1 (mod p?)), where q divides p — 1,
(a,b] a?’ =P = 1,a 'ha = b’",rqz =1 (mod p?)), where ¢ divides p — 1,

2 Xsz,

2XZp><Zp,

(a,b,c|at =b1 = =1,[a,b] = [b,c] = 1,a " ca = ¢",77 = 1 (mod p?)), where q divides
p—= 17

(a,b,c| a?’ =P = cP = [b,c] = 1,a7ba = b",a tca = ¢", 79 = 1 (mod p)), where q divides
p— ]-7

{a,b,c|a*=b" =cP =a,b] = [b,c] = 1,a tca = c71),

(a,byc|a? =W =cP =[a,b] = [b,c] = 1,a  ca = ¢",rT = 1 (mod p)), where q # 2 divides

-1

{(a,b,c | a?’ =P =P = [b,c] = 1,atba = b",a"tca = ¢~ ,r9 =1 (mod p)), where q # 2
divides p — 1,

(a,b,c | a®’ = b = P = [b,c] = 1,a"tba = b",a tca = c’"71,7"‘12 = 1 (mod p)), where ¢*
divides p — 1,
(a,b,c| a?’ =P = P = [b,c] = 1,a tba = b’"_l,aflca =", r9 =1 (mod p)), where q # 2

divides p—1 and n € {2,3,- - ,q51}’

n

(a,b,c | a?’ =P =P = [b,c] =1,a 1 ba = b",a tca = c" ,rq2 =1 (mod p)), where ¢ divides
p—1 and2§n§qu_l ori:mq(mz%l),

{(a,b,c | a?’ =P = P = [b,c] =1,a tba = b",a " tca = c’”,rq2 =1 (mod p)), where ¢* divides
p—= ]-7

p2-1

(a,b,c| a?’ =P =P = [b,c] =1,a  ba = b™c"P,a" ca = b"c™), where m +nvVD =0 7,
o is a primitive root of Galois Field GF(p?), m,n,D € GF(p), n # 0, D is not a perfect
square and q divides p + 1,

(a,bc|a*=b" =c? =[b,c] =1,a 'ba = b™c"P a~'ca = b"c™), where m+ny/D = Ug, o

is a primitive root of Galois Field GF(p?), a, 3,D € GF(p), B # 0, D is not a perfect square
and p =3 (mod 4),

p2—1
(a,b,c| a?’ =P =P = [b,c] =1,a ba = b"c*P, 0" tea = b*c™), where m +nvVD =0 @,
o is a primitive root of Galois Field GF(p?), m,n,D € GF(p), B # 0, D is not a perfect
square and ¢*> divides p + 1,
{a,b,c,d | a? =b1 = P = dP = [a,c] = [a,d] = [a,b] = [c,d] = 1,b7Leb = ¢, b~ db = d",r9 =
1 (mod p)), where q divides p — 1,
{a,b,c,d| a? =b>=cP =dP = [a,b] = [a,c] = [a,d] = [b,d] = [c,d] = 1,b" cb = c71),
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35. {a,b,c,d | a? = b1 =P = dP = [a,b] = [a,d] = [b,c] = [¢,d] = 1,a tea = ", b db = d",r? =
1 (mod p)), where q divides p — 1,

36. {a,b,c,d | a? = b4 = P = dP = [a,b] = [a,d] = [a,c] = [c,d] = 1,b7 cb = c*d"P b~ 1db =
c’d™), where u+vvD = 0%, o is a primitive root of Galois Field GF (p?), u,v, D € GF(p),
v#0, D is not a perfect square, q divides p+ 1 and p £ 1 (mod q).

4. Automorohism Groups of Groups of order p?¢?

In this section, we will compute the automorphism groups of the groups mentioned in the Theorem
3.1. Using GAP [4], we have found the automorphism groups for the case pg = 6, which are listed in the
Table 1 in the last section.

Now, we will compute the automorphism group Aut(G) of all groups of order p?¢® upto isomorphism
in the Theorem 3.1 such that pg # 6. Note that, in the following cases, for G = H x K or G = H x K,
we will take H to be isomorphic to either Z, x Z, or Z,> and K to be isomorphic to either Z, x Z, or
Zg2. Since p and q are distinct primes, Hom(H, K ), Hom(K, H) and Hom(H/[H, K], K) are all trivial.
Therefore, in this case, the map v = 0 always.

Type 15.
Let G ~ sz XZqz. Then G ~ Z,2

p2q2, as p and g are distinct primes. Thus, Aut(G) ~ Zyp—1) X Zg(g—1)-

Type 16.

Let G ~ Zg X Zg X L. Let H ~ Zg x Zq and K ~ Z,2. Then A ~ Aut(H) ~ GL(2,q) and
D ~ Aut(K') ~ Zy(,—1). Hence, using the Theorem 2.1, Aut(G) ~ A x D ~ GL(2,q) X Zpp—1)-

Type 17.
Let G ~ Zg> X Zyp X Zy. Then, using the Theorem 2.1, Aut(G) ~ Zgyq—1) x GL(2,p).

Type 18.

Let G ~ Zg X Zq X Zip X Ly. Let H ~ Zy X Zq and K ~ Z, X Z,. Then using the similar argument
as in 4, we get A ~ Aut(H) ~ GL(2,q) and D ~ Aut(K) ~ GL(2,p). Hence, Aut(G) ~ A x D ~
GL(2,q) x GL(2.p).

Type 19.

Let K = (a|a? =1) ~ Zg2, H= (b | b =1) ~ Zy2 and ¢ : K — Aut(H) be the homomorphism
defined by ¢(a)(b) = a='ba = b", where r? = 1 (mod p?). Then G ~ H x4 K. Now, let (a,d) € P.
Then a(b) = b" and §(a) = a’, where 1 < i < p* —1,ged(i,p) = 1 and 1 < j < ¢ — 1,gcd(j,q) = 1.
Since (a,0) € P, a(d®) = a(b)’@. Now, 0" = ab") = a(®*) = a(®)’® = )* = b"’. Thus,
ri = ird (mod p?), which implies that r7= = 1 (mod p?). Therefore, j = 1 (mod q) and so, Aut(K) ~ Z,.
Therefore, R ~ Zy X Zy,—1)-

Now, let 8 € S be defined by #(a~') = b*, where 0 < A < p? — 1. Then B(a~2) = B(a~H)B(a"1)* =

2 -1 Tl—l
MM = AAF7) Inductively, we get, B(a~!) = PAAFTHH T — PSS for any 0 <1< g2 — 1. In
particular, 3(a?) = ﬂ(aqz) = 1. Thus, S ~ Q ~ Z,2. Hence, using the Theorem 2.3, Aut(G) ~ Q x R ~
sz X (Zp(pfl) X Zq).
Type 20.

Let K = (a|a? =1) ~ Lz, H= (b | bo=1) ~ Zyp2 and ¢ : K — Aut(H) be the homomorphism
defined by ¢(a)(b) = a~'ba = b", where r” = 1 (mod p*). Then G ~ H X K. Using the similar
argument as in the Type 19, we get R ~ Z,,_1) and Q ~ Z,>. Hence, using the Theorem 2.3, Aut(G) ~
Q X R~ sz X Zp(p—l)-
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Type 21.

Let H=(c|c? =1) ~ L2, K = (a,b | a? = b? = [a,b] = 1) ~ Zgq x Zq and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(c) = a tca = c", ¢(b)(c) = b~ teb = ¢, where r? = 1 (mod p?). Then
G ~ H x4 K. Now, let (a,6) € P. Then o € Aut(H) is defined by a(c) = ¢® and 6 € Aut(K) ~ GL(2,q)

is given by § = l) such that 6(a) = a'd’/,6(b) = a'd*, where 1 < s < p? — 1,gcd(s,p) = 1,

k
0<i,7,0,k <q—1and ik # jl (mod q). Since (a,8) € P, a(c®) = a(c)®@ and a(c?) = a(c)®®).

Now, ¢ = a(c®) = a(c)’@ = (¢5)®'? = ¢*"'. Then rs = sr' (mod p?) which implies that ri-1 =
1 (mod p?). So,i =1 (mod q). Also, ¢* = a(c?) = a(c)’® = (cs)albk = ¢ Thensrl = s (mod p?) which
implies that 7' = 1 (mod p?). Therefore, I =0 (mod q). Thus P ~ R ~ Zy,—1) X (Zq X Zq—1). Let B € S
be defined by B(a™1) = ¢* and B(b~!) = ¢?, where 0 < \,p < p? — 1. Now, B(a~2) = B(a™1)B(a™1)? =

1 -

AMeM)® = A0+ Inductively, we get for 0 < 1 < ¢ — 1, fla™!) = Attt ™h Ay
particular, $(a?) = c’\TTzzl = 1. Also, B(b=2) = ¢ 2/ and B(b79) = c?. Since B(b"7) =1, qp =
0 (mod p?) which implies that p = 0. Thus, we have B(a~!) = ¢* and B(b™1) = 1, where 0 < A\ < p? — 1
and so, S ~ @ ~ Z,>. Hence, using the Theorem 2.3, Aut(G) ~ Q % R ~ Zyp> X (Zpp—1) X (Lq X Lg_1)).

Type 22.

Let H = (byc | b =P =1,bc = cb) ~ Zp, X Zp, K = (a |
¢ : K — Aut(H) be defined as ¢,-(a)(b) = a 1ba =", ¢r(a)(c
Then G ~ H x4, K. Now, let (o,0) € P. Then § € Aut(K

) is
GL(2,p) is given by o = (; li:) such that a(b) = b'c?, a(c) =

0<i,4,l,k <p—1and ik # jl (mod p). Since, (o, 8) € P, a(b*) = a(b)®® and a(c?) = a(c)®@,
Now, "¢/ = a(d") = a(d*) = a(0)®@ = (b)) = b ™. Then ir = ir® (mod p) and jr =
§r® (mod p) which implies that r*~* = 1 (mod p) and so, s = 1 (mod q). Also, using a(c®) = a(c)®@,

]i) and §(a) = a®, where s =1 (mod q), 0 < 4,5,k <p-—1

and ik # jl (mod p). Thus P ~ R ~ GL(2,p) x Z,. Now, let 3 € S be defined by 8(a~!) = b*c?, where
0<Ap<p—1 Then (a2 = (47 ep(47) and B(a=9) = PAAFTFrZ b dr®Th) p(Lrr? ™)
b’\rq—_1 =1 = ﬂ(aqz). Thus B(a™t) = b*c?, where 0 < X\,p < p—1and so, S ~ Q ~ Z, X Z,,.
Hence, using the Theorem 2.3, Aut(G) =~ (Z, X Z;,) x (GL(2,p) x Zq).

a? = > ~ Zg4> and the homomorphism
) =a"tca = c", where r? = 1 (mod p?).
de ﬁned by d(a) = a® and o € Aut(H) ~
ble

k. where 1 < s < ¢? —1,gcd(s,q) = 1,

we get s =1 (mod q). So, we get o = (;

Type 23.

Let H = (byc | P = P = 1,bc = cb) ~ Z, X Zyp, K = {(a | a* = > ~ Z, and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(b) = a tba = b, d(a )( ) = ca = c7'. Then G ~ H x4 K.
Now, let («,0) € P. Then 6 € Aut(K) is defined by d(a) = a® and a € Aut(H) ~ GL(2,p) is given by

a= (; ]i) such that a(b) = b'c?, a(c) = b'ck, where s € {1,3}, 0 < i,4,1,k < p—1 and ik # jl (mod p).

Since, (a,d) € P, a(b?) = a(b)*(®) and a( ) = a(c)’@,

Now, bic! = a(b) = a(b®) = a(b)®@ = (b'c))* = b'c™7. Then j = —j (mod p) which implies that
j = 0. Also, b=le™* = a(c™t) = a(c® ) = a(c)?@ = (b'ck)* = ble*. Then —I = I (mod p) which
implies that [ = 0. Thus, a = <6 2) and 0(a) = a®, where 1 < 4,k < p—1and s € {1,3} and
$0, R =~ (Zy—1 X Zp_1) X Zs. Now, let 3 € S be defined by B(a™t) = b*c?, where 0 < \,p < p — 1.
Then B(a=2) = b?*, B(a=3) = b3*¢? and 1 = B(a=*) = b**. Thus 4\ = 0 (mod p) which implies that
A =0 and so, B(a™') = ¢”, where 0 < p < p—1 and so, Q ~ Z,. Hence, using the Theorem 2.3,
AUt(G) ~ Zp X ((Zp—l X Zp—l) X ZQ)
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Type 24.

Let H = (byc | b =P =1,bc = cb) ~ Zp, X Zp, K = (a | a?’ = 1) ~ Z4 and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(b) = a~tba = b, ¢(a)(c) = a~'ca = ", where r? = 1 (mod p). Then
G ~ H x4 K. Now, let (o,0) € P. Then ¢ € Aut(K) is defined by 6(a) = a® and o € Aut(H) ~ GL(2,p)

is given by a = (; ]i) such that a(b) = b'c/,a(c) = blc¥, where 1 < s < ¢® — 1,gcd(s,q) = 1,

0<i,7,l,k <p—1and ik # jl (mod p). Since, (a,) € P, a(b®) = a(b)*® and a(c®) = a(c)?®.

Now, bic! = a(b) = a(b®) = a(b)%(@ = (b'¢/)*" = b'c?™". Then j = jr* (mod p). Since, ged(s,q) = 1,
r® # 1 (mod p). Therefore, j = 0. Also, b"'c™ = a(c") = a(c?) = a(c)’@ = (b'cF)*" = bk, Then,
rl =1 (mod p) and rk = kr® (mod p) which implies that { = 0 and (r*~* — 1)k = 0 (mod p). So, k # 0,
1 0
0 k
and d(a) = a®, where s =1 (mod ¢) and 1 < i,k < p—1 and so, R =~ (Z,—1 X Zp_1) X Zq. Now, let
B € S be defined by f(a~!) = b*c?, where 0 < X\,p < p — 1. Then B(a=2) = b**¢?1+7) and for any
0<1<¢ 1,8l = b”‘cp%. In particular, 1 = B(af‘f) = b9°*. Thus ¢*\ = 0 (mod p) which
implies that A = 0. Therefore, (a™') = ¢?, where 0 < p < p — 1 and so, Q ~ Z,. Hence, using the
Theorem 2.3, Aut(G) ~ Zy X ((Zp—1 X Zp—1) X Zg).

otherwise a ¢ GL(2,p). Therefore, 7~ =1 (mod p) and so, s = 1 (mod q). Thus, we have o =

Type 25.

Let H = (b,c | b’ =P = 1,bc = ¢b) ~ Zy, X Zp, K = (a | al’ =1) ~ Zg2 and the homomorphism
¢+ K — Aut(H) be defined as ¢,-1(a)(b) = a tba = b",¢,-1(a)(c) = a"lca = ¢, where
r? = 1 (mod p). Then G ~ H x4 , K. Now, let (a,0) € P. Then ¢ € Aut(K) is defined by

5(a) = a® and a € Aut(H) ~ GL(2,p) is given by a = (; ]i) such that a(b) = bic/, a(c) = blcF, where

1<s<q*—1,ged(s,q) =1,0<4i,4,l,k <p—1and ik # jl (mod p). Since, (o, ) € P, a(b*) = a(b)®@
and a(c?) = a(c)’@,

A —1
Now, b™c"™ = «a(b

—s

—1
and bl kT

S

) = () = (b)) = () = 5o —a(e™) = ale?) =
a(c)¥@ = Bk = b P Then ri = ir® (mod p), rj = jr—* (mod p), Ir~' = Ir* (mod p) and
kr=t = kr=% (mod p). Slnce both 4,7 can not vanish together. We have two cases, namely either
i Z 0 (mod p) or j 0 (mod p). Also, we will observe that both ¢ and j can not be non-zero at the same
time.

First, let i # 0 (mod p). Then 7°~' = 1 (mod p) which implies that s = 1 (mod q). Also, using

—S

rj = jr=* (mod p), we get (r> —1)j =0 (mod p) which implies that j = 0 as r> £ 1 (mod p). Similarly,
1 =0. So, in this case a = (é 2) and 0(a) = a®, where s =1 (mod ¢q) and 1 < i,k < p— 1. Now, let

j # 0 (mod p). Then r**1 =1 (mod p) which implies that s = —1 (mod q). Also, using ri = ir® (mod p),
we get (1?2 — 1)i = 0 (mod p) which implies that i = 0 as 72 # 1 (mod p). Similarly, kK = 0. So, in this

case o = (0 é and §(a) = a®, where s = —1 (mod ¢) and 1 < i,k < p — 1. From both the cases,

we have R ~ <( ) ) ,((? 6) ,5_s)> ~ ((Zp—1 X Zp—1) X Zq) X Zy, where d5(a) = a® and
s ==+1 (mod p).
Now, let 3 € S be defined by B(a~!) = b*¢?, where 0 < \,p < p— 1. Then B(a~2) = b1+ (1477

—1

Sl - ra? 1 —a
and for any 0 < [ < ¢®> — 1, B(a”!) = i particular, ﬁ(a_qz) =TT T = 1
Thus B(a™1) = b*c?, where 0 < \,p < p—1 and so, Q ~ Z, x Z,. Hence, using the Theorem 2.3,
Aut(G) =~ (Zp X Zp) X (Zp—1 X Zp—1) X Lg) % La).

Type 26.

Let H = (b,c| P =cP =1,bc =cb) ~ Zp,xXZLp, K = (a| a? = 1) o~ Z,> and the homomorphism ¢, -1 :
K — Aut(H) be defined as ¢,—1(a)(b) = a='ba = b", ¢,-1(a)(c) = a"*ca = ¢" ", where r¢’ = 1 (mod p).
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Then G ~ H x4 , K. Using the similar argument as in the Type (25), we get R >~ (Zp—1 X Zy—1) X Z2
and Q ~ Z, x Z,. Hence, using the Theorem 2.3, Aut(G) ~ (Zp, x Zp) ¥ (Zp—1 X Zp—1) X ZLs3).

Type 27.

Let H=(b,c|b =c’ =1,be=cb) ~Z,XZ,, K = {a] a? =1) ~ Z4> and the homomorphism ¢
K — Aut(H) be defined as ¢, (a)(b) = a~'ba = b", ¢ (a)(c) = a 'ca = ¢, where 79 = 1 (mod p)
and n € {2,3,--- ,q%l}. Then G ~ H x4, K. Now, let (o,0) € P. Then 6 € Aut(K) is defined by

0(a) =a® and a € Aut(H) ~ GL(2,p) is given by a = (; ;ﬂ) such that a(b) = bc?, a(c) = blc¥, where

1<s<q*—1,gcd(s,q) =1,0<i,4,l,k <p—1and ik # jl (mod p). Since, (o, ) € P, a(b*) = a(b)®@
and a(c) = afc)?(@.

Now, b"c¢™ = a(d") = a(b®) = a(d)’@ = (') = b ™ and B F" = a(c™) = alc?) =
a(c)¥(@) = (bcF)e” = b7 k™ Then ri = ir® (mod p), rj = jr™ (mod p), Ir™ = Ir® (mod p) and kr™ =
kr™ (mod p). Since both 4, j can not vanish together. We have two cases, namely either i Z 0 (mod p
or j # 0 (mod p). Also, we will observe that both ¢ and j can not be non-zero at the same time.

First, let i # 0 (mod p). Then 7°*~' = 1 (mod p) which implies that s = 1 (mod q). Also, using
rj = jr" (mod p), we get (r"~t —1)j =0 (mod p). If j # 0 (mod p), then r"~! =1 (mod p) and so,

n =1 (mod ¢q) which is a contradiction. Therefore, j = 0. Similarly, I = 0. So, in this case a = (Z 0

0 k
and d(a) = a®, where s =1 (mod ¢) and 1 < i,k <p—1.

Now, assume that j # 0 (mod p). Then r™*~! =1 (mod p) which implies that ns = 1 (mod q). Using
kr™ = kr™ (mod p), we get k =0 (mod p). Now, using ir™ = Ir® (mod p), ™’ = [pns (mod p) which
implies that [ = 0 (mod p), otherwise n> = 1 (mod ¢) which is a contradiction. But, then o ¢ GL(2,p).
Therefore, the case j # 0 (mod p) is not possible. Thus, we have R ~ (Z,_1 X Zp_1) X Zq. Now, let
B € S be defined by ﬂ( _1) = b c?, where 0 < A\,p < p— 1. Then for any /(0 < I < ¢® — 1), we

have B(a~!) = bA S Clearly, 8(a4 ) =1 and so, Q ~ Z, x Z,. Hence, using the Theorem 2.3,
Aut(Q) ~ (Zy x Zyp) % ((Zp_l X Lp—1) X Lyg).

Type 28.
Let H = (byc |’ =P = 1,bc = ¢b) ~ Zp, X Zp, K = (a | a?’ =1)~Zgp and the homomorphlsm
¢pn : K — Aut(H) be deﬁned as ¢pn(a)(b) = a=tba = b, ¢pn(a)(c) = ca = ¢, where 19 =
1 (mod p) (m > qu1) Then G ~ H %, ,, K. Usmg the similar argument

as in the Type (27), we get R ~ Zp 1 X Zp—1 and @ =~ Z, X Z,. Hence, using the Theorem 2.3,
AUt(G) ~ (Zp X Zp) X (Zp,1 X Zp71)~

Type 29.

Let H = (b,c | b = P = 1,bc = ¢b) ~ Z, X Zp, K = (a | a? =1) ~ Zg> and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(b) = a=tba = b", ¢(a)(c) = a~tca = ", where re’ =1 (mod p)
and n € {2,3,--,%1}. Then G ~ H x4 K. Now, let (a,8) € P. Then § € Aut(K) is defined by
0(a) = a® and o € Aut(H) ~ GL(2,p) is given by o = (; ]i) such that a(b) = bic/, a(c) = b'cF, where
1<s<q*—1,ged(s,q) =1,0<4i,4,0,k <p—1and ik # jl (mod p). Since, (o, ) € P, a(b*) = a(b)®@
and a(c?) = a(c)@.

Now, b"¢"™7 = a(b") = a(b*) = a(b)’@ = ( ') =" eI and bR = a(c) = a(c?) = alc)?@) =
(b'cF)e™ =Bl e Then ri = ir® (mod p), rj = jr* (mod p), Ir = Ir® (mod p) and kr = kr® (mod p).
Since all 4, 7,1,k can not vanish together, take i 0 (mod p). Then we get, "1 = 1 (mod p) which
implies that s = 1 (mod ¢*). Therefore, a = (; l> and §(a) = a, where 0 < 4,5,l,k < p—1 and

k
ik # jl (mod p). Thus R ~ GL(2,p).
Now, let 3 € S be defined by B(a~!) = b*c?, where 0 < A\, p < p — 1. Then for any 1(0 < < ¢ — 1),

S S .
we have B(a~!) = P P Clearly, B(aqz) =1 and so, Q ~ Z, x Z,. Hence, using the Theorem 2.3,
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Aut(G) ~ (Z, X Zp) X GL(2,p).
Type 30.

Let H=(bc|bP =c®=1bc=ch)~Z,xZy K={a]al =1)~ Zg2 and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(b) = a'ba = b™c*P, ¢(a)(c) = a~'ca = b"c™, where m + ny/D =

p2-1

o 7 , 0 is a primitive root of Galois Field GF(p?), m,n, D € GF(p), n # 0, D is not a perfect square
and ¢ divides p+ 1. Then G ~ H x4 K. Now, let (,0) € P. Then § € Aut(K) is defined by

0(a) = a® and « € Aut(H) ~ GL(2,p) is given by o = (; ]i) such that a(b) = bic?, a(c) = b'cF, where

1<s<q*—1,ged(s,q) =1,0<4i,4,l,k <p—1and ik # jl (mod p). Since, (o, ) € P, a(b*) = a(b)®@
and a(c?) = a(c)@.

NOW, bmz’+lnDij+knD _ (X(menD) _ a(ba) _ a(b)é(a) _ (bicj)as _ bz’M-{—jNCiDN—i-jM’ and
bin+lmcjn+km _ a(bncm) _ Oé(Ca) _ a(c)§(a) _ (blck)as _ blM+kNClDN+kM, where
M= ZZ]O $Cym*~#n? D! and N = ZE]O $Cop41m* ™22 F1 D Then

mi +InD = iM + jN (mod p) (4.1)
jm~+knD =iDN + jM (mod p) (4.2)
in+Iim =M+ kN (mod p) (4.3)
jn+km =IDN + kM (mod p). (4.4)

Note that (m +nvD)* = M ++/DN and so, M = (m +nv/D)® — vVDN. Substituting the value of M
in the Congruence relations (4.1)-(4.4), we get

mi + InD = i(m +nVD)* + N(j —iV'D) (mod p) (4.5)

jm +knD = j(m 4+ nVD)* — NVD(j —ivVD) (mod p) (4.6)

in +Im = l(m 4+ nvVD)* + N(k — IVD) (mod p) (4.7)

jn + km = k(m +nVD)* — NVD(k — IVD) (mod p). (4.8)

Now, applying (4.6) +v/D(4.5), and (4.8) + v/ D(4.7) we get,

m(j +iVD) +nD(k + VD) = (j + ivVD)(m + nvVD)® (mod p) (4.9)
n(j 4+ ivVD) + m(k + VD) = (k+ IVD)(m +nvVD)® (mod p). (4.10)
Applying (j +ivD) x (4.10) — (k + Iv/D) x (4.9), we get
0=n((j +iVD)? = D(k +IvVD)?)(m +nvD)® (mod p) (4.11)
= (52 + Di* — Dk?* — D?1%) + V'D(2ij — 2kID) (mod p). (4.12)

This implies that j2 + Di? — Dk? — D212 = 0 (mod p) and 2ij — 2kiD = 0 (mod p). So, letting k = ri,
j = riD for some r € GF(p), we get r212D?*+Di?—Dr?i>—D?1?> = 0 (mod p). Then, (r?—1)(I?D?*-Di?) =
0 (mod p). Note that, 1>D? — Di?> = —D(i + Iv/D)(i — Iv/D). So, if ?D? — Di?> = 0 (mod p), then either
i+1v/D =0 (mod p) or i — /D =0 (mod p), but this is not possible. So, 72 =1 (mod p) which implies
r = +1 (mod p). Therefore, k = +i, j = £ID.

Now, applying m x (4.10) — n x (4.9), we get

(k + 1VD)(m? — Dn?) = (m + nVD)*(m(k 4+ VD) — n(j + iV'D) (mod p).

Then, (+i + 1v/D)(m? — Dn?) = (m + nv/D)*(m(%i 4+ Iv/D) — n(£lD + iv/D)) (mod p) which implies
m +nvVD = (m + nvD)® (mod p). Since, m £ nvD € (m +nvD), m®> — Dn? € (m + nvD). But,
one can easily observe that 1 € (m + nyv/D) is the only element without involving v/D, as n # 0.
So, m*> — Dn? = 1 and (m +nvD)™' = m — nyv/D. Thus, (m + nvVD)* = (m + nvD)*' (mod p)
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+ID =+i
= st mod o, R ( (g 1)0.) o ((Lg L) 0m0)) = Bonoaap s whore o) =

and s = 1 (mod p).

Now. let 3 € S be defined by B(a~!) = b c?, where 0 < X\, p < p— 1. Then for any 0 <1 < ¢® — 1,
we get

and so, s = +1 (mod q). Hence, a = and d6(a) = a®, where 1 < [,j < p—1 and

-1 AX Y pXi+ADY;
,B(CL ):b vtpYy p X+ 0

where

(] -1 (4] -1
Xl _ Z n2uDu E vC2umv—2u and Y2 _ Z n2u—1Du—1 § v02u71mv—2u+1.
u=0 u=1

v=2u v=2u—1

Now, 1 = B(a=7) = b2 Y2 pX24ADYe2 - Then AX 2 4 pY,e = 0 (mod p) and pXp2 + ADY,2 =
0 (mod p). Therefore, (p> — DA?)(Y,2) = 0 (mod p) which implies that Y,2 = 0 (mod p). Similarly,
X2 =0 (mod p) and so, B(a‘qz) = 1. Thus Q ~ Z, X Z,. Hence, using the Theorem 2.3, Aut(G) ~
(Zp x Zp) ¥ ((Zp2—1 X Zg) X ZLs3).

Type 31.

Let H = (b,c | b? = ¢? = 1,bc = cb) ~ Z, X Zp, K = {(a | a* = 1) ~ Z4 and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(b) = a~'ba = b™c"P, ¢(a)(c) = a~'ca = b"c™, where m +ny/D =
a#, o is a primitive root of Galois Field GF(p?), m,n,D € GF(p), n # 0, D is not a perfect square
and p = 3 (mod 4). Then G ~ H x4 K. Note that, (m +nvD)? = —1 (mod p) which implies that
m2 +n2D + 2mnvVD = —1 (mod p). Therefore, m? + n?D = —1 and 2mn = 0. Since n # 0, m = 0 and
n?D = —1. Thus, b* = c"P and ¢* = b". Now, let (o, §) € P. Then § € Aut(K) is defined by d(a) = a*

and o € Aut(H) ~ GL(2,p) is given by a = <; Ii:) such that a(b) = b'c’, a(c) = b'cF, where s € {1, 3},

0<i,7,0,k <p—1and ik # jl (mod p). Since, (a,) € P, a(b®) = a(b)*® and a(c*) = a(c)’®.

Now, a(d®) = a(c?) = PP and a(c®) = o) = b, ab)@ = (bid)e =

jn inD : _ . kn InD : —

ijicme h{z _ ; and a(c)’(®) = (beh)* = l;fkicfan ii _ :1,) .

If s=1, then j =I[D and k = ¢, and if s = 3, then j = —ID and k = —i. Thus, by the similar
argument in the Type (30), we get R ~ Z,2_1 % Zy and Q ~ Z, x Z,. Hence, using the Theorem 2.3,
Aut(G) ~ (Zp X Lp) X (Lp2_1 X Za).

Type 32.

Let H = (b,c | b =P = 1,bc = ¢b) ~ Z, X Zp, K = (a | a?’ = 1) ~ Z42 and the homomorphism
¢ : K — Aut(H) be defined as ¢(a)(b) = a'ba = b™c*P, ¢(a)(c) = a~ ca = b"c™, where m + ny/D =
2

p“—1

o < , o is a primitive root of Galois field GF(p?), m,n, D € GF(p), n # 0, D is not a perfect square
and p = 3 (mod 4). Then G ~ H x4 K. Using the similar argument as in the Type (31), we get
R~ 721 xZy and Q ~ Z,, x Zy. Hence, using the Theorem 2.3, Aut(G) ~ (Zy X Zp) X (Zp2_1 % ZLs3).

Type 33.

Let H = (¢,d | ¢» =dP = 1,¢ed = dc) ~ Zp X Zp, K = {a,b | a? = b7 = 1,ab = ba) ~ Z, X Z,
and the homomorphism ¢ : K — Aut(H) be defined as ¢(a)(c) = a~tea = ¢, ¢(a)(d) = a~tda =
d,p(b)(c) = b~teb = ", p(b)(d) = b~ db = d", where 77 = 1 (mod p). Then G ~ H x4 K. Now, let

(a,0) € P. Then a € Aut(H) ~ GL(2,p) is given by a = (; ]i) and § € Aut(K) ~ GL(2,q) is given

by § = (ZL i) such that a(c) = c'd’, a(d) = c'd*,6(a) = a™b™, 5(b) = a®bt, where 0 < i,j, 1,k <p—1
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and ik # jl (mod p), and 0 < m,n, s,t < g —1 and mt # ns (mod q). Since, (o, ) € P, a(c®) = a(c)®@,
a(d*) = a(d)‘s(“) a(c®) = a(c)®® and a(d?) = a(d)’®.

Now, ¢d’ = afc) = a(c®) = a(c)®@ = (dd/)*"" = """, dd¥ = a(d) = a(d®) = a(d)*@ =
( ldk)a b lr dkr"’ Cirdjr _ a(cT) _ a(cb) _ a(c)6(b) _ (cidj)asbt _ Cirtdjrt and clrdkr _ O[(dr) _
a(db) = a(d)5(b) = (cldk)at" = '@k Then i = ir™ (mod p), j = jr™ (mod p), | = Ir™ (mod p),
k= kr™ (mod p), ir = ir' (mod p), jr = jr* (mod p), Ir = Ir* (mod p) and kr = kr* (mod p). Since all
i,j, k,l can not vanish together, let i # 0. Then ™ = 1 (mod p) and 7' = r (mod p) which implies that

n =0 (mod q) and t = 1 (mod q). Thus,a—(j. Ilc) and § = 1701 i),whereogi,j,k,lgpl,

ik # jl (mod p), 1 <m <g—1and 0 <s<qg— 1. Therefore, R ~ GL(2,p) X (Zy X Zy_1).
Now, let B € S be defined by B(a™!) = A" and B(b™1) = c’d”, where 0 < A\, j,p,v < p — 1.
Now for any 0 < u < ¢ — 1, we have B(a™%) = " d* and B(b™") = AT @71, Then clearly,
~a_ _
B(a=9) = cd™ and B(b~7) = AT @MT = 1. Sinee B(a~9) = 1, both g\, gqu = 0 (mod p) which
implies that A\, = 0 (mod p). Thus, B(a~!) =1 and B(b~') = ¢?d”, where 0 < p,v < p — 1 and so,
Q ~ Z, x Z,. Hence, using the Theorem 2.3, Aut(G) ~ (Z, x Z,) x (GL(2,p) X (Zq X Zy—1)).

Type 34.

Let H = (¢,d | c? =dP = 1,ed = dc) ~ Zp x Zp, K = (a,b | a® —b2—1ab—ba>:Z2xZ2
and the homomorphism ¢ : K — Aut(H) be defined as ¢(a )( ) = atea = ¢, ¢(a)(d) = a"tda =
d,p(b)(c) = b~teb = ¢, p(b)(d) = b~'db = d. Then G ~ H x, K. Now, let (a,d) € P. Then
a € Aut(H) ~ GL(2,p) is given by a = (; Ii:) and 0 € Aut(K) ~ GL(2,q) is given by § = <ZL j)
such that a(c) = c'd’, a(d) = dd*,5(a) = a™b",6(b) = a®bt, where 0 < i,75,k,1 < p—1, ik # jl (mod p),
0 < myn,s,t <1 and mt # ns (mod 2). Since, (a,8) € P, a(c®) = a(c)®@, a(d®) = a(d)®@,
a(cb) = a( ) 5 and a(d®) = a(d)’®).

Now, cd’ = a(c) = a(c®) = a(c)®@ = (cd?)® AN ddP = a(d) = a(d) = a(d)@
(dF)a™t" = H=D"gk =g = alel) = a(?) = a(c)’® = (cidj)asbt = (=D'@i and dF = a(d)

myn

a(db) = (d)5(b) = (c ld’f)'fbt = CD'gk Then i = i(=1)" (mod p), | = I(=1)" (mod p), —i =
i(=1)* (mod p), —j = j (mod p), I = 1(—1)" (mod p). Clearly, j = 0. So, i # 0. Therefore, (—1)" =
1 (mod p) and (—1)! = —1 (mod p) which implies that n = 0 and ¢ = 1 and so, [ = 0 and m = 1. Thus,
a= <0 2) and 6 = <é 1) where 1 < i,k <p—1ands € {0,1}. Therefore, R ~ (Zp_1 X Zp—1) X Zs.

Now, let 8 € S be defined by B(a~!) = ¢*d* and B(b~1) = c?d”, where 0 < A\, ju, p,v < p — 1. Then
Bla=2) = 2 d?*. Since, B(a2) = 1, \,u = 0 (mod p). Also, S(b=2) = d?, and B(b2) = 1. So,
v =0 (mod p). Thus, B(a!) =1 and B(b~1) = ¢*, where 0 < p < p—1 and so, Q ~ Z,. Hence, using
the Theorem 2.3, Aut(G) ~ Zyp X ((Zp—1 X Lp—1) X ZL).

Type 35.

Let H={(c,d| c? =dl =1,cd =dc) ~Z, X Zp, K = (a,b| a? =b? =1,ab = ba) ~ Z, x Z, and the
homomorphism ¢ : K — Aut(H) be defined as ¢(a)(c) = a=tca = ", ¢(a)(d) = a~da = d, p(b)(c) =
b=teb = ¢, ¢(b)(d) = b~'db = d", where r? = 1 (mod p). Then G ~ H x4 K. Now, let (o, ) € P. Then
a € Aut(H) ~ GL(2,p) is given by a = <; Il<> and 0 € Aut(K) ~ GL(2,q) is given by § = <T: i)
such that a(c) = c'd?, a(d) = c'd*,(a) = a™b™,6(b) = a®b', where 0 < 4,5, k, 1 < p—1, ik Z jl (mod p),
0 < myn,s,t <1 and mt # ns (mod 2). Since, (a,8) € P, a(c®) = a(c)®@, a(d) = a(d)®@,
a(cb) = a( ) 50) and a(d®) = a(d)’®).

Now, ¢"d™ = a(c") = ac?) = a(c)’® = (dd/)* @ ddP = afd) = a(d®) = a(d)®@ =
(cldk)amb" _ Clrmdkr"7 cdi = Oé(C) _ Oé(Cb) — a(c)é(b) _ (Cidj)asbt _ cirsdjrt and gkt = a(dr) _
a(d) = a(d)’®) = (ddk)e?" = @k Then ri = ir™ (mod p), rj = jr" (mod p), | = Ir™ (mod p),
k= kr™ (mod p), i = ir® (mod p), j = jrt (mod p), Ir = Ir* (mod p) and kr = krt (mod p). Since i and
j both can not vanish together, we have two cases namely, ¢ # 0 and j # 0. Also, we will observe that
one of ¢ or j must be zero.

myn
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Ifi#0,then m=1,s=0,l=0. Since, ] =0, £k # 0 and so, n = 0 and ¢ = 1 which implies that

j = 0. Thus in this case, a = (8 2) and § = ((1) (1)> Now, if 7 # 0, then n =1, ¢ =0 and so, k = 0.

Since, k = 0, I # 0 and so, s = 1, m = 0 which implies that ¢ = 0. Thus in this case, a = <S é) and

5(? é).Therefore,Rfv(((é 2)((1) ?))((2 é)(? é)>>~(zp_1xzp_1)><zg.

Now, let 3 € S be defined by 3(a=') = c*d* and B(b~!) = ¢?d”, where 0 < \, i1, p,v < p— 1. Now for
r%—1 r%—1

any 0 < u < ¢ — 1, we have 8(a") = * 71 d** and B(b~*) = ¢*’d” "1 . Then clearly, f(a"9) = dI*
and B(b~7) = ¢?. Since B(a"%) =1 = B(b"9), gp,qu = 0 (mod p) which implies that p,u = 0 (mod p).
Thus, B(a™!) = ¢* and B(b~1) = d”, where 0 < A\, v < p—1 and so, Q ~ Z, x Z,. Hence, using the
Theorem 2.3, Aut(G) ~ (Zy, X Zp) x (Zp—1 X Zp—1) X ZLs).

Type 36.

Let H={c,d|c? =dP =1,ed =dc) 22y x Ly, K = (a,b| a? =07 = 1,ab = ba) ~ Z,; x Z, and the
homomorphism ¢ : K — Aut(H) be defined as ¢(a)(c) = a~tca = ¢, ¢(a)(d) = a=tda = d, ¢(b)(c) =

2 1

b=lch = c*d"P, ¢(b)(d) = b~'db = c'd", where u 4+ vvV/D = 0", o is a primitive root of Galois Field
GF(p?), u,v,D € GF(p), v # 0, D is not a perfect square, q divides p+ 1 and p # 1 (mod ¢). Then

G ~ H x4 K. Now, let (a,d) € P. Then a € Aut(H) ~ GL(2,p) is given by a = (; é) and 0 €

Aut(K) ~ GL(2,q) is given by § = (TZ i such that a(c) = c'd’, a(d) = c'd*, §(a) = a™b™,§(b) = a®b',
where 0 < 4,5, k,l <p—1, ik # jl (mod p), 0 < m,n,s,t <1 and mt # ns (mod q). Since, («,0) € P,
a(c®) = a(c)’ @, a(d®) = a(d)?’ @, a(c’) = a(c)®® and a(d?) = a(d)’®.

Now, c'd’ = alc) = a(c®) = a(c)’@ = ()" = MHINGEND+HM - gk — o(d) = a(d®) =
a(d)é(a) _ (Cldk)amb" _ clM-i—kNleD—ﬁ-kM’ cutvD Jjut+kvD _ O[(CudvD) — Oz(cb) _ a(c)é(b) — (Cidj)asbt _
ciX-l—ijiYD—i-jX’ and Civ+ludjv+ku _ a(cvdu) _ a(db) _ a(d)é(b) _ (Cldk)asbt — ClX—i—delYD—&-kX, where

(3] (3]
M _ § nc«2zun—2mv2;ﬂDm7 N _ § nc2m+1vn—2a;—lv2w+1Dx,
x=0 x=0

t

(5] (5]
X = Z tC2eut—2e,U2eDe’ and Y = Zt028+1mt—2e—ln2e+1De.

e=0 e=0
Then

i =1iM + jN (mod p) (4.13)
j=iND+ jM (mod p) (4.14)
Il=1IM + kN (mod p) (4.15)
k=IND+ kM (mod p) (4.16)
iu+1wD =iX + jY (mod p) (4.17)
ju+kvD =iY D+ jX (mod p) (4.18)
iv+lu=I1X+kY (mod p) (4.19)
jv+ku=1YD+ kX (mod p). (4.20)

Note that (u 4+ vvD)* = M + /DN and (u +vvD)"! = X ++/DY. Now, substituting the value of M



AUTOMORPHISM GROUPS OF GROUPS OF ORDER p°g¢° 13

and X in the Congruence relations (4.13)-(4.20), we get

i =i(u+vVD)" 4+ N(j — iVD) (mod p) (4.21)
j=j(u+vVD)" — NVD(j —iVD) (mod p) (4.22)

= Il(u+vVD)" + N(k — VD) (mod p) (4.23)

k = k(u+vVD)" — NVD(k — VD) (mod p) (4.24)

i+ D = i(u+vVD) + Y (j —ivVD) (mod p) (4.25)
ju+ koD = j(u+ vVD) —YVD(j —iVD) (mod p) (4.26)
w+lu=l(u+vVD) +Y(k—I1vVD) (mod p) (4.27)

jv + ku = k(u + vV D) — YVD(k — IVD) (mod p). (4.28)

Solving the congruence relations (4.21 - 4.28) we get,

j+iVD = (j +iVD)(u+ vVD)" (mod p) (4.29)

k+1VD = (k+1VD)(u+ vVD)" (mod p) (4.30)

u(j + iV D) + vD(k + IVD) = (j + iV D)(u + vVD)" (mod p) (4.31)
v(j +iVD) 4+ u(k + VD) = (k + VD) (u + vV D)! (mod p). (4.32)

From the congruence relations (4.29) and (4.30) we get, (u + vv/D)" = 1 (mod p) which implies that
n =0 (mod q).
Applying (j +ivD) x (4.32) — (k + Iv/D) x (4.31), we get

0 =v((j 4+ iVD)? — D(k 4+ IV'D)?)(u + vVD)* (mod p) (4.33)
=(j% + Di* — DE? — D?1%) + V'D(2ij — 21kD) (mod p). (4.34)

This implies that j2 + Di? — Dk? — D?1?> = 0 (mod p) and 2ij — 2lkD = 0 (mod p). So, letting k = ri,
j = rlD for some r € GF(p), we get r212D?*+ Di?—Dr?i?—D?12 = 0 (mod p). Then, (r>—1)(I?D?*-Di?) =
0 (mod p). Note that, ?D? — Di?> = —D(i + 1v/D)(i — Iv/D). So, if I2D? — Di?> = 0 (mod p), then either
i+1vV/D =0 (mod p) or i — /D = 0 (mod p), but this is not possible. So, 72 = 1 (mod p) which implies
r = =+1 (mod p). Therefore, k = +i, j = +ID.

Now, applying u x (4.32) —v x (4.31), we get (k+1vD)(u? — Dv?) = (u+vvVD)! (u(k +1vVD) —v(j +
iv/D)) (mod p). Then, (+i + Iv/D)(u? — Dv?) = (u+ vv/D)!(u(£i + IvV/D) — U(:HD + Z\F)) (mod p)
which implies u + vv/D = (u 4 vv/D)* (mod p). Since, u + vv/D € (u+vV/D), u? — Dv* € (u+ vV/D).
But, one can easily observe that 1 6 (u + vv/D) is the only element without involving v/D, as v # 0.

So, u?> — Dv?> = 1 and (u +vVD)™' = u —vV/D. Thus, (u+ vvD)* = (u + vv/D)*! (mod p) and so,
_ A l , B B
t::l:l(modq).Hence,a—(ilD i)andd (0 il),wherel<z,l<p ,1<m<g—1and
0<s<qg—1. Thus R~ Zy x (Zp2_1 X (Lg—1 X Zy)).

Now. let B € S be defined by 8(a™!) = c*d*, and B(b~') = c?d” where 0 < \, 1, p,v < p — 1. Then
for any 0 <w < g — 1, we get

B(a—w) _ cwkdw“ and ,B(b_w) _ chw—&-qudeuﬁpDYw,

where
[“51] w—1 [“51] w—1
Xw —_ E U29D0 § zC29uz—29 and Y 2 ,U29 1D¢9 1 § C g W 20—0—1.
0=0 z=20 z=20—1

Now, 1 = B(a™9) = c¢?d?. Then g\,qu = 0 (mod p) which implies that A\, = 0 (mod p). Also,
= B(b79) = cPXatVYagvXateDYa  Then pX, + vY, = 0 (mod p) and vX, + pDY, = 0 (mod p) which
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implies that (v — Dp?)Y, = 0 (mod p) and so, Y, = 0 (mod p). Similarly, X, = 0 (mod p). Thus
Bla~') =1 and B(b~') = ¢d” where 0 < p,v < p — 1. Therefore, Q ~ Z, x Z,. Hence, using the
Theorem 2.3, Aut(G) ~ (Zy X Zp) ¥ ((Zo X Lp2_1) X (Zg—1 X Zy)).

Thus the automorphism groups for all groups of order p?q? upto isomorphism are listed in the following
Tables 1 and 2.

Table 1: Structure of Aut(G) of all groups G of order p?q? such that pg = 6.

Type || Group Description (G) || Structure of Aut(G)

1 Z36 Use ~ Zg X Lo

2 Zag X Zo Zg X S3

3 Zs X Zg S3 x Gl(2,3)

4 Z1a X Zs Zs x GL(2,3)

5 Zg X D3 Ziy X Ly X S3

6 D3 x Dy (S5 x S3) X Zsy

7 Do X Zs Loy x (Zg % Zg)

8 Ay X Zs S4 X S3

9 Dig Zo X (Zg X Zg)

10 (Zs % Z4) x Zs Zio X 73 X S3

11 ((Zs x Z3) X Zo) X Lo || Zo X ((((Z3 x Z3) % Qg) X Z3) X Zs)
12 (Zs x Z3) % Zy (Zs x Zs3) x (Zg X Za)

13 (Zo X Zo) x Zyg Z3 X Sy

14 (Z3 x Z3) X Zy (Z3 x Z3) x (GL(2,3) X Z3)
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Table 2: Structure of Aut(G) of all groups G of order p?¢? such that pg # 6.

Type || Conditions Group Description (G) || Structure of Aut(G)
15 Ly X Lg> Lip(p—1) X Lg(g—1)
16 Lig X Lg X Ly GL(2,q) X Zpp—1)
17 Lgz X Ly X Loy, Zg(q—1) X GL(2,p)
18 Lig X Lag X Ly X Ly, GL(2,q) x GL(2,p)
19 qlp—1 Lz X L2 L2 X (Zp(p — 1) x Zg)
20 @|lp—1 L2 X L2 L2 X Zp(p — 1)
21 qlp—1 L2 X (Lg % L) Ly X (Zpp—1) X (Lg % Lg—1))
22 |lqlp-1 (Zp X Zyp) Xy, Zg (Zp X Zp) % (GL(2,p) X Zy)
23 (Zpy X Zp) ¥ Ly Zpy X ((Zp—1 X Lp—1) X L)
24 qlp—1,q#2 || Zp X (Zyp X Ly2) Zy X (Zp—1 X Zp—1) X Zg)
25 qlp-1 (Zp X Lp) X, Ly (Zp X Zp) % ((Zp—1 X Lp—1) X Lq) X L)
26 @?lp-1 (Zp X Lp) Xy, _, Lg2 (Zp x Zp) % ((Zpp—1 X Zip—1) X Zs)
27 qglp-—1 (Zp X Zp) X L2 (Zy X Zp) ¥ ((Zp—1 X Zpp—1) X Zy)
28 ¢ |p—1 (Zp X Zp) X, L (Zp X Zp) X (Lp—1 X Lip—1)
29 || lp-1 (Zp X Lp) ¥ Lgp (Zp x Zp) x» GL(2,p)
30 qglp+1 (Zy X L) X L2 (Zy X Zip) X ((Zp2—1 X Lg) X Z3)
31 p=3(mod4) || (Zp X Zp) X Ly (Zy X Zp) X (Zp2—1 X L)
32 @ |lp+1 (Zyp X Zp) X Ly (Zp X Zp) X (Zpz_1 ¥ Zo)
33 qlp—1 (Zp x Zpy X Lg) X Zyg (Zp x Zp) ¥ (GL(2,p) X (Zg X Zg—1))
34 (Zp X Zp) % (Lo X L) || Zp X ((Zp—1 X ZLp—1) X Lg)
35 qglp—1 (Zy X Zp) } (Zg X Zg) || (Zp X Zpp) X ((Zp—1 X Zpp—1) X Zs)
36 qlp+1, (Zp X L) X (Zg X Zg) || (Zpp X ZLp) ¥ ((Zg X Lip2_1) X (ZLg—1 X Zy))
p#1 (mod q)
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