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Stability of Systems of Rational Difference Equations

Alaa E. Hamza, Abdullah Alshamasi and Abdeljabbar Ghanmi*

ABSTRACT: Motivated by some recent results concerning the stability of second-order systems of nonlinear
difference equations, we aim in this paper to investigate the global asymptotic stability of a third-order two-
dimensional system. Furthermore, we discuss the convergence of solutions of this system. Moreover, we
establish two asymptotic relations for solutions. Finally, many illustrative examples are given
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1. Introduction and preliminaries

Difference equations have many applications in a variety of disciplines such as economy, mathematical
biology, social sciences, physics, etc. This is why there has been a great interest in studying the behavior of
solutions of difference equations or discrete dynamical systems. Surely, the theory of difference equations
will continue to play an important role in mathematics as a whole. Although difference equations are
sometimes very simple in their forms, they are extremely difficult to understand thoroughly the behavior
of their solutions. Rational difference equations of order greater than one are of paramount importance
in applications. Such equations also appear naturally as discrete analogues and as numerical solutions of
differential and delay differential equations. It is very interesting to investigate the behavior of solutions
of rational difference equations and to discuss the stability of their equilibrium points. Recently, there has
been published quite a lot of works concerning the behavior of positive solutions of systems of difference
equations [1,2,3,4,5,6,7,9,10]. Kurbanli et al. [1] investigated the behavior of the positive solutions of
the following system of difference equations

Tp—1 Yn—1

- 1 :7771:071”'7
YnTpn—1+1 Yt TpYn—1+1 ’

Tny1 =
where the initial conditions are arbitrary real numbers. Qi Wang et al. [2] investigated the positive
solutions of the system of two higher-order rational difference equations

Tn—2k+1 o Yn—2k+1
A yYn+1 = B )
Yn—k+1Tn—2k+1 + Q¢ Trn—k+1Yn—2k+1 + B

Tpi1 = n=01,-,
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where k is a positive integer, the parameters A, B, «, § and the initial conditions are positive real numbers.
Cinar and Yalcinkaya [3] obtained the positive solution of the difference equation system

1 T 1
Tn+l = —HYnt1 = s Ant+l =
Zn Tp—1 n—1

Ozban [4] studied the behavior of positive solutions of the difference equation system:

a by —
Tp = yYn = Yn=s ,TLZO,L"'
Yn—3 Tn—q¥Yn—q

Also, Ozban [5] studied the positive solutions of the system of rational difference equations:

1 Yn
Tpt1 = ——Ynt1 = —— ——, n=0,1,---
Yn—k Tn—mYn—m+k

Mehmet Gumus [7] studied the global stability of positive solutions that converge to the equilibrium
point of the system of difference equations in the modeling competitive populations in the form

azV arz®
x(l) _ n—2 x(z) _ 1dp—2
n+1 (2) -? n+1

ﬁ + Y H?:() Ty g Bl + Y1 H?:() ‘/L.ng—)z

’[’L:Ov]_’...7

@ .13(2) are ar-

where the parameters o, 3,7, a1, 81,71 are positive numbers and the initial conditions z>°;, x>
bitrary non-negative numbers for ¢ € {0,1,2}. Similar nonlinear systems of difference equations were
investigated. See for instance, [12,13,14,15,16,17,18,19,20]. Hongmei Bao in [8] investigated the stability

of a two-dimensional second-order system of rational difference equations of the form

T Yn

A+ynyn—1’yn+1 B+.’If'n$n_1’ ) )

Tp+1 =

where A, B € (0,00) and the initial values z_;,y_; € (0,00),i =0, 1.

Motivated by the above results, our aim in this paper is to study the global asymptotic stability
behavior of the third-order system of rational difference equations

Tn y _ Yn
R +1 =
A + YnYn—1Yn—2 o B + TpTn—1Tn—2 ’

Tpt1 = n=0,1,---, (1.1)

where A, B € (0,00) and the initial values z_;,y_; € [0,00),7 = 0,1,2. For the theory of stability of
difference equations, we refer the reader to the monographs [11],[21] and [22]. We only mention the
following theorem because we mainly depend on it in proving our results.

Theorem 1.1 Let I be an interval. Consider the system

Zn+1 = E(Zn)vn = 0517"'7
where E(xq,...,xx) : I¥ — I* has continuous partial derivatives with respect to x; € I. Assume X el
18 an equilibrium point of the equation, that is X is a fixed point of E. Then the following statements are

true

(i) If all eigenvalues of the Jacobian J(E) of E, evaluated at X lie inside the open unit disk, then X
is stable.

(ii) If at least one eigenvalue lies outside the open unit disk, then X is unstable.
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For E = (Ey, B, ..., Ey)T, the Jacobian J(E) of E is defined by

OF OFE, . OFE;
611 (9&72 ' 8zk
OF5 OFEs . OFBEs
Ox1 Oxo * Oz,
J(E) =1 - (1.2)
6Ek 8Ek t. BEk
oz Oxa © Owy

Consider the k-dimensional general third-order system

1 1 2 2 k) (K k
R
2 1 1 1 2 2
n+1:f2(xn 1T 10Tl Tn s Ty 15 Tp 05y Tn Ty 1, Ty 2), n=0,1,2,....
(1.3)
(k 1 1 1 2) (2 2 k k
:CgLleif(I%), 1(1)17 51)2793%)7 51)17 51)2’ l’;), ( -1 51)2)
where fi, fa,..., fr : I** — I has continuous partial derivatives. Here I is an interval (bounded or
unbounded).
Define the function F by
fi(zy,..., w3)
T
)
f2($1,---,$3k)
x4
F(.’E1,£L'27 e ,xgk) = 5 (14)
fa(w1,. .., w3)
fk‘(x17~"7$3k)
T3k—2
T3k—1
The Jacobian matrix J(F) of F is given by
ofr  Ofr of1
Bor  Bar ccr tre ere e e eae e pa
1 0 0 ... .. .
0 1 0 ... .. 0
Ofs  Ofs dfa
ol .
0 0 1 0 o ... ... ... 0
JEF)=10o o 0o 0 1 0 .. .. ... o0 | (1.5)
on . . . . afk
i L L LA TR A TP PR, -y
0 1 0 0
0 ... ... ... ... ... ... 0 1 0
A point X = (%1,...,7,) € I¥ is called an equilibrium point of System (1.3) if
T1 = f1(Z1,%1,T1, T2, T2, T2y -+, Thy Thy Tk)y - - -, Tk = fr(T1,T1,T1, T, T, T2y - -+, Tk, Tk, T). We recall

the concept of global asymptotic stability of equilibrium points. See [21] and [22].

Definition 1.1 An equilibrium point X = (Z1,...,%1) € I¥ of System (1.3) is said to be
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(i) stable if for every e > 0, there exists § > 0 such that for any initial conditions x(_]2 €l,i=0,1,2,5 =
1,2,...,k, we have

(7)

—i

2
ax |x
i=0

. k N
—-Z;|<d,j=1,...,k :>r§1:£%f(|x£f)—mj\<e,neN,

(i) attractor if for any initial conditions z(fl) el,i=0,1,2,7 = 1,2,...,k, lim,_,0 ) = zj,j =
1,... k.

(iii) globally asymptotically stable if it is stable and attractor.
(iv) unstable if it is not stable.

Theorem 1.2 [11], [22]. Assume that X = (Z1,...,%%) € I* is an equilibrium point of System (1.3).
The following statement are true:

(i) If all eigenvalues of J(F'), evaluated at (v1,%2,...,23) = (T1,%1,Z1,. .., Tk, T, Tt) lie inside the
open unit disk, then X is stable.

(ii) If at least one eigenvalue lies outside the open unit disk, then X is unstable.

Our main objective of this paper is to study asymptotic behavior of solutions of the following system

Ln Yng1 = Yn
A + YnYn—1Yn—2 o B + TpTp—1Tn—2

Tpi1 = ,n=0,1,.. (1.6)

We apply Theorem 1.2 for the function F' defined by

fi(w1, 20, w3, 24, 75, 6)
Z1
€2

fa(x1, 22,23, T4, T5, Tp)
Tyq
x5

F(x1, 22, 23,24, 75, 76) = (1.7)

where

hi( ) =
1\Z1, L2, T3, T4, T5,T6) = )
A+l’4f£51‘6
Ty
f2(.’£1,l’2,1’3,$4,x5,x6) = B+.T Lo .
14243

So,
9 O 9H O O9H O
é)wl 8902 8263 8:E4 8:E5 8906
1 0 0 0 0 0

O 1 0 0 0 0
JE)=\of. 02 ofs ofs 0f2 0of2 |- (1.8)
81’1 81’2 81’3 81‘4 81‘5 01‘6
o 0 0 1 0 0

0 0 0 0 1 0
The Jacobian J = J(F) of F evaluated at the equilibrium point (Z1,Zs) is given by

1 0 0 —Z175 —Z175 —Z175
Ata; (A+a8)”  (A+zf)?  (A4aD)?
1 0 0 0 0 0
0 1 0 0 0 0
J = —Fo 3 — %3 —Z,72 1 0 0 (1.9)
(B+z)2  (B+z7)? (B+a})?  Btay
0 0 0 1 0 0
0 0 0 0 1 0
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Our paper is organized as follows. In Section 2, we find the equilibrium points of System (1.6). Section
3 is devoted to studying the stability of the zero equilibrium point. In Section 4, we invetigate the
convergence of solutions. We establish two important asymptotic relations of solutions in Section 5.
Finally, many illustrative examples in Section 6, are presented.

2. Equilibrium points of the system

In this section, we will find the equilibrium points of (1.6). For an equilibrium point X = (71, z5),
one can readily see that Z; and o satisfies

T A+z3
) (2.1)
Ty = Bii’c‘;"

We summerize the results of this section in the following Lemma. The proof is straightforward and will
be omitted.

Lemma 2.1 The following statements are true:

(i) If A= B =1, then X has the two forms (a,0) and (0,a), where a > 0.

(ii) If A# 1 and B # 1, then (1.6) has two equilibrium points (0,0) and (/1 — B, /1 — A).

(iii) If A# 1 and B = 1, then (1.6) has two equilibrium points (0,0) and (0, /1 — A).

(iv) If A=1 and B # 1, then (1.6) has two equilibrium points (0,0) and (/1 — B,0).

3. Stability of the zero solution
In this section, we investigate the stability of the zero solution.

Theorem 3.1 The following statements are true :

(i) If either A or B is less than 1, then the equilibrium point (0,0) of System (1.6) is unstable.

(ii) If both A and B are greater than 1, then the equilibrium point (0,0) of System (1.6) is stable.

(#3) If one of them is equal to 1 and the other is less than 1, then (0,0) of System (1.6) is unstable.

Proof: The Jacobian J of F' at X = (0,0) is given by

£ 00 0 00
1 00 0 0O
0 1.0 0 00
T=10 o 0 £ 00 (3.1)
0 00 1 00
0 00 0 10
The characteristic equation of J is
% - 0 0 0 0
1 -A 0 0 0 0
0 1 =X 0 0 0
|J — M| = 0 0 0 é—)\ 0 0 =0, (3.2)
0 0 0 1 -A 0
0 0 0 0 1 =X
that is, (4 — A)(=A)(=A) (5 — A)(=A)(=A) = 0. It follows that
A= OA=OA=0 )=~ A=+ (3.3)
- Y% — Y% — Y - A7 - B :
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(i) If either A or B is less than 1, then one root of the characteristic equation lie outside the unit disk.
Therefore, the zero equilibrium point is unstable.

(ii) If both of A and B are greater than 1, all roots of the characteristic equation lie inside the unit
disk. Therefore, the zero equilibrium point is stable.

(iii) In this case, one root lies outside the unit disk. Therefore, the zero equilibrium point is unstable.
O

Theorem 3.2 Suppose that A > 1 and B > 1. Then the zero equilibrium point is globally asymptotically
stable.

Proof: From (ii) of Theorem 3.1, the zero equilibrium point is stable. Let (x,,, yn) be a solution of (1.6).
Then

8

Tn

n Yn <
A + YnYn—1Yn—2

< — = .
- A’ Ynt1 B+zx,xp_1Th—2 ~ B

Tpt1 =

x
Then z, < A—?l and y, < %. This implies that the sequences {z,} and {y,} are decreasing to zero.

Therefore, the zero equilibrium point is globally asymptotically stable. O

4. Convergence of solutions

We investigate in this section the convergence of solutions.

Theorem 4.1 If A =1 and B < 1, then every solution (Tn,yn) of System (1.6), with y, # 0,n € N,
satisfies

(1) lim, o0 , = a € [0, 00).
(i)

lim 4. — 0 ifa>0
n = 0 ifa=0"

Proof: Let (x,,y,) be a solution of System (1.6), with y,, # 0,n € N. Then

Tn

Tpi1=—""—¥+ 4.1
i 1+ YnYn—1Yn—2 ( )
< xyp,n € Np.

We deduce that
lim z, =a € [0,00).
n—oo
On the other hand, from the relation
ot = Yn
e B+ TnTn—1Tn—2 ’
we get
Yn+1 1
= , 4.2
Yn B+ 2pTy_1%n—2 ( )
from which we obtain )
lim 2t = . (4.3)

n—oo  Yp B =+ a3

We have the following two cases
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a > 0. In this case B + a® > 1. Otherwise, if B +a® < 1, then lim Yntl S 1 Then there is a > 1
n—oo y,n
such that 22+t > « for sufficiently large n. It follows that lim,, . ¥, = 0o. Taking n — oo in (4.1),

Yn
we get lim,,_,o0 #, = 0 which is a contradiction. So B + a® > 1. First, assume B 4 a® > 1. Then

1
lim 2L — <1
n—oo Y, B + a3
Hence there is 8 < 1 such that Ynt1 < B. This implies that lim, ., y, = 0. Second, assume

n

B+ a® = 1. Since {z,,} is decreasing, then from (4.2), the sequence {yn—ﬂ} is increasing to 1. This

n
means that the sequence {y,} is decreasing to a non-negative number b. From relation (4.1), and
taking the limit as n — 00, b = 0.

n 1
(2) a = 0. This case implies B + a®> = B < 1 which in turn ensures lim Ynt1 B > 1. Therefore,
lim y, = oo. !
n—oo
|
Theorem 4.2 If A= 1 and B = 1, then every solution (x,,yn) of (1.6), we have
(i) lim, o0 T, = a,
(“) hm7l—>2>0 Yn = b,
for some a,b € [0,00) such that ab = 0.
Proof: Let (z,,yn) be a solution of (1.6). Then
Tn
.. — 4.4
LR + YnYn—1Yn—2 (4.4)
< xz,,n € Ny.
and
Ynir =~ (4.5)
1+ TpTn—1Tn—2
< Yn,n € Np.

Hence {z,} and {y,} are decreasing to some non-negative numbers a and b respectively. Taking the limit
of both of equations (4.4) and (4.5), we get the equations

a

sl
and ;
b =
1+a3
This implies that ab = 0. |

Theorem 4.3 If A > 1 and B = 1, then every solution (x,,y,) of (1.6), satisfies

(i) lim, oo z, =0,

(1) limy, 00 Yyn = a € [0, 00).



8 A. E. HAMzA, A. ALSHAMASI AND A. GHANMI

Proof: Let (z,,yn) be a solution of (1.6). Then

Tn

_Tm L eN,. 46
A+ YnYn—1Yn—2 0 ( )

Tny1 =
By induction, we deduce
Zo
Ty < "€ No, (4.7)
and consequently {z,} is decreasing to 0. This prove (i). We have

Yn
1+ TpTn—1Tn—-2
S Yn, M € I\IO'

Yn+1 =

This implies that the sequence {y,} is decreasing. Therefore, lim,, ;o ¥y, = a € [0, 00).
O

Theorem 4.4 Assume A < B < 1. Let a € (vV1—B,v1—A). If the initial conditions
x_; € [a,00),i=0,1,2 and y_; € [0,a],i =0,1,2, then

(1) im0 T, = 00,

(i) limy, 00 yn = 0.

Proof: Assume that _; € [o,00),i =0,1,2 and y_; € [0,a],7 = 0,1,2. We can prove by induction that

xnzaﬁ%ﬁ?n:QL”.
and o
Un < m,n:m,....
This implies (i) and (i7). O

Theorem 4.5 Assume B < A < 1. Let a« € (J1—A,V1—B). If the initial conditions
x_; €[0,a],i=0,1,2 and y_; € [a,00),i = 0,1,2, then

(i) limy, o0, = 0,
(i) lim,,— 00 Yn = 00.

Proof: Assume that x_; € [0,«],i =0,1,2 and y_; € [@,0),7 = 0,1,2. We can prove by induction that

(67

Ty < m,nzo,l,...
and o
UYn > m,n:m,....
This implies (i) and (i7). O

Theorem 4.6 If A > 1 and B < 1, then any solution (z,,yn) of (1.6) with y, # 0,n € N satisfies
(i) imy, o0z, = 0,

(i) lim,— o Yn = 00.
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Proof: Assume (z,,y,) is a solution of (1.6) with y, # 0,n € N. By (4.7), lim x, =0. From the
n—oo

following relation

yn+1 1
_ 4.8
Yn B + TnTn—1Tn—2 ’ ( )

we obtain .
lim 22— 2 S (4.9)

n—oo Y, B
This implies that

lim g, = oo.
n—oo

In a similar way, one can see the following result
Theorem 4.7 If A <1 and B > 1, then any solution (x,,yn) of (1.6) with x, # 0,n € N satisfies
(i) limy,_c0 T, = 00,
(i) limy, 00 yn = 0.
5. Asymptotic relations for solutions
For z = (z1,%2,...,71) € R¥, we denote by

o] = mma ol
Also, for a k x k-matrix C, with eigenvalues \;,i = 1,..., k, the spectral radius p(C) of C is defined to
be

p(C) = max |\
Let J be the Jacobian matrix of F', evaluated at the zero equilibrium point of (1.6), which is defined
in (3.1). In the following theorem we establish an asymptotic inequality. In the following theorem we
establish an asymptotic inequality.
Theorem 5.1 Assume that A > 1 and B > 1. If z, = (Tn,yn) € (0,00)? is a solution of (1.6), then the
following asymptotic inequality holds

Nl 21l 1
—, =) < liminf < lim sup < max(—,
A'B e [zl A

).

min(

W~

Proof: Assume z, = (2, yn) € (0,00)? is a solution of (1.6). We have

Ln41 _ 1
L A+ YnYn—1Yn—2 ’

and
Ynt+1 _ 1

Yn B + TnTp—1Tn—2

xn+l } and {yn+1

1
Since {z,} and {y,} are decreasing to 0, then the sequence { } are increasing to 1 and

n n

*1 tivel Set
respectl y. o€
B p

1 Tn+1 1 Yn+1
Cipn=—— , Cop=—=— 5.1
K S 2 =5, (5.1)
Hence, lim Ci, =0 and lim C;, = 0. From relation (5.1), we obtain
n— oo n— oo

1 1
Tn+1 = T (A - Cl,n) 5 Yn+1 = Yn (B - CQ,n) .
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Consequently,
2]l = max(@n s, gosr)

1 1
= max (xn(A — C1,n),yn(§ — Cz,n))

1 1
([ = Cuad a5 = Ca)

IN

1 1
fonllmae (5 = Com 5~ Can)

1
< ||z max(s, )-

This implies
(e

lim sup <max(—, =)- 5.2
el =" B 2
Again by relation (5.1), we have
LTn+1 Yn+1
Tp=———"""7—, Yp=-——"-——.
" % - Ol,n " % - CQ,n
From which we deduce
[[zn || = max(zn, yn)
= max ( 1 Intl 1 Yntl )
a Cl,n B CQ,n
S ECHTRNEST
a Cl,n B C?,n
e = )
= ||zn+1|| max , .
! i~ Cin 5~ Cam
So,
lim sup ] < max(4, B).
241l
As a direct consequence we get
At 1 1 o1
lim inf = > = min(—, —=). 5.3
ol Tmsup (L = max(4, )~ 0B )
Relations (5.2) and (5.3) imply the required result. O

Corollary 5.1 Assume that A = B > 1, If z, = (2p,yn) € (0,00)? is a solution of (1.6), then the
following asymptotic relations

- lznall
lim = p(J), (5.4)
oo |[zn||
and
Tim 3/l = o), (5.5)
hold.

Proof: The statement Relation (5.4) is a direct consequence of Theorem 5.1. By (5.4), we obtain (5.5).
See [23]. O

In the following Theorem, we prove that relations (5.4) and (5.5) hold, for any coefficients A, B > 1.
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Theorem 5.2 Assume that A > 1 and B > 1. If z, = (¥, yn) € (0,00)? is a solution of (1.6), then
relations (5.4) and (5.5) hold.

Proof: If A = B, then by Corollary 5.1, relations (5.4) and (5.5) are true. Assume now 1 < A < B, and
assume 2z, = (T, yn) € (0,00)? is a solution of (1.6). We have

Ln
Tpp] = ——————
" A + YnYn—1Yn—2
and
y _ Yn
i B + TnTp—1Tn—2 ’
Consequently,
Tn+1 _ Ty B+ TnTn—1Tn—2
Yn+1 A+ YnYn—1Yn—2 Yn

Tn B+ &pZp_12Zn—2
Un A+ YnYn-1Yn—2

x
Letting L,, = ==, we get
Y

n
Ln+1 _ B+ TnTpn—1Tn—2
L, A+ YnYn—1Yn—2

L B
Then lim —2tL == > 1, since lim z, =0 and lim y, = 0. Hence lim L, = co. It follows that
n— 00 n A n— 00 n—00 n— 00

max(xnv yn) = Tn,

for sufficiently large n. So,

n n 1

n—oo ||z, || n—oo I A

The case, where 1 < B < A, can be treated similarly. As a direct consequence we get (5.5). See [23]. O

6. Numerical Examples
In order to illustrate the results of the previous sections and to support our theoretical discussions,
we consider some interesting numerical examples in this section.

Example 1

Consider the System (1.6) with the initial conditions z_o = 0.6,z_1 = 14,20 = 1.7,y_2 = 1.6,y_1 =
2.4,yo = 2.7. Moreover, choosing the parameters A = 1.8 > 1 and B = 1.5 > 1. Then System (1.6) can
be written as

P R (6.1)
n 1'8+ynyn—1yn—2’ i 1-5+xn$n—1xn—2. ’

The plot of System (6.1), which is shown in Fig. 1, conforms with Theorem 3.2.
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20 30 40 50 60
n

Figure 1. The plot of System(6.1).

Example 2

Consider the System (1.6) with initial conditions z_o = 30,2_1 = 50,29 = 60,y_2 = 5,y_1 = 10,y = 4.
Moreover, choosing the parameters A = 1 and B = 0.4 < 1. Then System (1.6) can be written as
T y _ Yn
. L= )
1+ YnYn—1Yn—2 o 0.4 + TpTn—1Tn—2

Tpt1 = (62)

The plot of System (6.2), which is shown in Fig. 2, conforms with Theorem 4.1.

Figure 3. The plot of System(6.2).
Example 3

Consider the System (1.6) with initial conditions z_o2 = 0.8,2_7 = 0.6,z9 = 0.5,y_2 = 0.9,y_1 =
0.7,y0 = 0.5. Moreover, choosing the parameters A =1, B = 1. Then System (1.6) can be written as

T Yn

M = 6.3
1 + YnYn—1Yn—2 Ynt 1 + TnTp—1Tn—2 ( )

Tn+1 =
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The plot of System (6.3), which is shown in Fig. 3, conforms with Theorem 4.2.

Figure 3. The plot of System(6.3).
Example 4

Consider the System (1.6) with initial conditions z_s = 0.8,x_1 = 0.5,20 = 2,y_2 = 0.4,y_1 = 0.1,y =
1. Moreover, choosing the parameters A = 2.5 > 1 and B = 1. Then System (1.6) can be written as

In gy = —— I
2.5+ YnYn—-1Yn—2 r 1+ Tplp—1Tn—2

Tnt+1 = (64)

The plot of System (6.4), which is shown in Fig. 4, conforms with Theorem 4.3.

10 15 20 25 30

Figure 4. The plot of System(6.4).
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