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Weak Solutions for Obstacle Problems Via Young Measure
in Variable-exponent Sobolev Space

Mouad Allalou, Abderrahmane Raji and Mohamed El Ouaarabi

ABSTRACT: We first discuss the existence and uniqueness of weak solution for the obstacle problem
/ $1(y, Dw—T(w)): D(v — w) + ¢2(y, Dw) : (v —w) + <w\w\r(y)72, v— w> dy > 0 with variable exponent,
Q

where w : Q@ — R™ is a vector-valued function and 2 is a bounded open domain in R"(n > 2) , the existence
is proved by means of the Young measure and under assumptions on ¢1, ¢2 and a theorem of Kinderlehrer
and Stampacchia.
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1. Introduction and main result

This article will look at the role of Young measure theory in tackling the obstacle problem in partial
differential equations (PDE) and the significance of the Kinderlehrer and Stampacchia theorem which
proves the existence of a weak solution for the obstacle problem. The obstacle problem is a boundary
value problem in which the solution must stay above a given function, the obstacle.

In [8] the author proved existence and uniqueness of weak solution for the obstacle problem of the
nonhomogeneous A-harmonic equation for differential forms d*A(z,dw) = B(z,dw) in the ev space

WP (Q, AL ).
/Q(A(agdu) ~d(v —u) + B(z,du) - (v —u))dz >0,

for v belonging to
Qpo = {v eWr@ (AL ) tv >0 ae zeQu—0e W (Q,Al,u)} .

In this paper, we investigate the conditions under which a weak solution for an obstacle problem can be
established as uniquely existing.

/ o1 (y, Dw — T(w)): D(v —w) + ¢2(y, Dw) : (v —w) + <w|w|r(y)_2, v — w> dy >0
o (1.1)
vE Gy
where
GpA = {V € Wl’r(y)(Q;Rm) cv—Ae WOI’T(y)(Q;Rm), v > paein Q} (1.2)
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Here Q is a bounded open domain in R*(n > 2) and u :  — R™ is a vector-valued function and
T : R™ — M™*" is a Lipschitz continuous function and variable exponent r(y) with locally log-Holder
continuity in {2 satisfies

1<r™ <r(y) <rt < oo forae. ye. (1.3)

Let M™*" the set of real m by n matrices equipped with the usual inner product A : B = Z.AijBij.
()

The obstacle function ¢ : Q — R™ defined in (1.2) and A € WH"®) (Q; R™) is a function which gives the

boundary values. We will study the solution w € G, a for (1.1) under the following hypotheses:

(Zo) ( continuity ) ¢q:Qx M™*™ — M™*™ and ¢ : Q x M™*"™ — M™*™ are measurable functions,
for all 4 € M™*"™ with respect to y and continuous for a.e. y € € with respect to A .

(Z1) (coercivity and growth) There exist di,ds € L (Q), do,dy € LY(Q) and ¢; >0 ,i=1,2,3,4
such that

|61 (4, A= T(w)| < da(w) +er| A= T(w)"¥
G1(y, A= T(w)): A > —dy(y) + o A — T(w)yr(y),
|6a(y, A)| < ds(y) + cs A",
$2(y, DA) : A> —dy(y) + c4|A’T(y).
The function 7 : R™ — M™*"™ is continuous such that

T(0) =0 and ‘T(wl) — ’T(wg)' < C’T’wl — wz‘ Ywi, wy € R™,

where C'1 is a positive constant related to the exponent r(y) and the diameter of 2 (diam (Q2)) by

1
the following C'y < m (%) o

(Z2) ¢ satisfies one of the following conditions:

(a) The map A — ¢ (y,A — T(w)) is strictly quasimonotone, i.e., there exists constants c5 > 0
such that

r(y)
‘ dy,

[ (61 A = Tw)) =1 (5.8~ Tw))s (A= B) dy = s [ |4-5
Q Q

for all y € Q and A, B € M™*"™,

(b) There exists a function @ : Q x M™*"™ — R such that ¢, (y,.A - ’T(w)): %(y,A — T(w)),
and A — ¢1(y, A — T (w)) is convex and C*.

(c) (monotonicity) For all y € Q, the map A+ ¢1(y,.A) is a Cl-function and is monotone, i.e.
(¢1(y, A= T(w)=¢1(y, B—T(w))): (A= B) >0,
for all y € Q and A, B € M™*"™,
(Z3) ¢2 satisfies one of the following conditions:
(a) The map A — ¢2(y, A) is strictly quasimonotone, i.e., there exists constants cg > 0 such that

r(x)
dy,

/(¢>z(y7DA)—¢z(y,DB)): (A—B) dchG/ ’A—B
Q2 Q

for all y € Q and A, B € M™*"™,
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(b) There exists a function i : Q x M™*" — R such that ¢2(y, A) = %(y,fl), and A — ¢o(y, A)
is convex and C.

(c) (monotonicity) For all y € €, the map A — ¢2(y,.A) is a C*-function and is monotone, i.e.
(¢2(ya DA) - ¢2(y5 DB)) (A - B) > Oa
for all y € Q and A, B € M™*"™,

We will prove the following existence result for the obstacle problem (1.1) - (1.2):

Theorem 1.1 Suppose G, n # 0 and a satisfies the conditions (Iy), (Zz) and (Z3) . Then there exists
a weak solution w € Sy g to the obstacle problem (1.1)-(1.2). In other words, there exists a function
w € G, A satisfying

| 6100w = T(@): Dl = w) + 6203 D) : (0 = ) + (wlul" 2,0 = ) dy >0,

for each v € Gy A.

This document is composed of four parts. Part two begins with the demonstration of a theorem
from Kinderlehrer and Stampacchia, followed by a short description of Young measures, which will be
utilized to verify the primary outcomes. In part three, the demonstration of the existence of solutions to
obstacle problems is presented. Lastly, section four confirms the singularity of a weak solution to obstacle
problems.

2. Preliminary
This section presents some important preliminary results and notation that will be used later.
2.1. Spaces of Lebesgue and Sobolev featuring variable exponents

We recall some necessary notations, definitions and properties for our function spaces (see [12,7] and
an overview about Young measures (see [4,13,3]). For each open bounded subset © of R™(n > 2), we
denote C4(Q) = {p € C(Q),r(y) > 1 for any y € Q}. We define for every r € C*(Q),

r~ = inf 7(y) and r* = sup7r(y).
yeQ yeN

The Sobolev space W) (€; R™) consists of all functions w in the Lebesgue space
L' (Q;R™) = {w : @ = R™ measurable : / lw(y)|"™ dy < oo},
Q

such that Dw € L™®) (Q; M™*™). The space L"®) (;R™) is endowed with the norm

r(y)
|w||r<y>=inf{<>o,/ “’(”‘ dy<1}
Q

¢
It is a Banach space. Moreover, it is reflexive if and only if 1 < r~ < r¥ < co. Its dual is defined by

L7 @) (Q; R™) where @ + - = 1. For any w € L' (Q;R™) and ve LW (©;R™), the generalized

' (y)
1 1
Lwvas] < (5 5 ) Il vl

holds true. The space W) (Q; R™) is endowed with the norm

Holder inequality

[wll1r) = l[wllr) + [Dwllrey)
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Proposition 2.1 ([14]). We denote p(w) = [, lw|"@dy,Yu € L™ (Q;R™) . If wy,w € L™™ (Q;R™)
and rT < oo, then:

i) [[wllry <l(=1>1) & pw) <1(=1;>1).
s T rt o r+ T
i) ol > 1=l < pw) < ol ol < 1= ol < plw) <l

iii) [Jwell,(,) = 0 p(wr) = 05wkl = +o0 & p(wr) = +o0

r(y
We denote by Wy (©;R™) the closure of C§° (Q;R™) in W1r®) (Q;R™) and W17 (Q;R™) is its

nr(y)

dual space. We denote 7*(y) = )

for r(y) < n;= oo for r(y) > n.

Theorem 2.1 (see [5,15]) If r(y) satisfies (1.3), then the inequality
| (w0 )) dy < Clutllro @ W0 @z

holds for every w(y) € L™ (Q,R™), v(y) € L" @ (Q, R™) with the constant C' dependent on r(y) only.

Theorem 2.2 (see [5,15]) If r(y) satisfies (1.3), then the spaces L™ (Q,R™) and WH®) (Q,R™) are
a reflexive Banach space.

2.2. Important knowledge on Young Measures

Evans [6] demonstrates that the weak convergence of nonlinear functionals and operators can be
addressed through the use of Young measure. This technique provides a way to prove the desired result
by preserving the compactness properties of the convergence in finite dimensional spaces. To assist
those who are unfamiliar with the concept, numerous resources are available, including [2,6,9,11] and the
references therein.

By Co (R™) we denote the set of functions h € C (R™) satisfying lim,| o h(n) = 0 . Its dual is
the well known space of signed Radon measures with finite mass and denoted by M (R™). The duality
pairing of these spaces is defined for v : Q — M (R™) as

(voh) = | h(mydv(n).
Definition 2.1 Assume that the sequence {f;},, is bounded in L* ({;R™). Then there exist a subse-
quence {fr}y>, C {fj}j>1 and a Borel probability measure v, on R™ for a.e. y € Q, so that for each
p € C(R™) we have
¢ (fx) =" ¢ weakly ™ in L™(9Q),

the family of Young measure associated

where @(y) := / e(A)dvy(A) for a.e. y € Q. We call {vy}, g

with {fk}k21.
Lemma 2.1 ([}]). Let Q& C R™ be Lebesgue measurable and w; : @ — R™, j =1,2,... be a sequence

of Lebesque measurable functions. Then there exist a subsequence wy and a collection of non-negative
Radon measures {v,} in R™ can be found such that

(1) vyl o ::/]R dvy(XN) <1 for almost every y € Q.

(l2) ¢ (wi) —* ¢ weakly * in L>(Q) for any ¢ € Co(R™), where ¢ = (vy,¢) and Cy (R™) =
{90 € C(Rm) : hm\w\—mo |90(w)| = 0}
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(¢s) If for any R > 0
lim sup [{y € QN Bgr(0) : |wk(y)| > L} =0,

L—00 |eN

then |lvyll v, = 1 for almost every y € Q, and for any measurable Q' C Q we have ¢ (wy) —

@ = (vy, p) weakly in L' (') for continuous ¢ provided the sequence ¢ (wy) is weakly precompact
in L' (Q).
The Young measure is demonstrated by Lemma 2.1, and it is supplemented by a Fatou-type lemma that

is invaluable in our work.

Lemma 2.2 ([4]). Let Q: Q x M™*™ — R be a Carathéodory function and wy, : @ — R™ a sequence of
measurable functions such that Dwy, generates the Young measure v,. Then

lim inf / Q (y, Dwi(y)) dy > / / Q(y,n)dvy(n) dy,
Q Q Mm,xn

k—oco
provided that the negative part Q~ (y, Dwg(y)) is equiintegrable.

We first invoke a theorem of Kinderlehrer and Stampacchia in order to prove the existence and singularity
of a weak resolution to the obstacle problem with variable growth.

Theorem 2.3 (Kinderlehrer and Stampacchia [10]) Let K be a nonempty closed conver subset of
X and let S : K—X' be monotone, coercive and strong-weakly continuous on K. Then there exists an
element w such that

(S(w),v —w) >0 forall veKk.

Young measure is a tool for comprehending and managing the issues that arise when weak convergence
does not perform as desired with respect to nonlinear operators and functions.

3. Existence of weak solutions for the obstacle problem (1.1)

In this section, we can use the concept of Young measure and the theorem of Kinderlehrer and
Stampacchia to demonstrate the existence of weak solutions for the obstacle problem stated in (1.1)-
(1.2), by defining a mapping S : G, A=W 17 @ (Q;R™) as

(S(w),v)= /Q ¢1(y, Du — T(w)): Dv + ¢a(y, Dw) : v + (wlw|" W72, v) dy,

which fulfills the criteria of Theorem 1.1. We will demonstrate the proof in a series of assertion which we
will present here.

Assertion 4

1) Gy,n 15 a closed convex set.

19) For each v € Gy p, Swe WL W(Q; R™).
Proof.

11) is immediate that G, A is a closed convex set.

12) Now,

(su.1)

/ ¢1(y, Dw — T(w)): Dv + ¢(y, Dw) : V+<w|wlr(y)27 I/> dy‘
Q

<

/éf’l(y,Dwa(w)):Du dy‘Jr‘/d)z(y,Dw):l/dy‘Jr
Q Q

=i

wlw["®2 ) dyl.
o) a
Q

as

=ilx2
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On the other hand, we deduce from (Z;) that
1] < [ fonly, Dw ~ Tw)|Dvldy
Q

< [ diw)\Dyldy + e / |Dw — T (w) "1 Doldy
Q Q

1
7

< s )| -1rr ) 1DVl + 1 ( /Q Dw — T<w>|r<y>dy)7 " 1Dl
=
< ( /S 2=ty (IDul ) + [T(w)P®) dy) 100y + s )] 1 ) 1DVl
o+ o1)? r(y)—1
<2 e (IDwll) + IT@)IEL) ™ 1Dy + ld 1) | DV )

< Cllvllr(y)-
On the other hand we have
ety o
< CMwllr g 17 [lry)
< C”V”lvr(y) .
It is deduced from (Z;) that

lova| =

s < /Q |62y, Dw)| || dy

-1
< (sl y) + esl Dw |79 [Vl

r(y)

r —1
< (Idsll ) + sl DwIE ™) [P lon)
< Clvlfisey) -

At last, we have arrived at
[(S(w), V)] < |a| + |ag] + |as| < Clv]1re)
whence Sw € W17 @) (Q; R™).
Assertion 5 S is monotone and coercive on G, A.

Proof. > Monotonicity
For fixed v € G, A, by the strict quasimonotone of (Z;) and (Z3), we have

(Sw=Svw=v) = [ (B1(. Dw=T(w) = on(, Dy = T(w)) : (Dw = D)y
+ /Q <w\wlr‘y)*2 — V| @72 — 1/> dy + /Q(¢2<y, Dw) — ¢a(y, D)) : (w — v) dy
> [ (@100 D= T(w) = 61(9. Dw = T(w))): (Dw = Do)y
+ [ (@200 D) = 0a(y. D)+ (0 =) dy

205/ |Dw — Dv|"® dy+C’6/ lw —v|"®) dy
Q Q

> 0.
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> Coercivity
For fixed v € G, A, and using the condition (Z;) then

(Sw - Sv,w—v) = / (¢1(y, Dw — T (w) — $1(y, Dv — T (w))) : (Dw — Dv)dy
Q
—|—/ <w|w|r(y)72 — |2 — 1/> dy + / (¢p2(y, Dw) — ¢a2(y, Dv)) : (w — v) dy
Q Q
> 05/ |Dw — Dv|["®) dy + C’G/ lw —v|["®) dy.
Q Q
For a sufficiently small constant §, we have

)T(y)

dy

_ Dylr® )
‘/Q \Du) Dl/| dy _ / |Du}—D1/| r(y (HDw—DV| LT (Q,R™) -0
[ Dw — Dv| pr) (o,mm) a \ 1 Dw = Dv|prawqrm) =96 I1Dw = Dvllrw @)

(‘D’LU - DV|LT(:’/)(Q,R"”) - 5)T(y)
- ||Dw — Dv|

L'r'(y) (QJRm)

Taking 6 = 3||Dw — Dv|

L) (Q,R™)> we have

/ |Dw — Du|["®) dy
Q
||Dw — Dy|

— 0

L7'(y) (QJR'"L)

as [|[Dw — Dv|| prw) (grm) = 00. In the same way, we also obtain

/ lw — U|r(y) dy
Q

— OO
fw — V||Lr<y>(Q,Rm)
as [[w — v Lrw rm) — 00. From there, it is simple to get
(Sw — Sv,w —v)
— OO

[|w — VHWLT'(U)(Q,JRT")
as [[w — v|lw1.rw (ormy — 00. That is to say, S is coercive on G, A .
Assertion 6 S is strongly-weakly continuous.

Proof.

e We choose a sequence wy, € G, 4 such that wy, — w € G, A in Whr) (Q; R™). Then ||wk||1’r(y) <C
for some constant C. In view of Lemma 2.1, there exist a Young measure v, generated by {Dwy}

such that ””y”M(Man) =1 and

Duwy, — (vy,id) = /Mmm ndvy,(n) in LY(9). (6.1)

Since L") (Q;M™*") is reflexive, then Dwy — Dw in L™®) (Q;M™*™) < L' (;M™*"), thus
Dw(y) = (vy, id ) for a.e. y € Q (by uniqueness of limit, see also [1, Lemma 4.1].)

The following lemmas allow us to prove the Lemma Assertion 6.
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Lemma 6.1 (div-curl inequality). Suppose ¢1 satisfies (Ip)-(I2) and {Dwy} generates the Young
measure vy, then

/Q/men(dn(ym — T (w)) = ¢1(y, Dw — T(w))) : (n — Dw)duy,(n) dy < 0.

Proof.
Let consider the sequence

I == (¢1 (y, Dwy, — T(wi)) — ¢1(y, Dw — T (w))) : (Dwy, — Du)
= ¢1 (y, Dwg, — T (wy)) : (Dwg, — Dw) — ¢1(y, Dw — T (w)) : (Dwy, — Dw) .

By the growth condition in (Z;), we have

/ |$1(y, Dw — T(w))|r’(y) dy < C/ |Dw|r(y) dy
@ Q
<0o0.

Since w € WH®) (Q; R™). Then ¢; € L™ @) (Q,M™*"). According to the weak convergence in (6.1), we
obtain

lim inf /Q 01(y, Dw — T (w)) : (Dwy, — Dw) dy = /g /men &1 (y, Dw — T (w)) : (n — Dw)dy,(n) dy

k—o0
= [ Do =T(): ([ vy o) ~Duw) dy =
=:Dw(y)
Therefore

I:= liminf/ I, dy = liminf/ 1 (y, Dwk, — T (wy)) : (Dwy, — Dw) dy.
Q k— o0 Q

k—o0

Let ' C Q be an arbitrary measurable subset. By the growth condition in (Z;) together with Holder’s
inequality, we have

(+oy st
(32w = Ttw): Dl ay < (Ll +2 e (1Dl + ITE0IE) ™ )

1
()
(/ | Dw™® dy) .
Q/

Since / |Dw|r(y) dy is arbitrary small if we choose the measure of Q' small enough, it follows that the
Q/

<C

negative part (gbl (y, Dw, — T (wy)) : Dw>_ is equiintegrable. On the other hand, by the coercivity

condition in (¢1), we have
1 (y, Dwy, = T(wy)) : Dwy, > —da(y) + c2 [ Dwy, — T (wi)|"Y > —da(y).

Thus
010w =T Dwn)” ay < [ st .

Hence (¢1 (y, Dwy, — T (wg)) : Dwy) ™ is equiintegrable. We infer from Lemma 2.2 that

I = liminf / 61 (y, Dy — T(wy)) : (Dwy — Dw) dy > / / 1(yn — T(w)) = (n — Dw)dwy () dy.

MmXn
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We prove that I < 0. According to Mazur’s theorem (see, e.g., [16, Theorem 2, page 120]) there exists a
sequence (vy,) € W@ (Q; R™) where each vy, is a convex linear combination of {wy, ...,wy} such that

Vi — wy, in WHT®) (©;R™). This implies that vy belongs to the same space as wy. Hence

I =liminf [ ¢1 (y, Dwr — T (wk)) : (Dwy — Dw) dy

k—oo o
= likm inf (/ o1 (y, Dwp — T (wg)) : (Dwr — D) dy +/ o1 (y, Dwi, — T (wg)) : (Dvg, — Dw) dy>

< liminf || g1 (y, Dwy — T (we)ll, ) 1Dwr = D [lryy+| d1 (v, Dwi = T (w)) ||y || Do = Dwllryy =0,

by the boundedness of ¢y (y, Dwy, — T (wy)) in L™ ®) (Q; M™*™), the construction of the sequence vy, and
the following fact

lwr = vll1ry) < llwe —wllre) + vk —wllire) =0 ask— oco.

Since
S o Dw =) (= D) dy = [ 610, D~ Tw)): (/M ndv, (n) - Dw) dy =0,

together with I < 0, the inequality of Lemma 6.1 follows .

Remark 6.1 An intermidiary result is the following inequality:

k—o0

lim inf/Q (¢1 (y, Dwy, — T (wg)) — ¢1(y, Dw — T (w))) : (Dwy, — Dw) dy < 0.

To see this it is sufficient to repeat the proof of Lemma 6.1.

Lemma 6.2
For almost every y € Q, we have

(@1(y,n = T(w)) = ¢1(y, Dw = T(w))) : (n = Dw) =0 on suppry,.

Proof. By Lemma 6.1, we have

/Q /MWW% n—T(w)) = é1(y, Dw — T(w))) : (n — Dw)dw, () dy < 0.

By the monotonicity of ¢, the above integrand is nonnegative, thus must vanish with respect to the
product measure dvy(n) ® dy. Therefore

(@1(y;n = T(w)) = ¢1(y, Dw = T(w))) : (n = Dw) =0 on supp .

Now we prove the Assertion 6 for each claim listed in (I3).
Step 1. Suppose that ¢ satisfy the condition (I3)(a). We have

5 | Dwy, — Dw|T(y) dy < c/Q (o1 (y, Dwg — T (wi)) — é1(y, Dw — T (w))) : (Dwy — Dw) dy.

We remark that the limit inferior of the right hand side of the above inequality is less than or equal to
zero by Remark 6.1. It follows that

liminf [ |Dwy — Dw|["™ dy = 0.
k—o0 O
Let By = {y : |Dwr — Dw| > €}. We have

/Q | Dwy, — Dw|r(y) dy > /E | Dwy, — Dw|r(y) dy > W |Ek el
k,e



10 M. ArLaLou, A. RaJi AND M. EL OUAARABI

which gives

1 (%
‘Ek7€| S W/ ‘Dwk — D'lU| @ dy —0 as k — oo.
€ Q

that is to say, Dwy, — Du in L") (Q,R™).
Hence
Dwj — Dw  in measure on Q) (for a subsequence).

After extracting a suitable subsequence if necessary, we can infer that Dwjy, — Dw for almost every y € Q.
Then ¢1 (y, Dwg — T (wg)) — ¢1(y, Dw — T (w)) for almost every y € Q, and in the measure. By the
equiintegrability of ¢ (y, Dwg — T (wg)) : Dv, the Vitali theorem implies

/ é1 (y, Dwy, — T (wy)) : Dv dy — / é1(y, Dw — T(w)) : Dvdy as k — co.
Q Q

Suppose that ¢o satisfy the condition (I5)(a).In the same way we find:

/qﬁg(y,Dwk):fudy%/(bg(y,Dw):vdy as k — oo.
Q Q

Step 2. For the case (I3)(b), we argue as follows: We start by proving that for almost every y € €,
supp vy C By = {n € M"™" : Q(y,n) = Q(y, Dw — T(w)) + ¢1(y, Dw — T(w)) : (n — Dw)} .
Let 7 € supp v, then by Lemma 6.2, we get
(1 =0)(¢1(y,n — T (w)) — ¢1(y, Dw = T(w))) : (n — Dw) =0, V0 €[0,1]. (6.2)
By monotonicity, we have on the other hand, for 6 € [0, 1]
(1 =6)(¢1(y, Dw = T (w) + 6(n — Dw)) — ¢1(y,n — T(w))) : (Dw —n) = 0. (6.3)
Subtracting (6.2) from (6.3), we get
(1 =0)(o1(y, Dw = T(w) + 0(n — Dw)) — ¢1(y, Dw — T(w))) : (Dw —n) =0 (6.4)
for 6 € [0,1]. By monotonicity,
(¢1(y, Dw — T(w) + 0(A — Dw)) — ¢1(y, Dw — T (w))) : 0(n — Dw) > 0,
and since 0 € [0, 1], we have
(¢1(y, Dw — T(w) + 6(n — Dw)) — ¢1(y, Dw — T(w)) : (1 = )(n — Dw) > 0.
The above inequality together with (6.4) implies
(¢1(y, Dw = T (w) + 0(n — Dw)) — ¢1(y, Dw — T (w))) : (n — Dw) =0 V6 € [0,1].

Integrating this equality over [0, 1] and using the fact that

¢1(y, Dw = T(w) + 6(1 = Dw)) : (n = Dw) = %(y, Dw =T (w) +6(n = Dw)) : (n — Dw),

we conclude that
Qy,n—T(w)) = Q(y, Dw — T (w)) + /0 é1(y, Dw — T (w) + 0(n — Dw)) : (n — Dw)db
= Q(y, Dw —T(w)) + ¢1(y, Dw — T (w)) : (n — Dw).
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Hence n € Ey, i.e. supp vy C E,. In view of the convexity of ), we have

Qy,n) = Qy, Dw = T(w)) + ¢1(y, Dw — T (w)) : (n — Dw).

For all n € Ey, put A(n) = Q(y,n — T(w)) and B(n = T(w)) = Q(y, Dw — T(w)) + ¢1(y, Dw = T (w)) :
(n — Dw). Since n — A(n) is continuous and differentiable, we obtain for all F € M™*™ and § € R

AA+OF) — A(n) _ Bn+06F) =BV
0 - 0 7
A +0r) = Al) _ B+0F) = Bm) .. _
0 - 0 |

Thus DA = DB and then
¢1(y,n = T(w)) = ¢1(y, Dw — T(w)) Vn € Ey O suppvy,. (6.5)
The equiintegrability of ¢ (y, Dwy — T (wy)) implies that its weak L!-limit is given by
)= [ ol =Tw) du) = [ o= Tw) duy ()

SUpp (6.6)
- / 61(y, Dw — T(w)) duy(n) = é1(y, Dw — T(w)),

where we have used (6.5) and ||v,[| ., = 1. Now consider the Carathodory function

g(y,n—T) =|o1(y,n — T(w)) — d1(y)], n €M™,

The sequence g (y) := g (y, Dwg(y)) is equiintegrable by that of ¢; (y, Duwy(y)), hence its weak L!-limit
is given by
gr — g in L'(Q),

where

9) = [ 110 = Tw) =) v, o)

- / 161 (4.1 — T(w))—61 (0)ldiy () = 0. (by (6.6) and (6.5))

As g, is non-negative for all k, we can conclude that g; converges to zero in the L'(2) norm as k
approaches infinity.
Hence

/ ¢1(y, Dwy, — T (wy,)): Dv dy — / ¢1(y,Dw—T(w)): Dvdy as k— occ.
Q Q

For the case (I5)(b).In the same way we find:
o2 (y, Dwg) v dy — [ ¢2(y,Dw):vdy as k — oo.
Q Q

Step 3. The last case (Z3)(c), It is asserted that for almost every y €  and every A € M™*"
o1 (y, n— T(w)): A= ¢ (y7 Dw — T(w)): A+ (V¢1 (y, Dw — ’T(w))) (Dw — A),

holds on supp v, where V is the derivative with respect to the second variable of ¢;. The monotonicity
of ¢1 implies that for 7 € R

(¢1 (41— T(w)) =1 (y, Dw — T (w) + 6A): (n — Dw — 0A)> 0,
which implies
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By virtue of Lemma 6.2, we get
—¢1(y,n — T(w)): 0A > —¢1 (y, Dw — T (w)): (n — Dw) + ¢1 (y, Dw — T (w) + 6.A): (n — Dw — 6.A).

Note that
D1 (y, Dw — T (w) + GA): 01 (y, Dw — T(w))+V¢1 (y, Dw — T(w))ﬁA + 0(0),
thus

¢1(y, Dw — T(w) + 0.A):(n — Dw — 0.A)=
¢1(y, Dw — T(w) + 0.A): (n — Dw)—¢1(y, Dw — T(w) + 0.A): 0.A
= ¢1(y, Dw — T(w)): (n — Dw)+Ve1 (y, Dw — T (w))0A : (n — Dw — T (w))
—¢1(y, Dw —T(w)): 04 —V¢i(y, Dw— T (w))0A: A+ o(6)

= ¢1(y, Dw — T(w)): (n — Dw)+6 {ngbl (y, Dw — T(w))A: (n — Dw)

— ¢ (y, Dw — T(w))} + 0(0).
Therefore
—¢1 (y, n— T(w)): A >0 [(V(bl (y7 Dw — T(w))A): (n — Dw) — ¢ (y, Dw — T(w)): A} + o(0).

Since 6 is arbitrary in R, then our claim follows. By the equiintegrability of ¢ (y, Dwg — T (wg)), its
weak L'-limit is then given by

Si(y) = / 61 (5,0 — T(w)) dva(n)

_ / 1 (5, D = T(w) doy 1) + (Vo (. Dw — T(w)))’ / (Dw — ) dvy(n)

Supp vy
= ¢1 (ZU, Dw — T(U})),

where we have used our claim and Dw(y) = (1,,id). On the other hand, since LP'®) (Q;M™*") is
reflexive, the sequence {¢1 (y, Dwy — T (wg)) } converges weakly in LP' W) (Q; M™*™) and its weak LP'(¥) -
limit is also ¢1(y, Dw — T (w)). Then we conclude that

/ o1 (y,Dwk — T(wk)): Dv dy — / o1 (y, Dw — T(w)): Dvdy ask — oo.
Q o
The last case (H3)(c). In the same way we find:

/QSQ(y,Dwk):de—)/gbg(y,Dw):de as k — oo.
Q Q

Hence
/Q 61 (4> Duwg—T (wy)): Dv-+(y, Dug) : v dy — /Q 61 (9> Dw—T(w)): Du+ealy, Dw) : v dy as k — oo
in the case (a), (b) and (c).

e It is clear that
<wk |wy|" )2 7v> — <w w|" 2 u> as k — oo.

Next, we pass to the limit , we have

(Swy, v) Z/ ¢1(y, Dwi — T (w)): Dv + ¢a(y, Dwy,) : v + <wk w72, V> dy
Q

= / 91(y Du— T(w)): Dy + ¢a(y, Dw) : v+ (wlw| V2,0 dy
Q

=(Sw,v).
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This is the strong-weakly continuous of S on G, a. This ends the proof of Assertion 6.

Now we can apply Theorem 2.3 and the above lemmas to obtain the existence. For this we conclude the
existence of an element w € G, A such that (S(w), v —w) >0, i.e.

/ ¢1(y, Dw — T(w)): (Dv — Dw) + ¢2(y, Dw) : (v —w) + <w lw|" 72y — w> dy >0 forall v € G, a.
Q

4. Uniqueness of Weak Solutions to a Problem
In order to obtain the uniqueness result, we need to prove the theorem. :

Theorem 4.1 Suppose G, A # ¢ and r(y) satisfies (1). Under conditions () — (Z2) (c), there exists a
unique solution w € G, o to the obstacle problem (1.1). That is to say, there exists a unique w € Gy, A
such that

/ ¢1(y, Dw — T (w)): (Dv — Dw) + ¢2(y, Dw) : (v — w) + <w lw|" =2y — w> dy >0 for all v € Gy A.
Q

Proof. Suppose G, a # ¢ and r(y) fulfills (1). Under the assumptions (I1) — (I2) (c), there exists a
unique w € G, A such that

/ ¢1(y, Dw — T(w)): (Dv — Dw) + ¢a(y, Dw) : (v — w) + <w w|" 72— w> dy >0 forall v e Gy, a.
Q

It is obvious to acquire the existence from the above lemmas. If there are two weak solutions wy, w2 € G, A
to the obstacle problem (1.1)-(1.2) then

/ ¢1(y, Dwy — T (w1)): (Dws — Dwy) dy + ¢a(y, Dwy) : (w2 — wy) + <w1 \w1|”(y)*2 ,Wa — w1> dy > 0.
Q
and

- / ¢1(y, Dwy — T (w2)): (Dwy — Dwy) dy + ¢a(y, Dws) : (wa — wy) + <w2 wa|" 72wy — w1> dy
Q

=/ &1(y, Dwz — T (wz)) : (Dwy — Dws) dy + ¢2(y, Dws) : (w1 — we) + <w2 |7~U2\T(y)72 , Wy — w2> dy
Q
>0

furthermore
/Qﬁbl(wawl — T (w1))=¢1(y, Dwa — T (w2)): (Dwy — Dws) + (¢2(y, Dwr) — ¢a(y, Dws)): (w1 — wy)
+ <w1 |w1|r(y)72 — Wy |w2|r(y)72 , Wy — w2> dy <0.

In consideration of (Z3)(c), we can further deduce that

/Q¢1 (y, Dwy — T (w1)) =1 (y, Dwz — T (w2)): (Dwy — Dwy) dy =0 on Q.

In view of (I3)(c), we can further infer that

/Q(¢2(,%Dw1) — ¢2(y, Dws)): (w1 — wa) dy = 0 on €,

and
/ <w1 |w1|r(y)_2 — Wa |wz|r(y)_2 , W1 — w2> dzx =0
Q

that is to say, w; = ws a.e. on €.
We can infer the uniqueness of the solution.
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