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3-Rotational Hypersurface Satisfying A’Vx =Ax in ES
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ABSTRACT: We introduce the tri-rotational hypersurface z(u,v,w, s,t) in six dimensional Euclidean space

ES. We compute the curvatures of x. In addition, we obtain the Laplace—Beltrami operator depends on the

fourth fundamental form, and find ATYVx =Ax for a 6 x 6 matrix A in ES.
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1. Introduction

Chen [13,14,15,16] introduced the finite type submanifolds immersed into E™ or E* by using a finite
number of eigenfunctions of their Laplacian. Then the topic has been spread until today.

Takahashi [54] gave a connected Euclidean submanifold is of 1-type, iff it is minimal or minimal in
some hypersphere of E™. 2-type spherical closed submanifolds were studied by [9,10,14]. Garay worked
[29] Takahashi’s theorem in E™. Cheng and Yau considered the hypersurfaces having constant scalar
curvature; Chen and Piccinni [18] focused the submanifolds having finite type Gauss map in E™. Dursun
[24] introduced the hypersurfaces having the pointwise 1-type Gauss map in E**1. Aminov [2] presented
the geometry of submanifolds.

In E?; Takahashi [54] worked the minimal surfaces and spheres are the only surfaces having Ar = Ar,
A € R; Ferrandez, Garay, and Lucas [26] gave the surfaces AH = AH, A € Mat(3,3) are the minimal, or
open part of a sphere, or of a right circular cylinder; Choi and Kim [21] considered the minimal helicoid
having pointwise 1-type Gauss map of the first kind; Garay [28] obtained a class of finite type surfaces of
revolution; Dillen, Pas and Verstraelen [22] worked the only surfaces having Ar = Ar+ B, A € Mat(3,3),
B € Mat(3,1) are the minimal surfaces, the spheres, and the circular cylinders; Stamatakis and Zoubi
[53] gave the surfaces of revolution having A1z = Az; Senoussi and Bekkar [52] introduced the helicoidal
surfaces having A'r = Ar, J = I, 11,111, where A € Mat(3,3); Kim, Kim, and Kim [41] focused the
Cheng—Yau operator and the Gauss map of surfaces of revolution.

In E*; Moore [49,50] studied the general rotational surfaces; Hasanis and Vlachos [38] considered
the hypersurfaces with harmonic mean curvature vector field; Cheng and Wan [19] worked the complete
hypersurfaces with CMC; Kim and Turgay [42] gave the surfaces having L;-pointwise 1-type Gauss
map; Arslan et al [3] worked the Vranceanu surface having pointwise 1-type Gauss map; Arslan et al
[4] considered the generalized rotational surfaces; Arslan et al [5] introduced the tensor product surfaces
having pointwise 1-type Gauss map; Yoon [56] served some relations of the Clifford torus; Ozkald1 and
Yayli [51] studied the tensor product surfaces in R* with Lie groups; Kahraman Aksoyak and Yayl
[39] introduced the flat rotational surfaces having pointwise 1-type Gauss map; Giiler, Magid, and Yayh
[33] studied the helicoidal hypersurfaces; Giiler, Hacisalihoglu, and Kim [32] studied Gauss map and
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the third Laplace-Beltrami operator of the rotational hypersurface; Giiler and Turgay [34] examined the
Cheng—Yau operator and Gauss map of the rotational hypersurfaces; Giiler [31] worked the rotational
hypersurfaces having A’R = AR, where A € Mat(4,4). He [30] also obtained the fundamental form IV
and the curvature formulas of the hypersphere.

In Minkowski 4-space Ef; Ganchev and Milousheva [27] indicated the analogue of the surfaces of
[49,50]; Arvanitoyeorgos, Kaimakamais, and Magid [8] studied the mean curvature vector field of M;
supplying AH = aH (o a constant); Arslan and Milousheva [6] considered the meridian surfaces of
elliptic or hyperbolic type having pointwise 1-type Gauss map; Turgay [55] worked the Lorentzian surfaces
having finite type Gauss map; Dursun and Turgay [25] introduced the space-like surfaces having pointwise
1-type Gauss map. Kahraman Aksoyak and Yayl [40] obtained the general rotational surfaces having
pointwise 1-type Gauss map in E3. Bektasg, Canfes, and Dursun [11] considered the surfaces in a pseudo-
sphere having 2-type pseudo-spherical Gauss map in E3. They [12] also obtained the pseudo-spherical
submanifolds having 1-type pseudo-spherical Gauss map.

Arslan, Siitveren, and Bulca [7] worked the rotational A-hypersurfaces in Euclidean spaces. Giiler,
Yayli, and Hacisalihoglu [35] introduced the bi-rotational hypersurface in E%. See [17,45,46,47,48] for the
further works.

We consider the Laplace—Beltrami operator depends on the fourth fundamental form of the 3-
rotational hypersurface in six dimensional Euclidean space E°. In Section 2, we give the notions of
the six dimensional Euclidean geometry. In Section 3, we serve the curvature formulas of a hypersurface
in E®. In Section 4, we present the 3-rotational hypersurface. Moreover, we obtain the 3-rotational
hypersurface supplying A’Vx =Ax for some 6 x 6 matrix A of ES in the last section.

2. Preliminaries

Presenting some facts and definitions, we indicate some notations used whole paper. Assume E™ be

the Euclidean m-space with the canonical Euclidean metric tensor given by g = (, ) = in: dz?, where
(z1,22,...,2m) is a coordinate system in E™. Considering an m-dimensional Riemannia;l ;ubmanifold
of the space E™, we show the Levi-Civita connections [44] of the manifold M , and its submanifold M
of E™ by V, V, resp. We shall use letters X,Y, Z, W (resp., £,m) to denote vectors fields tangent (resp.,
normal) to M.

The Gauss and Weingarten formulas are presented, respectively, by

VxY = VxY +h(X,Y), (2.1)

Vxé = —4¢(X)+ Dx¢, (22)
where h, D and A are the second fundamental form, the normal connection and the shape operator of
M, respectively.

The shape operator A is a symmetric endomorphism of the tangent space T,M at p € M for each
¢ € TPLM . The shape operator and the second fundamental form are related by

(M(X,Y),§) = (A X.Y) .
The Gauss and Codazzi equations are given, respectively, by

(Vxh)(Y.Z) = (Vyh)(X,Z2),
where R, RP are the curvature tensors associated with connections V and D, respectively, and Vh is

defined by
(Vxh)(Y,Z) = Dxh(Y,Z) = h(VxY,Z) = MY, VxZ).

Assume M be an oriented hypersurface in the Euclidean space E"*!, S its shape operator, z its
position vector. We consider a local orthonormal frame field {ej,es,...,e,} of consisting of principal
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directions of M corresponding from the principal curvature k; for ¢ = 1,2,...,n. Let the dual basis of
this frame field be {61,02,...,60,}. Then the first structural equation of Cartan is

n
del:ZHJ /\wij, i,j=1,2,...,n, (25)
i=1
where w;; denotes the connection forms corresponding to the chosen frame field. Then, from the Codazzi
equation (2.3), we obtain

ei(ky) = wijle;)(ki — kj), (2.6)
wij(en) (ki —k;) = wale;)(ki — ki) (2.7)
for distinct 7,7,l =1,2,...,n.
We put s; = 0 (k1, k2, ..., kn), where o; is the j-th elementary symmetric function given by
aj(al,ag,...,an): Z ailaiQ...aij.

1<i1<i2<...<i;<n
We use the following notation
T’lj» = O'j(kl, kQ, ceey ki—la ki—‘—l, ki+2, ceey kn)

By the definition, we get r? = 1 and s,11 = sS40 = -+ = 0. We call the function s as the k-th mean
curvature of M. Note that the functions H = %51 and K = s, are called the mean curvature and the
Gauss—Kronecker curvature of M, respectively. Particularly, M is called the j-minimal if s; = 0.
In E"*1 the i-th curvature formulas €; (See [1] and [43] for details), where i = 0,1, ..., n, are derived
using the characteristic polynomial of S:
D (=1 s AR = Ps(A) = det(S — AT,) =0, (2.8)
k=0

T, indicates the identity matrix of order n. Hence, we reveal the curvature formulas (7;) ¢; = s;. Here,
(E)CO = 5o = 1 (by definition), (71’)61 =81, (Z)Qﬁn =s, =K.

For a Euclidean submanifold : M — E™ the immersion (M, x) is called the finite type, if x can be
expressed as a finite sum of eigenfunctions of the Laplacian A of (M, z), ie. © = o + Ele r;, where
o is a constant map, x1,...,2, non-constant maps, and Ax; = Nz, \; € R, ¢ = 1,...,k. If \; are
different, M is called the k-type. See [14] for details.

Let x = x(u,v,w,s,t) be an immersion from M5 C E’ to ES. A Euclidean dot product of 7 =

6

(21,...,7¢) and I = (y1,...,y6) of ES is given by @ - ¥ = S ;4. A quintet vector product of
i=1

7, 7, 7, 7, 7 of ES is defined by

€] €2 €3 €4 €5 ¢€g
Ty T2 T3 T4 s Te
T TU X T x T xd=det| Y4 Y2 Y3 Y2 Y Yo
7 ? 7 ¢ 21 %2 23 Z4 R5 Rg ’
P1 P2 P3 P4 P55 DPe
91 42 43 44 (G5 (g

where e;, i = 1, ..., 6, are the unit vectors of E°. For a hypersurface x in 6-space, we have (g;;)5x5, (hij) gy s
(tij)5s (£ij)5.5, Where (gij),(hij),(ts;),(fi;) are the first, second, third and the fourth fundamental form
matrices, respectively, and 8i; = Xi Xy, hij = Xjj5 * G, tij = G,L . Gj, fij = tijS, Z,_] = 1,27...75,

. 2 . .
X;= Xy = % when i =1, X;;= Xy = 66u<;(v when ¢ =1 and j = 2, and

Xy X Xy X Xy X Xg X X3

G (2.9)

- Ixu X Xy X Xy X Xg X X¢]

is the Gauss map of the hypersurface x.
See [32,33,34,35,36,37] for details.
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3. i-th Curvatures

In this section, we reveal the curvature formulas of any hypersurface x = x(u, v, w, s,t) in E°.

Theorem 3.1 A hypersurface x in ES has the following curvature formulas, €& = 1 by definition,

b [
L T LT L A S (3.1)
a a a a a
where Ps(A\) = aX\® + bA* + cA3 + 0X\2 + e\ + f = 0 is the characteristic polynomial of shape operator
matriz S, a=det(g;;), f = det (hy;), and (g;;) and (h;;) are the first, and the second fundamental form
matrices, respectively.

Proof: The solution matrix (g;;)~'-(h;;) supplies the the shape operator matrix S of hypersurface x in
6-space. In E®, computing the i-th mean curvature formula ¢;, where i = 0,1,2,3,4,5, we reveal the
characteristic polynomial Ps(\) = det(S — A\Z5) = al® + bA* + A% +0A2 + ed +§ = 0 of S. Then, we find
the i-th curvature folmulas in 6-space. We obtain the following

5
C = 1
(0> 0 )

5
(1>€1 = ky+ko+ks+ks+ ks
_ b
= —
5
(2> Cy = kiko 4 kiks + kika + kiks + koks + koky + koks 4 kska + ksks + kaks
_ ¢t
= -
5
(3> C3 = kikoks 4+ k1koky + k1koks + ki1ksky + k1ksks + k1kaks 4+ koksky
+hoksks + kokaks + kskaks
0
= -
5
_ ¢
= -
5
. Cs = kikokskaks
_ T
o

See [30] for the case E*.
Theorem 3.2 A hypersurface x = x(u,v,w, s,t) in ES has the following relation
CoVI -5V + 1081V — 10€31 11 + 5&4 11 — €51 = 0,

where I, I1, 111, IV, V. VI are the fundamental form matrices having order 5 X 5 of the hypersurface.

Proof: Considering n =5 in (2.8), it is clear. O
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4. 3-Rotational Hypersurface

In this section, we define a rotational hypersurface, then find its differential geometric properties in
Euclidean 6-space ES. Note that the definition of rotational hypersurfaces in Riemannian space forms
were given in [23]. A rotational hypersurface M C E"*! constructed by a surface v around an axis
that does not meet  is obtained by taking the orbit of v under those orthogonal transformations of E*+!
leaves v pointwise fixed (See [23, Remark 2.3]).

We use the profile surface v(u,v) = (f(u,v),0, g(u, v),0, h(u,v),0) with the following rotation matrix

cosw —sinw 0 0 0 0
sinw  cosw 0 0 0 0
0 0 coss —sins 0 0
0 0 sins  coss 0 0 ’
0 0 0 0 cost —sint
0 0 0 0 sint cost

and then, give the following.

Definition 4.1 A 3-rotational hypersurface in ES is defined by

x(u, v, w, s,t) =

where f,g,h are the differentiable functions, u,v € R, and 0 < w, s,t < 2.

Considering the first derivatives of (4.1) depends on u, v, w, s, t, respectively, we find the first quantities
of (4.1)

g1 g2 O 0 0
821 822 O 0 0
(gyj)=| 0 0 g 0 0 |, (4.2)
0 0 0 g O
0 0 0 0 855
where
gun = fi+g.+h,
g12 = fufv + gugv + huhv = 821,
g2 = fi4g2+hl,
g3 = [? 8u=g" g5 =Dh%
and f, = %, fo= %. Here,
g = det (gi;) = f*g°h* ((.ﬂf +gi 4+ 02) (f2+ g0+ h2) — (fufo + gugo + huhv)2) :
Using (2.9), we obtain the Gauss map of the 3-rotational hypersurface (4.1):
(hugo — Guhy) cosw
(hugv — guhy) sinw
1 (fuhy — hofy) cos s
G —_— W ( b (4.3)
(

uh )
why — hy fy) sins
Jufv — fugv) cost
(gu f. )

[ fugv sint
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where
W= (f2+ 92 +02) (f2+ g2+ h2) — (fufo + gugo + huhy)?.

With the help of the second derivatives of the 3-rotational hypersurface(4.1) depends on u, v, w, s, t, and
the Gauss map (4.3) of the (4.1), we reveal the following second quantities

hi1 hys 0 0 0
hs; hoo 0 0 0
)= 0 0 hs 0 0
0 0 0 hy O
0 0 0 0 hss

where
h o (hugv - guhv) fuu + (fuhv - hufv)guu + (gufv - fugv)huu
11 — 1/2 ’
W
h _ (hugv - guhv) fuv + (fuh'u - hufv)guv + (gufv - fugv)huv o h
12 — W1/2 — 121,
h o (hugv - guhv) fvv + (f'u.h'u - hufv)gvv + (gufv - fugv)hvv
22 - 1/2
w
h _ (guhv - hugv) f
33 — Wa
h _ (hufv - fuhv) g
44 - W7
h _ (fugv 7gufv)h
55 W1/2 .
So, we get
h udv — YuJv hu'u_ uhv uhv_huv hh _h2
h:det(hij):fg (fugo = gufo) (hufo — fuho) (g gv) (huthez — hiy)

W3/2
By using (4.2) and (4.4), we compute the following shape operator matrix of (4.1):

g22hii1—giochis  goohio—giohas

2 2 O O O
811822872 811822872

g11h12*g12]1'111 g11h22*g12j}112 0 0 0
gugzz*g%z gllg227g%2

S = 0 0 B0 0

0 0 0 bu

844 h
0 0 0 0 55
855

Finally, using (3.1), with (4.2), (4.4), respectively, we find the curvatures of the 3-rotational hyper-
surface (4.1) as follows.

Theorem 4.1 Let x : M5 — ES be an immersion given by (4.1). Then, x has the following principal
curvatures

—QY2 4 gi1hyy — 2g12h1s + gaohig

kl - 2W 9
e QY2 + g1 hgyy — 2g1ohys + goohyy
2 2W ]
o guhv - hugv
ks = Wa
k _ hufv - fuhv
Y e
ks = Jugv—9ulv

h W1l/2
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where

Q = (g11hay — 2g10h1s + goohyy) — 4W (hi1hsy — hi,),

W= gugzz—g%m )
(guho = guhu) 2(fz2w - fuufm;)
+ (fuhv - fvhu) (ggv - guugvv)

hi1hoo—h2, = L (fugv - fvgu)Q (hiu - huuhvv)
e 12 w - (fu v fv u) ( gv u) (2fm)guv - fuugvv - fvvguu)
+ (fugv fvgu) ( uhv ) (2fuvhuv - fuuhvv - fvvhuu)

- (fugv - fvgu) (fuhv - fvhu) (2guvhuv = Guuhww — gvvhuu)
Proof: Solving det(S — A\Z5) = 0, it is clear. O
Theorem 4.2 Let x : M5 — ES be an immersion given by (4.1). Then, x has the following curvatures
& = 1,

(f29%hs5 + f2h*hyg + g°h%hs3) (811822 — 832) }
+f29°h? (gaohi11 — 2g12h12 + g11hao)

5¢; =

)

f2g%h? (811822 — 812)
(f*hashss + g*hsshss + h?hgshas) (211822 — 1)
(f2 *hss + f2h?hyy + g*h? h33) (g11h22 — 2g12hyo + goohyy)
+f2g°h? (hi1hgy — hi,)
2f%9?h? (811822 — 8%2)
(811822 — 815) hashyshss
+ (/%9 2]f155 + f2h*hyy + g>h?hgs) (hithgy — hiy)
+ (f*hashss + g*hsshss + h2hsshyy) (g11hae — 2812012 + g2ohi)
f292h? (811822 — 875)
{ f? h44h55 + g*hgshss + h?hgshyy) (hithyy — hiy) }
+ (g11h22 — 2g12h12 + gashiy) haghyshss
f292h? (g11822 — 815)
(hi1hgo — hi,) hyshyshss
[29%h? (811822 — g%g)

where f2g°h? (g11822 — 833) # 0.

10¢; =

10¢3

¢y

¢ =

Proof: Taking into account i-th curvature folmulas with k;, and also Theorem 4.1, it is clear. O
Hence, we serve the following examples.

Example 4.1 Let x : M® — ES be an immersion given by (4.1). When the profile surface v of x is
parametrized by the unit sphere: f(u,v) = cosucosv, g(u,v) = sinucosv, h(u,v) = sinv, then S = Zj
and the 3-rotational hypersurface has the following curvatures €; = 1, where i = 0,1, ..., 5.

Example 4.2 Assume x : M® — ES be an immersion given by (4.1). While the profile surface v of x

is the rational parametrized by the unit sphere: f(u,v) = %%, g(u,v) = 1_2;:2 %;”}z , h(u,v) =

the 3-rotational hypersurface has the same results of Example 4.1.

2v
1+v27

Example 4.3 Let x : M® — ES be an immersion given by (4.1). When the generating surface v of x

. . . 2, 2
is parametrized by the Riemann sphere: f(u,v) = %, g( ﬁ, h(u,v) = %M, the

3-rotational hypersurface has S = —ZIs, and has the following curvatures €; = (fl)i, where 1 = 0,1, ..., 5.

u,v) =
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Example 4.4 Considering the hypersphere S°(r) := {§ €ES | (¢,¢) = r2} (for radius r > 0) as

7 COS U COS U COS W

T COS U COS ¥ Sin w

7 sin u cos v cos s

rsinucosvsin s (4.5)
rsinwvcost
rsinvsint

f(u7 IU, w7 S’ t) =

we get S = %1'5, and we obtain the following curvatures €; = %, where i = 0,1, ...,5. Here, H®> = K and
then the hypersurface (4.5) is a 3-rotational umbilical hypersphere.

5. 3-Rotational Hypersurface Satisfying A’Vx =Ax in ES

In this section, we give the fourth Laplace—Beltrami operator (i.e., depends on the fourth fundamental
form) of a smooth function in E®, then calculate it by using the 3-rotational hypersurface.
By using the inverse matrix of the fourth fundamental form matrix (f;;). ., we get the following.

Definition 5.1 The Laplace— Beltrami operator of a smooth function ¢ = ¢(zt, 2%, 2, 2%, 2°) |p (D C
R®) of class C® depends on the fourth fundamental form is the operator defined by

5
1 0 . 0
AVp=_——_ — £/ 2 1
’ F”E;&ﬂ( 527) oY
where (£7) = (f) " and £ = det (fi)
The fourth fundamental form matrix of the 3-rotational hypersurface (4.1) is given by

IV = (£ij) 55

where
2 3
<g11+g22 + \/gf1—2g11g22+4g§2+g§2) (hn +hoy — \/h%1—2h11h22+4h§2+h§2)
fll 2 12 )
32 (g11g22—g12)
2 3
<g11+g22 - \/gfl—2g11g22+4g§2+g§2) (hn +hoy + \/h%1—2h11h22+4hf2+h§2)
f22 - 2 )
32 (g11g22*g%2)
h3 h3 h3.
fi3 = 22, fiu=—*, f55 = 22
833 844 855

For the 3-rotational hypersurface (4.1), f;; = 0 when ¢ # j. Therefore, the Laplace—Beltrami operator
depends on the fourth fundamental form of the hypersurface x = x(u, v, w, s,t) is given by
1/2 X 1/2 X
1
A= o (61202 ) + & (1812 e1 ) o (5.2)
9 1/2 ox
+E <|f‘ / f555)

By using the derivatives of the functions in (5.2), with respect to u, v, w, s, t, respectively, we obtain the
following.
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Theorem 5.1 The fourth Laplace— Beltrami operator of the 3-rotational hypersurface (4.1) is given by

F(u,v) cosw

F(u,v)sinw

v | G(u,v)coss

ATX(u, v, w5, t) = G(u,v)sins |’
H(u,v)cost
H(u,v)sint
where

Flu,0) = ff11 (fu) fut flf22+(f22) Fo £ fon o+ £22f 1
) - 2f u u 2f v v uu v f}
G _ f fll fll f f22 f22 fll f22 71
(u,v) = of ( )u Gu + of ( )U Go + 1 guu + 1700 P
f f, 1
H(u,v) = (2‘;f“+(f“)u>hu+<2ff22 (f22)v>hv+f“hw+f22hw—h,

[h33h44h55 (h11h22 h12)]3
2

f =det (f)
[g33g44g55 (g11g22—g12)]

)

1 1 g3 gi g?
fll f22 f33 33 , f44 44 , f55 55 .
fi1’ [ hi, h3, hi;

Proof: By direct computing (5.2), we obtain the following functions

2
F(ua U) = fllfuu + f22fvv - f%7
33
11 22 g§4
G(U,U) = f guu+f gvv_ghig,a
H(u,v) = fLhyy + £2hy, — hﬁgs :
55

Therefore, we have the following.

Corollary 5.1 Let x : M5— ES be an immersion given by (4.1). The 3-rotational hypersurface x
satisfies ATVx = Ax, where
F__G_ H
A = dzag <fIQ, Ig, h I2>
and A € Mat (6,6), Iy is the identity matriz.

Finally, we present the following examples.

Example 5.1 Let x : M®— ES be an immersion described by (4.1). When the generating surface v of
x is parametrized by the unit sphere: f(u,v) = rcosucosv, g(u,v) = rsinucosv, g(u,v) = rsinwv, the
3-rotational hypersurface x supplies

AVx = Bx,

where B = —5rZg, Lg is the identity matriz.
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Example 5.2 Let x : M°— ES be an immersion determined by (4.1). While the generating surface vy

h(u,v) = wtvr—l

of x is parametrized by the Riemann sphere: f(u,v) = %, g(u,v) = T

the 3-rotational hypersurface x has the following

2v
u2+'u2+1 ’

AVx =Cx,
where C = 5Zg, I is the identity matrix.

Acknowledgement. The authors declare that there is no conflict of interest regarding the publication
of this paper.
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