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Multiplicity of weak solutions for a class of quasilinear elliptic Neumann problems using
Variational methods
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ABSTRACT: The existence of infinitely many weak solutions for the strongly nonlinear elliptic equation of
the form
—div(wl(:c)|Vu|p(””>_2Vu) + wo(@)| u P20 = f(z,u) + g(z,u) in Q,
g—: =0 on 09,
is proved by applymg a critical point variational principle obtained by B. Ricceri in weighted variable exponent
Sobolev space W12() (€, wg, w1).
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1. Introduction

Let © be a bounded open subset of RV with boundary of class C', and let v be the outward unit
normal vector on the boundary 0f2.

In recent years there has been an increasing interest in the study of various mathematical problems
with variable exponent. These problems are interesting in applications and raise many difficult math-
ematical problems. The impulse for this, mainly come from their important applications in modeling
real-world problems in electrorheological fluids and image processing, (see for example [6, 7, 10, 25, 27,
28)).

Our aim is to prove the existence of infinitely many weak solutions for the following degenerate
p(z)-Laplacian equation with Neumann boundary value condition, this is a now topic.

P) —div(wl(x)\VuP(I)_QVu) + wo(@)| u [P 720 = fz,u) + g(z,u) in Q,
54 =0 ondQ.

Where p € L*°(2) and satisfies the conditon

1<p :=ess ir{lzfp(x) <pt i=esssupp(r) < oo, (1.1)
Q

and wo (), w1 (x) be a weight functions on 2, i.e. each wo(z) and wy (x) is measurable a.e. strictly positive
on (), satisfying some integrability conditions (see section 2). We refer the reader to [18, 19, 26] where
the authors were concerned with Dirichlet problems.
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In the classical Sobolev spaces, Ricceri [24], Anello and Cordaro [5] have proved the existence of
solutions (P) in the case Apu and wo(x) = A(z) is a positive function such that A(-) € L*°(Q) with
AT = ess Helsfz A(z) > 0, and p > N. The existence of solutions of problem (P) is proved by applying

T

the following critical point theorem recently obtained by B. Ricceri as a consequence of a more general
variational principle (see [23]).

In the Sobolev variable exponent setting, X. Fan and C. Ji in [14] have proved the existence of infinitely
many solutions in the space with variable exponent Sobolev space WP()(Q) in the particular case, Apyu
and wo(z) = A(x).

Even though the problem (P) has been studied by some other authors in anisotropic variable exponent
Sobolev spaces and weighted Sobolev space (see [1, 2, 3, 8, 9]), the hypotheses we use in this paper are
totally different from those ones and so are our results.

The following theorem plays an important role in this paper.

Theorem 1.1 (See [14], Theorem 2.2.) Let X be a reflexive real Banach space, and let &, ¥ : X — R
be two sequentially weakly lower semicontinuous and Gateauz differentiable functionals. Assume also that
U s (strongly) continuous and satisfies lim  W(u) = 4o00. For each p > igl(f\IJ, put

llull =00
O(u) — inf D(v)
. vE(T 1 (J—00,p)))
= inf , 1.2
#0) u€¥=1(]—c0,p)) p—¥(u) (12)

where (W=1(] — oo, p[)) is the closure of $~1(] — oo, p[) in the weak topology. Then, the following conclu-
sions hold:
(a) If there exist pg > igl(f\ll and ug € X such that

(uo) < po (1.3)

and
D(ug) — inf D(v) < po — ¥(ug), (1.4)
ve(T1(]—00,p0))
then the restriction of ¥ + ® to W=1(] — oo, po[) has a global minimum.
(b) If there exists a sequence {r,} C (igl(f\ll, +00) with r, = +00 and a sequence {u,} C X such that for

each n we have

U(up) < (1.5)

and
D (up) — inf D(v) <1y — U(uy), (1.6)
V(1 (]—00,rnl))
and in addition,
liminf (¥(u) + ®(u)) = —o0, (1.7)
lull—+o0
then there exists a sequence {v,} of local minima of ¥ 4+ ® such that ¥(v,) — 400 as n — oo.
(c) If there exists a sequence {r,} C (igl{f‘lh—i—oo) with 1, — i&f\ll and a sequence {u,} C X such that

for each n the condition (1.5) and (1.6) are satisfied, and in addition,
every global minimizer of ¥ is not a local minimizer of ® + U, (1.8)

then there exists a sequence {v,} of pairwise distinct local minimizers of ® + U such that

lim ¥(v,) = i&f U, and {v,} weakly converges to a global minimizer of V.
n—oo

This paper is organized as follows: In section 2, we present some preliminary knowledge on the
weighted variable exponent Sobolev spaces Wl”’(')(Q, wp, w1 ). We introduce in section 3 some assump-
tions for which our problem has solutions. In section 4, we prove the existence of infinitely many weak
solutions for our Neumann elliptic problem. Finally, we conclude and provide some perspectives in section
5.
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2. Preliminary

In this section we summarize notation, definitions and properties of our framework. The basic prop-
erties of the variable exponent Lebesgue-Sobolev spaces, that is, when w(z) =1 can be found from ([11,
13, 15, 16, 17, 20]).

Let © be a bounded domain in RY, we define:

C4+(Q) = {measurable function p(-): Q2 — R suchthat 1<p~ <p" < oo},

where . _
p~ =essinf {p(z) [z € Q} and pt =esssup {p(z) /x € Q}.
Let w, wg, w; are positive continuous functions defined in RY. For p € C; (Q), define

1

Lp(')(Q,w) = {u(:zr) CuwrE € LP(~)(Q)},

with the norm

a0 = Il =0t {05 [ ] 22
O g

p(z)
de <15.

When w(z) = 1, we use LPO)(Q) instead LPO)(Q, w) and use ][ p(.y,0 instead of [|ully.),0,uw-
The weighted variable exponent Sobolev space WP() (€, wg, w;) is defined by

Wl’p(.)(va07wl) = {’U, € Lp()(Q7w0) : \Vu(a:)| € Lp(.)(Q7w1)}a

where the norm is
[ullwrro @uwo,wy) = 1llpe). 2w + 1VU(@)lp(), 0,0, -

It is easy to see that the norm

. u(z) |p(=) Vu(z) p(x)
leelly p.).0,00 000 = 1nf{u >0: /Q <w0(:1:)‘£1) + wl(az)’ ,u( ) ‘ ) dx < 1} , (2.1)

is the equivalent norm. The theory of such spaces was developed in [18, 19, 21, 22, 26]. When p(z) is a
constant, some results have been proved in [4, 12]. If wo(z) = wi(z) = 1, we use WHP()(Q) instead of
WP (Q, wo, w;) and use lullwr.pe) (o) instead of [ullyw1.e0)(0,wg,uw1)-

Throughout the paper, we assume that w is a measurable positive and finite almost everywhere
function in €2 satisfying that

=1

_ -1
(V1) w,wp,w; € L}, () and WD ,wd T wl P e L ().

loc

p(x)—N> p(z)

(V2) w—”(z),way(x),wf”(w) € LY(Q) with v(x) E} N oo[ﬂ {%,oo[ and v~ > p_IXN.

Proposition 2.1 ([19]) The spaces LPC)(Q,w) and WHPC)(Q,w) are separable and reflexive Banach
spaces.

Lemma 2.1 ([26]) If we denote
plu) = / w(z) |u [P@ de, VYue LPO(Q,w),
Q

we have
(2) ullLro 0wy <1U=1,>1) < p(u) <1(=1,>1),
.. + -
(i) 1l gy < 1= Nl gy < (0) < [l 0

(#8) [ull Lo ) > 1= Nl 0y < POW) < Null] 1 -
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Lemma 2.2 ([21,22]) Set

= [ (wom\“f) ”(””) de, € WO, wp, wn)

(@) llly pey.0wew <1 = |||U|H1p( )@y < () < lul

p(z) o (x))vu(x)

we obtain

|P
71’( ),Q,wo, w1’
(b) |HU|||1 ,p(+),Q,wo, w1 >1= H|U|||1 (), Qwo,w1 — C( ) < |||U|||1 p(+),Q,wo,wy

The following compact embedding result is crucial
Theorem 2.1 Let (V1) and (V2) satisfied. Then we obtain the following result

Wl p(')(Q,wo,wl) —— Oo(ﬁ)
Proof Let u € WHP0)(Q, wp,w;), we denote by p ()

= Vl,((mx))pﬁ) < p(z). By the Holder inequality

in([18] Proposition 2.1) with parameters g(z) = ;((Ix)) = ((L) and its conjugate ¢'(z) = v(zr) + 1 we
h
" e “tepte

/ ‘Vu dx z/ ’Vu

@ p((w))vfi) (z) —v(x)

/’V T T O g
< oo 5. -

— )
v(z)+1 le vt

L@ ()
Assumption (V2) and Lemma 2.1 imply that

LV(:L')+1(Q) :

1
Hw;% Loy < <A u}l_l/(r)(x)dx + 1) v 41 < o
Thus we get
/ ‘Vu pl(m)dm < CH ek Vu oy o -
@ L v@) (Q)
Without loss of generality, we can assume that / ’vu‘pl(m)

dx > 1. (If not, it is easy to see from Lemma
Q
()
2.1 that u € WHP1)(Q).) If/ wi(z)‘Vu’p dx < 1, then from (2.2) and Lemma 2.1 we have
Q

[vul; 5y < [ I
Lm()(Q -
p(x) Py
<C </ wl(x)‘Vu‘ d:r)
Q

< |7

pl(”f

V+1

Lr( )(Q wl)
7l =
LP1()(Q) Lr()(Qwy)
w1 ’Vu‘ dx > 1, then from (2.2) and Lemma 2.1 we obtain
ool = I
Lr1( )
v+
p(x) v
<C (/ wl(m)’Vu‘ da:)
Q
+

< CHVu

ie.,

On the other hand, if /
Q

(2.3)

P1($)

ptuv
vt 41

LPC) (Qw1)
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ie.,
B
Hw\ < chu] , (2.4)
Lr10)(Q) Lr()(Q,w1)
where 3 = l’j:fl -+~ From the inequalities (2.3) and (2.4), we obtain Vu € LPO)(Q,wy). Therefore,

we conclude that WhPO)(Q, wg, wy) < WHP1()(Q), by (V2) we have v~ > p‘%N then p; > N. Since

Wri()(Q) is continuously embedded in W1P1 (), and WPt (Q) is compactly embedded in C%(Q). We
then deduce the result using the classic injections WP()(Q, wg, w;) <+ C°(Q). This finishes the proof.
g

Set

Co= sup HUHLOO(Q)

Nl (25)
wew 120 (Qwo,w)\ 0} 11 50,2000,

then Cj is a positive constant.

3. Essential assumptions

Let © C RY be an open bounded set with the boundary 99 of class C*, and let v be is the outward
unit normal to 0f).
Assume that f,g: Q x R+—— R are Carathéodory functions satisfying,

sup | f(z,t) |€ LY(Q), and sup | g(z,t) |€ L*(Q) for each r > 0. (3.1)
[t]<r [t|<r
We set . .
F(x,t) = / f(z,s)ds and G(z,t) = / g(x, s)ds. (3.2)
0 0
We define, for any u € W) (Q, wg,w;), the functionals
1 p(z)
_ p(x)
J(u) /Qp(a:) (wl(x)‘Vu‘ + wo(z) | u | ) dx, (3.3)

U(u) = J(u) — / G(z,u)dz and O(u) = —/ F(z,u)dz. (3.4)
Q Q
We assume that G satisfies one of the following two conditions:

(G1) There exist M >0, € € (0,1) and 3,0 € L*(Q2) with [|8]|11(q) # 0 such that

1— _
for any |t| > M G(z,t) < % [tP 4+6(z) ae. inQ,
prCg 18Iz (2)

(G2) There exist M > 0, ¢ € (0,1) and 6 € L'(€) such that

(1 — Juwo(x)

tP@) 10 (x) ae. in .
IR | o) 44/ (2)

for any |t| > M G(z,t) <

From now on, we always assume that
(V3) wo € Ll(Q)

Definition 3.1 A measurable function u € WPO)(Q,wo,w1) is called a weak solution of the Neumann
elliptic problem (P) if

(2)—2
/ wl(x)’Vu’p VuVudx +/ wo(x) | u |P® 2 wode = / flx,u)vdx +/ g(x, u)vde,
Q Q Q Q

for all v e WHPO(Q, wp, wy).
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Definition 3.2 A function F(xz,t) satisfies the condition (S) if for each compact subset E of R, there
exists £ € E such that
F(xz,§) =sup F(x,t) for a.e. x €. (3.5)
teE

4. Main results

This section contains the statement of the main results.
Taking uy and u,, in Theorem 1.1 as the constant value functions &, and &,, and we assume that

o wo ()
hmmf/ ( P _Q(z,€) — F(x, >dx = —00, 4.1
timint | (2950 €70 ~G(r.6) - Flz.9) (1)
also, we will need the following condition
/ Lolt) | ¢ o) g - / Gz, &)dr < dy | €17 +dy, VEER, (4.2)
o p() Q

where d; and dy are two positive constants. It is easy to see that (4.2) holds true under the condition
(G1) or (G2).

The following theorem is our first main result.

Theorem 4.1 Let the conditions (V1) —V (3), (4.1) — (4.2) be satisfied, and let (G1) or (G2) holds, and
let F satisfy the condition (S). Suppose that {a,} and {b,} are two positive sequences such that

ot
lim b, = 400 and lim a% =0. (4.3)

If there exists a positive function h € L'(Q) and ||h| 1) # 0, such that for each n we have

h(x) by \* ot )
F(x,a,) + Tl ses do ol —dial —dy | > sup Fl(x,t) a.e. in £, (4.4)
1Pl 21 () 0 t€[an.bn]
h(x) b \? o+ ,
F(z,—a,) + AT, dy Yol —dial —dy| > sup  F(z,t) a.e. in €, (4.5)
12/l (o) 0 te[—bn.—au]

and the inequalities (4.4) and (4.5) are strict on a subset of Q with positive measure, then there exists
a sequence {v,} of local minima of ¥ + ® such that lim ¥(v,) = +oo. Consequently, the problem (P)

n—oo
admits an unbounded sequence of weak solutions.

Proof of Theorem 4.1
Step 1 : Some technical lemmas
Lemma 4.1 ([18,26]) Assume that (V1),(V2) and (3.1) are satisfied. Then,
U, ¢ e CHWPO (Q,wo, w1), R)
and its Gateaux derivatives are given by

‘P(m)

-2
(V' (u),v) = /le(x)‘Vu VuVudzr + /Qwo(ac) | u |P@) =2 yude — /Qg(a?,u)vdm,

and

@ (w).0) == [ flaujods

for any u,v € W PO (Q, wg, wy).
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Lemma 4.2 ([18,26]) Assume that (V1),(V2) and (3.1) hold. Then ¥, ® are sequentially weakly lower
semicontinuous.

Step 2 : Coercivity of ¥

Proposition 4.1 Assuming that G(z,t) satisfies (G1) or (Gz), then the functional U is coercive, i.e.

U(u) — 400 as |H“”|1,p(~),ﬂ,wo,w1 — for uwe WP (Q, wy, wr).
Proof
(G1) Assuming that the condition (G1) is satisfied, then
1— _
G(z,t) < (1 = ©)B(x) [t P +61(z), ae inQ forany [t|> M.

P+C§7 ||5||L1(Q)

When |||uH|Lp(,)’Q’wO’w1 > 1, we obtain

U (u) :J(u)—/G(:L',u)d:E

1Z me
—_— w I u
o) \ it

+W@HMM0MLGWMM

Q
1 (1—e
> 7|||u|||P o _—/B| > dx—/91(93)d95 (by Lemma 2.2)
pt 1,p(- 0,W1 +C’ ||ﬂHL1(Q Q
1
1 _ P~
Zp+ |||U|||1,p(.),sz,w0,w1 prCy “ I w() ~ A
1 - ( ) 3 =
> FIIIUIII’T p().Qwo,wy Il 2() Qo — €L (USINg2.5)
€
> j|||u||| ) Qwo.wn — C1-

(G2) Under the condition (G2) we have

]. - ’
G(z,t) < (e()u))o(:n) |t [P@) 46, (), ae inQ forany [t|> M,
p(x

when |||ul

|1,p(),2w0,wy > 1, We obtain

W (u) :ﬂm—/awwm

:/Qp(lx)Zwo(Hup)—le ‘Vu(>dz—/G

P dx—i—/Q ewo(x)| " ‘p(a;)dx_CQ

> / wl(:c)‘Vu
pe Q
> F\H“”pr() Quo,wr 2>

(4.6)
Thanks to (4.6) — (4.6), we conclude that ¥ is coercive. Moreover, there exist two positive constants dg
and og such that

U(w) > dollull? ) mmn 100 Tl g2 s > o (4.7)
O
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Step 3 : A priori estimates

For r > inf U, we define
WLr(O) (Q,wo,w1)

K(r) = inf {o > 0: 971 = 0,7]) € Byt @) (0:9) }, (4.8)

where
Bwl,p(-)(Q,wmwl)(O,O’) = {U S Wl’p (Q U}val) H|u|”1,p(-),ﬂ,wo,w1 < U}’

and By 1,0() (,w,w;) (0, 7) denotes the closure of Byy1.00)(0,uwg,w,) (0, 0) in WLPO) (Q, wp, w ) with respect
to the norm topology.

We have U is coercive, then 0 < K(r) < +oo for each r > - )i(nf )\Il. In view of (4.7), we obtain
WLr()(Q,wp, w1

U(u) < dO”lu”'l P()Qwowr 7 ”lu”'l»p('),ﬂ’wo’wl < 0

Thanks to (4.8), we have
V(] = 00, 7]) € Byt (©,wp,u1) (0, K (1)) then (¥=1(] = 00,7()) € By1.n0) (9,0,1) (0, K (7)),

and using (2.5), we get [[ul| () < Collul l1.p() Qwpw, theD
Biy1o0) (@,u9,00) (0, K (1)) € {u € C(Q) : [Jull () < CoK(r)}.
It follows that
inf d(v) > inf d(v) > inf o (v). (4.9)
ve(W—1(J—00,r]) Mwllly, oy, 0,wg,wy SE(T) llv]l oo () SCo K ()

By taking ug and w,, as constant value functions & and &, in Theorem 1.1 and using (4.9), we conclude
the following Theorem 4.2, that relies on Theorem 1.1.

Theorem 4.2 Let the conditions (V1) and (V2) be satisfied. Suppose that ¥ and ® are as in (3.4), @
is coercive, and K(r) is as in (4.8).

(a) If there exist py > inf U and & € R such that
WLp() (Q,w0,w1)

wo() P@) gy — (z ri=e
|55 60 r o= [ 6o oo = e < (110)
and
/Q F(x,&)dx + (§ — eo) > sup F(x,v(z))dz, (4.11)

veC(Q),l|v]l Lo () <Co K (po) Y

then the restriction of ¥ + ® to W=1(] — oo, po[) has a global minimum.

(b) If there exist a sequence {r,} C ( inf v, —|—oo) with lim r, — 400 and a sequence {&,} C
WLr(O) (Qwo,w1) n— 00

R such that for each n we have

/ () | &n [P da — /G (z,&n)dr == en <7Tp (4.12)
o p(x)
and
F(z,&,)dx + (r, —ep) > sup / F(z,v(x))dz, (4.13)
Q veC(Q),l|v]l Loo () SCoK (1) /2

and in addition (4.1) holds, then there exists a sequence {v,} of local minima of ¥ + ® such that
lim ¥(v,) — +o0.

n—oo
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(c) If there exist a sequence {r,} C ( inf ,+oo) with lim r, = inf U(u) and a
W1.p()(Q,wo,wy ) n— 00 ueWL.2() (Qwg,w1)

sequence {&,} C R such that for each n, the conditions (4.12) and (4.13) are satisfied, and in addition,
the condition (1.8) is satisfied, then there exists a sequence {vn} of pairwise distinct local minima of

U + & such that lim ¥(v,) = inf U(u), [i.e, the sequence {v,} converges weakly to the
n—00 weW1.2() (Q,wp,w1)

global minimizer of U].

Proof Using (4.10), if there exist pg > inf U(u) and & € R such that
weWL:r() (Q,wg,w1)
/ M\fdp(x) dx —/ G(z,&)dr:=eo <po = V(&) < po,
o p(z) Q

therefore (1.3) holds.
Thanks to (4.11), we have

| Pl ds+ (o) > sup | P
Q2 veC(Q),||v]l oo (2) <Co K (po) Y 2
then
po- W) >~ [ Fagdet s 0 ().
Q2 veC(Q),||v]l Loe (2) <Co K (po)

Thanks to (4.9), we get

po — V(&) > (&) — inf ®(v).
veW—1(]—o0,pol)

Therefore, the hypotheses (1.3) and (1.4) of Theorem 1.1(a) are satisfied. Then the restriction of ¥ + @

to W=1(] — o0, po[) has a global minimum. Assuming that the hypotheses of Theorem 1.1(b) and Theorem

1.1(c) are satisfied, using the same approach we can conclude the proof Theorem 4.2. (Il
For the condition (4.11) in Theorem 4.2(a), we give the following proposition.

Proposition 4.2 Assume that py > inf U, & € R and (4.10) holds. If there exists a positive

W1>P(')(Q,wo,w1)
function o € L*(Q) with || 1) # O such that

F(z,&) + ﬂ(/}o —e) > sup F(x,t) for ae xz€Q, (4.14)
el Lo |t1<Co K (po)
and the inequality (4.14) is strict on a subset of Q0 with positive measure, then (4.11) holds.

Proof Integrating (4.14) over £ and noting that

/ sup  F(z,t)dx > sup / F(z,v(zx))dz,
Q [t|<CoK (po) veC(Q),]|v]| oo () SCo K (po) ¥ 2

we obtain (4.11). 0

The following proposition plays a crucial role in obtaining the main result in this section.

Proposition 4.3 Assume that ¥ is coercive and (4.7) holds, for r > d0087 we have

1

K(r) < (C;O) " (4.15)
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Proof Let > doo? and u € WHPO)(Q, wg,w;) be such that ¥(u) < r. When Melly ey, 0,w0 00 =

= 00,
by (4.7), one has

,p(+),Q,wo,w1?

r > W(u) = dol|ullf

which implies that [[ull; ,(.) 0 wo.w; < ((T)

1
. =

When [[ully .m0, < 00, 16 is clear that [[ull; () g0 < (df) »" . Using the definition of K (),

we conclude (4.15). O

Step 4 : Proof of the statements (4.12) and (4.13)

p
We set r,, = dp (g—g) , then lim 7, — +o00, and thanks to (4.15) we obtain
n— oo

CoK(ry) < by (4.16)
Since F satisfies the condition (S), for each n, there exists &, € [—an, a,] such that

F(z,,)= sup F(z,t),for a.exe. (4.17)

te[_a7uan]
By (4.2), one has

_ [ w@) ) g,
en = | S 6, 17 da = [ Glagia

<di | & |77 +dy < dy | an [P +ds.
It follows from (4.3) that for n sufficiently large,
+ bn \7
di L an 7" +ds < do (é;) o
and consequently e, < r,, that is (4.12) holds. Without loss of generality, we may assume that for all n,

(4.12) holds. By combining (4.4)-(4.5) and (4.17), we obtain

|h||(Lx1)(Q)(rn —en) > \;gg F(x,t) for ae x€Q, (4.18)

>

F(x, &) +

and the inequality (4.18) is strict on a subset of Q with positive measure. Using (4.16) and the Proposition
4.2, we obtain (4.13).

Therefore, all hypotheses of Theorem 4.2 (b) are satisfied, then the proof of the Theorem 4.1 is
concluded. (]

Our second main result is the following theorem

Theorem 4.3 Assume that (V1) — V(3) hold. Suppose that
G(z,t) <0 for teR and a.e. x €, (4.19)

there exist two positive constants M and e such that

~G(x,t) <M |t[P for t<e and ae. x€Q, (4.20)
The functional F satisfies the condition (S) and

/F(m,f)dm—l—/G(m,g)dx
lim sup & s
|0 € IP

wo(z)
>/Q (@) dx. (4.21)
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Suppose that {an} and {b,} be two positive sequences such that

P~
lim b, =0 and lim a% =0, (4.22)
n—00 n—00 bp

and there exists a positive function h € L*(Q) with ||h||1 (o) # 0, such that for each n we have

+
1 b -
F(x,an) + _Na) (bn ) —dgal | > sup F(x,t) a.e. in (4.23)
12/l o) Co t€[an.bn)
+
1 P -
F(x,—an) + _Nz) (bn ) —dsal | >  sup F(z,t) a.e in 9, (4.24)
12l o) Co t€[~bn.—a,]

and the inequalities (4.23) and (4.24) are strict on a subset of Q with positive measure, where

ds = / wo((@;) dx+ M | Q| . Then there exists a sequence {v,} of pairwise distinct local minima of U+ ®
o P&

such that v, — 0 in WPO) (Q, wo,w1) and consequently, the problem (P) admits a sequence of nonzero

weak solutions which strongly converges to 0 in WP (Q, wg, wy).

Proof of Theorem 4.3
Let us verify all the hypotheses of Theorem 4.2 (c). Using (4.19), for |[ufl; ,

P(),Qwowr < 1, we have

(@)
= Zwl (z) ’Vu’p +wo(z) | u |P(w)> dx

\
—+|Hu|||§’,,,(i),g,wo,wl-

Then W is coercive, inf ¥ = ¥(0) =0 and 0 is the unique global minimizer of ¥. Thanks to

WtpO) (Q,w0,w1)
(4.21), we have

limsup {1 (§) + ®()} :limsup{/ (( )|§|p(m)d /Ga:f dx—/Q (x,€) dx}

l€|—-0 €10 Zc))
: 0
<11|r§ilép{/9 ()|§|p dx /Gxﬁdx—/ﬂF(x@)dm}<07

then 0 is not a local minimizer of ¥ + @, so (1.8) is satisfied.

1
For r > 0 sufficiently small, the condition W(u) < r implies that [[u[l; ,) 0 we,w, < (pTr)»* | this shows

pT \ Co
{&n} C R with &, € [—ap,ay] such that for | &, | sufficiently small,

en = wo(@) ¢ o) x — x T
o= [ B do - [ G a

< ([ 2 a v ani)) e (4.25)

= ds|énl?
= d3|an|p_.

that K(r) < (err)p%r . Now put 7, = L <b—")p+ . Then CoK (ry,) < by,. by (4.20), there exists a sequence

It follows from (4.22) that for n large enough,

+

-1 (b)Y
ds|an |’ <p+<C’O> = Tn,
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and consequently e,, < r,, that is (4.12) holds. Noting that F satisfies the condition (5), then thanks to
(4.23) - (4.24) and (4.17) we can obtain that

h(x) (rn —en) > sup F(z,t) ae in Q, (4.26)

F(z,8n) + 5 ——
Al (@) [t|<bn

and the inequality (4.26) is strict on a subset of Q with positive measure. By Proposition 4.2 and (4.26)
implies (4.13). Therefore, all hypotheses of Theorem 4.2 (¢) are satisfied.

Consequently, there exists a sequence {v,, } of pairwise distinct local minima of ¥+ ® such that ¥(v,) — 0,
thus [[[ully ,().0.w0,w, — 0, Which complete our proof. O

5. Conclusion and perspective

Through this paper, we have studied the existence of infinitely many weak solutions of a nonlinear
elliptic partial differential equation of Neumann type in the weighted variable exponent Sobolev space,
and we have shown the embedding WP()(Q, wg, w;) << C°(Q), without assuming any condition on
N and without using the log-Holder continuity and by using the theory of critical points obtained by B.
Ricceri, as a consequence of a more general variational principle.

So we are aware of a lot of open questions about this works for example the question of uniqueness,
with totally different conditions, is very important and remains as an open question, therefore our future
works will be devoted to this question. On the other hand, we will try to show the existence of infinitely
many weak solutions for the problem (P) in weighted Orlicz-Sobolev space and Musielak-Orlicz-Sobolev
space.
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