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On joint spectra of families of operator pencils

Faical Abdmouleh and Bilel Elgabeur*

ABSTRACT: In this paper, we introduce and study basic properties of several types of joint spectra of n-tuples
of operator pencils in both Banach algebra and Banach space. We give spectral properties (i.e. compactness,
the spectral mapping theorem), as well as an example of the upper and lower triangular matrices. In addition,
we describe the joint spectrum of the tensor product of several operators.
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1. Introduction

Considering the complex Banach algebra space A with identity e and let a = (a1,as,...,a,) be an
n-tuple of elements of A. In the literature various authors studied various concepts of a joint spectrum of
a, see [5,7,8,9,15]. The joint Hart spectrum of a denoted by o(a) is the union of the left joint spectrum
o'(a) and the right joint spectrum o*(a) and we have o(a) = o'(a) U o™ (a). Let C be the complex space,
the left joint spectrum is defined as the set of those n-tuple of A = (A1, Aa, ..., A,) € C™ for which the left
ideal generated by the system a — Ae = (a; — Aie, a2 — Asge, ..., an, — Ape), is proper and the right joint
spectrum can be defined analogously. In [8,9], R. Harte proved many spectral properties for this joint
spectra i.e. compactness, non emptiness, the projection property and the spectral mapping theorem.
Nevertheless, many authors studied the joint spectrum of n-tuple of operator T' = (11, ...,T,) in B(X),
where B(X) is the set of all bounded linear operator in Banach space X with identity I see, for instance
[10,11,14,15,17]. The joint spectrum o(T) is the set of all A\ = (A1, Ag,..., A,) € C™ for which at least
one of the equation Y . (T; — \iI)C; = I and Y., C; (T; — \;I) = I has no solution C = (C;), -,
in B(X)". The joint spectrum of n-tuple T'= (T4, ...,T,) is the union of the left joint spectrum and the
right joint spectrum which we denote by o;(T) (resp. o,.(T)). For A = (A1, A2, ..., A\y), is not in oy (T), if
and only if, there exists (Bi,...,By) € B(X)" such that ., (T; — \;I) B; = I, and X is not in o,(T),
if and only if, there exists (By,...,B,) € B(X)" such that > . B; (T; — \I) =1.

In [17], W. Zelazko studied the joint approximative spectrum of an n-tuple T' = (T1,...,T,) denoted
by o.(T), it is defined as the set of all A € C", such that there is a sequence of vectors z, € X with

Jzn| = 1 and 377 [[(Tj — Aj)zall = 0,n — oco. The commutant B’ of B(X) consists of all operators
B € B(X) such that AB = BA for all A € B(X), and the bicommutant B” of B(X) is defined as (B’)". A
vector A = (A1, -+, \n) € C”, belong to the commutant spectrum of n-tuple T = (71, ...,T,) (we write

A € ¢/(T)) if and only if there are no operators (C;)1<i<n € B’ such that Y., C; (T; — \;I) = I, and
we say that a point A belong to the bicommutant spectrum of T' (we write A € ¢/(T)), if and only if,
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2 F. ABDMOULEH AND B. ELGABEUR

the last equality can not hold for all operators (C;),,,, € B”. All these spectra coincide in the case of
a single operator with its usual spectrum. T

In this paper, we consider several types of joint spectra of families of element pencils in A. Let a =
(a1,as,...,a,) be an n-tuple of elements of A and s be a single element in A. For A = (A1,--- , \,) € C",
let a — As = (a1 — A\1s,a2 — Aas, ..., a, — Aps) be an n-tuple of element pencils in the Banach algebra
A. We start by giving the definition of joint Harte spectrum of n-tuple of element pencils a — As and we
give the basic properties (i.e. compactness, and the spectral mapping theorem). Also, we give a relation
ship between the joint spectrum of n-tuple of element pencils in commutative Banach algebra space and
the set of linear multiplicative functional. Therefore, we provide generalizations of the corresponding
concepts in [8] and [9] respectively, where s is equal to the identity e.

In addition, by similar arguments, we describe in Section 3 several joint spectra for n-tuple of operator
pencils in Banach space X. Let T — AS = (11 — A1S,..., T, — A.S). T — AS is an n-tuple of operator
pencils where S is a bounded operator and T = (T1,---,T},) in B(X)". We define the joint left, right,
approximative, commutant and bicommutant spectra of the system 7' — AS in Banach space X and we
give the basic properties. Thus, the novelty of our paper lies within generalizing the definitions of some
previously introduced joint spectra, in the case where S is equal to the identity I(see [14] and [17]). This
work offers a generalization of several properties and theorems presented in [1,4,6,18,19], focusing on the
case where T represents a single operator within the bounded linear operators space £(X), in the same
of essential spectrum (see [1,2,3]), the paper gives the results of joint spectrum.

The rest of this paper is organized as follows: In section 2, we introduce the Harte joint spectra of
n-tuple of element pencils in Banach algebra and prove their main spectral properties. We give as well
a relationship between the joint spectrum of n-tuple of element pencils in commutative Banach algebra
and the set of linear multiplicative functionals. Section 3 deals with the joint left, right, approximative,
commutant and bicommutant spectra of an n-tuple of operator pencils in Banach space and provide
its properties. In the same section, we give an example of upper and lower triangular complex matrix.
Finally, in section 4, we describe the bicommuttant joint spectrum of the tensor product of several
operators.

2. Joint spectrum of element pencils in Banach algebra

Let us begin this part by recalling some definitions. Let a = (a1, az,...,a,) and b = (by,ba, - ,by)
be elements of A™. We have

a-b=aiby +asbs + -+ ayb, = Zaibi.
i=1

If a- b =1 we say that a is a left inverse for b in A", and b is a right inverse for a in A™.

Let a = (a1, a2, -+ ,a,) be an n-tuple of elements of A", and 0 # b € A™. If
bay = bay =--- = ba, =0,

then b will be called a left annihilator for ¢ in A". If

ab=ab=---=a,b=0,
then b is the right annihilator for a in A™.
For a sequence (v) = (v),—, and a = (a1, as,...,a,) be an n-tuple of elements of A", such that
ir};f [lug]| >0 and h/lcm lvga;|l =0 forall j =1,2,...,n, (2.1)

we say that v is an approximate left annihilator for a € A™. On the other hand, if

iréf [lvg|l > 0 and lilgn la;ve]l =0 forall j =1,2,...,n, (2.2)

we say that v is an approximate right annihilator for a € A™.
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Definition 2.1 Let a = (a1,a2,...,a,) be in A" and s be a single element in A. The joint Harte
spectrum of the system a — As = (a1 — A8, -+ ,a, — A\ps), and we write the s-joint spectrum for a
denoted by o4(a) is defined by:

as(a) = ay(a) Uoy(a),

where ol (a) is the set of the joint left spectrum of an n-tuple element pencils @ — As and we write the

s-joint left spectrum as follows
ol(a) ={\€C": a— \sis not left invertible in A"},

and o%(a) is the set of the joint right spectrum of an n-tuple element pencils @ — As and we write the
s-joint right spectrum as follows

os(a) = {\ € C" : a — As is not right invertible in A"} .

We define also in this part the s-joint point spectrum as the joint point spectrum of an n-tuple of element
pencils a — As denoted by 74 s(a) for a € A™ and we have

71'_,475(0,) = 7T.lA,s(a’) U 754.,5 (a‘)v

where 77%75 (a) (vesp. my (a)) is the s-left (resp. s-right) point spectrum and it is given by the following
sets:
mhs(a) = {A € C", a— s has a left annihilators in A"},

(resp. 7y ,(a) = {X € C", a — As has a right annihilators in A"} ).

Moreover, we set the s-joint approximate point spectrum as the joint approximate point spectrum of an
n-tuple of element pencils a — As we denote by 74 s(a), and we have

7s(a) = Tas(a) = 7y (@) U ,(a),

where 74 ((a) (vesp. 7 ,(a)) is the s-left (resp. s-right) approximate point spectrum given as follows:

TA)S(a) ={\ e C", a— As has approximate left annihilators in A"},

(resp. 7 ,(a) = {2 € C", a— As has approximate right annihilators in A"} ). O

In this paragraph, we show the results only for the s-joint left spectrum since we have:

l
0':“4,8(@) = UAA,S* (a)’
where A" denotes the algebra obtained by "reversing products” in A, and s* is the adjoint for s.

We start to prove the following inclusions.

Proposition 2.1 Leta = (ay,az,...,a,) € A” and s € A. Let Ay be a closed subalgebra of A containing
the identity. If a; € Ay for all 1 < j <n, then

(1) mas(a) € 7as(a) Coas(a)
(2) ga.s(a) € ou,s(a),ma, s(a) Cmas(a) and 74, s(a) C Tas(a). %
Proof: (1) Let A € w4 (a) and let b be a right annihilator for a — As. Now, we choose the sequence

(vk )k such that vy = b for all 1 < k < n, then we obtain that (vy)x is an approximate right annihilator
for a — As. Hence applying Equation (2.1), we have \ € TA’S(a). Therefore

l l
7I—A,s (a) - TA,s (a) .
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Now, to show that

Ta,s(@) C 7 (a),
it sufficed to apply the Equation (2.2).
Let A ¢ af“ys(a), then there exists b € A" such that

bla—Xs) =Y bj(a; — Ajs) = 1. (2.3)
j=1
Note that, A € Tf47s(a) if and only if

inf Z” 5)bi|l = 0. (2.4)

lloll=1

For an arbitrary sequence (vi)i € A and by Equation (2.3), we have

log]l £ Z 1b;| [I(a; — Ajs)vg|l forall k=1,2,3,...,

which contradicts Equation (2.4). Hence A ¢ 7}473(@). Consequently, we prove that

l l
T.A,s(a) - UA,s(a)'
Using the same argument we obtain the result for the right spectrum, and we have
Ta,s(a) € ol s(a).

(2) Tt is easy to see that any invertible, annihilator or approximate annihilator for a — As in A; is also
an invertible or approximate annihilator in A. O

In the following theorem, we show that o4 s(a) and 7.4 s(a) are compact subsets of C™.

Theorem 2.1 Using the notation introduced above. If s # 0 and ||s|| < 1, then o.4,s(a) and T4 s(a) are
compact in C™. &

Proof: Let A\, ¢ os(ag), for any k € {1,2,...,n}, then there exists by € A such that
bk(ak — /\ks) = (ag — M\gs)bp = 1.

We take by, = (ar — As) ", b; =0 (j # k), then we get b = (b1, bs,..,b,) € A™. Hence, we infer that:

n n
Z bk ak — )\ks Z ap — /\kS =1.
k=1 k=1

Therefore A ¢ o (a1, as, ....,a,) and we obtain
Os (a1, evvyap) Cos(ar) X os(ag) X ... X og(ay) . (2.5)
Since each o (a;) is a bounded subset of C”, it follows from Equation (2.5) that oy (a1, az,....,a,) is a

bounded subset of C™. It remains now to show that o, (a) is closed.

We start to prove the s-left spectrum is closed. Let A ¢ o (a), then there exists b € A such that
b(a — As) = 1, we choose ¢ as follows ¢ = m(s #0,b#0) and let A € B(\,¢€), where B()\,¢) is the
ball from center A and radius €, then we infer that ||[A — X|| < ¢, on the other hand, we have

11 =0 (a=Xs)| =[N = Ns|| < [IX" = Allf[p]l[ls]| < 1.
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It follows that b(a — X's) is invertible in A, as a result (b(a — X's))~1(by, ba, ..., b,) is a left invertible for

a — \'s, and we conclude that \ ¢ o' (a), and here we show that the complement of o’ (a) is open and

with the same argument we show that o7 (a) is closed. Since o5 (a) is the union of the s-joint left and
right spectrum, then we have o5 (a) is a subset that is closed and bounded in C™.

The same argument for 74 5(a), if A ¢ Tﬁlys(a) then by Equation (2.4), there is C > 0 for which

Z s)b|| > k||b|| for b=b; in A.

k "
For e’ = —— and let A € B(\,¢’) is the ball of center A and radius &’. Hence, we infer that

2]
Z [ (2= xs) 8] = Z @ = Ass)b— () =29
S [TESEITED 3l PYRSHHI}

Consequently, we get that:

Z‘( f/\s)b’> Zk|lb)]. (2.6)

Using the Equation (2.6), we obtain that X" ¢ TA .(a), then we have that TA (a) is closed and with the
same principle we show that 7 A,e( a) is closed. Which give that

Tas = Ty s(a) U T1l47s(a) is bounded closed in C™. O

Example 2.1 The following example show that the s-joint Harte spectrum can be empty. FEven in the
simplest situations in the algebra A of complex 2 x 2 matrices. Take a = (a1, a2) with

01 0 0
“={oo) ®7\10)
(11
s=1 o 1)
It is clair that os(a1) = {0} and o4(az) = {0} and since os(a1,a2) C os(ar).0s(az), then

os(a) C {0,0}.
1 0
a2a1+a1ag—<0 1>’

2.1. The spectral mapping theorem

and we consider

In the other hand we have

we obtain {0,0} & o4(a).

In this part, we treat the case of a commutative Banach algebra for that, we consider the non trivial
commutative Banach algebra A’ with identity e. For a,b in A, if ab = ba, then a,b € A’. the aim is to
find a relationship between the s-joint spectrum and the linear multiplicative functional on A’. A linear
functional ¢ on A’ is called multiplicative if ¢ # 0 and

o(ab) = p(a)p(b), a,be A'.

Let M be the set of the linear multiplicative functionals on A’. In [[13], Theorem 9.10], Schechter proved
that a complex number A is in o(a) if and only if there is a ¢ on M such that p(a) = \.
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Theorem 2.2 Let a and s in A', a complex number X is in os(a) if and only if there exists ¢ in M such
that p(a) = Ap(s). &

Before starting to prove this theorem, we need the following result.

Proposition 2.2 If H # A’ is an ideal in A, then there exists ¢ in M such that ¢ vanishes on H. <

Proof: of Theorem 2.2 Let A ¢ o4(a), then there exists b € A such that b(a — As) = e, for any p € M,

we have that
p(0)(pla) = Ap(s)) = p(e).
Note that ¢(e) = 1, thus ¢(b)(p(a) — Ap(s)) = 1, this shows that we can not have p(a) = Ap(s).

Now, suppose that A € os(a), therefore a — As does not have an inverse. Thus, b(a — As) # e for all
b e A'. The set of all elements of the form b(a — As) is an ideal H # A’. Applying Proposition 2.2, there
exists ¢ € M which vanishes on H. Hence we get that ¢(a) = Ap(s). O

We can generalize this result of an n-tuple a = (a1, - ,a,) and we have the following theorem.

Corollary 2.1 Leta = (a1, - ,a,) be n-tuple of element in A" and s be in A'. A vector A\ = (A1,--- , \pn)
€ C™ is in 05 (a) if and only if there exists ¢ on M such that p(ar) = A\pp(s), for all 1 <k <n.

Let P (t1, -« ytn) =D Qhy ..e ,kntlfl .-tk be a polynomial of n variables. A homogeneous polynomial is
a polynomial whose non zero terms all have the same degree. A polynomial is homogenous if and only
if it defines a homogenous function, this means that if a multivariate polynomial P is homogenous of
degree d, then

P(A\zy,...,Az,) = AP (21,...,2,), (2.7)

for every A in an field containing the coefficients of P.

Theorem 2.3 Let P be a homogeneous polynomial of degree k and let s € A, then we have
os[P(ay, an)] = ()" 1 Pos (a1, ,an)]. &

Proof: Applying Theorem 2.2, one has,

w€os|[P(ay, - ,a,)] iff, there exists a functional ¢ € M such that ¢ [P (a1, - ,a,)] = pe(s).
p[P(ay, - an)] = Plp(ar), -, ¢ (an)].
On the other hand, by Corollary 2.1, we obtain that
(A, ,An) €05 (a1, -, ay) if and only if there exists ¢ € M such that ¢ (ar) = App(s), 1<k <n.

Consequently, we have
Plp(s) Ar,- -0 (8) An] = puep(s).
Now, we apply Equation (2.7) to get,
P[@(‘g))‘la"' ,(P(S))\n] = @(S)kp[)\la"' 7)\11]

Therefore, we infer that: X
@ ()" P[Ai, -, An] = pp(s).
Finally, we get that:

u:@(s)k_lP[)\17~-~ yAn] with (A,-+ ,\p) € 05 (a1, -+ ,ay). O

Remark 2.1 If we consider as P a homogeneous polynomial of degree 1, then we have

JS[P(ala"'7an)]:P[O—S(alv"'aan)]' ¢
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3. Joint spectra of an n-tuple of operator pencils in Banach space

In this section we define the joint left, right, commutant, bicommutant, and approximative spectrum
of n-tuple of operator pencils in Banach space X.

Definition 3.1 Let T = (T4, ...,T,) be n-tuple of commuting operators in X and S be a single bounded
operator on X we denote by o%(7T') the bicommutant joint spectrum of an n-tuple of operator pencils
T — \S and we write similarly the S-joint bicommutant spectrum that is defined as the set of all points
A € C" such that the closed {T; — \;S, V1 <4 < n} is a proper ideal in the algebra B”.

A ¢ 04(T) if and only if there exists (C1,...,C,) € B” such that

n

Ci (T; — MiS) = 1. (3.1)
>

i=1

With the same notation, we denote by o’5(T") the commutant joint spectrum of n-tuple of operator pencils
T — \S and we write the S-joint commutant spectrum is the set of all point A € C™ such that the set
{T; — NS, V1 <i<n} contained in a proper (two-sided).

A ¢ 0%(T) if and only if there exists Cy,...,C, € B’ such that the equation (3.1) is satisfied.

Proposition 3.1 Let T = (Th,...,T,) be n-tuple for commuting operators in B(X) and let S € B(X),
then we have the following inclusion

os(T) C o5(T). %

Definition 3.2 Let T = (T1,...,T},) be n-tuple of commuting operators in B(X) and S € B(X). We
define the joint approximative spectrum of n-tuple of operator pencils T — A\S, and similarly we write
the S-joint approximative spectrum og,(7") is the set of all A € C™ such that there exists a sequence of
vectors x,, € X with ||z,| = 1 and Z?:l (T — A S)znl = 0,n — oo. O

The following proposition gives a useful tool for the characterization of og (7).

Proposition 3.2 Let T = (Ty,...,T,) be n-tuple for commuting operators in B(X) and let S € B(X),
then we have the following equivalence :

A € 05..(T) if and only if inf { Z?Zl T — XSyl yve X, |yl = 1} =0. O

In the following result we gives the relation between the S-joint approximative spectrum and the S-joint
commutant spectrum.

Proposition 3.3 Let T = (T1,...,T,) be n-tuple for commuting operators in B(X) and let S € B(X),
then we have, 0g,(T) C o(T). &

Proof: We assume that A € 0g,(T) and A ¢ o%(T). We can find (Cy,...,C,) € B such that Equality
(3.1) holds true. Or A € 0ga(A), then there exists a sequence (z,) C X such that ||z,|| = 1 and

nl;rréoz I(A; — A;S)z,|| = 0. Applying Equality (3.1) for (z,) we obtain, 20 —\iS)zy = zp,

hence
n

D Ci(Ti = NiS)x

i=1

= [[znl- (3-2)

Which is not possible since the norm of the left-hand in (3.2) elements tend to 0 with x,,, while the norms
of the right-hand side in(3.2) are always equal to 1. O
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Definition 3.3 Let T'= (11, ...,T,) be mutually of commuting operators and let S € B(X). We define
the joint left spectrum and the joint right spectrum of an n-tuple of operator pencils T'— AS and similarly
we write the S-joint left spectrum and the S-joint right spectrum of an n-tuple T', we denote by og (1)
(resp. 0g,-(T')), the set for A € C™ such that the family (7; — A;S, V 1 <4 < n) generates in the algebra
B(X) a proper left (resp. right) ideal. Hence A ¢ og,;(T) if and only if there exists (B, ..., B,) € B(X)"

such that
> (Ti—\iS)Bi =1,

1=

—

and, A ¢ 0g,(T) if and only if there exists (Bi,...,B,) € B(X)™ such that

ZBi(Ti—AiS)ZL &
=1

Clearly for n-tuple T' = (T3, ...,T;,) € B" and S € B(X), we have 05,(T) C 05(T) and 05,(T) C o(T).
We move now to defining the joint spectrum of an n—tuple of operator pencils T — AS and similarly we
write the S-joint spectrum of 7'

Definition 3.4 Let S and T be as above. The S-joint spectrum for T denoted by og(T) is the union of
the S-joint left spectrum and the S-joint right spectrum and we have

Us(T) = US,Z(T) U OS7T(T),

then X ¢ og(T) if and only if there exist (By,..., By,) such that:

n n

> Bi(T;—XS) =Y (Ti=\iS)Bi = 1. &

i=1 i=1

Theorem 3.1 Let T = (Th,...,T,) in B(X)" and S # 0 in B(X). All the sets 05,(T), 05.,-(T), o5(T),
04(T), and 05,4(T) are compact subsets of C™. &

Proof: We prove first that these sets are closed in C". We start by og,(T). Suppose that A ¢ og.(T),
then there exists a 6 > 0 such that, for all z € X with ||z|| = 1 we have

ZII X\ 8)z|| > .
Now, consider the following neighborhood of A :
s={N e - NIl < i =1

For ' € Vg and x € X with ||z| = 1 we have

Z | Tz — NSz > Z (1T = XSzl — || (As = A}) Sz|)

Jj=1

3

5
ZHT:C—A Sz| — Z|A o VE] >0- 5,

j=1

y d . .
then we obtain Z;:I | Tz — /\;-SxH > 5 Hence XN ¢ 05,(T) and 0g,(T) is closed in C™.
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Now, let A\ ¢ og,;(T) then there exist By,..., B, such that Z (T; — \;S)B; = 1. We can find § > 0

i=1
such that for any p € C" with |u; — N\| < ||SH fori=1,...,n, we have

> Bi(Ti— wS) — 1| < 1.

i=1
This implies that the element Z B; (T; — 1;5) has an inverse @, in B(X), and so

i=1
i=1
Which means p ¢ 0g,;(T"). Thus, we have shown that the complement of o5 ;(T") in C™ is open.

The same approach we prove that og,.(T) is closed in C™. Since og(T") is the union of two closed subsets
in C", then o5(T) is also closed in C™.

We prove now that the S-joint commutant spectrum is closed. Indeed, let A ¢ o5(T) and if X is in the
neighborhood of A given by the inequality

ST = XIS IHIB < 1,
j=1

then the operator
Q=> (1
j=1

belongs to B’ and has an inverse belonging to B’. Since the operator

n

I-9=> (\-X)SB
j=1

belongs to B" and ||I — Q|| < 1. Thus,
n
> (T, - N;S) B;Q ! =
j=1

then, A" ¢ 0% (T'). One similarly proves that the S-joint bicommutant spectrum is closed.

For n-tuple T'= (11, -+ ,T},), all this spectra are contained in og(7T'), and we have

n

gs (Th'" aTn) C HUS(Ti)v

i=1
since 0g(T;) is compact in C for all 1 < ¢ < n, then we obtain g (T4, - ,T;,) is a bounded subset in C™.
Finally all this spectra are closed and bounded subset in C™, hence compact subsets in C". O

Example 3.1 Let T = (T1,--- ,Ty) be n-tuple of m x m “upper triangular’ complex matrices:

T;(11) T;(12) ... T;(1m)

. 0 T;22) ... T;2m)
a 0 : ’

0 0 ... T;(mm)
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and S be an upper triangular complex matriz with the following form :

S]_] SlQ S]_m
S = 8 S22 oo S?m with Si; #0V 1<i<n.
0 0 ... Sum

The S-joint spectrum for T is given by the set:

Ti(kk) To(kk T, (kk
os(T) { 15511 ) 25(22 ) .. S:m), V1 gkgn}.
Let T (kk) . ’
)\j:JST, V1<j<n and 1<i,k<m.
For arbitrary U = (Uy,- -+ ,U,) of n-tuple of m x m upper triangular matrices.
We have U (T = AS) =U (ST — X) and (T —AS)U = (S™'T — XI) U, with S~' the inverse matriz
of S. Since S is an upper triangular matriz then it is the same for S~ and S™'T, with (SilT)“, = %ﬁkk)

for all 1 < i < n. Then the matriz B = S™'T be a n-tuple of m x m upper triangular matrices with

Bii:%ik), V1<j<n and 1<i,k<m. &

The proof is sealed by applying the result of R. Harte in [8] example 2.3.

Example 3.2 Let T = (T3, ,Ty,) be n-tuple of m x m lower triangular complex matrices and S be
m x m lower triangular complex matrices. os(T), is given by the set of diagonal the entries of the matriz
STIT. &

4. Tensor product of the joint spectra of pencil operators

Let X4,---, X, be complex Banach spaces and let W be the completion of X; ®---® X,, with respect
to some cross-norm (cf., e.g., [12,16] ). Let I be the identity operator and Ay an arbitrary bounded
operator on X, 1 < k < n. Set:

T = AiRL® &1,
T, = HRoAIly---®I1,,
T, = Lo @@L 1 @A, Iy - @I,

The operators T; obviously commute, and we have o (T},) = 0 (4x),1 <k < n.

A. T. Dash and M. Schechter proved in [7] that, for n-tuple (T1,---,7T,) in B, a complex vector
(A,--+ ) isin o” (T, -+ ,T,,) if and only if A € 0(4g), 1 <k <n and we have

o (T, To) = [[ o (T) = ] o (Ax).
k=1 k=1

The following theorem aims to give a relation between o¢(7T') and og(Ay) for all 1 < k < n, what is in
the following theorem.

Theorem 4.1 Let (Th,---,T,) € B and S € B(X) such that 0 ¢ o(S), then we have:
o5 (T1,++\Tn) = [imy 05 (Th) = os(1)"  [Ti_y 05(Ak) = 0 (S)"* [—y 05(AR).- %
Proof: First of all, by giving the relation between og(T}) and og(Ax) we have

JS(Tl) = Us(Al RL® - ® In) = US(A1)~US(I2) e 'US<In)'
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Since og(Iz) = -+ - = 05(l,) and og(I) = o(S), for all 1 < k < n, we obtain

o5(Ty) = o5(Ap).(a(S)" L.

Finally, for all 1 < k < n, on gets
05(T1) = 05(Ag).0(S)" "

A complex vector (A1, -+, Ay) is in the S-joint resolvent pg (T4, - - - , Ty,) of the Ty, if there exist Cq,--- ,Cy,
€ B” such that

ch(Tk—)\kS)ZIZIl(@---@In.
k=1

Otherwise it is in ¢ (T1,--- ,T). We prove now the first inclusion, let Ay, € pg (T}) for some k, then
there exist C} € B” such that
Cr (T, — \S) = 1.

Setting
Cr=(Tp —M\S)™" and C; =0 for j+#k.

We obtain .
> Cr(Th = MS) =1,
k=1

hence (A1, ,An) isin ps (Th, -+, Ty) .

For the second inclusion. Assume that Ay € og (Tx) for each k, this implies that (Ay,---,\,) is in
os(T1, -+, T,). For A\, = 0, then 0 € o5 (Tx) = og(Ax) * o(S)""1, since 0 ¢ o(5)" ! we get 0 €
Us(Ak), V1<k<n.

In this case we have either a sequence {Uj,, } of elements in X}, such that:

1Uemll = 1, [| AUkl — 0 as m — oo, (4.1)

or a sequence {Uj,.} of elements in X}, where X, denotes the dual space of X and Aj, is the conjugate
of Ag, such that

ULl = 1, |ALUL, || — 0 as m — oo. (4.2)
For 1 <k <t and Uj,, in X}, we set

1Ukmll =1 and Uy, (Upm) = 1, (4.3)

and for t < k < n, let Uy, € X be such that,

1
1Ukmll =1 and Uty (Uin)| > 1= —. (4.4)

We choose now the sequence (U, )y, in Xy defined by:

Up =Uim @ - Q@Uim,
and U}, in X defined by:

u.=U,,® --eU,,..
Applying (4.3) and (4.4) we get:

1 n
|U,, (Un)] > (1—m) — 1 as m — occ.
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Now suppose that (0,---,0) € ps (T3, ,T,) then there exist Cy,--- ,C,, € B” such that

Y CiTp=1. (4.5)
1

On the other hand we have:

n t n
U | Y ChTuU | =Y UL (CWTWUm) + Y TiU}, (ChUn)
k=1 k=1 k=t+1

and by applying (4.5) we obtain:

o

t n
U (Un)] <3Ok AUkl + Y ICk I AU | — 0 as m — oo
k=1 k=t+1
This contradicts the fact that |U., (Un)| > (1— )" — 1 as m — oco. Which yields (0,---,0) €
(Tl,-~-,Tn). O
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