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Existence of Nodal Solutions for weighted Elliptic Problem Involving Exponential Growth

Mohammed Alsharif, Brahim Dridi* and Wajdi Kallel

ABSTRACT: In this note, we establish the existence of nodal solutions for a logarithmic weighted elliptic
problem in the unit ball B of RV, N > 3. The non-linearity is assumed to have exponential growth in view of
Trudinger-Moser type inequalities. Our method is based on the constrained minimization in Nehari manifold
coupled with the quantitative deformation lemma and degree theory.
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1. Introduction

This paper we study the following Schrodinger problem:

(Py) V. (w@)Ve" V) + oV e = A f(z,9) iIn B
A p =0 on 0B,

where ) is a positive parameter, B is the unit open ball in RY, N > 3 and the logarithmic weight function
B(N—1)
w@)=(1-loglal) . Be0,1). (L1)

The non-linearity f(x,t) behaves like exp{atW*l])V(l*B)} as t — +oo , for some o > 0 and § € [0,1).
Over the last decade, many researchers have been explored the limiting case of the Sobolev embed-
ding, known as the Trudinger-Moser case. More precisely, let  be a domain of RY who is smooth

bounded. Denote Wol’N(Q) = closure{u € C§°(Q}) | fQ|Vu|Ndx < oo}, equipped with the norm

1
Hu||W01,N(Q) = (/Q |Vu[Ndz) ¥ . The last space is a limit case for the Sobolev embedding Theorem, which

yields I/VO1 N(Q) < LP(Q) for all 1 < p < oo, but we can verify by easy examples that VVO1 N Q) ¢ LD
The problem arising is to find a growth maximal function ® : R — R™ such that fQ u)dr < oo for

uw e WN(Q) with Hu||W1,N(Q) < 1. Trudinger [20] was answered to this equation and proved that the
0

_N
maximal growth is given by ®(t) = el This result was improved by Moser [17]. More precisely, he
showed that for all u € W, (), exp(a|u|NLfl) € LY(Q), Va>o0and

N
sup / T Ny < O(N) =  a<ay:=Nwl_l, (1.2)
lully 1.5y <1 /02
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wn—1 is the area of the unit sphere in RYV. The constant oy is sharp in the sense that for a > axn the
supremum in (1.2) is infinite. An inequality as (1.2) are now called Trudinger-Moser type inequalities
and we refer the reader to [11,10,6,15,16].

A mass of literature are focused on the study of the influence of weights on limiting inequalities of
Trudinger-Moser type, we refer to [1,5] for the influence of power weight in the integral term on the
maximal growth and [3,4] for the effect of weights in the Sobolev norm. Kufner [13] established weighted
Sobolev spaces and introduced the embedding theory for such weighted Sobolev spaces with general
weight functions. If w € L'(Q2) be a nonnegative function.

Consider

W(}’N(Q,w) = closure{u € C§°(Q) | / w(az)|Vu|Nda: < oo} (1.3)
Q

the weighted Sobolev space.

In the case that w is the logarithmic function, the weighted Sobolev spaces of form (1.3) have a specially
sense because they concern limiting case of such embedding. On the other hand, we will need to restrict
attention to radial functions to get performing results. Hence, let us consider

W&md(B,w) = closure{u € C§5.,4(2) | / w(z)|VulN de < oo},
Q

the weighted Sobolev space of radial functions endowed with the norm

lullwy

0,ra

1
L(Bw) = VUlNw = (/QW(SUNVU\N dm) s (1.4)

when w be given by (1.1). The first result about the Trudinger-Moser inequalities on Sobolev space
with logarithmic weights was established by Calanchi and Ruf, see [3], where they studied the case when
N = 2 with Sobolev norm of logarithmic type. In light of the follow exponential inequalities.

Theorem 1.1 [4] Consider w(x) given by (1.1) and 8 € [0,1) then

N N’
2 . . o o
e?ldr < 400, V e X, if and only i < = = 1.5
/B 14 ! yif v<ang (N-1)(1-p) 1-0 (1.5)
and
1
sup / Ny < 40 & a< ang = Nwy_;(1—-p)] = (1.6)
”wﬁx B
pll<1

where N, N’ are Holder conjugate and wy_1 is the area of the unit sphere SN=1 in RN .
!

5 according to inequalities (1.5) and (1.6), f has subcritical growth at oo if

Denote v := vy, =

lim [f (@ s)l =0, forall a>0 (1.7)

s—+oo s

and f has critical growth at +oo if there exists some ag > 0,

lim M:Q Y a>ap and lim M:oo, Y a > ap. (1.8)
s—4oo  e9s s—+oo  e9s

We assume that the non-linearity f(x,t)verifying:
(Vi) f: B xR — Ris C! and radial in x.
f(,t)

|t|N—1

(Va) For each z € B, t — is increasing for t € R\ {0}.
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(V3) There exists # > N such that we have 0 < 0F(x,t) < tf(z,t),Y(z,t) € B xR\ {0} where
¢

F(z,t) :/ f(z,s)ds.
0

50 [¢[N-1

(Va) =0.

As an example of non-linearity the function (z,t) — [t|N =1t + |t|Ntexp(alt|?) verifies the assumptions
above. A function ¢ is called a weak solution of the problem (Py) if ¢ € X and

[ w@vel¥ 2.5 vdn + [ 1o 2w do= A [ flappde, Vo e X,
B B B

The energy functional corresponding to problem (Py) is defined by

) = Flel” = [ Fla o), (19)

t
where ¢ € X and F(x,t) = f(z, s)ds. Since there exist a, C' > 0 positive constants and there exists

S—

0
t; > 1 such for that |f(x,t)] < Ce®?’, V[t| > t1, the function Jy is well defined and of class C*

Ce
whenever the non-linearity f(x,t) is critical or subcritical at co. and we have
(00 0) = K@ = [ w@IVel*29pvudo+ [ 1% o0 do =2 [ flophide, Vi X,

We denote by ¢~ = min{p(x),0} and ¢t = max{p(x),0} then we consider the Nehari manifold as

Ny ={p € X+ (F{(u), ") = (T{(9), ™) = 0,¢" #0,0~ # 0},
Then we have the useful equalities 7y (@) = Ja(¢™) + Tr(07),

(Tx(0), 0T) = (Tx(eT), ") and (T(9),¢7) = (Tx(¢ ), 07).

We announce now the so called least energy sign-changing solution and nodal solutions of problem (Py).
v € X is called nodal solution of (Py) if v is a solution of problem (Py) and v* #0 a.ein B.
v € X is called least energy sign-changing solution of (Py) if v is a sign-changing solution of (Py) and

Ta(v) = nf{JA(¢) : T{(p) = 0,6% £0 acin B

Motivated by many works cited above, in this paper we are going to minimize of the energy functional
Jx over the following constraint, ¢y = ir}\ff Jxr(p) The authors in [12] have been developed the Nehari
WENN

manifold method to tackle a range of problems and to find solutions of problems with a variational
structure, see [11]. Despite the wealth of research in this area, nodal solutions to the N-weighted Lapalace
equation with critical exponential nonlinearity on the weighted Sobolev space X still not solved.

The main contributions of this paper :

Theorem 1.2 We consider a function f which has a subcritical growth at +o0o, also (V1), (Va), (V3),
and (Vy) are satisfied. We say that (Py) has a least energy nodal (sign-changing) radial solution v € Ny
if A>0.

On the other hand, in the case of critical growth nonlinearity, we get.

Theorem 1.3  Suppose that f(x,t) has a critical growth at 400 for some ag and (V71), (Va), (V3) and
(Vi) are verified. Then, there exist \* > 0 such that for A > X*, problem (Py) has a least energy nodal
(sign-changing) radial solution v € N.

To this end this paper is organised as follows. After introduc- ing definitions about the compactness
analysis in section 2 propose some mathematical preliminaries . We will investigate some technical lemmas
in section 3. we prove our main result in section 4 which is concern the subcritical case. Moreover, section
5 is concerned a more difficult case which is critical case. To investigates this problem, We will used a
concentration compactness result of Lions type to prove Theorem 1.3.
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2. Preliminaries for the compactness analysis

In the present section, we mention some useful lemmas . We begin by the radial Lemma.

Lemma 2.1 [}] Consider a radially symmetric function ¢ in C}(B). Then, we have

1-p
| log(|[)|

lp(z)] < el

wY_ (1= B)™

where wn_1 is the area of the unit sphere SN =1 in RV,

It follows that the embedding X <« L%(B) is continuous for all ¢ > 1, and that there exists a constant
C > 0 such that [|¢||nq < C|lp]], for all w € X. Moreover, the embedding X — L7(B) is compact for all
q>N.

We need a lions type result [14] about an improved Trudinger-Moser inequality when we deal with
weakly convergent sequences.

Lemma 2.2 We consider {¢k}r as sequence in X. Suppose that ||prll = 1, v — u weakly in X,
vr(x) = o(x) a.ex e B, Vor(x) = Vo(r) a.exz € B and p #Z0. So sup/ eP onslenl” dy < oo for
k

B
1
- -y 1
all 1 < p < U where U is defined by: U = (1— eIV f el <
+00 if ol =1

Proof. See [8].

Lemma 2.3 [11] Let Q C RY be a bounded domain and f : Q x R be a continuous function. Let {pn}n
be a sequence in L'(Q) converging to ¢ in L*(2). Assume that f(z,¢,) and f(z,p) are also in L*(Q).

If/ |f (2, on)pnldz < C, where C is a positive constant, then f(x,¢n) — f(z,0) in LY(Q).
Q

3. Some technical lemmas
Suppose that the function f verifies the conditions (V1) to (V4). Let ¢ € X with ¢* # 0 a.e. in the
ball B, and we denote the function Y, : [0,00) x [0,00) — R and mapping L, : [0, 00) X [0,00) — R? as

T, (p,q) = Trn(pe™ +qp™), (3.1)

and
Lo(p.q) = ((T'alpe™ + 07 ), 00), (T x(pet + a9, q07)) (3.2)

Lemma 3.1 (i) For each ¢ € X with ¢ # 0 and ¢~ # 0, there exists an unique couple (py,q,) €
(0,00) x (0,00) such that poot + g~ € Ni. So, the set Ny is nonempty.

(ii) For all p,q > 0 with (p,q) # Py, qy), we have Tn(pp™ + qp™) < Trn(Ppp™ + g7 )

Proof.(7)
f is critical or subcritial , and from (V;) to (V4), for all € > 0, there exists a positive constant C; = C (¢)
such that

fa, )t < elt)N + C1|t|* exp(alt]?) for all a > ag,s > N. (3.3)

In the sequel, ¢ € X fixed with T # 0 and ¢~ # 0. Using (3.3), for all € > 0, we get
(Ta(pe™ +ap7),pp™) = (Tx(pe™), pe™)

= |lpet IV —/\/Bf(ar,psﬁ)pw*dx

> et |V —/\G/B |p<p+|Ndx—/\Cl/BIpwﬂsexp(aplsﬁl”)dx-
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1 1
Apply the Hélder inequality, with a,a’ > 1 such that — + — =1, and Lemma 2.1, yields to
a a

1
(Tt + a9 ), pe™) > It IV — AeCallpe™ ||V — ACH (/ lpe*|® sdm) </ exp(apalsfl”)dl‘)
B B

1
+ a
> (1= €2 =2 It 1Y =201 ( [ exp aallogt ([ ) Callos
B

By (1.6), we can deduce that the last integral is finite then p > 0 is chosen small enough such that
aallpe™||” < an . Then,

(Tt + a7 ),peT) > (1 — €Cy — AeCh) [Ipe™ ||V — ACulpe™t||* (3.4)

holds. Choosing € > 0 such that 1 — eCy — AeC7 > 0 anf for small p > 0 and for all ¢ > 0 and s > N, we
get (Ti(pp™ +qp7),ppT) > 0. In the similar way, it can be proved that (J3(pp™ +q¢ ™), pp~) > 0 for
q > 0 small enough and all p > 0. After that, we can state that there exists ¢; > 0 such that

(Ti(tre™ +qp7 ) tip™) >0, (Talpp™ +t1p7 ), tip™) > 0 for all p,g > 0. (3.5)
Futhermore, by (V3), we can deduce that there exists Cs,Cg > 0 such that
F(z,t) > Cs|t]® — Cs. (3.6)

Actually, take p = t3 > ¢; with ¢ large enough. So, using (3.3), (3.6), yields to
(T30t +ap7) t39T) = (T'a(t50h) t3u®) <tz (1Y - A/Bcfs\tisoﬂedx + ACs|B| <0,

for g € [t1,t5]. Also, we can choose ¢ = t3 > t1 with ¢} large enough and then
(T{(tsu™ +t5u), t50T) < 0 holds for p € [t,t5].
Therefore, if t5 > t5 , then we obtain that
T\ (tap™ 4+ qp7),tap™) <0 and  (TX(pe™ 4 tap™), tap™) < 0 for all p, g € [t1,ta]. (3.7)

linking between (3.5) and (3.7) with Miranda’s Theorem [2], there exists at least a couple of points
(Pe,4y) € (0,00) x (0,00) such that L,(py,,q,) = (0,0) , i.e, pop™ + gop~ € Na.

Now we will show the uniqueness of the couple (py,q.). Roughly speaking, it is sufficient to prove that if
v € Ny and pop™ +qop~ € Ny, with pg > 0 and gg > 0, then (po, qo) = (1,1). Let us assume that ¢ € Ny,
and pop™ + qop~ € Nx. We will get then (T3 (pop™ + qow ™), pow™) = 0, (Tx(pow™ + qop™ ), po™) = 0,
and (J{ (), ¢%) = 0, that is,

Ipog™ ||V = A/Bf(x,posﬁ)pw*dﬂv- (3.8)
laoe™ || = A/Bf(x,qw’)qosfdz- (3.9)
I 1¥ =2 [ fo.o ot (3.10)
e 1¥ =2 [ fo.e)emde (3.11)

Combining (3.8) and (3.10), we deduce that 0 = X [, f(x’po:’#dx — Ay flx,oT)pTda. It follows
0

from (V) that ¢t — ’;(Vx_’tl) is increasing for ¢ > 0, that po = 1. We can also show, using (V}), (3.9) and
(3.11), that g¢o = 1, who will achieve which the proof of (7).
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(#2) To cope with the proof of (i¢), it is sufficient to show that (p,,q,) is unique maximum point of
T, €[0,00) x [0,00). By (3.7), (3.8) and § > N, we get

N N
Yo0.) < T et 1Y + Lol 1Y = ACa? [ futPdo — 2Coa” [ [ Vdo + GBI
B B

which provides that | li)rln T, (p,q) = —oo. From which, it suffices to remark that the maximum point
p,q)| =00

of T, cannot be assigned on the boundary of [0,00) x [0,00). We are looking to use the contradiction
method and suppose that (0, ¢) with ¢ > 0 is a maximum point of Y. Hence from (3.5), we get

d y
p?p[JA(p¢+ +q97)] = (T (pe™),pe™) > 0,

for small p > 0, which means that T, is increasing with respect to p if p > 0 is small enough. This gives a
contradiction. We can similarly deduce that T, can not realize its global maximum on (p,0) with p > 0.

Lemma 3.2 For any ¢ € X with o™ # 0 and ¢~ # 0, such that (T{(pp*,pe™) < 0, the unique
mazimum point (py, q,) of T, on [0,00) X [0,00) belongs to (0,1] x (0,1].

Proof. Here we just prove that 0 < p, < 1. . Since p,¢™, g~ € N, we have that
oot 1¥ =2 [ Heppotetda. (312)
Moreover, by (75 (pe™t,ppt) <0, we have that
1% <A [ fog ot (313)

Combining (3.12) and (3.13), it follows that

+ +
/Bf(x,<p+)<p+dx > /B f(ﬂC,p@;ON )P dz. (3.14)
]
t
Now, we suppose, by contradiction, that p, > 1. By (V3), t — J;gvxil) is increasing for ¢ > 0, which

contradicts inequality (3.14).Therefore, 0 < p, < 1. The proof of 0 < g, < 1 is similar.
Lemma 3.3 For all u € Ny,

(@) Ialp) = (% = plell™.
(#i) there exists k > 0 such that
el o™l = &5
Proof. (i) Given u € Ny, by the definition of Ny and (V3) we obtain

Trle) = Drle) ~ 5(TK(). )

= gleal® 20 [ G100 Flapdo) = (5 - Pllel”.

Lemma 3.3 implies that Jy(¢) > 0 for all ¢ € N,. As a consequence, Jy is bounded by below in Ny,
and therefore ¢, := ir}\f/ Ia(p) is well-defined.
wEN N

The following lemma deals with the asymptotic property of cy.

(i7) We use contradiction method. Our proof start by suggest that there exists a sequence {p,}} C Ny
for which ¢} — 0 in X. Since {¢,} C Ny, then (J{(¢n), ;") = 0. Hence, it follows using (3.3), (3.4)
and the radial Lemma 2.1 that
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I | = A / Fla, oot de < e / o Vdz + AC) /B o7 | explalet ) da (3.15)

< e Cs | IV +/\C1/ lorr |° exp(elp;r ) dx
B

Let a > 1 with 2 + 1 = 1. Since ;) — 0in X, for n large enough, yields to [l¢;}| < (w)%
aa
according to Holder inequality, (1.6) and again the radial Lemma 2.1, we get
a ot 1
S sa o SO ¢
[ttt esstaleiinae < ( [ 1) ([ e (aallot (15 )
B B [l |l
1
<or( [reivan)” < culltre
With aid of (3.15) with the last inequality, we obtain
le I < AeColleif IV + ACsllet |1°. (3.16)

For € > 0 such that 1 — AeCg > 0. Since N < s, then (3.16) contradicts the fact that ¢ — 0 in X.

Lemma 3.4 Let ¢y = 1nf Ia(p), then lim ¢y = 0.
PpEN A—o0

Proof. Let us Fix ¢ € X with p* = 0. Then, by Lemma 3.1, there exists a point pair (px,gx) such that
prpT + qrp~ € N, for each A > 0. Let 7, be the set defined by

7; = {(p)\vq/\) € [0,00) X [0,00) : Lu(p)\,Q)\) = (070)7>‘ > 0};

where L, is given by (3.2).
Since prp™ + qxp~ € N, , by assumption (V2), (3.7) and (3.8), we have

VIt + eI = A [ Jeme” + 0 )" e )
> )\90517/\/ T da + )\905(])\/ lo~|dx — NOC;| B.
B B
Since § > N, the set T, is bounded. Therefore, if {\,} C (0, c0) satisfies A, — 00 as n — oo, then up to
subsequence, there exists p,q > 0, such that py, — p and ¢5, — ¢ .

We suppose that p = § = 0. As before, we argue contradiction and suppose that p > 0 and § > 0. For
each n € N, px, 0™ +ar, 97 €N, So

Ipx.0F + a7 1Y = /\n/ Fer, 9™+ an, 07 ) ox, 0" + an, 07 )da. (3.17)
B
It should be mentioned that py, ¢ — pp™ and gy, ¢~ — g~ in X.

On the other hand, \,, — 0 as n — oo and {px, " + qr, ¢~ } is bounded in X. Also, from (3.17),we
have

/ IV(pet +ap)|Nde = ( lim /\n) lim / Frn. et +an, e ) (oa e +ar, 07 )dr,
B n—oo n—o0 B

which give a contradiction.
Then, p= ¢ =0, so, px, — 0 and ¢», — 0 as n — co. By (V2) and (3.17), we get

0<cy= ij\r}fjA(ga) < Ipa, et +an,07) = 0.
A

We deduce, ¢y — 0 as A — oo.
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Lemma 3.5 If oo € N satisfies Tx(¢0) = cx, then J{(po) = 0.

Proof. we argue by contradiction. suppose that Jy(po) # 0. By the continuity of J{, there exists
t,6 > 0 such that
|75 (v)]|x+ > ¢ for all |Jv — o] < 36. (3.18)

]

Choose T € (0, mln{4 ool

——}. Let D=(1-7,147)x (1 —7,14 7) and define g : D — X, by
9(p,9) = peg + Ve, (p, ) € D.
By virtue of ¢y € Ny, Jx(¢o) = cx and Lemma 3.1, it is straightforward to verify that
Cy = Hal%Xj)\Og < cy. (3.19)

Let € := min{ 5% %}7 S, := B(ug,r),r > 0and J{ := Jy '(]— 00, a]). To cope with, using Quantitative
Deformation Lemma [[21], Lemma 2.3], there exists a deformation n € C ([0, 1] x g(D),X) such that:

(1) n(1,v) =, if v & Ty ([ex — 2€, ¢x + 2€]) N Sas

(2) n (1,7 NS5) € I,

(3) Ja(n(1,v)) < Jxr(v), for all v € X.
Using lemma 3.1 (i3), we have Jx(g(p,?)) < c¢x. Futhermore, we have,

lg(s.t) = eoll = l(p = Vg + (9 = 1)g | < lp = Llleg | + 9 = Lllleog | < 27|00,

then g(p,d) € Ss for (p,9) € D. nevertheless, it follows from (2) that

max_ Jx(n(1,9(p,9))) <ex—e. (3.20)
(p,9)eD

In the following, we prove that 7(1,g(D)) NN, is nonempty. And in this case it contradicts (3.20) due
to the definition of ¢). To do this, we first define

9(p,9) == n(1,9(p,?)),

To(p,¥) = (Tx(9(p,))s 25 )s (Ta(9(p,9))s 05 )
(<~7>/\(P800 + 94 ), ¥o >><~7A(P<Po + 995 ), 0 )
:(I:ao( Ps )7 gao( Ps ))

and
1, ,, _ 1 _
Ti(p, V) = (;(Jx(g(pﬂ)),(g(p,ﬁ)) )» 5 (TP, D)), (9(p,9))7)).
Moreover, a simple calculation, shows that
1;,(p,9)
po \ N +12
5 e A/ [z @o |7dx
%l = (N =Dlleg |l §)leq |

= (N - 1)A/B f(soé)soédw—A/Bf’(%@ )eg [P dz

and .
LoD
oY (1,1) '
In the same manner,
12, (p,0) 0
9l
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and
12, (p,0) - -
e I R LY X Y Y A B
(1.D) B B
Let
1L (p,9) 12 (p,9)
Op
J— (1,1) (1,1)
1L (p,9) 12 (p,9)

(1,1) (1,1)
At this point, det J # 0. Moreover, the point (0, 1) is the isolated zero which is unique of the C! function
Y. According to the Brouwer’s degree in R?, we can obtain deg(Yo, D,0) = 1.
It follows from (3.20) that g(p,d) = g(p,?¥) on OD. For the boundary dependence of Brouwer’s degree
( see [[9], Theorem 4.5]), we get deg(Yy,D,0) = deg(To,D,0) = 1. Furthermore, there exists some
(p,¥) € D such that

n(1,9(p,9) € Ni.
Lemma 3.6 If v is a least energy sign-changing solution of problem (Py), then v has exactly two nodal
domains.

Proof. Assume by contradiction that v = v; + vo + v3 satisfies
v; 70, =1,2,3,v1 > 0,v9 <0, a.e. in B
BiNBy=0,By:={x € B:vi(x)>0},By:={x € B:uvax) <0}

U1 = U2 = U3 == 0,
B\B1UB> B\ByUB; B1UB,
and
(Jx(v),v;) =0 fori=1,2,3. (3.21)
Let v = v; + vo and it is easy to see that vT = v, v~ = vy and vE # 0. From Lemma 3.1, it

follows that there exists a unique couple (p,,q,) € [0,00) X [0,00) such that p,v; + qv2 € Ny. So,
JIr(pov1 + quv2) > . Moreover, using (3.21), we obtain that (J}(v),»*) = 0. Then, by Lemma 3.2, we
have 0 < p,,q, < 1.

Now, combining (3.21), (V3) and (V4), we have that

0= (I (v3),v3)

SR

ST0),vs) =
<Ix(vs),

and
ex < (pvvr + qu2)

1
=TI (ppv1 + qu2) — 6(«7)/\171/[)1 + quU2), PyU1 + G U2)

1 1 1 1

= (N - g)PlzyHUlHN + (N - g)QiVHUzHN

+ /\/ [lf(‘T,pv'Ul)(puvl) - F(z,PuUZ)]dCE + >‘/ [lf(xa%/vl)(vaQ) - F($7QV'U2)]d$
B0 g0

1
< Ta(vg +vg) — 5<L7>/\U1 + vg),v1 + va)

1
= JIn(v1 +v2) + 5(]/{(v),v3>
< Ia(vr +v2) + Ta(vs) = Ia(v) = ca,

which is a contradiction. Therefore, v3 = 0 and v has exactly two nodal domains.
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4. The subcritical case
We write some useful Lemmas which are proved in [8].

Lemma 4.1 If {p,} C N, is a minimizing sequence for cy, then there exists some o € X such that

/fxgongpnda:%/fxgo)idm

/F(m,tpf)dz%/ F(JC,(pi)de
B B

Lemma 4.2 There exists some v € Ny such that Jx(v) = cy.

and

Proof of Theorem 1.2. From Lemma 3.5, Lemma 3.6 and Lemma 4.2, we deduce that v is a least
energy sign-changing solution form problem (P)) with exactly tow nodal domains.

5. The critical case

Lemma 5.1 There exists \* > 0 such that if A > X\*, and {p,} C Ny is a minimizing sequence for c,
then there exists some ¢ € Ny such that Jx(¢) = cx.

Proof. Let {p,} C N, be a sequence such that li_>m Ixr(n) = cx. We have

Ia(pn) = e and (J5(¢n),u) = 0,Vu € X.

That is 1
In(pn) = NH@,LHN —/ F(x,pn)dz — ¢y, n— 400 (5.1)
B

and
(il =| [ w@IVe Ve Tuda+ [ 1o 2puda~ [ flapauda] < lull, (52

for all u € X, where &, — 0, as n — +o00.
According to lemma 3.3, ¢,, is bounded in X. Moroever, we have from (5.2) and (V3), that

0< /B F(@pn)on < C (5.3)

and

0 </ F(x,p,) <C.
Since by Lemma 3.2, we have i
f(z,00) = f(z,0) in LY(B) as n — +oo, (5.4)
then, it follows from (V2) and the generalized Lebesgue dominated convergence Theorem that
F(x,¢n) — F(z,9) in L*(B) as n — +oo. (5.5)

Arguing as Lemma 4.2, we have that, up to a subsequence,

Yn — pin X,

¢n — @ in L'(B) for t € [1,00), (5.6)
pn — @ a.e. in B.

pn = ¢t in X,

o= — T in LY(B) for t € [1,00), (5.7)

o — T ae. in B for some ¢ € X.
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1
According to lemma 3.4, there exists A* > 0 such that for all A > \*, yields to ¢y < N(M)% In the
a0

sequel, the results that are valid for ¢, and ¢, are also valid for ¢F and *. After that , we are going
to care about the following.

Claim 1. Vo, (x) = Ve(x) a.e. in B and ¢ is a solution of the problem (Py). See [7] and [8] for the

proof.

Claim 2. ¢t # 0 and ¢~ # 0. We argue by contradiction, ¢ = 0 . Then, / F(z,¢n)dz  — 0 and
B

consequently we get
anN. g

1 N 1 BN
Fllonl” = en < F(EEL) . (53)
To tackle the proof, we claim that there exists ¢ > 1 such that
[ 1t eniis < . (.9
B

By (5.2), we have ‘||g0n\|N -5 f(x,gon)gondx‘ < Ce,. So

1

7

loall¥ < o+ ([ 156 nltde) ([ foutfar) ",

where ¢’ is the conjugate of ¢. Since (¢,,) converge to 0 in L9 (B) hr—? len ¥ = 0. Using Lemma 3.3,
n—+00

this result cannot occur. Now for the proof of the claim (5.9), since f has critical growth, for every € > 0
and ¢ > 1 there exists t. > 0 and C' > 0 such that for all |t| > t., we have |f(z,t)|9 < Ce®(+DE",
Consequently,

/ @ on)lide = / (s pu)|tda + / (s o) tda
B {“Pn‘gti} {“Pn‘>ti}

< wy.; max |f(x7t)|q—|—C/ eco(EtDlenl” 10
BX[—tE,tE] B
Since Ncy < (%)%7 there exists n € (0, 1) such that Ney = (1 — n)(w)% On the other hand,
Q) Qo

AN,B

|@nll” = (Nex) ¥, so there exists n,, > 0 such that for all n > n,,, we get ||, |7 < (1—n)=5:". Therefore,

ap(l+¢)( I\liZI\ )V lenll” < (1 +¢e)(1 —n)an,g- We choose € > 0 small enough to get

ao(l +e)llenl” < ans:
So, the second integral is uniformly bounded in view of (1.6) and the claim is proved.

Since (p,) is bounded, up to a subsequence, we can assume that ||| — p > 0. We affirm that
Ir(p) = cy. Indeed, by (V3) and claim 2, we have

5) = 5 [ Ul 0)e = NPl p)lds > 0. (510)

According to the lower semi continuity of the norm and (5.5) , we obtain,
@) < ~ liminf N F do =
M) < i lminfllenl|” = | F(@,@)dz = cx.
Suppose that Jx(¢) < cx. Then
lelY < p™. (5.11)

In addition,

1
¥l el = e+ [ Fg)s), (5.12)
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which means that pV = N(c,\ + [ F(a:,go)dx). Set u, = and u = %- We have |u,|| = 1,

Pn
lfenll

u, = uin X, v # 0 and |Ju|| < 1. It follow by Lemma 2.2 that sup/ eP enslenl’ gy < o0, provided
B

— X "
1<p< (1-|ul™) ¥. By using (5.5) and (5.12), we get: Ncx — NJx(p) = pV — [l¢[|. From (5.10),
Lemma 4.1 and the last equality, we obtain

AN, B\ N
N S Nex+ gl < (50 5)7 + el (5.13)

1
. N_ ||V F=Da=5
Since p? = <7p el )

e , we deduce from (5.13) that

(Z22)> \ w=pa=m
n ) (5.14)

N<<———*
1= [lepl

We have the estimation / |f(x,n)|9dx < C. Infact, since f has critical growth, for every ¢ > 0 and

q > 1 there exists t. > 0 and C' > 0 such that for all [¢t| > t., we have |f(z,t)|? < CeE+DE" So,

[r@eias = [ et [ s
B {“Pn‘<t } {‘Wn‘>tz}
< wy-1 max |f(z, t)|q+C/ eoEHDlenl” gy,
B><[ tg,tg] B
<

C+C/ o) lenll" 2247 10 < o

2\4

provided ag(1 +¢€)||pn|? <pangsand 1 <p <U(p) = (1 — |lo[|V) T

N
AN BN\ — L
ag )7 )(N—D(l—ﬁ).

I=[lelI¥

From (5.14), there exists d € (0, %) such that p? = (1 — 25)(

Since lim ||y, ||” = p7, then, for n large enough
n—-+oo

1 x
ol +Meall < (1491 ~8) aws(7—iy) .

We choose £ > 0 small enough such that (1 +¢)(1 — ) < 1 which implies that

1 ~
1 ul (=)
ao(L+e)llenl” <awngp 1—[lelN

Hence, the sequence (f(z,®,)) is bounded in L9, ¢ > 1. By using the Holder inequality, we write

1
a7

’/f(x,son ©n )dx‘ < C’ /|<pn \qd:v> —0 as n — +oo,
B

2
=
=
Q
¢}
—
%»Qh—t
>/\
—
S
S
~—
—~
S
S
I
S
N—
~
I
S
—~
N~—
—
-+
S
=
Q
=
w0
=+
=
I
=+

AJM@W%W”V%AW%—V@+MW”ﬂ%—wWM—W
On the other side,

/ (@@ VonY 2V (Vion — V) + [N 20(pn — 9))di = [lgn]l ¥ — / (@(@)|VonlY 2Vn. Vo — o) de
B B
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Passing to the limit in the last equality, we get
N N
p" = lell™ =0,

therefore ||¢|| = p. This is in contradiction with (5.9). Therefore, J(¢) = cx. By Claim 1, J{(¢) =0
and by Claim 2, ¢ # 0.

Proof of Theorem 1.3. From Lemma 3.6 and Lemma 5.1, we deduce that ¢ is a least energy
sign-changing solution for problem (P)) with exactly tow nodal domains.
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