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abstract: In this paper, we give combinatorial interpretations for symmetric functions by the successive
powers of triangular matrices. Several interpretations and properties on generalized r-Stirling numbers of the
second kind may be deduced.
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1. Introduction

Are combinatorics and matrix theory really different subjects? question that dates back to the 1992s
when the author [3] denied the difference between these two subjects and affirmed that there exists a
mutually beneficial relationship between them and called it combinatorial matrix theory (CMT). After this
assertion, different works and applications of these two fields have been applied especially in combinatorics,
such the study of the triangular matrices, a special type of matrices which occurs specially in linear
differential equations, statistics and in several combinatorial sequences which may be considered as power
inputs of upper triangular matrices [4,11,13]. Our contribution fits into the CMT and links essentially the
matrix powers and the complete symmetric functions. The main results are about the some combinatorial
sequences by using the successive powers of matrices.
For the next, we use the notation

δ(m≤n) =

{
1 if m ≤ n
0 if m > n

and δ(n) =

{
1 if n = 0,
0 if n ̸= 0.

For later uses, let us giving some elementary properties on the upper triangular matrices. Indeed, let
(dr,k; 1 ≤ r ≤ k) be a sequence of complex numbers such that dr,r ̸= 0, r ≥ 1, and let L be an invertible
square matrix of finite or infinite order defined by its (r, k)-entry

[L]r,k = dr,kδ(r≤k), k, r ≥ 1. (1.1)
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By meaning [
L0
]
r,k

= δ(k−r) and
[
L1
]
r,k

= dr,kδ(r≤k), (1.2)

it is easy to see, for s ≥ 2, that

[Ls]r,k =
∑

r≤j1≤···≤js−1≤k

dr,j1dj1,j2 · · · djs−1,k. (1.3)

Also, if we define a sequence of real or complex numbers Lr,k (s) by

Lr,k (s) := [Ls]r,k , k ≥ r ≥ 1, s ∈ Z, (1.4)

it follows from the equality Ls+t = LsLt that

Lr,k (s+ t) =

k∑
j=r

Lr,j (s)Lj,k (t) , k ≥ r ≥ 1, s, t ∈ Z. (1.5)

In particular, when s = 1 or t = 1 we get

Lr,k (s+ 1) =

k∑
j=r

dj,kLr,j (s) and Lr,k (s+ 1) =

k∑
j=r

dr,jLj,k (s) . (1.6)

Furthermore, for any non-negative integer m, if we set

[∆Ls]r,k = ∆Lr,k (s) := Lr,k (s+ 1)− Lr,k (s) ,

it follows
∆2Ls = Ls+2 − 2Ls+1 + Ls = Ls (L− I)

2
and ∆mLs = Ls (L− I)

m
,

and since ∆mLr,k (s) = [∆mLs]r,k , then, we can state the following lemma.

Lemma 1.1 If dr,r ≥ 1 and dr,k ≥ 0 when k > r ≥ 1 then (Lr,k (s) ; s ≥ 0) is an infinite convex
sequence. In particular

Lr,k (s+ 2)− 2Lr,k (s+ 1) + Lr,k (s) ≥ 0, s ≥ 0. (1.7)

In this paper, we try to give some properties of the sequence (Lr,k (s)) for special cases. For a given
sequence (an) with an ̸= 0, n ≥ 1, for the case when [L]r,k = ar+1δ(k−r) + ar − ar+1, k ≥ r ≥ 1, one can
verify that the sequence (Lr,k (s)) is given explicitly by

Lr,k (s) = asr+1δ(k−r) + asr − asr+1, s ∈ Z, k > r ≥ 1.

But for several cases the sequence (Lr,k (s)) can present a combinatorial sequence on a finite set, such
the cases dr,k = ar and dr,k = ak. The following selected cases will be studied below

dr,k = ar, dr,k = ar + · · ·+ ak, dr,k = ar + bk and dr,k = ar · · · ak.

We also give some applications for the case when dr,k = ar, see section 3. Furthermore, if there exists a
linear recurrence relation in few terms independent of r and k involving the sequence (Lr,k (s)) , it can
be served to determine the inverse matrix L−1 of L, see the last section. For any sequence (bn) such that
bn ̸= 0 for all n ≥ 1, we note that other cases can be deduced and give similarly results on using the
following lemma.

Lemma 1.2 Let [L]r,k = bk
br

[L]r,k . Then

[Ls]r,k =
bk
br

[Ls]r,k , s ≥ 1.
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2. Some properties of [Ls]r,k when [L]r,k = arδ(r≤k)

Let (aj ; j ≥ 1) be a sequence of real numbers with aj ̸= 0, j ≥ 1, and let

Ur,k (s) :=


δ(k−r) if s = 0,
arδ(r≤k) if s = 1,

ar
∑

r≤j1≤···≤js−1≤k

aj1 · · · ajs−1
if s ≥ 2.

(2.1)

From the above, it follows
Ur,k (s) = [Us]r,k with [U ]r,k = arδ(r≤k). (2.2)

The (r, k) entry of U−1 is [
U−1

]
r,k

=
1

ar
δ(k−r) −

1

ar+1
δ(k−r−1) (2.3)

and we set U−s :=
(
U−1

)s
and

Ur,k (−s) :=
[
U−s

]
r,k

, s ≥ 0. (2.4)

From (1.6) we deduce the following corollary.

Corollary 2.1 For k ≥ r ≥ 1 and s, t ∈ Z, we get

Ur,k (s+ 1) =

k∑
j=r

ajUr,j (s) and Ur,k (s+ 1) = ar

k∑
j=r

Uj,k (s) . (2.5)

Corollary 2.2 For s ∈ Z, the sequence (Ur (k, s)) satisfies

Ur,k (s− 1) =
1

ak
(Ur,k (s)− Ur,k−1 (s)) , k − 1 ≥ r ≥ 1, (2.6)

Ur,k (s− 1) =
Ur,k (s)

ar
− Ur+1,k (s)

ar+1
, k ≥ r ≥ 1. (2.7)

Furtheremore, for s ≥ 1, if aj > 0 for all j ≥ 1, we have

Ur,k+1 (s) ≥ Ur,k (s) and
Ur,k (s)

ar
≥ Ur+1,k (s)

ar+1
, k ≥ r ≥ 1. (2.8)

Proof: From Corollary 2.1 it follows

Ur,k (s) =

k−1∑
j=r

ajUr,j (s− 1) + akUr,k (s− 1)

= Ur,k−1 (s) + akUr,k (s− 1) ,

Ur,k (s) = ar

k∑
j=r+1

Uj,k (s− 1) + arUr,k (s− 1)

=
ar

ar+1
Ur+1,k (s) + arUr,k (s− 1) ,

from which follow the relations (2.6) and (2.7). For s ≥ 1, if aj > 0 for all j ≥ 1, it follows that
Ur,k (s− 1) ≥ 0. This shows, using (2.6) and (2.7), the two inequalities. 2

From Corollary 2.2 we may state the following corollary.

Corollary 2.3 For s ≥ 1 and aj > 0 for all j ≥ 1, if the sequence (aj ; j ≥ 1) increase, then the sequences(
Ur,k (s)

ar
; r ≥ 1

)
, (Ur,k (s) ; k ≥ r)

are convex sequences.
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For a given sequence of real numbers b =(bj ; j ≥ 1) , let (hs; s ≥ 0) be the complete symmetric function
defined by

h0 (b1, . . . , bk) = 1, hs (b1, . . . , bk) =
∑

1≤j1≤···≤js≤k

bj1 · · · bjs , s ≥ 1, (2.9)

and have ordinary generating function to be

∑
s≥0

hs (b1, . . . , bk) t
s =

k∏
j=1

(1− bjt)
−1

. (2.10)

Many properties of these numbers have been discussed in combinatorics. Some particular cases have
combinatorial interpretations related to the partitions of a set or a multiset. Between these numbers, we
find the binomial coefficients, the q-binomial coefficients, the Stirling, r-Stirling [2], the r-Jacobi-Stirling
[6, Sec. 1.4], p-Stirling numbers of the second kind [12] and the numbers studied in [9].

Proposition 2.1 For k ≥ r ≥ 1 we have

Ur,k (s) = arhs−1 (ar, . . . , ak) δ(r≤k), s ≥ 1, (2.11)

Ur,k (−s) = (−1)
k−r ar

ar · · · ak
hs+r−k

(
a−1
r , . . . , a−1

k

)
δ(k−r≤s). (2.12)

Proof: From the definition of the sequence (Ur,k (s) ; s ≥ 0) it follows

∑
s≥0

Ur,k (s) t
s = δ(k−r) +

art

(1− art) · · · (1− akt)

and this gives (2.11). For (2.12), one can verify for k ≥ r ≥ 1 that we have∑
s≥0

Ur,k (−s) ts =
∑
s≥0

[
U−s

]
r,k

ts

=
[(
I − U−1t

)−1
]
r,k

= − art
k−r

(t− ak) · · · (t− ar)

= (−1)
k−r art

k−r

ak · · · ar
1(

1− a−1
r t
)
· · ·
(
1− a−1

k t
)

= (−1)
k−r art

k−r

ak · · · ar

∑
s≥0

hs

(
a−1
r , . . . , a−1

k

)
ts

= (−1)
k−r ar

ak · · · ar

∑
s≥k−r

hs+r−k

(
a−1
r , . . . , a−1

k

)
ts,

from which follows the identity (2.12). 2

3. Applications to generalized Stirling numbers

We present in this section the following particular cases

ak = k, ak = 1 + q + · · ·+ qk−1 and ak = k (k + z) .
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3.1. Case ak = k

For ak = k in Corollary 2.1 we get

Ur,k (s)

r
= hs−1 (r, . . . , k) =

{
k + s− 1

k

}
r

, k ≥ r ≥ 1, s ≥ 1,

where
{
n
k

}
r
is the (n, k)-th r-Stirling numbers of the second kind [2, Th. 8].

So, these numbers can be interpreted as{
k + s

k

}
r

=
1

r

[
Us+1

]
r,k

, with [U ]r,k = rδ(r≤k), k ≥ r ≥ 1, s ≥ 0.

For k ≥ r ≥ 1, s ≥ 0, Corollaries 2.1 and 2.2 state that{
k + s+ 1

k

}
r

=

k∑
j=r

j

{
j + s

j

}
r

,

{
k + s+ 1

k

}
r

=

k∑
j=r

j

{
k + s

k

}
j

,

{
k + s+ 1

k

}
r

=

{
k + s

k − 1

}
r

+ k

{
k + s

k

}
r

,

{
k + s+ 1

k

}
r+1

=

{
k + s+ 1

k

}
r

− r

{
k + s

k

}
r

.

Also, from Corollary 2.3 and Lemma 1.1, it follows that, for s ≥ 0, the sequences({
k + s

k

}
r

; r ≥ 1

)
and

({
k + s

k

}
r

; k ≥ r

)

are convex, and the sequence
({

k+s
k

}
r
; s ≥ 0

)
is an infinite convex sequence.

3.2. Case ak = 1 + q + · · ·+ qk−1

For ak = [k]q := 1 + q + · · ·+ qk−1 in Corollary 2.1 we get

Ur,k (s)

[r]q
= hs−1

(
[r]q , . . . , [k]q

)
, k ≥ r ≥ 1, s ≥ 1.

From the definition of the q-Stirling numbers of the second kind [7]

Sq (k + s, k) = hs

(
[1]q , . . . , [k]q

)
and we define a q-analogue to the r-Stirling numbers of the second kind by

Sr,q (k + s, k) = hs

(
[r]q , . . . , [k]q

)
.

This definition shows that
Ur,k(s)
[r]q

= Sr,q (k + s− 1, k). These numbers can be interpreted as

Sr,q (k + s, k) =
1

[r]q

[
Us+1

]
r,k

, with [U ]r,k = [r]q δ(r≤k), k ≥ r ≥ 1, s ≥ 0.
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For k ≥ r ≥ 1, s ≥ 0, Corollaries 2.1 and 2.2, state that

Sr,q (k + s+ 1, k) =

k∑
j=r

[j]q Sr,q (j + s, j) ,

Sr,q (k + s+ 1, k) =

k∑
j=r

[j]q Sj,q (k + s, k) ,

Sr,q (k + s+ 1, k) = Sr,q (k + s, k − 1) + [k]q Sr,q (k + s, k) ,

Sr+1,q (k + s+ 1, k) = Sr,q (k + s+ 1, k)− [k]q Sr,q (k + s, k) .

Also, from Corollary 2.3 and Lemma 1.1, it follows that, for s ≥ 0 and q > 0, the sequences

(Sr,q (k + s, k) ; r ≥ 1) and (Sr,q (k + s, k) ; k ≥ r)

are convex, and the sequence (Sr,q (k + s, k) ; s ≥ 0) is an infinite convex sequence.

3.3. Case ak = k (k + z)

For ak = k (k + z) in Corollary 2.1 we get

Ur,k (s)

r (r + z)
= hs−1 (r (r + z) , . . . , k (k + z)) =

{
k + s− 1

k

}
r,z

, k ≥ r ≥ 1, s ≥ 1,

where
{
n
k

}
r,z

is the (n, k)-th r-Jacobi-Stirling numbers of the second kind, see [5,6,8,9]. These numbers

can be interpreted as{
k + s

k

}
r,z

=
1

r (r + z)

[
Us+1

]
r,k

, with [U ]r,k = r (r + z) δ(r≤k), k ≥ r ≥ 1, s ≥ 0.

These numbers satisfy for k ≥ r ≥ 1, s ≥ 0 the relations{
k + s+ 1

k

}
r,z

=

k∑
j=r

j (j + z)

{
j + s

j

}
r,z

,

{
k + s+ 1

k

}
r,z

=

k∑
j=r

j (j + z)

{
k + s

k

}
j,z

,

{
k + s+ 1

k

}
r,z

=

{
k + s

k − 1

}
r,z

+ k (k + z)

{
k + s

k

}
r,z

,

{
k + s+ 1

k

}
r+1,z

=

{
k + s+ 1

k

}
r,z

− r (r + z)

{
k + s

k

}
r,z

.

Also, from Corollary 2.3 and Lemma 1.1, it follows that, for s ≥ 0, if z ≥ −2, the sequences({
k + s

k

}
r,z

; r ≥ 1

)
and

({
k + s

k

}
r,z

; k ≥ r

)

are convex, and for z ≥ 0, the sequence
({

k+s
k

}
r,z

; s ≥ 0
)
is an infinite convex sequence.

Remark 3.1 One can also obtain similar relations as the above cases for the case ak = qk on the
q-binomial coefficients, see [1,10], and for the case ak = kp on the p-Stirling numbers, see [12].
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4. Some properties of [Ls]r,k when [L]r,k = ar · · · akδ(r≤k)

Let (aj ; j ≥ 1) be a sequence of real numbers with aj ̸= 0, j ≥ 1, and let Rr,k (s) be the sequence of
complete symmetric functions defined by

Rr,k (s) :=


δ(k−r) if s = 0,

ar · · · akδ(r≤k) if s = 1,∑
r≤j1≤···≤js−1≤k

(ar · · · aj1) · · ·
(
ajs−1 · · · ak

)
if s ≥ 2.

(4.1)

From the first section, it follows

Rr,k (s) = [Rs]r,k with [R]r,k = (ar · · · ak) δ(r≤k). (4.2)

The (r, k) entry of R−1 is [
R−1

]
r,k

=
1

ar
δ(k−r) − δ(k−r−1) (4.3)

and we set R−s :=
(
R−1

)s
and let

Rr,k (−s) :=
[
R−s

]
r,k

, s ≥ 0. (4.4)

Now, we can deduce some recurrence relations with proofs based only on easy matrices’s product. From
(1.6) we deduce the following corollary.

Corollary 4.1 Then, for k ≥ r ≥ 1 and s ∈ Z, we get

Rr,k (s+ 1) =

k∑
j=r

aj · · · akRr,j (s) and Rr,k (s+ 1) =

k∑
j=r

ar · · · ajRj,k (s) . (4.5)

Corollary 4.2 For s ∈ Z, we have

Rr,k (s+ 1)− akRr,k−1 (s+ 1) = akRr,k (s) , (4.6)

Rr,k (s+ 1)− arRr+1,k (s+ 1) = arRr,k (s) . (4.7)

Furthermore, for s ≥ 1, if aj > 0 for all j ≥ 1, we have

Rr,k+1 (s) ≥ akRr,k (s) and Rr+1,k (s) ≥
1

ar
Rr,k (s) , k ≥ r ≥ 1. (4.8)

Proof: Let s, t ∈ Z. From Corollary 4.1 it follows

Rr,k (s+ 1) =

k∑
j=r

aj · · · akRr,j (s)

= ak

k−1∑
j=r

ajaj+1 · · · ak−1Rr,j (s) + akRr,k (s)

= akRr,k−1 (s+ 1) + akRr,k (s) and

Rr,k (s+ 1) =

k∑
j=r

arar+1 · · · ajRj,k (s)

= ar

k∑
j=r+1

ar+1 · · · ajRj,k (s) + arRr,k (s)

= arRr+1,k (s+ 1) + arRr,k (s) .

For s ≥ 1, if aj > 0 for all j ≥ 1, it follows that Rr,k (s) ≥ 0 which gives, using (4.6) and (4.7), the
inequalities (4.8). 2
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Proposition 4.1 For k ≥ r ≥ 1 we have

Rr,k (s) =
ar · · · ak

ar
Ur,k (s) , s ≥ 1, (4.9)

Rr,k (−s) =
ar

ak · · · ar
Ur,k (−s) , s ≥ 0. (4.10)

Proof: For (4.9), since

Rr,k (1) = ar · · · akδ(k−r) =
a1 · · · ak
a1 · · · ar

arδ(k−r) =
bk
br

Ur,k (1) , with bk = a1 · · · ak,

then, it follows from Lemma 1.2 that Rr,k (s) =
bk
br
Ur,k (s) =

ar···ak

ar
Ur,k (s) .

For (4.10), by the generating function of the sequence (Rr,k (−s) ; s ≥ 0) , one can verify for k ≥ r ≥ 1
that we have ∑

s≥0

Rr,k (−s) ts =
[(
I −R−1t

)−1
]
r,k

= − ar · · · aktk−r

(t− ar) · · · (t− ak)

= (−1)
k−r tk−r(

1− t
ar

)
· · ·
(
1− t

ak

)
= (−1)

k−r
∑

s≥k−r

hs+r−k

(
a−1
r , . . . , a−1

k

)
ts.

So, use (2.11) and (2.12) to complete the proof. 2

5. Some properties of [Ls]r,k when [L]r,k = δ(r≤k)

k∑
j=r

aj

Let (aj ; j ≥ 1) be a sequence of real numbers with aj ̸= 0, j ≥ 1, and let Vr (k, s) be the sequence of
complete symmetric functions defined by

Vr,k (s) :=


δ(k−r) if s = 0,

(ar + · · ·+ ak) δ(r≤k) if s = 1,∑
r≤j1≤···≤js−1≤k

(ar + · · ·+ aj1) · · ·
(
ajs−1

+ · · ·+ ak
)

if s ≥ 2.
(5.1)

From the first section, it follows

Vr,k (s) = [V s]r,k with [V ]r,k = (ar + · · ·+ ak) δ(r≤k). (5.2)

The (r, k) entry of V −1 is

[
V −1

]
r,k

=
δ(k−r)

ar
−
(

1

ar
+

1

ar+1

)
δ(k−r−1) +

δ(k−r−2)

ar+1
(5.3)

and we set V −s :=
(
V −1

)s
and let

Vr,k (−s) :=
[
V −s

]
r,k

, s ≥ 0. (5.4)

Now, we can deduce some recurrence relations with proofs based only on easy matrices’s product. From
(1.6) we deduce the following corollary.
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Corollary 5.1 Then, for k ≥ r ≥ 1 and s ∈ Z, we get

Vr,k (s+ 1) =

k∑
j=r

(aj + · · ·+ ak)Vr,j (s) and (5.5)

Vr,k (s+ 1) =

k∑
j=r

(ar + · · ·+ aj)Vj,k (s) . (5.6)

Corollary 5.2 Let s ∈ Z and let

V ∗
r,k (s) =

1

ak
(Vr,k (s)− Vr,k−1 (s)) and V ∗∗

r,k (s) =
1

ar
(Vr+1,k (s)− Vr,k (s)) . (5.7)

Then, we have

V ∗
r,k+1 (s)− V ∗

r,k (s) = Vr,k+1 (s− 1) , (5.8)

V ∗∗
r+1,k (s)− V ∗∗

r,k (s) = Vr,k (s− 1) . (5.9)

Furthermore, for s ≥ 1, if aj > 0 for all j ≥ 1, we have

V ∗
r,k+1 (s) ≥ V ∗

r,k (s) and V ∗∗
r+1,k (s) ≥ V ∗∗

r,k (s) , k ≥ r ≥ 1. (5.10)

Proof: Let s ∈ Z. From (1.5) we get

Vr,k (s+ t) =

k∑
j=r

Vr,j (t)Vj,k (s) . (5.11)

Then, for s = −1 in (5.11), it follows from Corollary 5.1 that

Vr,k+1 (s− 1) =

k+1∑
j=r

Vr,j (s)Vj,k+1 (−1)

=
1

ak+1
Vr,k+1 (s)−

(
1

ak
+

1

ak+1

)
Vr,k (s) +

1

ak
Vr,k−1 (s) ,

and for t = −1 it follows from Corollary 5.1 that

Vr,k (t− 1) =

k∑
j=r

Vr,j (−1)Vj,k (t)

=
1

ar
Vr,k (t)−

(
1

ar
+

1

ar+1

)
Vr+1,k (t) +

1

ar+1
Vr+2,k (t) .

For s ≥ 1, if aj > 0 for all j ≥ 1, it follows that Vr,k (s− 1) ≥ 0 which gives (5.10). 2

So, we may state the following corollary.

Corollary 5.3 For s ≥ 1, if aj > 0 for all j ≥ 1, and the sequence (aj ; j ≥ 1) increase, then the following
sequences are convex,

(Vr,k (s) ; k ≥ 1) , (Vr,k (s) ; r ≥ 1) ,
(
V ∗
r,k (s) ; k ≥ 1

)
,
(
V ∗∗
r,k (s) ; r ≥ 1

)
.

Remark 5.1 The case when [L]r,k = (ar − ak+1) δ(r≤k), with ai ̸= aj for all i ̸= j, we can write

ar − ak+1 = (ar − ar+1) + (ar+1 − ar+2) + · · ·+ (ak − ak+1) ,

and by setting aj − aj+1 := bj , we find the above case [L]r,k = δ(r≤k)

k∑
j=r

bj .
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6. Some properties of [Ls]r,k when [L]r,k = (ar + bk) δ(r≤k)

Let a =(aj)j≥1 and b =(bj)j≥1 be two sequences of real numbers and let Lr (k, s) be the sequence of
complete symmetric functions defined by

Tr,k (s) :=


δ(k−r) if s = 0,

(ar + bk) δ(r≤k) if s = 1,∑
r≤j1≤···≤js−1≤k

(ar + bj1) · · ·
(
ajs−1 + bk

)
if s ≥ 2.

(6.1)

From the first section, it follows

Tr,k (s) = [T s]r,k with [T ]r,k = (ar + bk) δ(r≤k). (6.2)

Upon using the above results, we can now deduce some recurrence relations with proofs based only on
easy matrices’s product.

Lemma 6.1 Let ai + bj ̸= 0, 1 ≤ i ≤ j. For k ≥ r ≥ 1, s ∈ Z, there hold

Tr,k (s) = Tr,k−1 (s) + (ak + bk)Tr,k (s− 1) + (bk − bk−1)

k−1∑
j=r

Tr,j (s− 1) , (6.3)

Tr+1,k (s) = Tr,k (s)− (ar+1 + br)Tr,k (s− 1) + (ar+1 − ar)

k∑
j=r

Tj,k (s− 1) . (6.4)

Proof: From (1.6), we get

Tr,k (s) =

k∑
j=r

(aj + bk)Tr,j (s− 1)

=

k−1∑
j=r

(aj + bk−1)Tr,j (s− 1) + (bk − bk−1)

k−1∑
j=r

Tr,j (s− 1)

+ (ak + bk)Tr,k (s− 1)

= Tr,k−1 (s) + (ak + bk)Tr,k (s− 1) + (bk − bk−1)

k−1∑
j=r

Tr,j (s− 1) ,

Tr+1,k (s) =

k∑
j=r+1

(ar+1 + bj)Tj,k (s− 1)

= ar+1

k∑
j=r

Tj,k (s− 1) +

k∑
j=r

bjTj,k (s− 1)− (ar+1 + br)Tr,k (s− 1)

= (ar+1 − ar)

k∑
j=r

Tj,k (s− 1) +

k∑
j=r

(ar + bj)Tj,k (s− 1)

− (ar+1 + br)Tr,k (s− 1)

= Tr,k (s)− (ar+1 + br)Tr,k (s− 1) + (ar+1 − ar)

k∑
j=r

Tj,k (s− 1) .

2

The relations of the last Corollary prove that the numbers Tr,k (s) satisfy two recurrence relations given
by the following corollary.
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Corollary 6.1 Let (ai + bj) (ai+1 − ai) (bj+1 − bj) ̸= 0, 1 ≤ i ≤ j.
Then, for k ≥ r ≥ 1 and s ∈ Z there hold

T ∗
r,k+1 (s) = T ∗

r,k (s) + Tr,k (s− 1) , (6.5)

T ∗∗
r+1,k (s) = T ∗∗

r,k (s) + Tr,k (s− 1) , (6.6)

where

(bk − bk−1)T
∗
r,k (s) : = Tr,k (s)− Tr,k−1 (s)− (ak + bk)Tr,k (s− 1) ,

(ar − ar−1)T
∗∗
r,k (s) : = Tr,k (s)− Tr−1,k (s) + (ar + br−1)Tr−1,k (s− 1) .

Furthermore, for s ≥ 1, if ai + bj > 0 for all i, j ≥ 1, we have

T ∗
r,k+1 (s) ≥ T ∗

r,k (s) and T ∗∗
r+1,k (s) ≥ T ∗∗

r,k (s) , k ≥ r ≥ 1. (6.7)

Proof: From (6.3) and (6.4) we have

(bk − bk−1)
k−1∑
j=r

Tr,j (s− 1) = Tr,k (s)− Tr,k−1 (s)− (ak + bk)Tr,k (s− 1) and

(ar+1 − ar)
k∑

j=r

Tj,k (s− 1) = Tr+1,k (s)− Tr,k (s) + (ar+1 + br)Tr,k (s− 1) .

The desired relations follow by using the last expressions in the equalities
k∑

j=r

Tr,j (s− 1) =
k−1∑
j=r

Tr,j (s− 1) + Tr,k (s− 1) and

k∑
j=r

Tj,k (s− 1) =
k∑

j=r+1

Tj,k (s− 1) + Tr,k (s− 1) .

For s ≥ 1, if ai + bj > 0 for all i, j ≥ 1, it follows that Tr,k (s− 1) ≥ 0 which gives (6.7). 2

So, we may state the following corollary.

Corollary 6.2 For s ≥ 1, if aj > 0 for all j ≥ 1, and the sequence (aj ; j ≥ 1) increase, then the following
sequences are convex,

(Tr,k (s) ; k ≥ 1) , (Tr,k (s) ; r ≥ 1) ,
(
T ∗
r,k (s) ; k ≥ 1

)
,
(
T ∗∗
r,k (s) ; r ≥ 1

)
.

The last relations can be used to determine the inverse matrix of T as follows.

Corollary 6.3 Let (ai + bj) (ai+1 − ai) (bj+1 − bj) ̸= 0, 1 ≤ i ≤ j.
For k ≥ r ≥ 1, there holds

[
T−1

]
r,k

= Tr,k (−1) =



1
ar+br

k = r,

− (ar+br+1)
(ar+br)(ar+1+br+1)

k = r + 1,

− (br+2−br+1)(ar+1−ar)
(ar+br)(ar+1+br+1)(ar+2+br+2)

k = r + 2,

bk−bk−1

(ar+br)(br−br−1)

k−1∏
j=r

aj+bj−1

aj+1+bj+1
k ≥ r + 3.

Proof: By the fact that Tr,k (0) = δ(k−r), then for s = 0 in the relation (6.5) we get

Tr,r+1 (−1) =
(br+1 − bk) (ar + br−1)Tr (r,−1)− (br+1 − br−1)

(br − br−1) (ar+1 + br+1)
,

Tr,r+2 (−1) =
(br+2 − br+1) (ar+1 + br)Tr (r + 1,−1) + (br+2 − br+1)

(br+1 − br) (ar+2 + br+2)
,

Tr,k+1 (−1) =
(bk+1 − bk) (ak + bk−1)Tr (k,−1)

(bk − bk−1) (ak+1 + bk+1)
, k ≥ r + 2.
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So, to obtain Tr,r+1 (−1) set k = r and use Tr,r (−1) = 1/ (ar + br) , to obtain Tr,r+2 (−1) set k = r + 1
and use Tr,r+1 (−1) , and for k ≥ r + 2, the last recurrence relation gives the desired expression. 2
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