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Combinatorial sequences resulting from the inputs of powers of triangular matrices

Imene Touaibia™ and Miloud Mihoubi

ABSTRACT: In this paper, we give combinatorial interpretations for symmetric functions by the successive
powers of triangular matrices. Several interpretations and properties on generalized r-Stirling numbers of the
second kind may be deduced.
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1. Introduction

Are combinatorics and matrix theory really different subjects? question that dates back to the 1992s
when the author [3] denied the difference between these two subjects and affirmed that there exists a
mutually beneficial relationship between them and called it combinatorial matriz theory (CMT). After this
assertion, different works and applications of these two fields have been applied especially in combinatorics,
such the study of the triangular matrices, a special type of matrices which occurs specially in linear
differential equations, statistics and in several combinatorial sequences which may be considered as power
inputs of upper triangular matrices [4,11,13]. Our contribution fits into the CMT and links essentially the
matrix powers and the complete symmetric functions. The main results are about the some combinatorial
sequences by using the successive powers of matrices.

For the next, we use the notation

5 1 i m<n d S — 1 if n=0,
m<m) =Y 0 if m>n T 2T 0 if no.

For later uses, let us giving some elementary properties on the upper triangular matrices. Indeed, let
(drk; 1 <r <kE) be a sequence of complex numbers such that d,, # 0, r > 1, and let L be an invertible
square matrix of finite or infinite order defined by its (r, k)-entry

(L], ) = dril(r<ry, kyr > 1. (1.1)
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By meaning

[L?] v = O(k—r) and [Ll]nk = dy 1 0(r<p): (1.2)
it is easy to see, for s > 2, that
[L%],x = > dr gy o+ djo_y k- (1.3)

r<j1<-<js—1<k
Also, if we define a sequence of real or complex numbers L, ;, (s) by
Ly (s):= [Ls]r,k’ k>r>1, s€Z, (1.4)

it follows from the equality L°t% = L°L? that
Lig(s+t) =Y Lej(s)Lix(t), k>r>1, stel (1.5)
In particular, when s =1 or t = 1 we get
Lyg(s+1) ZdjkLm and Ly, (s+1) Zd’jLJ,@ 5). (1.6)

Furthermore, for any non-negative integer m, if we set
[AL?], = ALk (s) =Ly (s+1) — Lk (s),

it follows
AL =L 20t 4 [ = [*(L— 1) and A™L* =L*(L—1)"

and since A™ L, i, (s) = [A™L?], ., then, we can state the following lemma.

Lemma 1.1 Ifd,, > 1 and dj; > 0 when k > r > 1 then (L, (s); s>0) is an infinite convex
sequence. In particular

Lok(s4+2)—2L,(s+1)+ Ly (s) >0, s>0. (1.7)

In this paper, we try to give some properties of the sequence (L, x (s)) for special cases. For a given
sequence (a,) with a, # 0, n > 1, for the case when [L], , = ar4164—y) + @ — ary1, k> 7 > 1, one can
verify that the sequence (L, (s)) is given explicitly by

Ly (s) = ay Op—yy +ay —ayy, s€Z, k>r>1

But for several cases the sequence (L, (s)) can present a combinatorial sequence on a finite set, such
the cases d, = a, and d, = aj. The following selected cases will be studied below

dr,k:ar7 dr,k =ar + - +ag, dr,k :ar+bk and dr,k = Qp - Ak

We also give some applications for the case when d, ; = a,, see section 3. Furthermore, if there exists a
linear recurrence relation in few terms independent of r and k& involving the sequence (L, (s)), it can
be served to determine the inverse matrix L~! of L, see the last section. For any sequence (b,,) such that
b, # 0 for all n > 1, we note that other cases can be deduced and give similarly results on using the
following lemma.

Lemma 1.2 Let [£], , = % (L], - Then

br

£ = 3

[LS]Tk, s> 1.



COMBINATORIAL SEQUENCES AND TRIANGULAR MATRICES

2. Some properties of [L°]. , when [L] , = a, (<)

Let (aj;7 > 1) be a sequence of real numbers with a; # 0, j > 1, and let

5(k—r) if s = 0,
Ur s) == aré(rgk) if s = 1,
#(8) ay > aj, ---aj, , ifs>2.

r<j1<-<js—1<k

From the above, it follows
UTJC (8> = [Us]'r‘,k with [U]r,k = GT(S(TSk).

The (r, k) entry of U~}
o]

r.k

1
= aird(kfr)

and we set U~ := (U~!)” and
Uri (—s) == [UﬁSL,k, s> 0.

From (1.6) we deduce the following corollary.

Corollary 2.1 Fork >r >1 and s,t € Z, we get

k
Urk (s+1) Zaj i (8)  and Ur’k(s—l—l):aTZUj,k(s)
j=r

Corollary 2.2 For s € Z, the sequence (U, (k, s)) satisfies

1

Unils=1) = — Uepls) = Uppa (), k=127>1,
k
Up(s—1) = Uri(5) _ Ursn (s), k>r>1.
Qr Gr41
Furtheremore, for s > 1, if a; > 0 for all j > 1, we have
U, U,
Ups1 (5) > Upp (s) and —2E () > b (S), kE>r>1.
Qr Qr41
Proof: From Corollary 2.1 it follows
Ui (s) = Za] i (8= 1) +apUpny (s — 1)
= U7-7k_1 ( ) + apU, i (S — 1) ,
k
Uk (s) = ar Z Uir(s—1)+a, Ui (s—1)
J=r+1
QA
= Uri1,k () + aUrg (s — 1),
ar+1

(2.5)

(2.6)

(2.7)

(2.8)

from which follow the relations (2.6) and (2.7). For s > 1, if a; > 0 for all j > 1, it follows that

Uy (s —1) > 0. This shows, using (2.6) and (2.7), the two inequalities.

From Corollary 2.2 we may state the following corollary.

a

Corollary 2.3 Fors>1 anda; > 0 for all j > 1, if the sequence (aj;j > 1) increase, then the sequences

(W;T > 1) Uk (5); k>7)

ar

are convexr sequences.
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For a given sequence of real numbers b = (b;;j > 1), let (hs; s > 0) be the complete symmetric function
defined by

ho(br,. . b)) =1, hg(br,....bg) = > by --by, s>1, (2.9)

1< <--<gs<k

and have ordinary generating function to be

k
D he(by,. bt =@ =bit)" (2.10)

s>0

Many properties of these numbers have been discussed in combinatorics. Some particular cases have
combinatorial interpretations related to the partitions of a set or a multiset. Between these numbers, we
find the binomial coefficients, the ¢-binomial coefficients, the Stirling, r-Stirling [2], the r-Jacobi-Stirling
[6, Sec. 1.4], p-Stirling numbers of the second kind [12] and the numbers studied in [9].

Proposition 2.1 For k > r > 1 we have
Uk (s) = arhs_1(ar,...,ax) <), s>1, (2.11)

QA _ _
———hgprer (ay ) Sk r<s) (2.12)

k—r
-1
(e

Uﬁk(—s)

Proof: From the definition of the sequence (U, (s); s > 0) it follows

art
(I—apt)--- (1 —axt)

ZUr’k (5) t5 = 5(k—r) +

s>0

and this gives (2.11). For (2.12), one can verify for kK > r > 1 that we have

D Unp(=s)t° = Y [U]

s>0 s>0
= [g-v]
rk
B apth=r
o (t—ar)(t—ay)
PR 1

from which follows the identity (2.12). O

3. Applications to generalized Stirling numbers

We present in this section the following particular cases

ar="k, ar=1+q+---+¢"1 and ar =k (k+2).
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3.1. Case a;, = k

For a;, = k in Corollary 2.1 we get

Ur,k (S)

r

:hsl(r,...,k):{ . }, k>r>1, s>1,

where {}} is the (n, k)-th r-Stirling numbers of the second kind [2, Th. 8.
So, these numbers can be interpreted as

k 1
{ —]L—s} :f[USH].k, with [U], , =1r0<p)y, k>r>1,5>0.
r T, s hS
i

For k> r > 1, s > 0, Corollaries 2.1 and 2.2 state that

k .
kE+s+1 f7+s
SEP BRI OF (3
r j=r r
k+s+1 (k+s
P SR OFt (S
k+s+1 k+s k+s
AP AR ) SR (S
k+s+1 B k+s+1 B k+s
k r+1 B k r " k r.

Also, from Corollary 2.3 and Lemma 1.1, it follows that, for s > 0, the sequences

({75 =) ({7 e20)

are convex, and the sequence ({kzs}r, 5> 0) is an infinite convex sequence.

<.

3.2. Caseap, =14+qg+---+q¢° !
Foray =[k],:=14+q+ -+ ¢! in Corollary 2.1 we get

Ur,k (8)

"]

= o1 ([ [6,) s R2r 21, 521

From the definition of the ¢-Stirling numbers of the second kind [7]
S, (k + 5, k) = h, ([1]q,..., [k]q)
and we define a g-analogue to the r-Stirling numbers of the second kind by
Sy (k+5,k) = hy ([r]q N [k:]q) .

This definition shows that UT["T,’E(S) = Sy q (k+s—1,k). These numbers can be interpreted as

an (k + s, k) — i [Us+1]

B with U], =[r],0¢<k), k>r=>1, s>0.
q

rk’
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For k >r > 1, s > 0, Corollaries 2.1 and 2.2, state that

ST;Q<k+S+17k) [j]qST’q(j—’—Saj)a

M-

Jj=r

Srglk+s+1,k) = (71, Sja (K +5,k),

M=

j=r
Srg(k+s+1,k) = Spg(k+sk—1)+[k], S (k+s.k),
Srit,q(k+s+1,k) = Seg(k+s+1k)—[k], Srq(k+sk).

Also, from Corollary 2.3 and Lemma 1.1, it follows that, for s > 0 and ¢ > 0, the sequences
(Srq(k+s,k);r>1) and (Spq(k+s,k);k>7)
are convex, and the sequence (S, 4 (k+ s,k);s > 0) is an infinite convex sequence.

3.3. Case ap =k(k+ 2)

For ar, = k (k + z) in Corollary 2.1 we get

UT',k (8)

k+s—1
= _ = >r>1 >1
T+ 2) hs—1(r(r+2z),....k(k+2)) { }TZ, k>r>1, s>

where {Z}T _ is the (n, k)-th r-Jacobi-Stirling numbers of the second kind, see [5,6,8,9]. These numbers
can be interpreted as

k+$ ]. s+1 .
{ k }Tz:rmz)[U Jrgor with (Ul =7 (r+ 2) driy k2721, 520

These numbers satisfy for £ > r > 1, s > 0 the relations

k

U = Sauea{’)

i=r J
k
k+s+1 . k+s
UL - aeea{t)
s j=r 2,%
k+s+1 k+s k+s
= k(k
{ k }nz {k - 1}7*72 + ( + Z) { k }7‘72’
k+s+1 k+s+1 (r + 2) k+s
= —Tr\r z .
k r+1,z k T,z k T,z

Also, from Corollary 2.3 and Lemma 1.1, it follows that, for s > 0, if z > —2, the sequences

k+s k+s
cr > k>
({ k }T,Z’ lr N 1) and ({ k }7’,27 k - r)

are convex, and for z > 0, the sequence ({ kzs}r s> O) is an infinite convex sequence.

Remark 3.1 One can also obtain similar relations as the above cases for the case ar = q* on the
q-binomial coefficients, see [1,10], and for the case ar, = kP on the p-Stirling numbers, see [12].
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4. Some properties of [L®] , when [L] , =a, - ard;<p)

Let (aj;7 > 1) be a sequence of real numbers with a; # 0, j > 1, and let R, (s) be the sequence of
complete symmetric functions defined by
5(k—r) if s = O,
Rr g) = Qp * - aké(rgk) if s = ]., 4.1
+ (i) (g, o) s> 2 .
r<j1<-<js—1<k

From the first section, it follows

R,k (s) = [Rs]nk with [R]T}k = (ap---a) O(r<k)- (4.2)
The (r, k) entry of R~}
_ 1
(R 1},«,,6 = ;5(1@4) = O(k—r—1) (4.3)

T

and we set R™° := (R*1)S and let
Ryy(=s)=[R™*] ,, s>0. (4.4)

Now, we can deduce some recurrence relations with proofs based only on easy matrices’s product. From
(1.6) we deduce the following corollary.

Corollary 4.1 Then, fork>r>1 and s € Z, we get
R.k(s+1) Za] ~agRy;(s) and Ryp(s+1) Zar- (s). (4.5)

Corollary 4.2 For s € Z, we have

Rr,k (S + 1) — aer,k_l (S + 1) = akRnk (S) , (46)
Rr,k (5 + 1) - aT'RT'-‘rl,k (8 + 1) = a’T'RT'JC (8) : (47)

Furthermore, for s > 1, if a; > 0 for all j > 1, we have

1
R k+1(s) > apRrp(s) and Ryy1x(s)> ;Rr’k (s), k>r>1. (4.8)

T

Proof: Let s,t € Z. From Corollary 4.1 it follows

R.k(s+1) = ZG'J ~apRy ;i ()

= a Z ;a1 1Ry (8) + arRr i ()
= agRrk—1(s+1)+arR,,(s) and

k
R.p(s+1) = Z arary1 - ajR; g (S)

k
= a, Z Arg1 ;R (8) + arRr i (9)

j=r+1
= aRrp1x(s+1)+a Ry (s).

For s > 1, if a; > 0 for all j > 1, it follows that R, (s) > 0 which gives, using (4.6) and (4.7), the
inequalities (4.8). O
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Proposition 4.1 For k > r > 1 we have

Roy(s) = ——LUni(s), s>1,
R,k (—s) = ﬁUr’k (—=s), s=>0.
Proof: For (4.9), since
R (1) =ay - apdp_r = %aré(k,@ = %Umk (1), with by = ay - - - ax,

then, it follows from Lemma 1.2 that R, (s) = Z—’“ ok (8) = == Uy g ()

For (4.10), by the generating function of the sequence (R, (—ST) ; §>0), one can verify for k > r > 1

that we have

> Ry (-s)t° = [(I—R_lt)_l]

5>0 r.k

ay - apth™"
(t—ap)--(t—ax)
R k=
CRRC

= (fl)k_r Z hstr—rk (a;l,...,alzl)t‘q.

s>k—r

So, use (2.11) and (2.12) to complete the proof.

k
5. Some properties of [L°] , when [L], , =<k >_a;
j=r

Let (aj;7 > 1) be a sequence of real numbers with a; # 0, j > 1, and let V;. (k, s) be the sequence of

complete symmetric functions defined by

O(k—r) if s =0,
Vik (8) := (ar + -+ ak) O(r<r) %fs: 1,
> (ar+-+aj) - (aj,_, +-+ap) ifs>2

r<j1<-<js—1<k
From the first section, it follows
Vg (s) = [V7], . with [V]_ = (ar+ -+ ak) do<p)-

The (r, k) entry of V1! is

Ok 1 1 O (b
v, = e ( N ) P o}
' ar ar  Qpry1

and we set V7% := (V‘l)s and let

Vg (=s) = [V $>0.

rk’ =

(5.1)

(5.4)

Now, we can deduce some recurrence relations with proofs based only on easy matrices’s product. From

(1.6) we deduce the following corollary.
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Corollary 5.1 Then, for k> r > 1 and s € Z, we get

Vik(s+1) (aj +---+ar)Vr;(s) and (5.5)

|

<
I
5

M=

Vik(s+1) = (ar+---+a;) Vi (s). (5.6)

I

<.
Il

Corollary 5.2 Let s € Z and let

1 1

Vi (s) = o (Ver (8) = Vi1 () and Vig () = — (Vi (8) = Vi (5)) - (5.7)
Then, we have
Vi (8) = Vi (s) = Veppa(s—1), (5.8)
e (8) = ViE(s) = Vig(s—1). (5.9)
Furthermore, for s > 1, if a; > 0 for all j > 1, we have
View () 2 Vi (s) and VI 4 (s) 2 Vig(s), k=r=>1 (5.10)
Proof: Let s € Z. From (1.5) we get
k
Vek (s 1) =Y Vi () Vix(s). (5.11)
Jj=r

Then, for s = —1 in (5.11), it follows from Corollary 5.1 that

k+1
Vikri(s=1) = > Vij(s) Vigpa (=1)
Jj=r
1 1 1 1
= V- () V) + e 9]
Aft1 ag Ak+1 ag
and for ¢ = —1 it follows from Corollary 5.1 that
k
Ve (t=1) = Y Vi, (=) Vi (1)
j=r
1 1 1 1
= V() — | — Ve t Vr t).
V)= () Ve (04 Ve 0
For s > 1, if a; > 0 for all j > 1, it follows that V;.; (s — 1) > 0 which gives (5.10). O

So, we may state the following corollary.

Corollary 5.3 Fors >1,ifa; > 0 for all j > 1, and the sequence (a;;j > 1) increase, then the following
sequences are convew,

Ver (s); k=21), (Vek(s); r = 1), (Vi (s); k21), (Vii(s); r=1).
Remark 5.1 The case when [L], , = (a, — ag11) d(r<k), with a; # a;j for all i # j, we can write

T)

ar — apt1 = (@r — @ry1) + (@r41 — Qry2) + -+ (@ — apt1),

k
and by setting a; — aj1 = bj, we find the above case [L], = d(r<p) D b;-
Jj=r
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6. Some properties of [L°] ; when [L] ; = (a, + by) dr<p)

Let a = (a;),5, and b =(b;);-, be two sequences of real numbers and let L (k, s) be the sequence of

complete symmetric functions defined by

S(k—r) if s =0,
Ty (s) := (ar +bk) (r<k) if s =1,
’ Z (ar+bj1)"' (aj&l +bk) if s > 2.

r<j1 < <js—1<k
From the first section, it follows

Tk (5) = [Ts]nk with [T]r,k = (ar + bk) 5(r§k)-

(6.1)

(6.2)

Upon using the above results, we can now deduce some recurrence relations with proofs based only on

easy matrices’s product.

Lemma 6.1 Leta; +b; #0,1<i<j. Fork>r >1, s € Z, there hold

k—1

Ty (8) = Trp1 (8) + (ar + b)) Trg (s — 1) + (b — br—1) D Trj (s — 1),

j=r
k

Trgrk (8) =Trge (8) = (arg1 +0p) Trge (s — 1) + (ar41 — ar) Zijk (s—=1).

Jj=r
Proof: From (1.6), we get
k
Tk (s) = Z (a; +by) Ty, (s—1)
Jj=r
k—1 k—1
= (aj +be1) Trj (s = 1)+ (b —bp1) D _Trj (s — 1)
j=r j=r
+ (ar + bg) Tk (s—1)
k—1
= Tr,k—l (S) + (ak + bk) Tr,k (S — 1) (bk — bk 1) TTJ' (S —
j=r
k
Tk (s) = O (argr+0)Tin(s—1)
j=r+1

= a,+1z ik (s—1) —|—Zb k(s —1)—(app1+b) Th g (s — 1)

k k

= (ar1 —ay) ZTM (s—1)+ Z (ar+b;) Tjp (s —1)

(g1 +b) T (s — 1)

= Tr,k (5) (ar+1 +0 ) (S — 1) CLT+1 ZT} k(s — 1

a

The relations of the last Corollary prove that the numbers T;. j (s) satisfy two recurrence relations given

by the following corollary.
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Corollary 6.1 Let (a; +b;) (a;41 — a;) (bj41 —b;) #0, 1 <i < 5.
Then, for k> r > 1 and s € Z there hold

Tl (s) = Tlp(s)+Tw(s—1), (6.5)
Tie(s) = L) +Tk(s—1), (6.6)
where
(bk — bk,1> T:,k: (S) D=1y (S) — Tr’kfl (S) — (ak —+ bk) T (S — 1) s
(ar - arfl) :j; (8) o= Ark (3) - Trfl,k (8) + (ar + br 1) r—1,k (3 - 1) .
Furthermore, for s > 1, if a; +b; > 0 for all i,j > 1, we have
T:,k+1 (s) > Tr*,k: (s) and r+1 g (8) > rk( ), k>r>1 (6.7)

Proof: From (6.3) and (6.4) we have
k=1

(bk - bk—l) Z TTJ' (8 - 1) = Tr,k: (S) - Tr,k—l (S) - (ak + bk) Tr,k (S - 1) and
j=r

k

(ar41 — ar) Z Tik (s —1) =Tri1k (5) = Trge (8) + (arr + 0) Tri (s = 1)
j=r

The desired relations follow by using the last expressions in the equalities

k k—1
Y Ti(s—1)=> T ;(s—1)+T,(s—1) and

j=r j=r
k k
Z,Tj,k’(S_l): Z Tj7k(8—1)—|—Tr7k(S—1).
j=r j=r+1
For s > 1, if a; +b; > 0 for all ¢, j > 1, it follows that T;.; (s — 1) > 0 which gives (6.7). O

So, we may state the following corollary.

Corollary 6.2 Fors > 1, ifa; > 0 for all j > 1, and the sequence (a;;j > 1) increase, then the following
sequences are convewr,

(Trk(s); k=>1), (Tra(s); r=1), (T (s); k=>1), (T (s); r>1).
The last relations can be used to determine the inverse matrix of T' as follows.

Corollary 6.3 Let (ai + b]) (ai+1 — CLi) (bj+1 — bj) 7é O7 1 S ) S j
For k > r > 1, there holds

1 _
ar+by, k=,
(ar+bri1) _
~ @b ) ar e 15D k=r+1,
[Tﬁl]r,k =tk (_1) = (bry2=bry1)(ary1—ar)

" (ar+br)(arp1+br1)(arsatbriz) k=r+2,

bk bk 1 B._7‘+b_7'_1 >
(ar=+by)(by —b,,l) H - Gi+1Fb kzr+3.

Proof: By the fact that 7.5 (0) = (x—y), then for s = 0 in the relation (6.5) we get
(br+1 - bk:) (ar + b'r‘fl) Tr (T, _1) - (br+1 - brfl)

Trm -1 = s
el (b = br) (arss + i)
T _ (b2 = bry1) (arg1 +b,) T (1 + 1, =1) + (bry2 — bry1)
r,r+2 (_1) - — )
(brg1 = br) (ary2 + bry2)
T (1) (b1 — br) (ak + bk—1) T, (, —1)’ k>4

(bk — br—1) (ak+1 + br+1)
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So, to obtain T} 41 (—1) set k = r and use T, (—1) = 1/ (a, + b,), to obtain T, ;4o (—1) set k =7 +1

and use T} ,41 (—1), and for £ > r + 2, the last recurrence relation gives the desired expression. O
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