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S-r-ideals in commutative rings

Essebti Massaoud and Ahmed Hamed*

ABSTRACT: The rings considered in this article are commutative with identity. This article is motivated
by the results proved by Visweswaran ([10]) on S-primary ideals. In this paper, we introduce the concept of
S-r-ideal (resp., S-pr-ideal) of a commutative ring and study its properties. Let R be a commutative ring
with 1 # 0 and S be a multiplicatively closed subset of R. Let I be an ideal of R disjoint with S. We say
that [ is an S-r-ideal (resp., S-pr-ideal) of R if there exists an s € S such that for all a,b € R if ab € I with
Ann(a) = (0) implies that sb € I (resp., sb € \/I). We investigate many properties and characterizations of
S-r-ideals (resp., S-pr-ideals). We discuss the form of S-r-ideals (resp., S-pr-ideals) in a finite direct product
of rings. Furthermore, we study S-r-ideals (resp., S-pr-ideals) in Nagata’s idealization ring. Our results allow
us to construct original examples of S-r-ideals (resp., S-pr-ideals).
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1. Introduction

Throughout this paper, all considered rings are assumed to be commutative with identity 1 # 0 and
all ring homomorphisms are assumed to be unital. If A is a subring of B, we suppose that they have the
same identity element. As usual, if R is a commutative ring, then zd(R) denotes the set of zero divisors
of R and Reg(R) = R\ zd(R) is the set of its regular elements. Recall that a subset S of a ring R is
called multiplicative if 1 € S, 0 € S and S is closed under multiplication. Note that any multiplicative
subset of R satisfies the inclusion relations {1} C S C R. Recall also that an ideal I of R is said to be
prime if I # R and whenever a and b are elements of R such that ab € I, then a € I or b € I. Note that
I is a prime ideal of R if and only if R\ I is a multiplicative subset of R. In [1], D. D. Anderson and
E. Smith have defined a proper ideal I of R to be weakly prime if 0 # ab € I implies a € T or b € I.
Some properties of weakly prime ideals have been settled. On the other hand, A. Hamed and A. Malek
have introduced and investigated the concept of S-prime ideals which constitute a generalization of prime
ideals (see [4]). More precisely, let R be a commutative ring, S a multiplicative subset of R and I an
ideal of R disjoint from S. Then, I is called an S-prime ideal of R if there exists an s € S such that for
all a,b € Rif ab € I, then sa € I or sb € I. Note that if S consists of units of R, then the notions of
S-prime and prime ideals coincide. Recall that an ideal I of R is said to be primary if for all a,b € R,
ab € I implies a € T or b € v/I. In [10] the author introduced and investigated the concept of S-primary
ideals which constitute a generalization of primary ideals (the same notion can be found in [7]). More
precisely, let R be a commutative ring, S a multiplicative subset of R and I an ideal of R disjoint from
S. Then, I is called an S-primary ideal of R if there exists an s € S such that for all a,b € R if ab € I,
then sa € I or sb € /I. In commutative algebra, r-ideal and its generalizations have an important role.
There have been lots of studies on this issue (See [8, 9]). Recall that a proper ideal I is called an r-ideal
(vesp., pr-ideal) if ab € I with Ann(a) = 0 then b € I (resp., b € V/I). In [9], Uregen also studies a
special class of pr-ideals fixing the power of element b € R in the above definition. A proper ideal [ is
called uniformly pr-ideal if there exists N € N and whenever ab € I with Ann(a) = (0) we have b € I
in that case N is called order of I and denoted by ord(I) = N. Also I is called a strongly pr-ideal if I
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is a pr-ideal and \ﬁN C I for some N € N, where /T is the radical of I. In this case N is called the
exponent of I and denoted by exp(I) = N.

The main goal of the present paper is to complete this circle of ideas by introducing and studying the
concept of S-r-ideals and S-pr-ideals of a commutative ring in a way that generalizes essentially all the
results concerning r-ideals and pr-ideals. Let R be a commutative ring, S a multiplicative subset of R
and T a proper ideal of R disjoint from S. Then we say that I is an S-r-ideal ( resp., an S-pr-ideal) of
R if there exists an s € S such that for all a,b € R if ab € I with Ann(a) = 0, we have sb € I (resp.,
sb € v/I). In Section 2, we study the basic properties of S-r ideals. Proposition 2.1 states that if (I : s)
is an r-ideal of R for some s € S, then I is an S-r-ideal of R. In the case where the multiplicative set .S
consists only of nonzero divisors (that is, S C Reg(R)), an ideal P is S-r-ideal of R if and only if S~1P
is an r-ideal of ST'R and (ST'P)N R = (P : s) for some s € S. Theorem 2.3 is a counterpart of the
celebrated Prime Avoidance Lemma for S-r-ideals. We show that if I, Py, ..., P, are ideals of R such that
I C !, P, P is an S-r-ideal, and the others have regular elements, then there exists s € S such that
sI C P;. We give in Theorem 2.15, a characterization of S-r-ideals of R in terms of the (S(+)M)-r-ideal
of R(+)M. Section 3 is devoted to study the notion of uniformly S-pr-ideals and strongly S-pr-ideals.
An ideal I of R disjoint from S is called a uniformly S-pr-ideal if there exist N € N and s € S such
that whenever ab € I with Ann(a) = (0), then (sb)™ € I. An ideal I is called a strongly S-pr-ideal if

I is an S-pr-ideal and there exist s € S and N € N such that s'\ﬁN C I. We show that if @ is an
S-pr-ideal of R, then P = /Q is an S-r-ideal of R. We also show that the class of S-pr-ideals contains
the class of uniformly S-pr-ideals and the class of uniformly S-pr-ideals contains strongly S-pr-ideals (see
Proposition 3.1). Finally, we give respectively in Corollaries 3.1 and 3.2, a characterization of uniformly
S-pr-ideals and strongly S-pr-ideals in a finite direct product of rings.

2. Basic results

Let R be a commutative ring, S a multiplicative subset of R and I an ideal of R disjoint from S. In
this section, we study basic results of an S-r-ideal (resp., S-pr-ideal) of R.

Definition 2.1 Let R be a commutative ring, S a multiplicative subset of R and I an ideal of R disjoint
from S. We say that I is an S-r-ideal (resp., S-pr-ideal) of R if there exists an s € S such that ab € T
with Ann(a) = (0) implies that sb € I (resp., sb € V/I) for each a,b € R.

Remark 2.1 (1) Every r-ideal (resp., pr-ideal) of R disjoint from S is an S-r-ideal(resp., S-pr-ideal)
of R.

(2) If S consists of units of R, then the notions of r-ideal (resp., pr-ideal) and S-r-ideals (resp., S-pr-
ideals) coincide.

Our next example shows that the reverse of (1) in the previous Remark is not true in general.

Example 2.1 Let T be a reduced ring such that Z C T and I be a prime ideal of T with I NZ = (0).
Put J := X?I[X] and S := {X"™ | n € N}. Then J is an ideal of R = Z + XT[X] with JN S = (. Now,
let P,Q € R such that PQ € J and Ann(P) = (0). By [8, Example 2.17], J is a pr-ideal of R which is
not an r-ideal. Then Q € v/J = XI[X], since J is a pr-ideal of R; so Q € XI[X], and hence XQ € J.
This implies that J is an S-r-ideal of R.

In the following, we give an example of an S-prime ideal which is neither an S-r-ideal nor an S-pr-ideal.
Example 2.2 Let R =Z[X], I =4XR, and S = {2" | n € N}. By [4, Example 1(3)], I is an S-prime
ideal of R which is not prime. Note that for all s = 2™ € S, we have (2X)(2) € I and ann(2X) =0 but
5(2) € V1. This shows that I is neither an S-r-ideal of R nor an S-pr-ideal of R.

In the following, we give an example of an S-r-ideal which is not S-prime.
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Example 2.3 Let R =7y X 7o X Zo, I = {0} x {0} x Zy and S ={(1,1,1), (1,1,0)}. We show that I
is an r-ideal of R. Let a,b € R such that ab € I with Ann(a) = (0). Since R is a Boolean ring, a*> = a,
which implies that 1 —a € Ann(a) = (0); so a =1, and thus b € I. This shows that I is an S-r-ideal of
R, since I is disjoint from S. Now, we show that I is not an S-prime ideal of R. Let o = (1,0,1) and
B =1(0,1,1). Then o, B € R and a3 = (0,0,1) € I. Note that for each s € S, sac € I and s & I. Thus I

is not S-prime.

The next proposition characterizes the S-r-ideals (resp., S-pr-ideals) of a commutative ring R in the
case where S C Reg(R). First, recall that if I is an ideal of R and s € R, then (I : s) :={x € R | sz € I}
is an ideal of R containing I.

Proposition 2.1 Let R be a commutative ring, S C Reg(R) a multiplicative subset of R and I an ideal
of R disjoint from S. Then the following assertions are equivalent:

(1) I is an S-r-ideal of R.
(2) (I:s) is an r-ideal of R for some s € S.

(3) S7I is an r-ideal of ST'R and (STYI)N R = (I : s) for some s € S.

Proof:
(1)=(2). Since I is an S-r-ideal of R, there exists s € S such that if ab € I with Ann(a) = (0), then
sb € I. We show that (I : s) is an r-ideal of R. Let z,y € R such that xy € (I : s) with Ann(z) = (0).
Then szy € I. It follows that s?y € I, then y € (I : s), since Ann(s?) = 0. This implies that (I : s) is an
r-ideal of R.
(2) = (1). Assume that (I : s) is an r-ideal of R for some s € S. Let a,b € R such that ab € I with
Ann(a) = (0). Then ab € (I : s), which implies that b € (I : s); so sb € I. Therefore, I is an S-r-ideal of
R.
(1) = (3). First, we prove that S~I is an r-ideal of ST R. Let x,y € S~ R such that xy € S~1I with
b

Ann(z) = (0). Write z = 2 and y = — for some elements a,b € R and s1,s2 € S. Thus, zy = 2 where
S1 S9

p €I and s3 € S. Tt follows that abss = s189p € I. As I is an S-r-ideal of R and Ann(a) = (0), sssb € I

b b
for some s € S. This implies that y = — = %537 ¢ §~'I. Now we show that (STII)NR=(I:s). Let
S9 553852

o€ (I:s). Then « € Rand sa € I. As S C Reg(R), the mapping ¢ : R — S~'R defined by ¢(r) = *
is an injective ring homomorphism. Thus o = ¢ = 22 € S~'P. This implies that a € (S~'I) N R.
Conversely, let & € (S™'I) N R. Then o € R and a = £ for some elements p € I and ¢t € S. Since
at = p € I with Ann(t) = (0), it follows that sa € I, and hence o € (I : s).

(3) = (1). Assume (3), and let a,b € R such that ab € I with Ann(a) = (0). Since 22 € S~1I and

b

Ann(%) = (0), it follows that 2 € S~'I, which implies that b = 1€ STUINR=(I:s). Thus sbe I
and hence [ is an S-r-ideal of R. O

Corollary 2.1 Let R be a commutative ring, S C Reg(Rla multiplicative subset of R and I an ideal of
R disjoint from S. Set S :={s+1|se S}. If Z(R/I)NS =0, then I is an S-r-ideal if and only if I is
an r-ideal.

Proof: The “if” part is immediate, since any r-ideal of R disjoint from S is an S-r- ideal (see Remark
2.1). For the “only if” part, we first claim that (I : s) = I for all s € S and we conclude by Proposition
2.1. The inclusion relation I C (I : s) is straightforward. Conversely, let s € S and let « € (I : s). Then
st € I. Hence, (s+ I)(x +I) = I. Notice that s +1 # I (because INS =) and s +1 ¢ Z(R/I),
since Z(R/I) NS = (). Therefore, we get x + I = I. Thus = € I. This shows that (I : s) C I, and hence
I=(I:s)foranyses. 0
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Example 2.4 Let R be a commutative ring, S a multiplicative subset of R such that S N Reg(R) # 0
and I an r-ideal of R. Then for each s € SN Reg(R), sI is an S-r-ideal of R. If moreover I # (0) and
N, Rs™ = (0), then sI is not an r-ideal of R.

Proof: Let s € SN Reg(R). It is convenient to denote sI by J. As J C I, we have J NS = (. Since
Ann(s) = (0), we get that (sI : s) = I. Thus (J : s) = I is an r-ideal of R, and hence J = sI is an
S-r-ideal of R. Assume that I # (0) and (2, Rs" = (0). We verify that P = s/ is not an r-ideal of R.
Observe that I # sI. For if I = sI, then I = s™1 for each n > 1. From N2, Rs™ = (0), it follows that
I = (0) and this is a contradiction to the assumption that I # (0). Hence I # sI. Let a € I\sI. Note
that sa € sI = P. As a ¢ P and Ann(s) = (0), we obtain that sI is not an r-ideal of R. O

Proposition 2.2 Let R be a commutative ring, S C Reg(R) a multiplicative subset of R and I an ideal
of R disjoint from S. Then the following assertions are equivalent:

(1) I is an S-pr-ideal of R.
(2) (I:s) is a pr-ideal of R for some s € S.

Proof: (1) = (2). Assume that [ is an S-pr-ideal of R. There exists s € S such that if ab € I with
Ann(a) = (0), we have bs € v/I. We claim that (I : s) is a pr-ideal of R. Since s ¢ I, we get that
(I:8)# R. Let 2,y € R such that 2y € (I : s) with Ann(z) = (0). Then szy € I. Tt follows that
sy € VT, then s™y™ = (sy)™ € I for some integer m > 1. Since s is a regular element, Ann(s™) = (0).
Tt follows that y™ € (I : s) which is equivalent to y € /(I : s). Hence (I : s) is a pr-ideal of R.

(2) = (1). Assume (2), and let a,b € R such that ab € I with Ann(a) = (0). Note that ab € (I : s)
and Ann(a) = (0). Since (I : s) is a pr-ideal of R, b € /(I : s), which implies that sb* € I for some
integer & > 1. Thus (sb)* = s*b* € I. This implies that sb € v/I. Therefore, I is an S-pr-ideal of R.
This completes the proof. O

Let R C T be an extension of commutative rings. Let a be an element of R. We denote by
Annr(a) = {a € T| aa = 0}. Then Annr(a) is an ideal of T.

Proposition 2.3 Let R be a commutative ring and S a multiplicative subset of R. Then the following
hold:

1. Let J be an ideal of R such that JNS # (. If I is an S-r-ideal of R, then so is JI.

2. Let R C T be an extension of commutative rings. If J is an S-r-ideal of T, then I = J N R is an
S-r-ideal of R.

3. Let f : R — T be an isomorphism of commutative rings. Then f(I) is an f(S)-r-ideal of T,
whenever I is an S-r-ideal of R, and f~*(J) is an S-r-ideal of T, whenever J is an f(S)-r-ideal
of T.

4. Every S-r-ideal is included in zd(R).

5. Let I be an S-prime ideal of R. If S C Reg(R), then I is an S-r-ideal of R if and only if (I :t) C
zd(R) for somet € S.

Proof: (1). Let a,b € R such that ab € JI with Ann(a) = (0). As I is an S-r-ideal of R, there exists
s € S such that sb € I. Pick t € JNS (such ¢ exists since JN.S # @). Then (¢s)b = ¢(sb) € JI. Therefore,
JI is an S-r-ideal of R.

(2). Case 1. I = (0), in this case I is an r-ideal of R and SN I = (), implies that I is an S-r-ideal of
R.
Case 2. I # (0). Let a,b € R such that ab € T with Anng(a) = (0).
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We show that sb € I for some s € S. Clearly ab € J. It is shown in [8, Proposition 3.17], that
Annp(a) = (0). As J is an S-r-ideal of T', there exists s € S such that sb € J, then clearly sb € J N R.
It follows that I = J N R is an S-r-ideal of R.

(3). It is not difficult to check that f~!(J) NS = (. Now, let a,b € R such that ab € f~1(J)
with Ann(a) = (0). Since f is bijective, we get Ann(f(a)) = (0). Then there exists an s € S such
that f(s)f(b) € J, since J is an f(S)-r-ideal of T. This implies that sb € f~1(J). Hence f~1(J) is an
S-r-ideal of R. Now, let f(a)f(b) € f(I) with Ann(f(a)) = (0). Then Ann(a) = (0), there exists = € T
such that f(ab) = f(x), then ab = = € I, thus sb € I. Since I is an S-r-ideal, f(s)f(b) € f(I), hence
f(I) is f(S)-r-ideal. This completes the proof.

(4). Suppose that I ¢ zd(R). Then there exists a € I with Ann(a) = (0). Since I is an S-r-ideal,
there exists s € S such that s = s-1 € I, a contradiction, since SN I = ). Hence I C 2d(R).

(5). Suppose that I is an S-prime ideal with respective to ¢. If I is an S-r-ideal, then (I : ¢) is an
r-ideal, by Proposition 2.1. Then by (4), (I : t) C zd(R). Conversely, assume that (I : t) C zd(R). Let
ab € I with Ann(a) = (0). Then we have ta € I or tb € I. It is easy to see that ta ¢ I. This implies that
tb € I, and so [ is an S-r-ideal. O

Proposition 2.4 Let R be a commutative ring and S a multiplicative subset of R. Let I be an r-ideal
of R disjoint from S, and P be an ideal of R such that I C P. Then P is an S-r-ideal of R if and only
if P/I is an S-r-ideal of R/I.

Proof: Note that PN S = ( if and only if (P/I) NS = 0.

For the “if” part, let a+ I,b+ I € R/I such that (a+ I)(b+I) € P/I with Ann(a+ I) = (0). Then
(ab+1) € P/I,and so ab € P. As I is an S-r-ideal of R and Ann(a) = (0), there exists s € S such that
sb € P. Therefore, (s+I)(b+ 1) € P/I.

For the “only if” part, since P/I is an S-r-ideal of R/I, there exists ¢ € S such that for all a+1,b+1 €
R/Iif (a+I)(b+1I)€ P/I with Ann(a+I) =0, then (t+I)(b+I) € P/I. We need to show that P is
an S-r-ideal of R. For, let z,y € R such that zy € P with Ann(x) = (0). Then (z+I)(y + 1) € P/I.
Since [ is an r-ideal, it follows that Ann(x+1) =0, so (ty+ 1) = (t+I)(y+I) € P/I. This implies that
ty € P, completing the proof. O

Theorem 2.1 Let R be a commutative ring, S a multiplicative subset of R and I an ideal of R disjoint
from S. Then I is an S-r-ideal if and only if there exists s € S such that for every two ideals J, K of R,
with K regular and JK C I, we have sJ C I.

Proof: For the “only if” part, let a,b € R such that ab € I with Ann(a) = 0. Then aR is regular. As
(aR)(bR) C I by assumption, s(bR) C I. Hence sb € I.

For the “if” part, as I is an S-r-ideal, there exists s € S such that for all a,b € R, if ab € I with
Ann(a) = 0, then sa € I. We suppose that for all ¢ € S, there exist J;, K; two ideals of R with K
regular and J;K; C I but ¢.J; € I. Since s € S, there exist two ideals of R J;, Ky with K, regular and
JsKy C I but sJ, € I. Therefore, there exist a; € Ky N Reg(R) and b, € J, such that sby & I with
asbs € JoKs C I, which is absurd because I is an S-r-ideal. This completes the proof. O

Recall from [4] that a multiplicative set S of a commutative ring R is called a strongly multiplicative
set if for each family (s4)aea of element of S we have

() saR) NS # 0.

aEN

Theorem 2.2 Let R be a commutative ring and S C R a strongly multiplicative set. Let (Py)aeca be a

chain of S-r-ideals of R. Then P = (\,cp Po is an S-r-ideal of R.
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Proof: For each a € A, there exists s, € S such that for all a,b € R, ab € P, with Ann(a) = 0, implies
Ssab € P,.
Since S is a strongly multiplicative set, ( ﬂ SaR)NS # (. Let t € ( ﬂ sqR) N S. We will show that for

aEA acA
all a,b € R such that ab € P with Ann(a) = 0 implies tb € P. Suppose that tb ¢ P. Then tb ¢ Py for

some 3 € A. Let « € A. We have P, C Pg or P3 C P,.

First case. P, C P3. Since tb &€ Pg, it follows that tb € P,, so sob ¢ P, absurd since ab € P, and
Ann(a) = 0.

Second case. P3 C P,. As ab € Pg, Ann(a) = 0 and tb ¢ Pg, it follows that sgb ¢ Pg which is
absurd. In each case we have tb € P. O

Proposition 2.5 Let R be a commutative ring and S a multiplicative subset of R. Suppose that Py, ..., Py
are prime ideals of R, which are not comparable. If (\_, P; is an S-r-ideal of R, then for each 1 <i < n,
P; is an S-r-ideal of R.

Proof: Let ra € P; with Ann(r) = 0 and take y € (), P;) \ P;. Hence, rxzy € (;_, P;. Since (;_, P;
is an S-r-ideal, we infer that szy € ()., P; for some s € S, and therefore szy € P;. This implies that
sr € P;, then P; is an S-r-ideal. O

The following result is a counterpart of the celebrated Prime Avoidance Lemma for S-r-ideals.

Theorem 2.3 Let R be a commutative ming, S a multiplicative subset of R and I an ideal of R. Let
Py, ..., P, ben ideals of R such that I C U?Zl P;. If P, is an S-r-ideal and the others are regular, there
exists s € S such that sI C P;.

Proof: As P; is an S-r-ideal, there exists s € S such that (P : s) is an r-ideal. We have I C |J'_, P; C
Ui (P : s) and for i # 1 (P; : s) contains a regular element. By the r-ideal Avoidance Lemma |8,
Theorem 3.8], I C (P : s). This implies that sI C P;. O

Proposition 2.6 Let R be a commutative ring and S be a multiplicative subset of R. Assume that I
is an S-r-ideal of R and let T be a multiplicative subset of R with Sy NIy = (. Then the following
statements hold:

(1) It is an St-r-ideal of Rr.
(2) If morover, T C Reg(R), then It is an S-r-ideal of Rr.

b
Proof: (1) Let x,y € Rr such that zy € Ir with Ann(z) = 0. Write z = tg and y = o for some
1 2

b

% = % where p € I and t € T. There exists ¢/ € T with
1t2
t'tab = t't1tap € I. By hypothesis, I is an S-r-ideal of R, s1tt’b € I for some s; € S, since Ann(a) = 0.
Then s1tt’ = p; € P for some 51 € S. Let a = 3-. Then we have a.y = %g’fi; = Stltfi;b = tﬁltz € Irp,
hence It is an Sp-r-ideal of Rr.

(2). As T C Reg(R), the mapping ¢ : R — Ry defined by ¢(r) = 1 is an injective ring homomorphism.
Thus we have S NI = @ since St N Ir = 0. O

elements a,b € R and ty,t3 € T. So

Let R be a commutative ring with identity and M a unitary R— module. The idealization of M
in R (or trivial extension of R by M) is a commutative ring R(+)M = {(r,m) | r € R and m € M}
under the usual addition and the multiplication defined as (11, m1)(r2, mo) = (r17a, r1meo + rom;y) for all
(ri,m1), (re,ma) € R(+)M [2]. If I is an ideal of R and N is a submodule of M, then I(+)N is an
ideal of R(+)M if and only if IM C N (see [2]). In that case, I(+)N is called a homogeneous ideal
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of R(+)M. Note that zd(R(+)M) = {(a,m) | a € zd(R)|JZ(M)}, where Z(M) = {a € R | am =
0 for some 0 # m € M} (see [2]). It is easy to show that if S is a multiplicative subset of R, then
S(+)M is a multiplicative subset of R(+)M.

Theorem 2.4 Let R be a commutative ring, M a unitary R-module, I an ideal of R and S a multiplicative
subset of R with SN I =10. Then

1. If I is an S-r-ideal (resp., S-pr-ideal) of R, then I(+)M is an (S(+)M)-r-ideal (resp., (S(+)M)-
pr-ideal) of R(+)M

2. If Z(M) = zd(R) and I(+)M is an (S(+)M)-r-ideal (resp., (S(+)M)-pr-ideal) of R(+)M, then I
is an S-r-ideal (resp., S-pr-ideal) of R.

Proof: Notice that (S(+)M) N (I(+)M) =0 if and only if SNT = 0.

(1). Since [ is an S-r-ideal (resp., S-pr-ideal) of R, there exists an s € S such that for all z,y € R,
if xy € I with Ann(z) = (0), then sy € I (resp., sy € VI). Let (a,m),(b,n) € R(+)M such that
(a,m)(b,n) = (ab,an + bm) € I(+)M with Ann((a,m)) = ((0,0)). Since I is an S-r-ideal (resp., S-pr-
ideal) and Ann(a) = (0), we get sb € T (resp sb 6 \f Thlb implies that (s,0)(b,n) = (sb,sn) € I(+)M
(resp., (s,0)(b,n) = (sb,sn) € VI(+ = /I Hence I(+)M is an (S(+)M)-r-ideal (resp.,
(S(+)M)-pr-ideal) of R(+)M

(2). Suppose that I(+)M is an (S(+)M)-r-ideal (resp., (S(+)M)-pr-ideal). Let a,b € R such that
ab € I with Ann(a) = (0). Then (a,0)(b,0) = (ab,0) € I(+)M. Since Z(M) = zd(R), Ann((a,0)) =
((0,0)). This implies that (s, m)(b,0) € I(+)M (resp (s m)(b, 0) € VI(+)M) for some (s,m) € S(+)M
Therefore, sb € I (resp., sb € v/I), and hence I is an S-r-ideal (resp., S-pr-ideal) of R. O

In the particular case when S consists of units of R we recover the following well-known result.

Corollary 2.2 Let R be a commutative ring, M a unitary R-module such that Z(M) = zd(R) and I an
ideal of R. Then I(+)M is an r-ideal of R(+)M if and only if I is an r-ideal of R.

In what follows, we establish a relationship between S-pr-ideals and S-r-ideals of R.

Proposition 2.7 Let R be a commutative ring, S a multiplicative subset of R and @ an ideal of R. Then
Q is an S-pr-ideal of R if and only if I = \/Q is an S-r-ideal R. In this case Q is called an I-S-r-ideal
of R.

Proof: One can easily check that v/Q NS = 0 if and only if @ NS = 0. Assume that @ is an S-pr-ideal
of R, and let a,b € R such that ab € I with Ann(a) = (0). There exists a positive integer n > 1 such
that a™b™ = (ab)™ € Q. Clearly Ann(a™) = (0). By hypothesis, there exists an integer m > 1 such that
sb"™ € ; so sb € I = +/Q. Hence I is an S-r-ideal of R. Conversely, assume that I = /@ is an S-r-ideal
R. Since I is an S-r-ideal of R, there exists s € S such that for all a,b € R, if ab € I with Ann(a) = (0),
then sb € I. Now, let x,y € R such that zy € Q and Ann(z) = (0). As zy € /Q, sy € /Q. This shows
that @ is an S-pr-ideal of R, and hence the proof is completed. O

Proposition 2.8 Let R be a commutative ring and S C Reg(R) a multiplicative subset of R. An S-
primary ideal Q is an S-pr-ideal if and only if (Q : t) C zd(R) for somet € S.

Proof: Let @ be an S-primary ideal of R. Then there exists ¢ € S such that for all a,b € R with ab € Q,
we have either ta € Q or tb € v/Q. Assume that Q is an S-pr-ideal. Then by Proposition 2.7, 1/Q is an
S-r-ideal with respective to t; so (v/@Q : t) is an r-ideal (by Proposition 2.1). Now, by [8, Remark 2.3(d)],
(vQ : t) C zd(R), and hence (Q : t) C zd(R). Conversely, assume that (Q : ¢t) C 2zd(R). Let ab € Q with
Ann(a) = (0). Then ta € Q or tb € \/Q. If ta € Q, then a € (Q : t) C zd(R), absurd since Ann(a) = (0).
Hence tb € \/Q; so Q is an S-pr-ideal. |
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In the following example we justify that the condition “S C Reg(R)” is essential in the previous
proposition.

Example 2.5 Let R = Z/12Z, I = 2Z/12Z and S = {1,3,9}. Then S is a multiplicative subset of R
with SNI =0 and S € Reg(R). It is easy to show that I is an S-r-ideal (resp., S-pr-ideal) of R with
respective to s = 3. Note that for each t € S, (I : t) =1 ¢ zd(R) = {0}. This shows that the condition
“S C Reg(R)” is essential in the previous Proposition.

Theorem 2.5 Let Ry and Ry be commutative rings and let S1 and So be multiplicative subsets of Ry
and Rsg, respectively. Set R = Ry X Ro and S = S1 x Sa. Then the following assertions are equivalent:

(1) I =1 x Iy is an S-pr-ideal of R.

(2) I, = Ry and P is an Sy-pr-ideal of Ry or Is = Ry and Iy is an Si-pr-ideal of Ry or I is an
S1-pr-ideal of Ry and Iy is an So-pr-ideal of Ry .

Proof: (1) = (2). Suppose that [ is an S-pr-ideal and I, = Ry. Let ab € I} with Ann(a) = (0). Then
note that Ann((a,1)) = ((0,0)) and also (a,1)(b,0) = (ab,0) € I. Since I is an S-pr-ideal, there exists
(s1,82) € S such that (s1,52)(b,0) = (s1b,0) € /I; x Iy = /T x \/Iz and so s1b € \/I;. Hence, I; is an
S1-pr-ideal. Similarly, one can easily show that I is an Sa- pr-ideal of Ry when Iy = R;. Assume that
I, I> are proper ideals. Similarly we can show that each I; i = 1,2) is an S;-pr-ideal of R;.

(2) = (1). Let I; be an S;-pr-ideal, for every i = 1, 2.

Let (a1,a2)(b1,b2) = (a1b1,a2b2) € I; x Iz with Ann((a1,a2)) = ((0,0)). This implies that Ann(a;) =
Ann(ag) = (0). Note that a;b; € I, with Ann(a;) = (0). Since I; is an S;-pr-ideal, we conclude that
there exists (s1,s2) € S such that s;b; € \/T;. Then (s1,s2)(b1,b2) = (s1b1,82b2) € V/I; X I. Thus [ is
an S-pr-ideal. In other cases, one can similarly prove that I is an S-pr-ideal. O

Theorem 2.6 Let Ry, R, ..., R, be commutative rings and S; be a multiplicative subset of R; for i =
1,...,n, respectively. Set R= Ry X Ro X -+ X Ry, and S =51 x So X ---xS,. Let I =11 x Is x -+ X I,
where I;’s are ideals of R;’s, respectively. Then the following assertions are equivalent:

(1) I is an S-pr-ideal of R.

(2) There exist k1, ko, ...k € {1,2, ..., n} such that Iy, = Ry for each k € {ky, ..., ki} and Iy is an
Sk-pr-ideal for each k € {1, 2, ..., n}\ {k1, ..., ki }.

Proof: We use the mathematical induction on n. If n = 1, the claim is true. If n = 2, the claim follows
from the previous theorem.

Assume that the claim is true for all kK <n. Let I = I{ xIs x---xI,. Nowput L = [y X I X - - X I,_1
and 8" = 51 X Sg x -+ X S,_1. Then by the previous theorem, I = L X I, is an (S’ x S}, )-pr-ideal if and
only if L =Ry X Ry X -+ x R,_1 and I,, is an S,-pr-ideal or I, = R,, and L is an S’-pr-ideal or L, I,
are S’-pr-ideal and S,-pr-ideal respectively. By induction hypothesis the claim is true. O

3. Uniformly and strongly S-pr-ideals

Definition 3.1 Let R be a commutative ring, S a multiplicative subset of R and I an ideal of R disjoint
from S. I is called a uniformly S-pr-ideal if there exist s € S and N € N such that for all a,b € R if
ab € I with Ann(a) = (0), then (sb)" € I.

It is easily obtained by the definition that every uniforly S-pr-ideal is an S-pr-ideal.

Definition 3.2 Let R be a commutative ring and S a multiplicative subset of R and I an ideal of R
disjoint from S. An S-pr-ideal I of R is said to be strongly S-pr-ideal if there exist an s’ € S and n € N
such that s'(v/I)" C I .
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Proposition 3.1 FEvery strongly S-pr-ideal is a uniformly S-pr-ideal.

Proof: Let I be a strongly S-pr-ideal. Thus [ is an S-pr-ideal. Since I is a strongly S-pr-ideal, there
N
exists N € N such that s'v/T C I for some s’ € S. Let ab € I with Ann(a) = (0) for some a,b € R.

Since I is an S-pr-ideal, sb € V1. As s’\ﬁN C I, we have s'(sb)V ¢ s’\ﬁN C I, then (s'sb)Y € I. Hence
I is a uniformly S-pr-ideal. |

Theorem 3.1 Let Ry and R be commutative rings and let S1 and So be multiplicative subsets of Ry
and Ry, respectively. Put R = Ry X Ry, and S = S1 X Sy. Let I = I; x Iy, where I;’s are ideals of R;’s,
respectively. Then the following assertions are equivalent:

(1) I is a uniformly S-pr-ideal of R.

(2) I = Ry and Py is a uniformly Sa-pr-ideal of Ry or Iy = Ra and I is a uniformly Sy-pr-ideal of
Ry or Iy is a uniformly S1-pr-ideal of Ry and Is is a uniformly Se-pr-ideal of Ry .

Proof: (1) = (2). Suppose that [ is a uniformly S-pr-ideal and Is = Rs. Let ab € I; with Ann(a) = (0).
Then note that Ann((a,1)) = ((0,0)) and also (a,1)(b,0) = (ab,0) € I. Since I is a uniformly S-pr-ideal,
we conclude that (s, s2)" (b,0) = ((516)",0) € I} x I, then (s1b)" € I;. Hence I; is a uniformly S;-
pr-ideal. Similarly, one can easily show that I is a uniformly Ss- pr-ideal of Ry when I; = Ry. Assume
that I7, Iy are proper ideals. Similarly we can show that each I;, (i = 1,2) is a uniformly S;-pr-ideal of
R;.

(2) = (1). Let I; be a uniformly S;-pr-ideal with ord(l;) = N; for every ¢ = 1,2. Put N =
mam{Nl,Ng}. Let (a17a2>(b1,b2) = (albl,agbg) S Il X IQ with Ann((al,ag)) = ((0,0)) This implies
that Ann(a;) = Ann(az) = (0). Note that a;b; € I; with Ann(a;) = (0). Since I; is a uniformly S;-
pr-ideal with ord(I;) = N;, we conclude that there exists (s,s2) € S such that (s;b;)V¢ € I;. Then
(5:bi)N € I; and so ((s1,82)(b1,02))Y = ((s1b1)Y, (s2b2)") € I} x I. Thus [ is a uniformly S-pr-ideal.
Also note that ord(I; x Is) < N. In other cases, one can similarly prove that I is a uniformly S-pr-ideal.

O

Corollary 3.1 Let Ry, R, ..., R, be commutative rings. For each 1 < i < n, let S; be a multiplicative
subsets of R;. Put R= Ry X Ry X---X R, and S =51 xSy x---x8,. Let =1 x Iy x -+ x I, where
I;’s are ideals of R;’s, respectively. Then the following assertions are equivalent:

1. I is a uniformly S-pr-ideal of R.

2. There exist ki, ko, ...kt € {1,2, ..., n} such that I, = Ry, for each k € {ki, ..., ki} and Ij is a
uniformly Sk-pr-ideal for each k € {1, 2, ..., n} \ {k1, ..., k¢ }.

Proof: We use the mathematical induction on n. Assume that the claim is true for all & < n. Suppose
that =1 xIp x---xI,. Nowput L=1; x I3 X ---x I,_1 and 8’ = S; x Sy x ---x 5,,_1. Then by the
previous case, I = L x I, is a uniformly (S’ x S, )-pr-ideal if and only if L = Ry X Ry X -+ - X R,,_1 and I,
is a uniformly S,-pr-ideal or I,, = R,, and L is a uniformly S’-pr-ideal or L, I,, are uniformly S’-pr-ideal
and uniformly S,,-pr-ideal, respectively. By induction hypothesis the claim is true. O

Theorem 3.2 Let Ry and Ry be commutative rings and let S1 and So be multiplicative subsets of Ry
and Rs respectively. Put R = Ry X R, and S = S1 X So. Let I = I x I, where I;’s are ideals of R;’s,
respectively. Then the following assertions are equivalent:

1. I is a strongly S-pr-ideal of R.

2. I = Ry and I5 is a strongly Sa-pr-ideal of Ry or Is = Ry and Iy is a strongly S1-pr-ideal of Ry or
I, is a strongly S1-pr-ideal of Ry and I5 is a strongly Ss-pr-ideal of Ro .
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Proof:

(1) = (2). Suppose that I is a strongly S-pr-ideal and I> = Ry. Hence I; is an S7-pr-ideal by Theorem
2.6. Moreover, there exist s’ = (s},s5) € S and n € N such that s'(v/T)* C I, then (s}, s5)(v/T1)™ x
(R2)™ = 4 (VI1)"™ x sh(R2)™ C I X Ry. And so s} (v/I1)™ C Iy, hence I; is a strongly S;-pr-ideal of R;.
Similarly, we can easily show that each I5is a strongly Sa-pr-ideal of Rowhen Iy = R;. Assume that I,
I are proper ideals. Similarly we can show that each I; (i = 1,2) is a strongly S;-pr-ideal of R;.

(2) = (1). Let I; be a strongly S;-pr-ideal with ord(I;) = N; for every i = 1,2. Put N = max{Ny, N2 }.
Let (a1,a2)(b1,b2) = (a1b1,a2bs) € I1 x I with Ann((a1,a2)) = ((0,0)). This implies that Ann(a1) =
Ann(ag) = (0). Note that a;b; € I; with Ann(a;) = (0). Since I; is a strongly S;-pr-ideal with ord(I;) =
N;, we conclude that there exists (si,s2) € S such that (s;b;)N¢ € I;. Then (s;b;,)Y € I;, and so
((s1,82)(b1,b2))Y = ((s5161)™, (s2b2)Y) € I x I. Thus I is a strongly S-pr-ideal. Also note that
ord(I; x I3) < N. In other cases, one can similarly prove that I is a strongly S-pr-ideal. O

We proceed exactly as the proof of Corollary 3.1, we can prove the following result.

Corollary 3.2 Let Ry, R, ..., R, be commutative rings. For each i = 1,...,n, let S; be a multiplicative
subset of R;. Put R=R1 X Ry X -+ X Ry, and S =51 xSy X ---x8S,. Let [ =11 x Iy x---x I, where
I;’s are ideals of R;’s, respectively. Then the following assertions are equivalent:

(1) I is a strongly S-pr-ideal of R.

(2) There exist ky,ka, ...,k € {1,2, ..., n} such that I, = Ry, for each k € {k1, ..., ki} and I} is a
strongly Sk-pr-ideal for each k € {1, 2, ..., n}\ {k1, ..., kt}.

Now, we characterize the uniformly S-pr-ideal (resp., strongly S-pr-ideal) notion in terms of the
uniformly (S(+)M)-pr-ideal (resp., strongly (S(+)M)-pr-ideal) of R(+)M.

Proposition 3.2 Let R be a ring and M be an R-module. Then
(1) If I is a uniformly S-pr-ideal, then I(+)M is a uniformly (S(+)M)-pr-ideal of R(+)M.

(2) If Z(M) = zd(R) and I(+)M is a uniformly (S(+)M)-pr-ideal of R(+)M, then I is a uniformly
S-pr-ideal of R.

Proof: (1) Let (a,m)(b,n) = (ab,an+bm) € I(+)M with Ann(a, m) = ((0,0)). Then we have Ann(a) =
0 and ab € I. Since I is a uniformly S-pr-ideal, there exist N € N and s € S such that (sb)" € I, which
implies that ((s,0)(b,n))N = (sV,0)(bY, NoN~1n) = ((sb)N, NsNbN~1n) € I(+)M. Hence I(+)M is a
uniformly S-pr-ideal of R(+)M.

(2) Let ab € I with Ann(a) = (0). Then (a,0)(b,0) = (ab,0) € I(+)M. Since Z(M) = zd(R), note that
Ann((a,0)) = ((0,0)). As I(+)M is uniformly (S(4)M)-pr-ideal, we conclude that

((s,m)(b,0)N = ((sb)N, NsN=16Nm) € I(+)M for some (s,m) € S(+)M . This implies that (sb)" € I,
and so I is a uniformly S-pr-ideal. O

Corollary 3.3 Let R be a ring and M be an R-module such that Z(M) = zd(R). Then I(+)M is a
uniformly (S(+)M)-pr-ideal of R(+)M if and only if I is a uniformly S-pr-ideal of R.

Proposition 3.3 Let R be a ring and M be an R-module. If I is a strongly S-pr-ideal, then I(+)M is
a strongly (S(+)M)-pr-ideal of R(+)M.

Proof: Let I be a strongly S-pr-ideal. = Then I is uniformly S-pr-ideal by Proposition 3.1.

By Proposition3.8 (1), I(+)M is a uniformly (S(+)M)-pr-ideal, and so I(+)M is an S-pr-ideal. Since

I is a strongly S-pr-ideal, we have s'(v/T)N C I for some N € N and some s’ € S. By [1,Theorem 3.2],
N N

VIGIM = VE(+)M, and so (/,0)/ TR = (/,0)(VIHM)N € (/T ) ()M C I(+)M.

d
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