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A new approximation method for PDE constraint optimal control problem solutions

Mahmoud Lotfi

abstract: In this article, we present a method to solve the optimal control with elliptic partial differential
equation constraint, based on the new method of spectral element. In this new method, we use Muntz
polynomials as interpolation polynomials. Using this method, we get the discrete form of the problem, which
is itself a large scale constrained optimization problem. We use the split Bregman method to solve this
optimization problem. In the end, we will check the accuracy and efficiency of the method with some numerical
examples.
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1. Introduction

Modeling many problems in various disciplines of science and engineering leads to partial differential
equations. In most cases, these problems do not have an exact solution or the exact solution is compli-
cated. The development of numerical methods to approximate the solution to these problems has been
very important and has always been of interest to mathematicians and engineers. In the following, we
briefly introduce some numerical methods for solving partial differential equations.

1.1. Spectral methods

The spectral method is a conventional method for solving partial differential equations, which was
first introduced by Navier for elastic sheet problems in 1825. The main property of spectral methods is
the high accuracy and rapid asymptotic rate of convergence, which is called exponential convergence. In
spectral methods, the solution is approximated on one general domain. Spectral methods are a member
of the larger class of methods known as the weighted residual methods. In spectral methods, the unknown
function is approximated by a sequence of basis functions. The selection of basis functions in spectral
methods distinguishes it from other approximation methods such as finite difference methods and finite
elements. Spectral methods can be divided into two general categories:

1.1.1. Collocation methods. In these methods, a set of points is selected as colocation or interpolation
points, and the unknown function is approximated in these points. These methods was first introduced by
Slater [1], Barta and Frazer [2,3] solved differential equations with this method. Lansuz used Chebyshev
points for colocation points for the first time [4].

1.1.2. Non-Interpolating method. Non-Interpolating methods include Tau and Galerkin methods. In
these methods, there are no nodes or collocation points, and the series coefficients of the unknown function
interpolator are obtained by using the internal multiplication of the unknown function and the bases. In
these methods, orthogonal bases will speed up the calculations. The origin of the Galerkin method is
generally associated with a paper published in 1915 by Boris Galerkin, a Russian mechanical engineer,
on the elastic equilibrium of rods and thin plates [5]. The use of the Galerkin methods increased rapidly
during the 1950s. The Galerkin method has been used to solve many problems in structural mechanics,
dynamics, heat flow, hydrodynamic stability, magnetohydrodynamics, heat and mass transfer, acoustics,
microwave theory, neutron transport, etc. Problems governed by ordinary differential equations, partial
differential equations, integral equations, and integro-differential equations have been investigated via
Galerkin formulations. Steady, unsteady, and eigenvalue problems have proved to be equally amenable to
the Galerkin treatment. Essentially, any problem for which governing equations can be written down is
a candidate for the Galerkin method [6,7,8,9,10,11,12,13,14] The bases of the Galerkin method must be
smooth functions with derivatives of any order. These bases must also apply to the boundary conditions
of the problem. The tau method is similar to the Galerkin method, except that the tau method does
not need the bases to apply in boundary conditions. The tau method is often used for problems with
non-periodic boundary conditions.

1.2. Finite element methods

It is very difficult to find an exact date for the invention of the finite element method. However, it
can be said that this method has been used for the first time in solving complex elasticity and structural
analysis problems in civil and aeronautical engineering. The first works in this field were presented by
Hrennikoff [15] and Courant [16] in the early 1940s. In the later 1950s, the Chinese mathematician Feng
Kang independently re-invented the finite element method and called it the ’finite difference method based
on variation principle’. The essential characteristic of the method introduced by these pioneers is: the
mesh discretization of a continuous domain into a set of discrete sub-domains, usually called elements.
Courant’s approach divides the domain into finite triangular subregions to solve second-order elliptic
partial differential equations that arise from the problem of torsion of a cylinder. Courant’s contribution
was evolutionary, drawing on a large body of earlier results for partial differential equations developed by
Rayleigh, Ritz, and Galerkin. A rigorous mathematical basis to the finite element method was provided in
1973 with the publication by Strang and Fix [17] The method has since been generalized for the numerical
modeling of physical systems in a wide variety of engineering disciplines, e.g., electromagnetism, heat



A new approximation method for PDE constraint optimal control problem solutions 3

transfer, and fluid dynamics [18,19]. The most important property of the finite element method is its
flexibility in solving problems on unstructured domains.

1.3. Spectral element methods

In 1984, Patra by combining the good flexibility of the low-order finite element methods on unstruc-
tured domains and high accuracy and exponential convergence of the spectral methods, introduced a new
method so-called ’spectral element method’ [20]. In the introduced method, Patra used Lagrange poly-
nomials through the zeros of the Gauss-Lobatto-Legendre integration points as basis functions. Common
polynomials used in spectral element methods as basis functions are Chebyshev and Legendre polynomi-
als. The main advantage of using Legendre polynomials over Chebyshev polynomials is the diagonal mass
matrix obtained in the Legendre spectral element methods [21]. The use of this method in solving various
problems of science and engineering has increased widely in recent years. Zhu et al. used the Chebyshev
spectral element method coupled with the implicit Newmark time integral method is investigated to sim-
ulate acoustic field [22]. Yibiao Li and Xin Kai Li, developed a new Chebyshev spectral element method
in their paper, in which exact quadratures are used to overcome a shortfall of the Gauss–Chebyshev
quadrature in variational spectral element projections. They tested the method with the Stokes and
the Cauchy–Riemann problems, and showed that the numerical accuracy is much better than that from
the Gauss–Lobatto–Legendre spectral element method [23]. Quaglino et al. use the Legendre spectral
element methods for fast and accurate training of Neural Ordinary Differential Equations [24]. Lotfi
and Alipanah solve the sine-Gordon equation in one dimension with Legendre spectral element method
[25]. In [26], authors propose a new numerical scheme based on Legendre spectral element method for
the solution of two and three-dimensional time fractional nonlinear damped Klein-Gordon equation. In
[27], a reduced-order modal spectral element method has been investigated to solve a two-dimensional
viscoelastic equation. Dehghan et al. used Legendre spectral element method to solve the Sobolev equa-
tions that have several applications in physics and mechanical engineering, and performed error analysis
for the introduced method [28]. The above papers show the application of the spectral element method
in solving various problems. In this paper, we introduce a new basis for the spectral element method and
evaluate the efficiency of the new method in solving fluid mechanics problems.

1.4. PDE Constraint Optimal Control

In recent decades, optimal control problems with partial differential equation constraints have been
studied extensively. These issues are very complex, and the numerical solution to such problems is of
great importance. In this paper, we will discuss the numerical solution of the following convex optimal
control problem:

min
u∈K

g (y) + ρ (u)

s.t −∆y = f + u inΩ, y|∂Ω = 0.

(1.1)

where g, ρ, and f are known functions, g and ρ are convex functions, Ω is a rectangular domain, and K
is a closed convex set. Eq. (1.1) appears, for example, in temperate control problems [29].

Finite element approximation of optimal control problems plays a very important role in numerical
methods for these problems. There have been extensive studies on this aspect, see, for example, [30,31,
32,33,34,35,36,37]. According to the accuracy of spectral methods and using the idea of the finite element
method, Chen et al., in [38], used the spectral element method to solve Eq. (1.1). They provide the
boundaries for the a priori and a posteriori error of the method. The Legendre spectral element method
has been widely used to solve various problems, for example, [39,40,41,42,43,44,45,46,47]. Here, we use
the Muntz spectral element method (MSEM) for the discretization of the Eq. (1.1).
The discrete form is obtained as follows:

min g (Y ) + ρ (U)

s.t Y = BU + F
(1.2)

where A,B ∈ Rn×n and F ∈ Rn×1 are known matrices. In the MSEM, the accuracy of the solution
increases as the degree of polynomials or the number of nodal points gets bigger. So, in order to obtain
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sufficient accuracy, it is necessary to select as large a number of nodal points as possible. This makes the
issue of the discrete form to be relatively large-scale.

To solve Eq. (1.2), there are many optimization methods [38,48,49]. In this paper, we use the split
Bregman method (SBM) presented by Goldstein and Osher in [50] for solving Eq. (1.2). Solving the
optimization problem (1.2) with traditional methods is difficult and requires a lot of CPU time and
memory, and results in less accuracy. The Bregman method is an iterative method that can be used to
solve the constrained optimization problem [51]. The characteristic of the Bregman iterative method is
its speed in solving problems with high dimensions. It should be noted that the problems derived from
MSEM discretization are large, so we use the Bregman method to solve the optimization problem. The
objective function of the optimal control problem with elliptic partial differential equation constraint
is the sum of two convex functions, so we use the SBM [50], which is useful for this kind of problem.
The SBM is faster than conventional methods, needs less memory, and is more accurate. Actually, the
SBM converts the constrained optimization problem to an unconstrained one. Solving the unconstrained
problem is much easier than the constrained one.

1.5. The main aim of this paper

In this paper, we use the MSEM to discretize the optimal control problems with elliptic constraints.
Then we propose the iterative SBM for the resulted in large-scale constrained optimization problem.
Several examples are included to show the efficiency and accuracy of the proposed technique. finally, the
numerical results and computational cost are compared with the SQP algorithm.

This paper is organized as follows: In section 2, we describe the MSEM approximation for the convex
optimal control problem (1.1). In section 3, we explain the Bregman iterative method and its application
for constrained optimization. In section 4, we solve the optimization part of problem (1.1) using the
iterative SBM and the convergence theorem is presented. Numerical results and discussion are given in
section 5.

2. Muntz Spectral Element Method (MSEM)

2.1. Muntz Polynomials

In 1885, Weierstrass introduced one of the most important theorems in approximation theory:

Theorem 2.1 (Weierstrass Approximation Theorem) Let f be a continuous real-valued function
defined on the real interval [0, 1], and let ε > 0. Then there exists a polynomial p on [0, 1] such that

∥f − p∥sup := sup{|f(x)− p(x)| : x ∈ [0, 1]} < ε.

In other words, Span{xn : n ∈ Z≥0} is dense in C([0, 1]) with the supremum norm.

The natural question of how many exponents are needed to have a density in C([0, 1]) had been asked
by one of the greatest approximation theorists: Bernstein. In 1912, Bernstein conjectured the following:
given a family of distinct real numbers {0 = λ0 < λ1 < . . . }, then Span{xλj : j ∈ Z≥0} is dense in
C([0, 1]) if and only if

∞∑
j=1

1

λj
= ∞.

Bernstein showed that the necessary and sufficient conditions for density respectively are

∞∑
j=1

1 + log λj

λj
= ∞,

∞∑
j=1

λj

j log λj
= 0.

Bernstein’s conjecture was proved by Herman Muntz in 1914 [52] and Otto Szász in 1916 [53].



A new approximation method for PDE constraint optimal control problem solutions 5

Theorem 2.2 (Muntz-Szász) Let {0 = λ0 < λ1 < . . . } be a sequence of real numbers satisfying
limj→∞ λj = ∞. Then Span{xλj : j ∈ Z≥0} is dense in C([0, 1]) if and only if

∞∑
j=1

1

λj
= ∞.

Let {0 = λ0 < λ1 < . . . }, the classical Muntz-Szász theorem states that the Muntz polynomials are linear
combinations of the Muntz system {xλ0 , xλ1 , . . . , xλn}, denoted by Mn(λ):

Mn(λ) = Span{xλ0 , xλ1 , . . . , xλn}.

Muntz orthogonal system was first introduced by Armenian mathematicians [54,55]. In this paper, we
consider the Muntz Legendre polynomials, which are orthogonal. These polynomials are orthogonal on
the interval [0, 1] with respect to the weight function w(x) = 1, and are used in the numerical solving of
various problems [56,57,58].

2.2. Orthogonal Muntz Legendre Polynomials

Suppose we have λk > − 1
2 in a sequence {λ0, λ1, λ2, . . . }, and we also put Λn = {λ0, λ1, . . . , λn}. If

a simple contour Γ contains and surrounds all the zeros of the denominator in the following function:

Wn(s) =

n−1∏
k=0

s+ λk + 1

s− λk
· 1

s− λn
, n ∈ N ∪ {0},

then we define the n-th Muntz Legendre polynomial as follows [54,55]:

Pn(x) = Pn(x; Λn) =
1

2πi

∮
Γ

Wn(s)x
s ds.

In the case of n = 0, we consider P0(x) = 1. If λk ̸= λl for k ̸= l, these polynomials can be defined as
follows [59]:

Pn(x) =

n∑
k=0

Cn,kx
λk , Cn,k =

∏n−1
l=0 (λk + λl + 1)∏n

l=0
l ̸=k

(λk − λl)
. (2.1)

The Muntz Legendre polynomials satisfy the following relation [60]:

xP ′
n(x)− xP ′

n−1(x) = λnPn(x) + (1 + λn−1)Pn−1(x).

These polynomials satisfy the following orthogonality condition [60]:

(Pn, Pm) =

∫ 1

0

Pn(x)Pm(x) dx =
δn,m

λn + λn + 1
.

The first five Muntz Legendre polynomials for λk = k
5 are:

P0(x) = 1,

P1(x) = 6x
1
5 − 5,

P2(x) = 28x
2
5 − 42x

1
5 + 15,

P3(x) = 168x
1
5 − 252x

2
5 + 120x

3
5 − 35.

Figures 1 and 2 show graphs of Muntz Legendre polynomials Pn with different values of n and λk.
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Figure 1: Graph of the Muntz Legendre polynomials with n = 0, 1, 2, 3 and λk = k
3 .

Figure 2: Graph of the Muntz Legendre polynomials with P4 and λk = k
4 ,

k
4 ,

k
4 ,

k
4 .
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2.3. Muntz Spectral Element Methods (MSEM)

To solve problems with the spectral element method, first, we divide the domain into Ne non-
overlapping subdomains (elements) Ωe, which satisfy the following conditions [25]:

Ω =

Ne⋃
e=1

Ωe,

Ne⋂
e=1

Ωe = ∅.

We define the approximation space Uh as follows:

Uh = {u ∈ U : u|Ωe ∈ PN (Ωe)},

where PN is a polynomial space of dimension less than or equal to N .
In spectral element methods, convergence speed is achieved by increasing the degree of polynomials

or increasing the number of elements Ne. Basis functions are typically considered to be Lagrangian
interpolation polynomials of high degree defined at Gauss-Lobatto integration points on each element.
Here, we are going to introduce a new basis for the spectral element method, using a special combination
of Muntz polynomials.

After dividing the domain into Ne non-overlapping elements, on each element, define the approximate
solution of order N , ue, as follows:

ue =

N−2∑
j=0

ue,jφj , 1 ≤ e ≤ Ne,

where φj is defined as follows:

φj = Qj −Qj+2, j = 0, 1, . . . , N − 2. (2.2)

Here, Qj is a combination of Muntz-Legendre polynomials (2.1) with λk = k for k = 0, . . . , j, mapped to
the interval [−1, 1], and defined as follows:

Qj(x) = Pj

(
x+ 1

2

)
=

j∑
k=0

Cj,k

(
x+ 1

2

)k

=

j∑
k=0

((
1

2

)k

Cj,kx
k + Cj,k

(
1

2

)k
)
,

Cj,k =
(−1)j+k

k!(j − k)!

j−1∏
l=0

(k + l + 1).

Figure 3 shows the graph of φj for j = 0, 1, 2, 3, 4. Let xe and xe−1 be the endpoints of the e-th element.
Then, for transformation between [−1, 1] and the e-th element, we use the mapping functions:

t(x) =
(te − te−1)x

2
+

te + te−1

2
, −1 ≤ x ≤ 1,

x(t) =
2t− (te + te−1)

te − te−1
, te−1 ≤ t ≤ te.

2.3.1. The Mass Matrix. If he = te − te−1, then the elemental mass matrix Me
ij on Ωe is constructed as:

Me
ij =

∫ te

te−1

φi(t)φj(t) dt =
he

2

∫ 1

−1

φi(x)φj(x) dx.

Expanding this, we get:

Me
ij =

he

2

∫ 1

−1

(Qi(x)−Qi+2(x))(Qj(x)−Qj+2(x)) dx.
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Figure 3: Graph of φj for j = 0, 1, 2, 3, 4.

This can be further simplified as:

Me
ij =

he

2

(∫ 1

−1

Qi(x)Qj(x) dx+

∫ 1

−1

Qi+2(x)Qj+2(x) dx

)
− he

2

(∫ 1

−1

Qi(x)Qj+2(x) dx+

∫ 1

−1

Qi+2(x)Qj(x) dx

)
.

Using orthogonality properties, we obtain:

Me
ij =

he

2

(
2δij
2i+ 1

+
2δij
2i+ 5

)
− he

2

(
2δi(j+2)

2i+ 1
+

2δ(i+2)j

2j + 5

)
.

The mass matrix is a symmetric tridiagonal matrix with:

Me
ij =



he

(
1

2i+1 + 1
2i+5

)
, i = j,

he

(
− 1

2i+1

)
, i = j + 2,

he

(
− 1

2i+5

)
, i = j − 2,

0, Otherwise.

The structure of the mass matrix for N = 10 is as follows:

Me =



• ∗
∗ • ∗

∗ • ∗
∗ • ∗

∗ • ∗
∗ • ∗

∗ • ∗
∗ • ∗

∗ •
∗ •


.

2.3.2. The Stiffness Matrix. Let he = te − te−1, then the stiffness matrix on each element is calculated
as follows:

Se
ij =

∫ te

te−1

dφi(t)

dt

dφj(t)

dt
dt =

2

he

∫ 1

−1

dφi(x)

dx

dφj(x)

dx
dx.



A new approximation method for PDE constraint optimal control problem solutions 9

This results in a diagonal matrix:

Se
ij =

{
h−1
e (8i+ 12), i = j,

0, i ̸= j.

The structure of the stiffness matrix for N = 10 is as follows:

Se =



•
•

•
•

•
•

•
•

•
•


.

2.3.3. Condition Number Comparison. Table 1 shows the condition number of mass and stiffness matrices
in two methods: Legendre Spectral Element Method (LSEM) and Muntz Spectral Element Method
(MSEM) for N = 5. According to the data in Table 1, the condition number of the mass matrix in the
two methods is almost the same, but the condition number of the stiffness matrix of LSEM is much larger
than the corresponding matrix in MSEM..

Table 1: Comparison of the condition number of mass and stiffness matrices in the two methods (MSEM
and LSEM with N = 5)

Method Condition Number (Mass) Condition Number (Stiffness)
MSEM 2.52 1.66
LSEM 8.3229 9.64× 1016

3. The Elliptic Optimal Control Problem and MSEM Approximation

In this section, we obtain the discrete form of Eq. (1.1) using the MSEM. Suppose that the state
space is Y = H1

0 (Ω) and the control space is U = L2(Ω). In this case, using the inner product (·, ·)U , the
weak form of Eq. (1.1) will be as follows:

Find (y, u) such that
min
u∈K

g (y) + ρ (u)

s.t a(y, w) = (f + u,w), w ∈ Y,

(3.1)

where

a(v, w) =

∫
Ω

(∇v) · (∇w), v, w ∈ Y,

and

(f, w) =

∫
Ω

fw, f, w ∈ U.

The control problem (3.1) has a unique solution (y, u) [61], and (y, u) is the solution of (3.1) if and only
if there exists a costate variable p ∈ Y such that (y, u, p) satisfies the following conditions:

a(y, w) = (f + u,w), w ∈ Y,

a(p, q) = (g′(y), q), q ∈ Y,

(ρ′(u) + p, v − u)U ≥ 0, v ∈ K = L2(ΩU ),
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where g′ and ρ′ are the derivatives of g and ρ, respectively.
Now, we obtain the MSEM approximation of Eq. (3.1). In MSEM, similar to the finite element

method, the domain Ω is divided intoNe non-overlapping subdomains Ωe (in the 2-D case, after converting
the subdomain, we consider the Ωe subdomains to be rectangular [−1, 1] × [−1, 1] and use triangle cell
shapes) as

Ω =

Ne⋃
i=1

Ωi,

Ne⋂
i=1

Ωi = ∅.

Define the spaces of state and control approximations as follows:

Ue
h = {u ∈ U : u|Ωe

∈ PN , e = 1, . . . , Ne},

Y e
h = {y ∈ Y : y|Ωe ∈ PN , e = 1, . . . , Ne},

where PN is the space of polynomials of degree less than or equal to N . Basis functions are considered
as φj = Qj −Qj+2 in (2.2).

Now, for each element, the approximate solution of order N is defined as:

ue
h =

N−2∑
j=0

ue
jφj , 1 ≤ e ≤ Ne. (3.3) (3.2)

Then, the MSEM approximation of Eq. (3.1) is obtained as follows:
For each element Ωe, find (ue

h, y
e
h) ∈ Ue

h × Y e
h such that

min
ue
h∈Ue

h

(g(yeh) + ρ(ue
h)) ,

subject to

a(yeh, w
e
h) = (f + ue

h, w
e
h), we

h ∈ Y e
h . (3.3)

The control problem (3.3) has a unique solution (yeh, u
e
h), and (yeh, u

e
h) is the solution of (3.3) if and only

if there exists a costate variable peh ∈ Y e
h such that (yeh, p

e
h, u

e
h) satisfies the following conditions [61]:

a(yeh, w
e
h) = (f + ue

h, w
e
h), wh ∈ Y e

h ⊂ Y = H1
0 (Ω),

a(peh, q
e
h) = (g′(yeh), q

e
h), qh ∈ Y e

h ⊂ Y = H1
0 (Ω),

(ρ′(ue
h) + peh, v

e
h − ue

h)U ≥ 0, veh ∈ Ke
h ⊂ U = L2(ΩU ).

Using Eq. (3.2), the matrix form of Eq. (3.3) on each element is obtained as:

min g(Y e
h ) + ρ(Ue

h),

subject to

SeY
e
h = MeU

e
h + Fe, e = 1, . . . , Ne, (3.4)

where Fe(i) =
∫
Ωe

fφi dx. The vectors Ue
h and Y e

h contain the approximate solution of order N on the
element Ωe, Me is the local diagonal mass matrix, and Se is the local stiffness matrix on the element Ωe.

In order to obtain a discrete form on the general domain, we must assemble the local matrices Me

and Se and obtain the general matrices M and S. Thus, Eq.(3.2) becomes:

min g(Yh) + ρ(Uh),

subject to

SYh = MUh + F,

where Uh and Yh are the vectors of the approximate solutions on the general domain Ω.
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4. Solving the Optimization Part of Elliptic Optimal Control Problem using the Iterative
SBM

4.1. Bregman Iterative Method

The Bregman method is an iterative optimization method introduced by Bregman in 1967. He used
this method for finding the extreme of convex functions [?]. Osher et al. used this method to solve some
problems in image processing [51]. The Bregman iterative method is widely used for solving the problem
of basis pursuit:

min
u

∥u∥1, subject to Au = f,

as discussed in [67,68,69]. The application of this method in solving medical images has been investigated
in [70]. This method can be used to solve constrained optimization problems [51]. The Bregman iterative
method is defined based on Bregman distance.

Definition 4.1 (Subgradient) Suppose g : χ → R is a convex function and u ∈ χ. An element x ∈ χ∗

(where χ∗ is the dual of χ) is called a subgradient of g at u if for all v ∈ χ,

g(v)− g(u)− ⟨x, u− v⟩ ≥ 0,

where ⟨·, ·⟩ is an inner product.

The set of all subgradients of g at u is called the subdifferential of g at u and is denoted by ∂g(u).

Definition 4.2 (Bregman Distance [66]) Suppose g : χ → R is a convex function, u, v ∈ χ, and
x ∈ ∂g(v). Then the Bregman distance between points u and v is defined by

Dg
x(u, v) = g(u)− g(v)− ⟨x, u− v⟩.

The Bregman distance satisfies the following conditions [66]:

1. If u, v ∈ χ and x ∈ ∂g(v), then Dg
x(u, v) ≥ 0.

2. Dg
x(v, v) = 0.

3. If w lies between u and v, then Dg
x(u, v) ≥ Dg

x(w, v).

Now, suppose there are two convex functions f and g on Rn such that

min
u∈Rn

f(u) = 0.

Consider the unconstrained optimization problem:

min
u∈Rn

g(u) + αf(u). (4.1)

Eq. (4.1) can be solved using the Bregman iterative method [66]:

uk+1 = min
u

Dg
x(u, u

k) + αf(u) = min
u

g(u)− ⟨xk, u− uk⟩+ αf(u), (4.2)

where x0 is an initial value. In [51], the authors analyze the convergence of the Bregman iterative scheme.

Theorem 4.1 (Convergence of Bregman Iterative Method [51]) If f and g are convex functions,
f is differentiable, and Eq. (4.2) has a solution, then

f(uk+1) ≤ f(uk),

f(uk) ≤ f(u∗) +
g(u∗)

k
,

where u∗ is a minimizer of f .
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Now, consider the constrained optimization problem:

min
u

g(u), subject to Au = b, (4.3)

where A is a linear operator and b is a vector. Problem (4.3) can be transformed into an unconstrained
problem:

min
u

g(u) +
α

2
∥Au− b∥22, (4.4)

which is a special case of problem (4.1). Obviously, Eqs. (4.3) and (4.4) have the same solution. The
Bregman iteration (4.2) for problem (4.4) is:

uk+1 = min
u

Dg
x(u, u

k) +
α

2
∥Au− b∥22 = min

u
g(u)− ⟨xk, u− uk⟩+ α

2
∥Au− b∥22,

xk+1 = xk − αAT (Auk+1 − b). (4.5)

If A is linear, the complicated formula (4.5) can be simplified as [51]:

uk+1 = min
u

g(u) +
α

2
∥Au− bk∥22,

bk+1 = bk + b−Auk. (4.6)

Equations (4.5) and (4.6) and Theorem 4.1 give the following result:

lim
k→∞

Auk = b.

The following theorem shows that a solution to (4.6) is a solution to the original constrained problem
(4.3).

Theorem 4.2 (Solution to Constrained Problem [50]) Let g : Rn → R be convex and A : Rn →
Rm be linear. Consider the algorithm (4.6). Suppose that some iterate, u∗, satisfies Au∗ = b. Then u∗

is a solution to the original constrained problem (4.3).

4.2. Split Bregman Method

Goldstein and Osher used the Split Bregman Method (SBM) for solving the problem [50]:

min
u

|ϕ(u)|+ g(u),

where | · | denotes the ℓ1-norm, and both |ϕ(u)| and g(u) are convex functions. They considered the
following problem:

min
u,d

|d|+ g(u), subject to d = ϕ(u).

To solve this problem, first, we convert it into an unconstrained problem:

min
u,d

|d|+ g(u) +
α

2
∥d− ϕ(u)∥22.

If we let Θ(u, d) = |d|+g(u), and define Ψ(u, d) = d−ϕ(u), then the Bregman iteration will be as follows:

(uk+1, dk+1) = min
u,d

DΘ
x (u, u

k, d, dk)+
α

2
∥d−ϕ(u)∥22 = min

u,d
Θ(u, d)−⟨xk

u, u−uk⟩−⟨xk
d, d−dk⟩+α

2
∥d−ϕ(u)∥22,

xk+1
u = xk

u − α(∇ϕ)T (ϕ(uk+1)− dk+1),

xk+1
d = xk

d − α(dk+1 − ϕ(uk+1)).

By applying the simplification form presented in (4.5), we have the SBM:{
(uk+1, dk+1) = minu,d |d|+ g(u) + α

2 ∥d− ϕ(u)− bk∥22,
bk+1 = bk + (ϕ(uk+1)− dk+1).

(4.7)
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In order to implement the algorithm (4.7), we must be able to solve the problem:

(uk+1, dk+1) = min
u,d

|d|+ g(u) +
α

2
∥d− ϕ(u)− bk∥22.

As a result, we need to perform the following three steps:

1. Step 1: uk+1 = minu g(u) + α
2 ∥d

k − ϕ(u)− bk∥22,

2. Step 2: dk+1 = mind |d|+ α
2 ∥d− ϕ(uk+1)− bk∥22,

3. Step 3: bk+1 = bk + (ϕ(uk+1)− dk+1).

The speed of the SBM is largely dependent on how fast we can solve each of these subproblems [50].

4.3. Solving the Optimization Part of Elliptic Optimal Control Problem using the Iterative
SBM

We consider the convex optimal control problem:

min 1
2

∫
Ω
(y − y0)

2
dx+ 1

2

∫
ΩU

u2dx

s.t −∆y = f + u in Ω, y|∂Ω = 0.

(4.8)

We assume that ΩU = Ω = [−1, 1]. We also use the same meshes for the approximation of the state and
the control variables. Assume that the state variable y and control variable u are approximated in the
MSEM space Yh and Uh, respectively, with φi as basis functions. Thus, the problem (4.8) is discretized
as the following optimization problem:

min 1
2 (Yh − Y0)

TQ(Yh − Y0) +
1
2U

T
h QUh,

s.t AYh = BUh + F,
(4.9)

where

Qij = Mij = Bij =

∫
Ω

φiφj dx,

Aij =

∫
Ω

∇φi · ∇φj dx,

Fi =

∫
Ω

fφj dx.

With these assumptions, the iterative Bregman method to solve the problem (4.9) is obtained as:
(Y k+1

h , Uk+1
h ) = min G(Yh)−G(Y k

h )− ⟨xk
Y , Yh − Y k

h ⟩+M(Uh)− ⟨xk
U , Uh − Uk

h ⟩+ α
2
∥BUh + F −AYh∥22,

xk+1
Y = xk

Y + αBT (BUk+1
h + F −AY k+1

h ),

xk+1
U = xk

U + αAT (BUk+1
h + F −AY k+1

h ).

Here, G(Y ) = 1
2 (Yh − Y0)

TQ(Yh − Y0) and M(U) = 1
2U

T
h QUh.

The Split Bregman Method (SBM) is:
Y k+1
h = min G(Yh) + ⟨λk,−AYh⟩+ α

2 ∥BUk
h + F −AYh∥22,

Uk+1
h = min M(Uh) + ⟨λk, BUh⟩+ α

2 ∥BUh + F −AY k+1
h ∥22,

λk+1 = λk + α(BUk+1
h + F −AY k+1

h ).

The speed of the SBM is largely dependent on how fast we can solve subproblems. To solve these
subproblems, one can use direct methods and some methods that are suitable for solving linear systems.
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4.4. Convergence Theorem

The Lagrangian of the primal problem (4.9) is defined as:

L(Yh, Uh, λ) = G(Yh) +M(Uh) + ⟨λ,BUh + F −AYh⟩.

Now, define the convex function q : Rd → (−∞,∞) as follows:

q(λ) = inf L(Yh, Uh, λ).

The dual problem to (4.9) is:
max q(λ). (4.10)

Finding optimal solutions of (4.9) and (4.10) is equivalent to finding a saddle point of L. More precisely,
(Y ∗

h , U
∗
h) is an optimal primal solution and λ∗ is an optimal dual solution if and only if:

L(Y ∗
h , U

∗
h , λ) ≤ L(Y ∗

h , U
∗
h , λ

∗) ≤ L(Yh, Uh, λ
∗), ∀Yh, Uh, λ.

Theorem 4.3 (Convergence of SBM [71]) Let λ0 and Y 0 be arbitrary, and let α > 0. For given
sequences {µk} and {νk} such that:

µk ≥ 0, νk ≥ 0,

∞∑
k=0

µk < ∞,

∞∑
k=0

νk < ∞,

suppose:

∥Y k+1
h −min G(Yh) + ⟨λk,−AYh⟩+

α

2
∥BUk

h + F −AYh∥22∥ ≤ µk,

and:
∥Uk+1

h −min M(Uh) + ⟨λk, BUh⟩+
α

2
∥BUh + F −AY k+1

h ∥22∥ ≤ νk.

If there exists a saddle point of L(Yh, Uh, λ), then:

λk → λ∗, Uk
h → U∗

h , Y k
h → Y ∗

h ,

where (Y ∗
h , U

∗
h , λ

∗) is such a saddle point. On the other hand, if no such saddle point exists, then at least
one of the sequences {µk} or {νk} must be unbounded.

5. Numerical Examples

In this section, we carry out some numerical examples to demonstrate our theoretical results for the
one-dimensional case. Our examples were solved using MATLAB. In SBM, we set α = 1. The stop
condition for SBM is considered as:

∥BUh+ F −AY h∥
∥F∥

≤ 10−10.

We also use the SQP method for solving the problems and compare it with the results obtained by
the SBM.

5.1. Example 6.1

In this example, we let:
y0 = 0, f = −

(
1 + π4

)
p.

The exact solutions are [38]:

p = sin(πx), y = y0 + π2p, u = max{0, p̄} − p.

Table 2 shows the L2-error for Y and U with different values of N and Ne = 100. Figures 4 and 5 show
the graphs of the exact solution and the approximate solution of y and u with N = 4 and Ne = 20,
respectively. Figures 6 and 7 show the graphs of the absolute error ∥Y − Yh∥ and ∥U −Uh∥, with N = 4
and Ne = 20, respectively.

It should be noted that the CPU time with 400 nodal points for the SQP method is 142.76 seconds
in comparison to SBM, which needs 17.02 seconds to achieve the approximate solution.
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Table 2: Numerical results for Example 6.1 with Ne = 100
N With SBM With SQP

∥Y − Yh∥2 ∥U − Uh∥2 Time (s) ∥Y − Yh∥2 ∥U − Uh∥2 Time (s)
1 2.2497e-02 4.6069e-03 4.707041 2.2497e-02 4.6069e-03 4.939759
2 2.0375e-06 2.3864e-07 7.357864 4.7086e-06 3.4908e-04 14.673594
3 1.8452e-08 4.6903e-08 11.922072 7.6608e-06 5.8120e-04 51.720935
4 1.6958e-08 3.4372e-08 17.024132 9.0156e-05 1.6078e-03 142.755224
5 1.2845e-08 2.4030e-08 57.960903 8.4974e-05 2.0295e-03 287.938128

Figure 4: The exact solution and its MSEM solution with SBM of y, for Example 6.1 with N = 4 and
Ne = 20.

Figure 5: The exact solution and its MSEM solution with SBM of u, for Example 6.1 with N = 4 and
Ne = 20.
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Figure 6: Absolute error ∥Y − Yh∥, for Example 6.1 with N = 4 and Ne = 20.

Figure 7: Absolute error ∥U − Uh∥, for Example 6.1 with N = 4 and Ne = 20.
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5.2. Example 6.2

In this example, we set:

y0 = |x|, f = −
(
1 + π4

)
sin(πx) +

|x|3

6
− 1

6
.

The exact solutions are [38]:

p = sin(πx) +
|x|3

6
− 1

6
, y = π2 sin(πx), u = −p.

Table 3 shows the L2 norm errors for Y and U with N = 1, 2, 3, 4. Figures 8, 9, 10, and 11 show the
plots of errors for Y and U . In Figures 12 and 13, we show the L2-error of Y and U as a function of N
(the degree of the polynomials), for a fixed value of Ne = 20, respectively.

Table 3: Numerical results for Example 6.2 with Ne = 100
N With SBM With SQP

∥Y − Yh∥2 ∥U − Uh∥2 Time (s) ∥Y − Yh∥2 ∥U − Uh∥2 Time (s)
1 2.2498e-02 4.6188e-03 13.956775 2.2497e-02 4.6250e-03 17.370773
2 2.0394e-06 2.3940e-07 23.948239 2.6321e-05 3.1900e-04 53.208305
3 3.8962e-08 5.5200e-08 49.151134 8.5320e-05 8.2462e-04 116.320883
4 3.2305e-08 4.4158e-08 50.746974 3.3278e-04 3.0183e-03 214.158470

Figure 8: The exact solution and its MSEM solution with SBM of y, for Example 6.2 with N = 4 and
Ne = 20.

6. Conclusion

Spectral polynomials are useful tools for solving ordinary and partial differential equations. Also, the
incorporation of the finite element method with spectral polynomials, i.e., the use of spectral polynomials
as a new shape function in the finite element method, is very efficient for obtaining a numerical algorithm
with high accuracy. In this paper, we constructed a Muntz Spectral Element Method (MSEM) for the
solution of the one-dimensional elliptic optimal control problem. We used the MSEM for discretizing
the spatial space and then solved the discrete form, which is an optimization problem, using the Split
Bregman Method (SBM). The numerical results show the speed and accuracy of SBM for solving this
kind of problem.
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Figure 9: The exact solution and its MSEM solution with SBM of u, for Example 6.2 with N = 4 and
Ne = 20.

Figure 10: Absolute error ∥Y − Yh∥, for Example 6.2 with N = 4 and Ne = 20.

Figure 11: Absolute error ∥U − Uh∥, for Example 6.2 with N = 4 and Ne = 20.
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Figure 12: The L2-error of y as a function of N with Ne = 20.

Figure 13: The L2-error of u as a function of N with Ne = 20.
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52. Ch. H. Muntz, Über den Approximationssatz von Weierstrass, H. A. Schwarz’s Festschrift, Berlin, pp., (1914), 303–312.
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