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Study of the stationary solution of non-isothermal Bingham flow with nonlinear boundary
conditions in a thin domain ∗

Abdelali Malek, Abdelkader Saadallah, Fares Yazid†, Nadhir Chougui and Fatima Siham Djeradi

abstract: We study in this manuscript the asymptotic behavior of an incompressible Bingham fluid in a
three-dimensional thin domain Ωϵ with Tresca friction law coupled with a nonlinear stationary, non-isothermal
and incompressible model. Firstly, we demonstrate the results for the existence and uniqueness of the weak
solution. Then we reformulate the problem in fixed domain, and we also show the estimates for the velocity
field, the pressure, and the temperature. Finally we obtain the limit problem with the specific Reynolds
equation and prove the uniqueness of the limit.

Key Words:Asymptotic approach, Coupled problem, Bingham fluid, Temperature, Reynolds equa-
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1. Introduction

In 1916, Bingham fluid model considered a non-Newtonian fluid, with a viscous plastic medium, obeys
the general laws of continuum mechanics, and has a special nonlinear constitutive law, such that it moves
like a rigid body if a certain function of the stresses does not reach the yield limit, and it behaves like a
viscous fluid when the yield limit is reached. It is used for modeling several types of liquids, for example,
heavy crude oils, colloidal solutions, powder mixtures, and toothpaste.
Bingham flow modeling has been a permanent source of challenging problems for many decades already,
the main breakthrough in this direction being the variational inequality formulation due to Duvaut and
Lions ( Refs. [12,16,14,18]). The existence, uniqueness and regularity of the solution, as well as its flow
structure are investigated in [18]. Further in [6] and [14,16,15] the authors investigate the regularity of
the solution for the d-dimensional Bingham fluid flow problem with Dirichlet boundary conditions for
the cross section and cavity model, respectively. In [9,8,10], the stationary Bingham fluid flow problems
numerical solution is studied.
Other many research papers have been written dealing with the asymptotic analysis of a Bingham fluid
flow, for exemple, R. Elmir et al. [13,7] studied the asymptotic behaviour of a Bingham fluid in a
thin domain with non linear boundary conditions. The asymptotic stability of weak solutions for the
incompressible non-Newtonian fluid motion in R2 has been studied in [5], other similar works can be
found in studies, such as [1,2,3]. More recently, Dilmi et al. [11] worked on the asymptotic analysis of
a isothermal Bingham fluid in a thin domain with nonlinear friction of Fourier and Tresca. The coupled
non-isothermal problem with mixed boundary conditions in a thin domain with friction law has also been
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studied in [20,22].

The goal of this paper is to study the asymptotic behavior of a coupled system involving an incom-
pressible Bingham fluid and the equation of the heat energy, in a three-dimensional bounded domain with
Tresca free boundary friction conditions. The novelty here lies in the addition of the two terms wϵ∇wϵ

and wϵ∇T ϵ.

The outline of this paper is as follows. In section 2, we introduce the problem and give the basic
assumptions, we also recall the weak formulation and existence theorem of weak solution, in section 3,
taking into account a small parameter, we introduce a scaling and we give some estimates and convergence,
in section 4, we establish the limit variational inequality, the Reynolds equation and the uniqueness of
solutions of the limit problem.

2. Statement of the problem and variational formulation

Here, let ω be a fixed region in plan s = (s1, s2) ∈ R2. We suppose that ω has a Lipschitz boundary
and is the bottom of the fluid domain. The upper surface Γϵ

1 is defined by s3 = ϵh(s), where (0 < ϵ < 1)
is a small parameter that will tend to zero and h a smooth bounded function such that 0 < h ⩽ h(s) ⩽ h̄
for all (s, 0) ∈ ω and Γϵ

L the lateral surface. We denote by Ωϵ the domain of the following:

Ωϵ = {(s, s3) ∈ R3 : (s, 0) ∈ ω, 0 < s3 < ϵh(s)}.

The boundary of Ωϵ is Γϵ where Γϵ = Γ̄ϵ
1 ∪ Γ̄ϵ

L ∪ ω̄ with Γ̄ϵ
L is the lateral boundary. The fluid is supposed

to be viscoplastic, and the relation between Σϵ and D (wϵ) is given by
Σϵ

ij = Σ̃ϵ
ij − pϵδij ,

Σ̃ϵ = gϵ (T ϵ)
D(wϵ)

|DII(wϵ)|
+ 2Λϵ (T ϵ)D(wϵ) if D(wϵ) ̸= 0,

|Σ̃ϵ| ≤ gϵ (T ϵ) if D(wϵ) = 0.

Where Σε represents the constitutive law of a Bingham fluid whose the consistency Λϵ, and the yield
limit gϵ depend on the temperature, pϵ is the pressure, δij is the Kronecker symbol and D (uϵ) =
1
2

(
∇wϵ + (∇wϵ)

T
)
. For any tensor D = dij , the notation |D| represents the matrix norm: |DII | =(∑3

i,j
1
2dijdij

) 1
2

.

• The low of conservation of momentum

wϵ∇wϵ − div Σϵ = f ϵ in Ωϵ, (2.1)

where f ϵ = (f ϵ
i )1⩽i⩽3 denotes the body forces.

• The equation of the heat energy

wϵ∇T ϵ − ∂

∂si

(
Kϵ ∂T

ϵ

∂si

)
= 2Λϵ (T ϵ) dij(w

ϵ)dij(w
ϵ) +

√
2gϵ (T ϵ) |D(wϵ)| − αϵ (T ϵ) in Ωϵ, (2.2)

where the specific heat is assumed equal to one, Kϵ > 0 is the thermal conductivity and the term
−αϵT ϵ represents the external heat source with αϵ > 0.

• The incompressibility equation

div (wε) = 0 in Ωϵ. (2.3)

Our boundary conditions is described as



A non-isothermal Bingham flow 3

• At the surface Γϵ
L we suppose

wϵ = 0. (2.4)

• On Γϵ
1 ∪ ω, there is a no-flux condition across ω so that

wϵ × n = 0, (2.5)

the tangential velocity on ω is unknown and satisfies Tresca boundary conditions with friction coeffi-
cient kϵ: {

|Σϵ
τ | < kϵ ⇒ wϵ

τ = 0,

|Σϵ
τ | = kϵ ⇒ ∃λ ≥ 0 : wϵ

τ = −λΣϵ
τ .

(2.6)

Here |.| is the Euclidean norm in R2;n = (n1, n2, n3) is the unit outward normal vector on Γϵ. The
normal and the tangential components on the boundary ω are given by

wϵ
n = wϵ · n = wϵ

i · ni, wϵ
τi = wϵ

i − wϵ
nni,

Σϵ
n = (Σϵ · n)n = Σϵ

ijninj , Σϵ
τi = Σϵ

ijnj − Σϵ
nni.

For the temperature, we assume that

T ϵ = 0 on Γϵ
1 ∪ Γϵ

L, (2.7)

∂T ϵ

∂n
= 0 on ω. (2.8)

To get a weak formulation, we consider the functional framework on Ωε

V ϵ(Ωϵ) =
{
φ ∈ H1 (Ωϵ)

3
: φ = 0 on Γϵ

L, φ · n = 0 on ω ∪ Γϵ
1

}
,

V ϵ
div(Ω

ϵ) = {φ ∈ V ϵ(Ωϵ) : div(φ) = 0} ,

L2
0 (Ω

ϵ) =

{
q ∈ L2 (Ωϵ) :

∫
Ωϵ

qdsds3 = 0

}
,

and
H1

Γϵ
1∪Γϵ

L
(Ωϵ) =

{
Φ ∈ H1(Ωϵ) : Φ = 0 on Γϵ

1 ∪ Γϵ
L

}
.

A formal application of Green’s formula, using (2.1)-(2.8) leads to the weak formulation: Find wϵ ∈
V ϵ
div(Ω

ϵ), pϵ ∈ L2
0(Ω

ϵ) and T ϵ ∈ W 1
Γϵ
1∪Γϵ

L
(Ωϵ), such that

B (wϵ, wϵ, φ− wϵ) + a(T ϵ, wϵ, φ− wϵ)− (pϵ , div φ) + j(T ϵ, φ)− j (T ϵ, wϵ) ≥ (f ϵ, φ− wϵ),∀φ ∈ V ϵ (Ωϵ) ,
(2.9)

−E (wϵ, T ϵ,Φ) + C (T ϵ,Φ) = F (wϵ, T ϵ,Φ) , ∀Φ ∈ W 1
Γϵ
1∪Γϵ

L
(Ωϵ) , (2.10)

where

a(T ϵ, wϵ, φ) = 2

∫
Ωϵ

Λϵ (T ϵ)D(wϵ)D (φ) dsds3,

B(wϵ, wϵ, φ) =

∫
Ωϵ

wϵ∇wϵφdsds3,

(pϵ , div φ) =

∫
Ωϵ

pϵ div φdsds3,

j(T ϵ, φ) =

∫
ω

kϵ |φ| ds+
√
2

∫
Ωϵ

gϵ (T ϵ) |D (φ)| dsds3,

(f ϵ, φ) =

∫
Ωϵ

f ϵφdsds3 =

3∑
i=1

∫
Ωϵ

f ϵ
i φidsds3,
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E (wϵ, T ϵ,Φ) =

∫
Ωϵ

T ϵ∇Φwϵdsds3,

C (T ϵ,Φ) =

∫
Ωϵ

Kϵ∇T ϵ∇Φdsds3,

F (wϵ, T ϵ,Φ) = 2

∫
Ωϵ

Λϵ (T ϵ) |D(wϵ)|2Φdsds3 + 2

∫
Ωϵ

gϵ (T ϵ) |D(wϵ)|Φdsds3

+

∫
Ωϵ

αϵ (T ϵ) Φdsds3.

We suppose that there exist Λ∗, Λ∗, g∗, K∗, K∗, α∗, α
∗ in R, such that

0 ≤ Λ∗ ≤ Λϵ ≤ Λ∗, 0 ≤ gϵ ≤ g∗ (2.11)

and

0 ≤ K∗ ≤ Kϵ ≤ K∗, 0 ≤ αϵ ≤ α∗ (2.12)

Theorem 2.1 Suppose that f ϵ ∈ L2(Ωϵ)3, and kϵ ∈ L∞(ω), such that kϵ ≥ 0. There exists a unique
solution wϵ ∈ V ϵ

div(Ω
ϵ), pϵ ∈ L2

0(Ω
ϵ) and T ϵ ∈ H1

Γϵ
1∪Γϵ

L
(Ωϵ) to problem (2.9)− (2.10).

Proof: The proof of the theorem is based on the application of Kakutan Glicksberg fixed point theorem,
see for more details [17]. 2

3. Change of the domain and some estimates

According to the change of variables κ = s3
ϵ , we define the fixed domain Ω which is independent of ϵ

Ω =
{
(s, κ) ∈ R3 : (s, 0) ∈ ω, 0 < κ < h(s)

}
.

We denote by Γ = Γ̄1 ∪ Γ̄L ∪ ω̄ its boundary, then we define the following functions in Ω

ŵϵ
i (s, κ) = wϵ

i (s, s3), i = 1, 2, ŵϵ
3(s, κ) = ϵ−1wϵ

3(s, s3) and p̂ϵ(s, κ) = ϵ2pϵ(s, s3). (3.1)

Let us assume that

K̂(s, κ) = Kϵ(s, s3), ĝ = ϵgϵ, Λ̂ = Λϵ, T̂ ϵ(s, κ) = T ϵ(s, s3)

f̂(s, κ) = ϵ2f ϵ(s, s3), α̂(s, κ) = ϵ2αϵ(s, s3), k̂ = ϵkϵ

}
. (3.2)

Now, we introduce the functional framework on Ω. For this, we write

V (Ω) =
{
φ̂ ∈ H1 (Ω)

3
: φ̂ = 0 on ΓL, φ̂ · n = 0 on ω ∪ Γ1

}
,

Vdiv(Ω) = { φ̂ ∈ V (Ω) : div( φ̂) = 0} ,

H1
Γ1∪ΓL

(Ω) =
{
Φ̂ ∈ H1(Ω) : Φ̂ = 0 on Γ1 ∪ ΓL

}
,

Vκ =

{
v̂ ∈

(
L2 (Ω)

)2
;
∂v̂i
∂κ

∈ L2 (Ω) : v̂ = 0 on ΓL

}
,

and Vκ is the Banach space with the norm

∥v∥Vκ
=

(
2∑

i=1

(
∥vi∥2L2(Ω) +

∥∥∥∥∂vi∂κ

∥∥∥∥2
L2(Ω)

)) 1
2

.

By injecting the new data and unknown factors in (2.9)–(2.10), then, after multiplication by ϵ, we
deduce
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B0 ( ŵ
ϵ, ŵϵ, φ̂− ŵϵ)+a0( T̂

ϵ, ŵϵ, φ̂− ŵϵ)− (pϵ , div φ̂)

+ j0( T̂
ϵ, φ̂)− j0

(
T̂ ϵ, ŵϵ

)
≥ ( f̂ ϵ, φ̂− ŵϵ), ∀ φ̂ ∈ V (Ω) ,

(3.3)

−E0

(
ŵϵ, T̂ ϵ, Φ̂

)
+ C0

(
T̂ ϵ, Φ̂

)
= F0

(
ŵϵ, T̂ ϵ, Φ̂

)
, ∀ Φ̂ ∈ H1

Γ1∪ΓL
(Ω) , (3.4)

where,

a0(T̂
ϵ, ŵϵ, φ̂− ŵϵ) =

2∑
i,j=1

∫
Ω

[
ϵ2Λ̂

(
T̂ ϵ
)(∂ŵϵ

i

∂sj
+

∂ŵϵ
j

∂si

)]
∂(φ̂i − ŵϵ

i )

∂sj
dsdκ

+

2∑
i=1

∫
Ω

Λ̂
(
T̂ ϵ
)(∂ŵϵ

i

∂κ
+ ϵ2

∂ŵϵ
3

∂si

)
∂(φ̂i − ŵϵ

i )

∂κ
dsdκ

+

∫
Ω

(
2̂Λ
(
T̂ ϵ
)
ϵ2
∂ŵϵ

3

∂κ

)
∂(φ̂3 − ŵϵ

3)

∂κ
dsdκ+

+

2∑
j=1

∫
Ω

ϵ2Λ̂
(
T̂ ϵ
)(

ϵ2
∂ŵϵ

3

∂sj
+

∂ŵϵ
j

∂κ

)
∂(φ̂3 − ŵϵ

3)

∂sj
dsdκ,

B0 (ŵ
ϵ, ŵϵ, φ̂− ŵϵ) =

2∑
i,j=1

∫
Ω

ϵ2ŵϵ
i

∂ŵϵ
j

∂si
(φ̂− ŵϵ) dsdκ

+

2∑
i=1

∫
Ω

ϵ4ŵϵ
i

∂ŵϵ
3

∂si
(φ̂− ŵϵ) dsdκ+

2∑
i=1

∫
Ω

ϵ2ŵϵ
3

∂ŵϵ
i

∂κ
(φ̂i − ŵϵ

i ) dsdκ

+

∫
Ω

ϵ4ŵϵ
3

∂ŵϵ
3

∂κ
(φ̂3 − ŵϵ

3) dsdκ,

(p̂ϵ, div (φ̂− ŵϵ)) =

∫
Ω

p̂ϵdiv (φ̂− ŵϵ) dsdκ,

j0(T̂
ϵ, φ̂) =

√
2

∫
Ω

ĝ
(
T̂ ϵ
) ∣∣∣D̃ (φ̂)

∣∣∣ dsdκ+

∫
ω

k̂|φ̂|ds,

(f̂ ϵ, φ̂− ŵϵ) =

2∑
j=1

∫
Ω

f̂i(φ̂i − ŵϵ
i )dsdκ+

∫
Ω

ϵf̂3(φ̂3 − ŵϵ
3)dsdκ,

C0

(
T̂ ϵ, Φ̂

)
=

∫
Ω

ϵ2K̂(T̂ ϵ)∇T̂ ϵ∇Φ̂dsdκ

=

2∑
i=1

∫
Ω

ϵ2K̂(T̂ ϵ)
∂T̂ ϵ

∂si

∂Φ̂

∂si
dsdκ+

∫
Ω

K̂(T̂ ϵ)
∂T̂ ϵ

∂κ

∂Φ̂

∂κ
dsdκ,

E0(ŵ
ϵ, T̂ ϵ, Φ̂ϵ) =

∫
Ω

ϵ2T̂ ϵ∇Φ̂ŵϵdsdκ

=

2∑
i=1

∫
Ω

ϵ2T̂ ϵ ∂Φ̂

∂si
ŵi

ϵdsdκ+

∫
Ω

ϵT̂ ϵ ∂Φ̂

∂κ
(ϵŵϵ

3)dsdκ,
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F0

(
ŵϵ, T̂ ϵ, Φ̂

)
= 2

∫
Ω

Λ̂
(
T̂ ϵ
) ∣∣∣D̃(ŵϵ)

∣∣∣2 Φ̂dsdκ+
√
2

∫
Ω

ĝ
(
T̂ ϵ
) ∣∣∣D̃(ŵϵ)

∣∣∣ Φ̂dsdκ
−
∫
Ω

α̂
(
T̂ ϵ
)
Φ̂dsdκ,

where,

∣∣∣D̃ (ŵϵ)
∣∣∣ =

1
4

2∑
i,j=1

ϵ2
(
∂ŵϵ

i

∂sj
+

∂ŵϵ
j

∂si

)2

+
1

2

2∑
i=1

(
∂ŵϵ

i

∂κ
+ ϵ2

∂ŵϵ
3

∂si

)2

+ ϵ2
(
∂ŵϵ

3

∂κ

)2
 1

2

.

3.1. A priori estimates on the velocity and the pressure

Theorem 3.1 Let the assumptions of theorem (2.1) and (2.11)-(2.12) hold, then, there exists a constant
C > 0 independent of ϵ, such that

ϵ2
2∑

i,j=1

∥∥∥∥∂ŵϵ
i

∂sj

∥∥∥∥2
L2(Ω)

+

2∑
i=1

∥∥∥∥∂ŵϵ
i

∂κ

∥∥∥∥2
L2(Ω)

+ ϵ2
∥∥∥∥∂ŵϵ

3

∂κ

∥∥∥∥2
L2(Ω)

+ ϵ4
2∑

i=1

∥∥∥∥∂ŵϵ
3

∂si

∥∥∥∥2
L2(Ω)

≤ C. (3.5)

∥ŵi
ϵ∥2L2(Ω) ≤ C for i = 1, 2 (3.6)

∥ϵŵ3
ϵ∥2L2(Ω) ≤ C, (3.7)∥∥∥∥∂p̂ϵ∂si

∥∥∥∥
H−1(Ω)

≤ C for i = 1, 2 (3.8)∥∥∥∥∂p̂ϵ∂κ

∥∥∥∥
H−1(Ω)

≤ ϵC. (3.9)

Proof: Choosing φ = 0 in inequality (2.9), we find

B (wϵ, wϵ, wϵ) + a(T ϵ,wϵ, wϵ) +

∫
ω

kϵ |wϵ| ds

+
√
2

∫
Ωϵ

gϵ (T ϵ) |D (wϵ)| dsds3 ≤ (f ϵ, wϵ),

(3.10)

as B (wϵ, wϵ, wϵ) = 0, we obtain

a(T ϵ, wϵ, wϵ) +

∫
ω

kϵ |wϵ| ds+
√
2

∫
Ωϵ

gϵ (T ϵ) |D (wϵ)| dsds3 ≤ (f ϵ, wϵ). (3.11)

By Cauchy-Schwarz and Young’s inequalities, we obtain

a(T ϵ, wϵ, wϵ) +

∫
ω

kϵ |wϵ| ds+
√
2

∫
Ωϵ

gϵ (T ϵ) |D (wϵ)| dsds3

≤ Λ∗Ck ∥∇wϵ∥2L2(Ωϵ) +
(ϵh̄)2

4 (Λ∗Ck)
∥f ϵ∥2L2(Ωϵ) .

(3.12)

Multiplying (17) by ε, and as ε2 ∥fε∥2L2(Ωε) = ε−1∥f̂∥2L2(Ω), we have

ϵa(T ϵ, wϵ, wϵ) + ϵ

∫
ω

kϵ |wϵ| ds+
√
2ϵ

∫
Ωϵ

gϵ (T ϵ) |D (wϵ)| dsds3

≤ Λ∗Ckϵ ∥∇wϵ∥2L2(Ωϵ) +
(h̄)2

4 (Λ∗Ck)

∥∥∥f̂ ϵ
∥∥∥2
L2(Ωϵ)

.

(3.13)
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Then, from Korn’s inequality, there exist a constant Ck independent of ϵ, such that

Λ∗Ckϵ ∥∇wϵ∥2L2(Ωϵ) +

∫
ω

kϵ |ŵϵ| ds+
√
2

∫
Ωϵ

gϵ (T ϵ) |D (ŵϵ)| dsdκ

≤ (h̄)2

4 (Λ∗Ck)

∥∥∥f̂∥∥∥2
L2(Ω)

.

(3.14)

So, from (3.14) we deduce (3.5), (3.6), (3.7), with C =
(

h̄
2Λ∗Ck

)2
∥f̂∥2L2(Ω).

For (3.8) and (3.9), we use the same proof as in [19]. 2

3.2. A priori estimates on the temperature

Theorem 3.2 Assume that the assumptions of Theorem (3.1) are satisfied, assume also there exist three
positive constants K∗, K∗, C4 , such that

0 < C4 < K∗ ≤ K̂ ≤ K∗, where C4 are determined in the proof . (3.15)

Then, there exists a positive constant C1 independent of ϵ, such that

2∑
i=1

∥∥∥∥∥ϵ∂T̂ ϵ

∂si

∥∥∥∥∥
2

L2(Ω)

≤ C1, (3.16)

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
2

L2(Ω)

≤ C1, (3.17)

Proof: choosing Φ̂ = T̂ ϵ in (3.4), we obtain∫
Ω

ϵ2K̂∇T̂ ϵ∇T̂ ϵdsdκ =

4∑
i=1

Ii, (3.18)

where

I1 = 2
∫
Ω
Λ̂
(
T̂ ϵ
) ∣∣∣D̃ (ŵϵ)

∣∣∣2 T̂ ϵdsdκ, I2 =
√
2
∫
Ω
ĝ
(
T̂ ϵ
) ∣∣∣D̃ (ŵϵ)

∣∣∣ T̂ edsdκ,

I3 =
∫
Ω
α̂
(
T̂ ϵ
)
T̂ ϵdsdκ, I4 =

∫
Ω
ϵ2T̂ ϵ∇T̂ ϵwϵdsdκ.

From (3.15), we have

∫
Ω

ϵ2K̂(T̂ ϵ)∇T̂ ϵ∇T̂ ϵdsdκ ⩾ K∗ϵ
2
∥∥∥∇T̂ ϵ

∥∥∥2
L2(Ω)

⩾ K∗ϵ
2

∥∥∥∥∥∂T̂ ϵ

∂si

∥∥∥∥∥
2

L2(Ω)

+K∗

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
2

L2(Ω)

. (3.19)

For I1 by the cauchy-schwarz inequality, we give

|I1| ≤ Λ∗

 2∑
i,j=1

ϵ2

2

∥∥∥∥∂ŵϵ
i

∂sj
+

∂ŵϵ
j

∂si

∥∥∥∥2
L4(Ω)

+

2∑
i=1

∥∥∥∥∂ŵϵ
i

∂κ
+ ϵ2

∂ŵϵ
3

∂si

∥∥∥∥2
L4(Ω)

+ 2ϵ2
∥∥∥∥∂ŵϵ

3

∂κ

∥∥∥∥2
L4(Ω)

∥∥∥T̂ ϵ
∥∥∥
L2(Ω)

.

Using Young’s inequality and the compact injection H1(Ω) in L4(Ω), there exists a constant C1(Ω)
independent of ϵ, such that

|I1| ⩽ 2Λ∗C1(Ω)


∑2

i,j=1 ϵ
2
∥∥∥∂ŵϵ

i

∂sj

∥∥∥2
H1(Ω)

+
∑2

i=1

∥∥∥∂ŵϵ
i

∂κ

∥∥∥2
H1(Ω)

+

+
∑2

i=1 ϵ
4
∥∥∥∂ŵϵ

3

∂si

∥∥∥2
H1(Ω)

+ ϵ2
∥∥∥∂ŵϵ

3

∂κ

∥∥∥2
H1(Ω)

∥∥∥T̂ ϵ
∥∥∥
L2(Ω)

,
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also, from (3.5), we get: |I1| ⩽ 2Λ∗C1(Ω)C
∥∥∥T̂ ϵ

∥∥∥
L2(Ω)

. Similarly,

|I2| ⩽
√
2g∗C

∥∥∥| T̂ ϵ
∥∥∥
L2(Ω)

and |I3| ⩽ α∗h̄
∥∥∥| T̂ ϵ

∥∥∥
L2(Ω)

. (3.20)

The analog of the last inequality gives

|I4| ⩽ ϵ2
∥∥∥T̂ ϵ

∥∥∥
L4(Ω)

∥ŵϵ∥L4(Ω)

∥∥∥∇T̂ ϵ
∥∥∥
L2(Ω)

,

⩽ ϵ2C2

∥∥∥T̂ ϵ
∥∥∥ 1

2

H1
0 (Ω)

∥∥∥T̂ ϵ
∥∥∥ 1

2

L2(Ω)
∥ŵϵ∥

1
2

H1
0 (Ω)

∥ŵϵ∥
1
2

L2(Ω)

∥∥∥∇T̂ ϵ
∥∥∥
L2(Ω)

,

⩽ ϵ2C2

∥∥∥T̂ ϵ
∥∥∥ 1

2

L2(Ω)
∥∇ŵϵ∥

1
2

L2(Ω) ∥ŵ
ϵ∥

1
2

L2(Ω)

∥∥∥∇T̂ ϵ
∥∥∥ 3

2

L2(Ω)
.

By Young’s inquality and from (3.5) we find

|I4| ⩽
3

4
C2ϵ

2
∥∥∥∇T̂ ϵ

∥∥∥2
L2(Ω)

+
1

4
ϵ2
∥∥∥T̂ ϵ

∥∥∥2
L2(Ω)

∥∇ŵϵ∥2L2(Ω) ∥ŵ
ϵ∥2L2(Ω) ,

⩽
3

4
C2ϵ

2
∥∥∥∇T̂ ϵ

∥∥∥2
L2(Ω)

+
1

4
ϵ2C3

∥∥∥∇T̂ ϵ
∥∥∥2
L2(Ω)

∥∇ŵϵ∥2L2(Ω) ∥ŵ
ϵ∥2L2(Ω) ,

⩽ (
3

4
C2 +

1

4
C3C

2)ϵ2
∥∥∥∇T̂ ϵ

∥∥∥2
L2(Ω)

.

So,

|I4| ⩽ C4ϵ
2

∥∥∥∥∥∂T̂ ϵ

∂si

∥∥∥∥∥
2

L2(Ω)

+ C4

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
2

L2(Ω)

, (3.21)

where C4 = 3
4C2 +

1
4C3C

2.
By injecting (3.15)− (3.16) in (3.14), and using (3.10), it becomes

(K∗ − C4)ϵ
2

∥∥∥∥∥∂T̂ ϵ

∂si

∥∥∥∥∥
2

L2(Ω)

+ (K∗ − C4)

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
2

L2(Ω)

⩽ (2Λ∗C1(Ω)C +
√
2g∗C + α∗h̄)

∥∥∥T̂ ϵ
∥∥∥
L2(Ω)

.

As:
∥∥∥T̂ ϵ

∥∥∥
L2(Ω)

⩽ h̄
∥∥∥∂T̂ ϵ

∂κ

∥∥∥
L2(Ω)

, we find

(K∗ − C4)ϵ
2

∥∥∥∥∥∂T̂ ϵ

∂si

∥∥∥∥∥
2

L2(Ω)

+ (K∗ − C4)

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
2

L2(Ω)

⩽ C5

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
L2(Ω)

, (3.22)

where C5 = (2Λ∗C4(Ω)C +
√
2g∗C + α∗h̄)h̄.

According to (3.22) we deduce that :
∥∥∥∂T̂ ϵ

∂κ

∥∥∥
L2(Ω)

⩽ C5(K∗ − C4)
−1.

By injecting this last estimate in (3.22), we deduce (3.16) and (3.17).

2

Theorem 3.3 Under the same assumptions as in Theorem (3.1) and Theorem (3.2), there exist w⋆ =
(w⋆

1 , w
⋆
2) ∈ Vκ , p⋆ ∈ L2

0(Ω) and T ∗ ∈ Vκ such that:
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

ŵϵ
i ⇀ w⋆

i , i = 1, 2 weakly in Vκ,

ϵ
∂ŵϵ

i

∂sj
⇀ 0, i, j = 1, 2 weakly in L2(Ω),

ϵ
∂ŵϵ

3

∂κ
⇀ 0, weakly in L2(Ω),

ϵ2
∂ŵϵ

3

∂si
⇀ 0, i = 1, 2 weakly in L2(Ω),

(3.23)

ϵŵϵ
3 ⇀ 0, weakly in L2(Ω), (3.24)

p̂ϵ ⇀ p⋆,weakly in L2(Ω), p⋆ depend only of s, (3.25)
T̂ ϵ ⇀ T ∗, weakly in Vκ,

∂T̂ ϵ

∂si
⇀ 0, i = 1, 2 weakly in L2 (Ω) .

(3.26)

Proof: From the inequality (3.5) − (3.6) we find directly the convergence of (3.23), to prove (3.24) we
use (3.5) and (3.7) Since div(ŵϵ) = 0, from (3.8) and (3.9) by choosing a particular test function, we get
(3.25).
By inequality (3.17), we have ∥∥∥T̂ ϵ

∥∥∥
L2(Ω)

⩽ h̄

∥∥∥∥∥∂T̂ ϵ

∂κ

∥∥∥∥∥
L2(Ω)

⩽ h̄C.

So, T̂ ϵ is bounded in Vκ, which implies the existence of an element T̂ ϵ in Vκ, such that T̂ ϵ converges
weakly to T̂ ∗ in Vκ.

Moreover, inequality (3.16) shows that ϵ
∥∥∥∂T̂ ϵ

∂si

∥∥∥
L2(Ω)

⩽ C, therefore ϵ∂T̂
ϵ

∂si
converge to ∂T̂∗

∂si
, and since T̂ ϵ

converge to T̂ ∗ in Vκ, we have that ϵ∂T̂
∗

∂si
converges to zero in Vκ.

2

4. Study of the limit problem

Theorem 4.1 With the same assumptions of Theorem (3.3), the solution (w∗, p∗, T ∗) satisfying the
following relations

2∑
i=1

∫
Ω

Λ̂ (T ∗)
∂ (w∗

i )

∂κ

∂ (φ̂i − w∗
i )

∂κ
dsdκ−

∫
Ω

p∗(s)

(
∂φ̂1

∂s1
+

∂φ̂2

∂s2

)
dsdκ

+

∫
Ω

ĝ (T ∗)

(∣∣∣∣∂φ̂∂κ
∣∣∣∣− ∣∣∣∣∂w∗

∂κ

∣∣∣∣) dsdκ+

∫
ω

k̂ (|φ̂| − |w∗|) ds

≥
2∑

i=1

∫
Ω

f̂i (φ̂i − w∗
i ) dsdκ,∀φ̂ ∈ Π(V ),

(4.1)

and,

− ∂

∂κ

(
K̂

∂T ∗

∂κ

)
=

2∑
i=1

Λ̂ (T ∗)

(
∂w∗

i

∂κ

)2

+
√
2ĝ

∣∣∣∣∂w∗

∂κ

∣∣∣∣+ α̂ (T ∗) , in L2(Ω). (4.2)

Moreover, if ∫
Ω

((
φ̂1 (s, κ)

∂θ

∂s1
(s) + φ̂2 (s, κ)

)
∂θ

∂s2
(s)

)
dsdκ = 0, ∀θ ∈ C1

0 (ω), (4.3)
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Then,
2∑

i=1

∫
Ω

Λ̂ (T ∗)
∂w⋆

i

∂κ

∂ (φ̂i − w⋆
i )

∂κ
dsdκ+ ĝ

∫
Ω

(∣∣∣∣∂φ̂∂κ
∣∣∣∣− ∣∣∣∣∂w⋆

∂κ

∣∣∣∣) dsdκ

+

∫
ω

k̂ (|φ̂| − |w⋆|) ds ⩾
2∑

j=1

(
f̂ , φ̂− w⋆

)
.

(4.4)

Where, Π(V ) =
{
φ̄ = (φ̂1, φ̂2) ∈ H1(Ω)2 : ∃φ̂3 such that φ̂ = (φ̂1, φ̂2, φ̂3) ∈ V

}
.

Proof: We apply the lim
ϵ→0

on the variational inequality (3.3), and using the convergence results of the

Theorem (3.3), we deduce

2∑
i=1

∫
Ω

Λ̂(T ∗)
∂w∗

i

∂κ

∂w∗
i

∂κ
dsdκ+ĝ

∫
Ω

∣∣∣∣∂w∗
i

∂κ

∣∣∣∣ dsdκ+

∫
ω

k̂ |u∗| ds ⩾
2∑

i=1

∫
Ω

Λ̂(T ∗)
∂w∗

i

∂κ

∂φ̂

∂κ
dsdκ

+ ĝ

∫
Ω

∣∣∣∣∂φ̂∂κ
∣∣∣∣ dsdκ+

∫
ω

k̂ |φ̂| ds+
2∑

i=1

∫
Ω

f̂i(φ̂i − w∗
i )dsdκ

+

2∑
i=1

∫
Ω

p∗
∂φ̂i

∂si
dsdκ+

∫
Ω

p∗
∂φ̂3

∂κ
dsdκ,

(4.5)

as
∫
Ω
p∗ ∂φ̂3

∂κ dsdκ = 0, because p∗ is independent of κ, we find (4.1), and, if φ̂ verifies condition (4.3), we
deduce directly relation (4.4).

The same for (4.2) we apply the lim
ϵ→0

on (3.4), we get∫
Ω

K̂
∂T ∗

∂κ

∂Φ̂

∂κ
dsdκ =

2∑
i=1

∫
Ω

Λ̂ (T ∗)

(
∂w∗

i

∂κ

)2

dsdκ+
√
2ĝ

∫
Ω

∣∣∣∣∂w∗

∂κ

∣∣∣∣ dsdκ
+

∫
Ω

α̂ (T ∗) dsdκ,

(4.6)

by Green’s formula, we obtain

− ∂

∂κ

(
K̂

∂T ∗

∂κ

)
=

2∑
i=1

Λ̂ (T ∗)

(
∂w∗

i

∂κ

)2

+
√
2ĝ

∣∣∣∣∂w∗

∂κ

∣∣∣∣+ α̂ (T ∗) , in L2(Ω) (4.7)

2

Theorem 4.2 The variational inequality (4.4) is equivalent to the following system∫
Ω

Λ̂ (T ∗)

∣∣∣∣∂w∗

∂κ

∣∣∣∣2 dsdκ+

∫
Ω

ĝ (T ∗)

∣∣∣∣∂w∗

∂κ

∣∣∣∣ dsdκ+

∫
ω

k̂ |w∗| ds =
∫
Ω

f̂w∗dsdκ, (4.8)

and, ∀Φ̂ ∈ Σ (V ) ,∫
Ω

Λ̂ (T ∗)
∂w∗

∂κ

∂Φ̂

∂κ
dsdκ+

∫
Ω

ĝ (T ∗)

∣∣∣∣∣∂Φ̂∂κ
∣∣∣∣∣ dsdκ+

∫
ω

k̂
∣∣∣Φ̂∣∣∣ ds ≥ ∫

Ω

f̂Φ̂dsdκ, (4.9)

where,

Σ (V ) =
{
Φ̂ ∈ Π(V ) : φ̂ satisfy (4.3)

}
.

Proof: According to [21, Lemma 5], we can choose φ̂ = 2w∗ and φ̂ = 0 respectively in (4.4), we find
(4.8).
For (4.9), we choose Φ̂ = φ̂− w∗ for all Φ̂ ∈ Σ (V ) . 2
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Theorem 4.3 Let us set

Σ∗ = Σ̃∗ −∇P ∗ and Σ̃∗ = Λ̂ (T ∗)
∂w∗

∂κ
+ ĝ (T ∗)π, (4.10)

then

− ∂

∂κ

Λ̂ (T ∗)
∂w∗

∂κ
+ ĝ (T ∗)

∂w∗

∂κ∣∣∣∣∂w∗

∂κ

∣∣∣∣
 = f̂ −∇p∗ , in L2(Ω)2. (4.11)

Where π ∈ L∞ (Ω)
2
and ∥π∥Ω,∞ ≤ 1.

Proof: If
∂w∗

∂κ
= 0, from (4.10) we find

∣∣∣Σ̃∗
∣∣∣ < ĝ (T ∗) . For all Φ̂ ∈ Σ (K), choosing Φ̂ = Φ̂, then Φ̂ = −Φ̂

in (4.9), we obtain ∣∣∣∣∣G
(
k̂Φ̂,

∂Φ̂

∂κ

)∣∣∣∣∣ ≤
∫
ω

k̂
∣∣∣Φ̂∣∣∣ ds+ ∫

Ω

ĝ (T ∗)

∣∣∣∣∣∂Φ̂∂κ
∣∣∣∣∣ dsdκ,

where

G

(
k̂Φ̂,

∂Φ̂

∂κ

)
=

∫
Ω

Λ̂ (T ∗)
∂w∗

∂κ

∂Φ̂

∂κ
dsdκ−

∫
Ω

f̂Φ̂dsdκ. (4.12)

Now, by the Hanh-Banach theorem [4], then, ∃ (χ, π) ∈ L∞ (ω)
2×L∞ (Ω)

2
, with ∥χ∥ω,∞ ≤ 1 ∥π∥Ω,∞ ≤

1 , such that

G

(
k̂Φ̂,

∂Φ̂

∂κ

)
= −

∫
ω

χk̂Φ̂ds−
∫
Ω

πĝ (T ∗)
∂Φ̂

∂κ
dsdκ. (4.13)

In particular, from (4.8) and (4.12) we find∫
ω

k̂ |w∗| ds+
∫
Ω

ĝ (T ∗)

∣∣∣∣∂w∗

∂κ

∣∣∣∣ dsdκ =

∫
ω

χk̂w∗ds+

∫
Ω

πĝ (T ∗)
∂w∗

∂κ
dsdκ. (4.14)

Moreover, from (4.12) and (4.13), we have∫
Ω

Λ̂ (T ∗)
∂w∗

∂κ

∂Φ̂

∂κ
dsdκ+

∫
ω

χk̂Φ̂ds+

∫
Ω

πĝ (T ∗)
∂Φ̂

∂κ
dsdκ−

∫
Ω

f̂Φ̂dsdκ = 0. (4.15)

Next using (4.14), we have∫
ω

k̂ (|w∗| − χw∗) ds+

∫
∂w∗
∂κ ̸=0

ĝ (T ∗)

(∣∣∣∣∂w∗

∂κ

∣∣∣∣− π
∂w∗

∂κ

)
dsdκ = 0.

As ∥χ∥ω,∞ ≤ 1 , ∥π∥Ω,∞ ≤ 1, we deduce∣∣∣∣∂w∗

∂κ

∣∣∣∣ = π
∂w∗

∂κ
and |w∗| − χw∗.

So, if

∣∣∣∣∂w∗

∂κ

∣∣∣∣ ̸= 0, by (4.10), we get

Σ̃∗ = Λ̂ (T ∗)
∂w∗

∂κ
+ ĝ (T ∗)

∂w∗/∂κ

|∂w∗/∂κ|
.
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In this case,
∣∣∣Σ̃∗
∣∣∣ = Λ̂ (T ∗)

∣∣∣∣∂w∗

∂κ

∣∣∣∣+ ĝ (T ∗) > ĝ (T ∗) ,

therefore, we can write

Λ̂ (T ∗)
∂w∗

∂κ
=


0, if

∣∣∣Σ̃∗
∣∣∣ ≤ ĝ,

Σ̃∗ − ĝ (T ∗)
∂w∗/∂κ

|∂w∗/∂κ|
, if

∣∣∣Σ̃∗
∣∣∣ > ĝ,

(4.16)

Besides, from (4.15), there exists p∗ ∈ L2 (Ω)
2
, such that∫

Ω

Λ̂ (T ∗)
∂w∗

∂κ

∂Φ̂

∂κ
dsdκ+

∫
ω

χk̂Φ̂ds

+

∫
Ω

πĝ (T ∗)
∂Φ̂

∂κ
dsdκ−

∫
Ω

f̂Φ̂dsdκ = −
∫
Ω

∇p∗Φ̂dsdκ.

(4.17)

Using (4.16) and (4.17) becomes∫
Ω

Σ̃∗ ∂Φ̂

∂κ
dsdκ+

∫
ω

χk̂Φ̂ds =

∫
Ω

f̂Φ̂dsdκ−
∫
Ω

∇p∗Φ̂dsdκ, (4.18)

from which, (4.11) follows if we take Φ̂ ∈ H1
0 (Ω)

2
in (4.18). 2

Theorem 4.4 Under the assumptions of preceding theorems, u∗ and p∗ satisfy the following equality∫
ω

[
h3

12
∇p∗ + F̃ +

∫ h

0

∫ y

0

Λ̂ (T ∗ (s, ζ))
∂w∗ (s, ξ)

∂ξ
dξdy

+ ĝ

∫ h

0

∫ y

0

∂w∗/∂ξ

|∂w∗/∂ξ|
(s, ξ)dξdy − h

2

∫ h

0

Λ̂ (T ∗ (s, ζ))
∂w∗ (s, ξ)

∂ξ
dξ

+
ĝh

2

∫ h

0

∂w∗/∂ξ

|∂w∗/∂ξ|
(s, ξ)dξ

]
.∇φ (s) ds = 0,

(4.19)

for all φ ∈ H1 (ω), where

F̃ (s) =

∫ h

0

F (s, y) dy − h

2
F (s, h) , F (s, y) =

∫ h

0

∫ ξ

0

f̂ (s, t) dtdξ.

Proof: To prove (4.19), we integrate twice (4.11) from 0 to κ, then taking κ = h, we obtain the requested
result. 2

For the uniqueness of the limit velocity and temperature, we let:

Wκ =
{
w ∈ Vκ : ∂2w

∂κ2 ∈ L2(Ω)
}
,

Bc =
{
w ∈ Wκ ×Wκ :

∥∥∂w
∂κ

∥∥
Vκ

⩽ c
}
,

W̃κ = {w ∈ Wκ ×Wκ : w satisfies condition (4.3)}.

Theorem 4.5 Under the assumptions (2.11)− (2.12) and if K∗ is sufficiently large such that

K∗ >
[
1 + (h̄)2

]
Cα̂.

Then, the solution (u∗, p∗, T ∗) of the limit problem (4.2) and (4.8)− (4.9) is unique
(
W̃κ ∩ Bc

)
×Wκ,

for all

0 < c < c0 =
(
2CΛ̂β

4
)− 1

2

[
K
[
1 + (h̄)2

](−1) − Cα̂

] 1
2

.

Where β > 0, CΛ̂ > 0, Cα̂ > 0.
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Proof: We use the same techniques as in [4] to prove this theorem, Let (w∗,1, p∗,1, T ∗,1), and
(w∗,2, p∗,2, T ∗,2) be two solutions of (4.2), and (4.8)− (4.9)∫

Ω

K̂
∂T ∗,1

∂κ

∂Φ̂

∂κ
dsdκ =

2∑
i=1

∫
Ω

Λ̂
(
T ∗,1)(∂w∗,1

i

∂κ

)2

Φ̂dsdκ

+
√
2ĝ

∫
Ω

∣∣∣∣∣∂w∗,1
i

∂κ

∣∣∣∣∣ Φ̂dsdκ+

∫
Ω

α̂
(
T ∗,1) Φ̂dsdκ, (4.20)

∫
Ω

K̂
∂T ∗,2

∂κ

∂Φ̂

∂κ
dsdκ =

2∑
i=1

∫
Ω

Λ̂
(
T ∗,2)(∂w∗,2

i

∂κ

)2

Φ̂dsdκ

+
√
2ĝ

∫
Ω

∣∣∣∣∣∂w∗,2
i

∂κ

∣∣∣∣∣ Φ̂dsdκ+

∫
Ω

α̂
(
T ∗,2) Φ̂dsdκ. (4.21)

By subtraction and choosing Φ̂ = (T ∗,1 − T ∗,2) ∈ H1
ΓL∪Γ1

∈ Ω, we get∫
Ω

K̂

∣∣∣∣ ∂∂κ (T ∗,1 − T ∗,2)

∣∣∣∣2 dsdκ =

4∑
i=1

Ni. (4.22)

Where

N1 =

2∑
j=1

N j
1 , N

j
1 =

∫
Ω

Λ̂
(
T ∗,1) ∂

∂κ

(
w∗,1

i + w∗,2
i

) ∂

∂κ

(
w∗,1

i − w∗,2
i

) (
T ∗,1 − T ∗,2) dsdκ,

N2 =

2∑
j=1

N j
2 , N

j
2 =

∫
Ω

[
Λ̂
(
T ∗,1)− Λ̂

(
T ∗,2)](∂w∗,2

i

∂κ

)2 (
T ∗,1 − T ∗,2) dsdz,

N3 =

∫
Ω

(
α̂
(
T ∗,1)− α̂

(
T ∗,2)) (T ∗,1 − T ∗,2) dsdz,

N4 =
√
2ĝ

∫
Ω

(∂w∗,1
i

∂κ

)2

−

(
∂w∗,2

i

∂κ

)2
(T ∗,1 − T ∗,2) dx′dz.

The increases of Ni, i = 1, 2, 3 are given by [4] as follows

N1 =

∣∣∣∣∣∣
2∑

j=1

N j
1

∣∣∣∣∣∣ ⩽ 2
√
2Λ∗β2c

∥∥∥w∗,1
i − w∗,2

i

∥∥∥
Vκ×Vκ

∥∥T ∗,1 − T ∗,2∥∥
Vκ

, (4.23)

∣∣N i
2

∣∣ ⩽ CΛ̂β
4
∥∥T ∗,1 − T ∗,2∥∥2

Vκ

∥∥w2
2

∥∥2
Wκ

, (4.24)

|N3| ⩽ Cτ̂

∥∥T ∗,1 − T ∗,2∥∥2
Vκ

, (4.25)

where Cα̂ > 0 deducted from the assumption α̂ is Cα̂-Lipschitz continuous function on R. Utilising
the Cauchy-Schwartz inequality, we get:

|N4| ⩽ 2g∗
∥∥T ∗,1 − T ∗,2∥∥2

Vκ

∥∥∥w∗,1
i − w∗,2

i

∥∥∥
Vκ×Vκ

. (4.26)

Injecting (4.23)− (4.26) in (4.22), we find:

K∗
[
1 + (h)2

]−1 ∥∥T ∗,1 − T ∗,2∥∥2
Vκ

⩽ 2
√
2Λ∗β2c

∥∥∥w∗,1
i − w∗,2

i

∥∥∥
Vκ×Vκ

∥∥T ∗,1 − T ∗,2∥∥
Vκ

+ CΛ̂β
4c2
∥∥T ∗,1 − T ∗,2∥∥2

Vκ
+ Cτ̂

∥∥T ∗,1 − T ∗,2∥∥2
Vκ

+ 2g∗
∥∥T ∗,1 − T ∗,2∥∥2

Vκ

∥∥w∗,2 − w∗,1∥∥
Vκ×Vκ

,
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so,∥∥T ∗,1 − T ∗,2∥∥
Vκ

⩽
[
K∗
[
1 + (h̄)2

]−1 − 2CΛ∗β4c2 − Cα̂

]−1 [
2
√
2Λ∗β2c+ 2g∗

] ∥∥w∗,2 − w∗,1∥∥
Vκ×Vκ

.

We assumed that:

0 < c < c0 =
(
2CΛ̂β

4
)− 1

2

[
K∗
[
1 + (h̄)2

](−1) − Cα̂

] 1
2

.

Thus, ∥∥T ∗,1 − T ∗,2∥∥
Vκ

⩽
[
2
√
2Λ̄∗β2c+ 2g∗

] (
c20 − c2

)−1 ∥∥w∗,2 − w∗,1∥∥
Vκ×Vκ

. (4.27)

We have also the two inequalities

2∑
i=1

∫
Ω

Λ̂
(
T ∗,1) ∂w∗,1

i

∂κ

∂
(
φ̂i − w∗,1

i

)
∂κ

dsdκ+ ĝ

∫
Ω

(∣∣∣∣∂φ̂∂κ
∣∣∣∣− ∣∣∣∣∂w∗,1

∂κ

∣∣∣∣) dsdκ

+

∫
ω

k̂
(
|φ̂| −

∣∣w∗,1∣∣) ds ⩾ 2∑
j=1

(
f̂ , φ̂− w∗,1

)
.

(4.28)

2∑
i=1

∫
Ω

Λ̂
(
T ∗,2) ∂w∗,2

i

∂κ

∂
(
φ̂i − w∗,2

i

)
∂κ

dsdκ+ ĝ

∫
Ω

(∣∣∣∣∂φ̂∂κ
∣∣∣∣− ∣∣∣∣∂w∗,2

∂κ

∣∣∣∣) dsdκ

+

∫
ω

k̂
(
|φ̂| −

∣∣w∗,2∣∣) ds ⩾ 2∑
j=1

(
f̂ , φ̂− w∗,2

)
.

(4.29)

We can take φ̂ = w∗,2 in (4.28) and φ̂ = w∗,1 in (4.29). Hence, we obtain

2∑
i=1

∫
Ω

Λ̂
(
T ∗,1) ∂w∗,1

i

∂κ

∂
(
φ̂i − w∗,1

i

)
∂κ

+ Λ̂
(
T ∗,2) ∂w∗,2

i

∂κ

∂
(
φ̂i − w∗,2

i

)
∂κ

 dsdκ ⩾ 0,

then
2∑

i=1

∫
Ω

Λ̂
(
T ∗,1) ∣∣∣∣ ∂∂κ (w∗,1

i − w∗,1
i

)∣∣∣∣2 dsdκ
⩽

2∑
i=1

∫
Ω

[Λ̂
(
T ∗,1)− Λ̂

(
T ∗,2)]∂w∗,1

i

∂κ

∂
(
w∗,1

i − w∗,2
i

)
∂κ

dsdκ.

(4.30)

As: Λ̂ ⩾ Λ∗ > 0 and by Poincaré’s inequality, we find

2∑
i=1

∫
Ω

Λ̂
(
T ∗,1) ∣∣∣∣ ∂∂κ (w∗,1

i − w∗,1
i

)∣∣∣∣2 dsdκ ⩾ Λ∗
[
1 + (h̄)2

]−1 ∥∥w∗,2 − w∗,1∥∥2
Vκ

. (4.31)

Now, the analogous results of [3], is given by∣∣∣∣∣
2∑

i=1

∫
Ω

[Λ̂
(
T ∗,1)− Λ̂

(
T ∗,2)] ∂w∗,1

i

∂κ

∂
(
w∗,1

i − w∗,2
i

)
∂κ

dsdκ

∣∣∣∣∣∣
⩽

√
2β2CΛ̂c

∥∥T ∗,2 − T ∗,1∥∥
Vκ

∥∥w∗,2 − w∗,1∥∥
Vκ

.
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Where, β > 0, CΛ̂ > 0 and c > 0 are respectively deduced from, the embedding of Vκ in L4(ω), the

assumption Λ̂ is CΛ̂-Lipschitz continuous function on R, and w∗,i ∈ Bc. Therefore∥∥w∗,2 − w∗,1∥∥
Vκ×Vκ

⩽
√
2β2CΛ̂Λ

−1
∗
[
1 + (h̄)2

]
c
∥∥T ∗,1 − T ∗,2∥∥

Vκ
. (4.32)

And from (4.27), we deduce(
1−

(
2
√
2Λ̄β2c+ 2g∗

)
(c20 − c2)−1

√
2β2CΛ̂Λ

−1
∗
[
1 + (̄h)2

]
c
)∥∥T ∗,1 − T ∗,2∥∥

Vκ
⩽ 0.

Assuming that (
1−

(
2
√
2Λ∗β2c+ 2g∗

)
(c20 − c2)−1

√
2β2CΛ̂Λ

−1
∗
[
1 + (̄h)2

]
c
)
> 0.

We have ∥∥T ∗,1 − T ∗,2∥∥
Vκ

= 0.

Then T ∗,1 = T ∗,2 a.e in Vκ. From (4.32), we conclure w∗,2 = w∗,1 a.e on Vκ × Vκ, of uniqueness
(w∗, T ∗) implies that of p∗.

2
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