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Study of the stationary solution of non-isothermal Bingham flow with nonlinear boundary
conditions in a thin domain*

Abdelali Malek, Abdelkader Saadallah, Fares Yazidf, Nadhir Chougui and Fatima Siham Djeradi

ABSTRACT: We study in this manuscript the asymptotic behavior of an incompressible Bingham fluid in a
three-dimensional thin domain Q¢ with Tresca friction law coupled with a nonlinear stationary, non-isothermal
and incompressible model. Firstly, we demonstrate the results for the existence and uniqueness of the weak
solution. Then we reformulate the problem in fixed domain, and we also show the estimates for the velocity
field, the pressure, and the temperature. Finally we obtain the limit problem with the specific Reynolds
equation and prove the uniqueness of the limit.

Key Words: Asymptotic approach, Coupled problem, Bingham fluid, Temperature, Reynolds equa-
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1. Introduction

In 1916, Bingham fluid model considered a non-Newtonian fluid, with a viscous plastic medium, obeys
the general laws of continuum mechanics, and has a special nonlinear constitutive law, such that it moves
like a rigid body if a certain function of the stresses does not reach the yield limit, and it behaves like a
viscous fluid when the yield limit is reached. It is used for modeling several types of liquids, for example,
heavy crude oils, colloidal solutions, powder mixtures, and toothpaste.

Bingham flow modeling has been a permanent source of challenging problems for many decades already,
the main breakthrough in this direction being the variational inequality formulation due to Duvaut and
Lions ( Refs. [12,16,14,18]). The existence, uniqueness and regularity of the solution, as well as its flow
structure are investigated in [18]. Further in [6] and [14,16,15] the authors investigate the regularity of
the solution for the d-dimensional Bingham fluid flow problem with Dirichlet boundary conditions for
the cross section and cavity model, respectively. In [9,8,10], the stationary Bingham fluid flow problems
numerical solution is studied.

Other many research papers have been written dealing with the asymptotic analysis of a Bingham fluid
flow, for exemple, R. Elmir et al. [13,7] studied the asymptotic behaviour of a Bingham fluid in a
thin domain with non linear boundary conditions. The asymptotic stability of weak solutions for the
incompressible non-Newtonian fluid motion in R? has been studied in [5], other similar works can be
found in studies, such as [1,2,3]. More recently, Dilmi et al. [11] worked on the asymptotic analysis of
a isothermal Bingham fluid in a thin domain with nonlinear friction of Fourier and Tresca. The coupled
non-isothermal problem with mixed boundary conditions in a thin domain with friction law has also been
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studied in [20,22].

The goal of this paper is to study the asymptotic behavior of a coupled system involving an incom-
pressible Bingham fluid and the equation of the heat energy, in a three-dimensional bounded domain with
Tresca free boundary friction conditions. The novelty here lies in the addition of the two terms w*Vw*
and weVTe.

The outline of this paper is as follows. In section 2, we introduce the problem and give the basic
assumptions, we also recall the weak formulation and existence theorem of weak solution, in section 3,
taking into account a small parameter, we introduce a scaling and we give some estimates and convergence,
in section 4, we establish the limit variational inequality, the Reynolds equation and the uniqueness of
solutions of the limit problem.

2. Statement of the problem and variational formulation

Here, let w be a fixed region in plan s = (s, s2) € R%. We suppose that w has a Lipschitz boundary
and is the bottom of the fluid domain. The upper surface I'§ is defined by s3 = €h(s), where (0 < € < 1)
is a small parameter that will tend to zero and h a smooth bounded function such that 0 < b < h(s) < h
for all (s,0) € w and I’ the lateral surface. We denote by ¢ the domain of the following:

Q°f = {(s,83) €R?: (5,0) € w,0 < 53 < €h(s)}.

The boundary of Q¢ is T'® where ' = T'{ UT'S U@ with T'¢ is the lateral boundary. The fluid is supposed
to be viscoplastic, and the relation between 3¢ and D (w€) is given by

D¢ = 3¢, —pe%j, 6
S = ge (1) 2 ope (7¢) D(wt) i D(we) £ 0,

| Dyr(we)]
€| < g¢ (T) if D(w) = 0.

Where Y¢ represents the constitutive law of a Bingham fluid whose the consistency A€, and the yield
limit ¢¢ depend on the temperature, p¢ is the pressure, d;; is the Kronecker symbol and D (u€) =

5 (Vw + (Vwe) ) For any tensor D = d;;, the notation |D| represents the matrix norm: |Dy;| =

(32 )

e The low of conservation of momentum

Nl

wVw® —divE® = f€in Q°, (2.1)
where f€ = (ff)1<ig3 denotes the body forces.

e The equation of the heat energy

WV - ai- <K€ %T ) = 20 (T) dij (w)dyj (w) + V29" (T) [D(w")| — o (T%) in Q°,  (2.2)

where the specific heat is assumed equal to one, K¢ > 0 is the thermal conductivity and the term
—afT*c represents the external heat source with a¢ > 0.

e The incompressibility equation
div (w®) =0 in Q°. (2.3)

Our boundary conditions is described as
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e At the surface I'; we suppose
w® = 0. (2.4)

e On I'{ Uw, there is a no-flux condition across w so that

w® xn =0, (2.5)

the tangential velocity on w is unknown and satisfies Tresca boundary conditions with friction coeffi-
cient k€:
Y| < k= wt =0,
| 7'| wT (2'6)
2] =k = 3IN>0: ws = —AXE.

Here |.| is the Euclidean norm in R?;n = (n1,n2,n3) is the unit outward normal vector on I'¢. The
normal and the tangential components on the boundary w are given by

€ __ € € . [ o
w, =w N =w; - n;, wﬁfwi w,N;,

€ _ € _ \E ” . € __ € . N€ .
¥, = (X n)n =X5nn;, X5 = YNin; — Xin,.

For the temperature, we assume that

TC=0 onT§UTY, (2.7)

o 0 onw. (2.8)

To get a weak formulation, we consider the functional framework on ¢
VeQ©) = {<p€ H Q) :o=00nT5,0-n=0 onwufi},
Vi () = {p € VE(©) s div() = 0},
L2 (QF) = {q € L*(Q°) : / qdsdsg = 0},

and
Hicop, (Q9)={®e H'(Q):®=00nT{UT]}.

A formal application of Green’s formula, using (2.1)-(2.8) leads to the weak formulation: Find w® €
Vi (), p° € L§(Q°) and T° € Wik p. (Q), such that

B (wevwev‘p - we) + a(Teﬂwev(p - we) - (pe ,di’l) SO) +j(T67Q0) - ] (Tevwe) > (fe»sﬁ - we)vv@ eve (Qe) )
(2.9)
—E (T, ®) + C (T, ®) = F (v, T%,®), Y& € Wrep. (), (2.10)

where
a(Te, we, @) = 2/ A€ (T¢) D(w)D () dsdss,

€

€

B(wev wev (P) = / wGVwewdsds;g,
(pe ) div QO) = / pe div QDdeSgH
Qe

ST ¢) = / kgl ds +v2 /Q ¢ (T%) D ()| dsdss,

3
(fev 50) = fSSDdeSS = Z ff(PideSg,
Qe =179
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E (v, T¢,®) = / TV owdsdss,
C (T ) = KeVTVddsdss,
Qe

F(wE,T€,<I>):2/

€

A (T€)|D(w€)|2<1>dsd33+2/ g (T%) | D(w")|dsdss
QE

+ af (T€) Pdsdss.
Qe

We suppose that there exist A, A*, g%, K., K* a,,a* in R, such that

0<A <A <A, 0<g¢g°<yg" (2.11)

and
0<K,<K<K" 0<a*<a” (2.12)

Theorem 2.1 Suppose that f¢ € L*(Q)3, and k¢ € L>®(w), such that k¢ > 0. There exists a unique
solution we € V5, (2€),p¢ € LE(Q°) and T € Hliurz (Q°) to problem (2.9) — (2.10).

Proof: The proof of the theorem is based on the application of Kakutan Glicksberg fixed point theorem,
see for more details [17]. O

3. Change of the domain and some estimates

S

According to the change of variables k = 2, we define the fixed domain 2 which is independent of ¢

Q={(s,r) ER*:(5,0) €Ew,0 <k < h(s)}.
We denote by I' = I'; UT;, U@ its boundary, then we define the following functions in

wi (s, k) = wi(s,s3),t=1,2, w5(s,k) = e*1w§(5,53) and p°(s, k) = ezpf(s,s?,). (3.1)

Let us assume that

K(Svﬂ) = KE(S,SB)ag = Egea [\ = Ae, Te(s,/{) T6(8783) }

f(57 K) = 62]“(8, 83)7 Ga(s, k) = 62046(87 83)77% — ke (32)

Now, we introduce the functional framework on 2. For this, we write

V(Q):{aﬁeHl(Q)S: $=0onTy, @-n:()onwurl},

H%luFL () :{ deH'(Q): P=0o0nT, UI‘L}

V, = {v e (L2()*; 272

)

cL*(Q):0=0 onFL},

1
2 2
L2(52)> ) .

By injecting the new data and unknown factors in (2.9)—(2.10), then, after multiplication by €, we
deduce

and Vj is the Banach space with the norm

2
avi
lollv,, = <Z <|Ui||i2(sz) + H O

i=1
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where,

2 .
) o b O 50 — 1
ao(T 0, ¢ — i) = 3 /Q [62A (1) (a;:% + a?)] O =05) e
J %

ij=1
€

2
~ e\ [0S ows'\ 9(p; — wy)
A(Te i 2 3 7
+;/Q ( ) ( Ok e 0s; ) Ok dsdr
o\ () 20W5 Y O3 — W)
2\ € 2Y%3 3
+/Q ( (T ) e ) 0K dsdr+
2% 81@;) Mdsdn,

2
+;/Q€2A (Te) (6 0s; + Ok 0s;

2 ~
ows
By (0f, ", ¢ — i) = Y / S —2 (p — ) dsdr
gide " Os
2 i 2 o
4,~€ 3 (. A€ 2,~€ Lo €
—1—2/ i D, (@—w)dsd/i—l—;/ 5 9n (p; — W5) dsdk

(f @ — ) = Z/ fil@i — ) dsdr + /Q ef3(3 — @5)dsdr,

0y (17 @) = / R (T9)VTVddsds
Q
2 A A
oTc 0P

o DT DD -
2K(T¢ — / ¢ —
e“K( >3Si 88idsdﬁ+ QK(T ) o aHdsd.«;,

Eo (i€, T¢, 9¢) = / TV i dsdr
Q

2
_ 2 e
_i_ZI/QET

0P . 0D
3siwi dsd,«;—l—/ﬂeT &(ewg)dsdn,




6 A. MALEK, A. SAADALLAH, F. YAziD, N. CHOUGUI AND F. S. DJERADI

D(10°)| ddsdr

By (0,17, @) = Q/QA () [ D)
_ / & (T) ddsdr,
Q

where,

ol

(f) (¢

2 . 2 . fen 2 fen 2
|1 , (0w OUS 1 ows 50w o5 [ OW§
)| = 4”2::16 ((%J 0s; ) * 2; ( Ok e 0s; e ok

3.1. A priori estimates on the velocity and the pressure

Theorem 3.1 Let the assumptions of theorem (2.1) and (2.11)-(2.12) hold, then, there exists a constant
C > 0 independent of €, such that

6222: ou | |22 || 20 2 +e ou | <C (3.5)
295 llee) o 3“ 12(9) Ok 2y 11950 llnagey
6:[[32 () < C fori=1,2 (3.6)
~ €2
[[ews ||L2(Q) <C, (3.7)
H op <C fori=1,2 (3.8)
i ll-()
<eC. (3.9)
H-1(Q)
Proof: Choosing ¢ = 0 in inequality (2.9), we find
B (wf, we, w®) 4+ a(T¢we, w) +/ k€ |we| ds
“ (3.10)
+V2 [ g (T9)|D (w)| dsdss < (f,w),
Qe
as B (w¢, w®, w) = 0, we obtain
o(T%, e, wf) +/ ke ot ds+ V3 [ gt (T9) D (w)| dsdss < (£, w"). (3.11)
w Qe
By Cauchy-Schwarz and Young’s inequalities, we obtain
o, e, ) +/ k| ds+ 3 | g (T9)|D (w)] dsdss
© - (3.12)
* €2 (¢h) €2
< AN Cp [V |72 + 1(ACh) 112 e -
Multiplying (17) by ¢, and as 2 ||f6HiQ(Q€) 1||f||L2 ()» We have
ea(T¢,w,w) + e/ k€ |we| ds + \/ie/ g (T) | D (w*)| dsdss
“ o (3.13)

2

(h)® |/

<A CrelVerllian + Trmay

L2(Qe)



A NON-ISOTHERMAL BINGHAM FLOW 7

Then, from Korn’s inequality, there exist a constant C} independent of ¢, such that

A*CkeHVwEHiQ(QS)—I—/ke || ds+\/§/ g (T°) |D (0°)| dsdr
w Qe

- .14
- (h)2 2 (3 )
= 4(A*Cy) L2(Q)
— 2
So, from (3.14) we deduce (3.5), (3.6), (3.7), with C = (5o ) | f132(0).
For (3.8) and (3.9), we use the same proof as in [19]. O

3.2. A priori estimates on the temperature

Theorem 3.2 Assume that the assumptions of Theorem (3.1) are satisfied, assume also there exist three
positive constants K*, K,,Cy4 , such that

0<C, <K, <K< K*, where Cy are determined in the proof . (3.15)

Then, there exists a positive constant Cy independent of €, such that

2 2

oTe
> e < Cy, (3.16)
, 881'
i=1 L2(Q)
oT*
< .
‘ o < (y, (3.17)
L2(9)
Proof: choosing ® = 7 in (3.4), we obtain
o 4
/ EKVTVTdsdr =Y T, (3.18)
Q i=1

where
VAN ~ 2 . ~ ~ N
L=2[,A (T) ‘D (@] Tedsdr,  L=+v2[,§ (T) ‘D (@°)| Tedsdr,

Iy=Jqa (Te) T<dsdr, I = [, ETVT wdsdk.

From (3.15), we have

2 2

NS e aTe aTe
/ ER(TVT VT dsdr > K,é® HVT€ > K,é VK, . (3.19)
Q L2(Q) 0s;
L2(Q) L2(Q)
For I; by the cauchy-schwarz inequality, we give
2 2 ~e 8 ~Ne 2 2 ~e ~e |12 ~e |12 .
|Il‘ S A* Z i awl ’U)] awz 62 aw3 4 262 6’11)3 HTe )
g1 2 aSj 8Si LA(Q) i—1 ok asi LA(Q) Ok L4(Q) L2(Q)

Using Young’s inequality and the compact injection Hi(Q) in L*(Q), there exists a constant C;(€)
independent of €, such that

2

22 62 H GUA)S 2 + ZQ H 61@: +
" i,7=1 Os i=1|| Ok ~
1] < 20°CL(9) s omein e (12 D o
S o
i=1 0s; H(Q) 0K H1(Q)
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also, from (3.5), we get: |I;| < 2A*C1(Q)C ‘ Te

L) Similarly,

L] < V2g'C | 1

and |I3] < a*h H| T*

L2() L2’

The analog of the last inequality gives

2 ||e ~E e
13 < |7 g 1 Tsc00 |97
1 1
< 6202 HTC 2 ‘ Te 2 Hwe”% . ”weH%Q HvTc ,
HY(9) L2(9) Ha () L2 L2(Q)
< QC T(—: % \VNk % ~e % VTE %
SO H £2() IVl ze @) 16012 ) H L2(Q)’

By Young’s inquality and from (3.5) we find

3 .
1] < 2Coe? HVTe

2 1 ~ 112
2 HTE
4

ep2 ~el2
+ € L) V|2 ) 19172 ) »

2(Q) 4
1 2 e 2
+ e 03HVT

3 ~
< 10262 quﬂ€

i IV By 162
L@ ra(@ 1112 (@)

3 1
< (ZCQ + 10302)62

L2()
2

‘VTE

L2(Q)

So,

2 2

oTe
Ok

oTe

K2

|I4| < C462

+ Cy
L2(Q)

L2(Q)

where Cy = %C’g + ngCz.
By injecting (3.15) — (3.16) in (3.14), and using (3.10), it becomes

L2 .2
oTe orTe TN
(K. = C)é? | = + (K.~ C) |5 < (2M*CLQ)C + V2g*C + a*h) HT
5 L2(Q) : L2(Q)
As: HTG <h H 68T€ , we find
L2(Q) lL2(Q)
ot ||’ ote||” o7
(K* - 04)62 - + (K* - 04) x Vb )
"Lz ) L2(Q) L2(Q)

where C5 = (2A0*C4(Q)C + v/2g*C + a*h)h.
According to (3.22) we deduce that :H% o) < C5(K.—Cy)~h
By injecting this last estimate in (3.22), we deduce (3.16) and (3.17).

(3.20)

(3.21)

L2(Q)

(3.22)

Theorem 3.3 Under the same assumptions as in Theorem (3.1) and Theorem (3.2), there exist w* =

(wf,w3) € Vi, , p* € L3(Q) and T* € V,, such that:
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w§ = wr, 1 =1,2 weakly in V,,

IV 0, = 1,2 weakly in L2(Q),
88j
(3.23)
e% — 0, weakly in L?(£2)
8/{; ) y )
R -
—= =0, i =1,2 weakly in L*(Q),
68i
ew§ — 0, weakly in L*(9), (3.24)
Pp¢ — p*, weakly in L*(Q), p* depend only of s, (3.25)
Te — T, weakly in Vg,
(3.26)

%f: — 0, i =1,2 weakly in L?(Q).

Proof: From the inequality (3.5) — (3.6) we find directly the convergence of (3.23), to prove (3.24) we
use (3.5) and (3.7) Since div(w) = 0, from (3.8) and (3.9) by choosing a particular test function, we get
(3.25).

By inequality (3.17), we have

oTe
Ok

<h
L2(Q)

< hC.
L2(©)

|

So, T¢ is bounded in V., which implies the existence of an element 7€ in Vi, such that Te converges
weakly to T in V.

Moreover, inequality (3.16) shows that e or"

0s;

91° < C, therefore 6% converge to

0s;

, and since T

L2(Q)
converge to T in V,;, we have that e%% converges to zero in V..
Si

4. Study of the limit problem

Theorem 4.1 With the same assumptions of Theorem (3.3), the solution (w*,p*,T*) satisfying the
following relations

2
A ey O (W) O (i —wy) / 0¢1 | 0p2
A T K3 3 _ * _rt _r&
;/ﬂ (T%) o o dsdk Qp (s) D5, +332 dsdk
P ow*
S (129
+/Qg( ) ( Ok '

Ok
2
>y /Q fi (@i — wp) dsdi, ¥ € TI(V),
=1

) ds+ [ k(|- o ds (4.1)

and,

ow*
K

5 +a&(T), in L*(Q). (4.2)

Moreover, if

/Q <(¢1 (s, ) 951 (5) + P2 (s, fi)) 90 (8)) dsdk =0, VO e C}(w), (4.3)
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Then,
2
A ows 0 (p; —wy) A/ 0P ow*
AT —+———"~dsd —| - dsd
;/Q( )(‘M oK SnngQ K oK o
) 2 (4.4)
+ [ Rel-urhds > Y (£ ).
w j=1
Where, II(V) = {@ = (¢1, $2) € H'(Q)? : 3¢3 such that ¢ = (p1,¢2,P3) € V).

Proof: We apply the hr% on the variational inequality (3.3), and using the convergence results of the
€E—>
Theorem (3.3), we deduce

a a * ow? . N T 2
* 7 7 * > * 1
Z/ (T") =5, -5 - dsds +g/ ‘&{ dsdn+/k|u \ds/Z/A(T ) o 5 dsds
dsdm+/k|<p|ds+2/ fi(pi — w?)dsdr (4.5)
—i-Z/ * %dsd/{—i—/ *awgdsd/{
or

as [op* G a<p3 dsdr = 0, because p* is independent of x, we find (4.1), and, if ¢ verifies condition (4.3), we
deduce dlrectly relation (4.4).

The same for (4.2) we apply the liné on (3.4), we get
e—

2 N %
/Kaiajdsdn—Z/ A(T*) ow; dsdﬁ+\/§§/ ai dsdr
Q 6/‘?} o) 8&
=1 (4.6)
+/ & (T*) dsdk,
Q
by Green’s formula, we obtain
0 ~0T* 2 6'(11 ~ ow* ~ * . 2
_6/@( > g ( R) +x/§ga—+a(T),mL(Q) (4.7)
O
Theorem 4.2 The variational inequality (4.4) is equivalent to the following system
A | Ow* 2 e | OW* . -
A(T™) dsde + [ g(T%) dsdk + [ kE|lw*|ds= | fw"dsdr, (4.8)
Q Ok Q Ok w Q
and, ¥ € % (V),
. ow* 9 0% L e
* *) | > .
/QA(T e / () |5, dsdﬁ—k/wk‘@‘dsf/ﬂftbdsdﬁ, (4.9)

where,
(V)= {‘i) e I(V) : ¢ satisfy (4.3)} .

Proof: According to [21, Lemma 5], we can choose ¢ = 2w* and ¢ = 0 respectively in (4.4), we find
(4.8). R R
For (4.9), we choose ® = ¢ — w* for all ® € ¥ (V). O
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Theorem 4.3 Let us set
ow*

$* = %% — VP* and % = A (T™) o T, (4.10)
then
ow*
_9 A(T¥) Ow” +g(T7) 985 | = F—Vp* | in L2(Q)?2 (4.11)
Ok Ok ‘810* ’ ' ’
ok

Where = € L (Q)? and ||7|q o, < 1.

*

g (T*). For all ey (K), choosing b =, then d = —

Proof: If dw =0, from (4.10) we find ‘E*
n (4.9), we obtaln

.. 0 S e o0
b, 22| < k‘@’d 5 (T%) |22 dsdr,
G( 8H>_L SJF/QQ()(’M sdk
where
. 0D R )
G <k<I> 0 ) - / A5 w” 8 / Fddsdr. (4.12)
8/4/ Q
Now, by the Hanh-Banach theorem [4], then, 3 (x, ) € L™ (w)® x L™ (Q)?, with IXllpoo €T [7llg00 <
1, such that
. 0 < s o0
k@, — | = — k®ds — g (T*) —dsdk. 4.1
G( m) [ s = [ wr) G s (113)

In particular, from (4.8) and (4.12) we find

/l%|w*|ds+/g(:r*) w dsdn:/xfcw*ds—&—/ﬂ'g(T*) w (4.14)
w Q w Q ok
Moreover, from (4.12) and (4.13), we have
{ ey Ow* 0 . od s
* il g (T*) — - =0. .1
/QA(T) B andsdl@'—i—/kafbds—&—/ﬂwg (™) amdsdn /Qf@dsdm 0 (4.15)

Next using (4.14), we have

A ‘ P ow* ow
/wk<|w|—xw>ds+/%og@>( | s = .
As [IXllyoo <1, 17l 00 < 1, we deduce
5 | = T 5 and fw xw*.
.. | Ow*
So, if 3 # 0, by (4.10), we get
SR ey OWT o Ow* /0K
by —A(T)aﬁ +g(T)|8 ~Ton]
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. w*
In this case, =A(T*) al +g(T*) > g(T"),
K
therefore, we can write
0 if 3% < g
. ow* ’ ‘ =9
ATY)——=94 - ow* |0k - (4.16)
o S g(r) St |5 >
g( ) |aw*/ali‘ ) 1 g
Besides, from (4.15), there exists p* € L2 (), such that
/ A (T") / yk®ds
e (4.17)
iy OP s s
—|—/ wg (T )—dsdn—/ fP@dsdk = —/ Vp*®dsdk.
Q Ok Q Q
Using (4.16) and (4.17) becomes
Y¥—dsdk + | xk®ds = | f®dsdk — | Vp*P®dsdk, (4.18)
o Ok w Q Q
from which, (4.11) follows if we take & € H} (©)? in (4.18). O

Theorem 4.4 Under the assumptions of preceding theorems, u* and p* satisfy the following equality

3 ~ h ry *
[ v i [ R .o ™5 ey

3
Ow'joE hof'so dw* (s,€)
+g/ / 9w o¢] )dfdyfg/o AT (5,0) == ds (4.19)
" oufoc -

for all p € H' (w), where

F<s)=/0hF(s,y>dy—hF(sh (5,9) //fstdtd£

Proof: To prove (4.19), we integrate twice (4.11) from 0 to &, then taking x = h, we obtain the requested
result. O

For the uniqueness of the limit velocity and temperature, we let:

Wi {w €V, Lu eLQ(Q)}7
B~ fu e 221, <}
W, ={w e W, xW, :w satisfies condition (4.3)}.
Theorem 4.5 Under the assumptions (2.11) — (2.12) and if K, is sufficiently large such that

K. > [1+ (h)?] Cs.

Then, the solution (u*,p*,T*) of the limit problem (4.2) and (4.8) — (4.9) is unique (W,{ N Bc) X W,
for all

1

O<c<c = (QCABAL)?Q

Nl

(K (14 27 - ca
Where 8 > 0,C3 > 0,Cq > 0.
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Proof: We use the same techniques as in [4] to prove this theorem, Let (w*!,p*! T*1) and
(w*2,p*2 T*2) be two solutions of (4.2), and (4.8) — (4.9)

2
aT*! P ) wit\
/Q K o —dsdn = Z / (1% < ddsdr

1 (4.20)
+\f2§/ |5‘w édsdn+/ & (T*1) ddsdr,
a| Ok Q
*,2 *,2
/ KaT 8f(I)dsd,‘{ = Z/ T* 2 <8w> ddsdk
Q 0k Ok Ok
(4.21)
+V2§ / ‘ bdsdk + / G (T?) ddsds.
Q
By subtraction and choosing & = (T*! — T*2) e H} p, €9, we get
| 2 4
K ‘am(T*’l —T%?)| dsdk = ZNi. (4.22)
Where
ZN N = / () 2 (wp ) - (- wp?) (17 - 772) dsde
1 a[{ i i 8/{ i i ,
. . a *,2 2
= ZNﬁ,Nﬁ :/ [A(r1) = A (172)] <w> (T"" = T*?) dsdz,
j=1 Q Ok
Na= [ (@(0) < a (2e) (10 - 172) dsd,
Q
9 *,1 2 9 *,2 2
— /oA w;’ [ 9wy’ w1 w2\ g
N4—\/§g/Q ( o ) ( o ) (T —T*2) da'dz.
The increases of N;,i =1,2,3 are given by [4] as follows
2
j * *,1 *,2 *, *,
Ny = ;Nf < 2V2A ﬂchwi —w; vaxvn HT 1 QHVN, (4.23)
N3] < Gt Tt = 12 [k, (424)
[Ns| < Cz | T = T2}, (4.25)

where C4 > 0 deducted from the assumption & is Cg-Lipschitz continuous function on R. Utilising
the Cauchy-Schwartz inequality, we get:

* %, * 2 *, *,
INi| < 2g° |70 =22 [wi! — w; QHVKWK. (4.26)
Injecting (4.23) — (4.26) in (4.22), we find:
2 -1 *,1 *,2 * 02 *,2 *,1 *,2
Ko [1+ ()71t =12 < 2van e ot w2 Tt 1)
+ CA5402 ”T*,l _ f/ﬁ +Cs HT*,1 _

B A o
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S0,
L -1
HT*,l o T*’2||VN < |:K* [1 + (h)2] 1 N 2CA*54 2 Cd:| [2\/§A*ﬂ2c+ 2g*:| Hw*,2 o w*,lHVNXVE .

We assumed that:

Nl

0<c<e= (2038 [K. 1+ - il

Thus,
‘ Tl 2 ‘VK, < {2\/51\_*,820 + 29*] (0(2) - 02)71 ‘ w*? — ! ’VKXVH, . (4.27)
We have also the two inequalities
2 100, — w’.k’l ~ *,1
1y OW; ((‘01 v ) R op dw™
Z/QA(T ) o o deli—f—g/Q | | on dsdk
=1 ) (4.28)
+/ k (|gﬁ\ — |w*’1|) ds > Z (f,@—w*’l) .
w j=1
2 A 20 (P — w;*’Q A *,2
Z A(T*,Q)awl (’L )dsdlﬁ—l—g/(agp _‘311) )dsd/{,
; Q Ok Ok a \|Ok Ok
=1 ) (4.29)
4 [ Rigl = w2 ds > 3 (Fog - w?)
w j=1
We can take ¢ = w*? in (4.28) and ¢ = w*! in (4.29). Hence, we obtain
2 %1 0 A-—’wik’l *,2 O A»—wik’2
r 1y OW; (L‘OZ @ ) A2y OW; (% ‘ )
ZI/Q (A(T ) 5 o +A(T%) =L P dsdr > 0,
then
2 N *.1 (9 *,1 *,1 2
;/QA(T’) %(wl —w; ) dsdk
4.30
L o 0 (i) o
*, *, 3
<;/Q[A(T )~ A (1) 2 " dsd
As: A > A, > 0 and by Poincaré’s inequality, we find
2 0 2 1 2
A * *,1 *,1 7 - *, *,
;/QA (T1) P (wi —w; ) dsdr > A, [1+ (h)?] |w 2w 1||VN' (4.31)

Now, the analogous results of [3], is given by

*,1 *,2
b f’la(wf _w/)
v dsdk

A e

< \/5,6201‘\0 ||T*,2 _ T*’l

*2 *1||
v W w v
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Where, 3 > 0,C; > 0 and ¢ > 0 are respectively deduced from, the embedding of V in L*(w), the
assumption AisC '1-Lipschitz continuous function on R, and w*? € B,. Therefore

w2 —w* |, L, S V2BCRATT L+ (R)?] ef|T™ =T, (4.32)
And from (4.27), we deduce
(1= (2vaRgPe+297) (G — )T IVIBCRAT [T+ (1)) o) [T = 772, <0,
Assuming that
(1 - (2\@/\*620 + 29*) (2 — ) W2B2C A 1+ (1)) c) > 0.
We have
e A

Then T*! = T*2 a.e in V,. From (4.32), we conclure w*? = w*! a.e on V,, x V,, of uniqueness
(w*, T*) implies that of p*.
O
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