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A further result related to Briick conjecture and linear differential polynomial

Shubhashish Das

ABSTRACT: In connection to the conjecture of R. Briick we improve a uniqueness problem for entire function
that share a polynomial with linear differential polynomial.
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1. Introduction, Definitions and Results
For an entire function f, M(r, f) = ‘m‘ax |f(2)| denotes the mazimum modulus function of f. Then
Z|=Tr

the order o(f) and lower order A\(f) of f are defined respectively by

log log M loglog M
o(f) = limsup 8B MT L) 4 A(f) = lim ing 128108 M S
r—00 log r T—00 log r

Also the hyper order oo(f) and lower hyper order \o(f) of f are defined respectively by

o2(f) = limsup loglog log M(r f) and Ao(f) = liminf loglog log M(r, f)

00 log r r—00 logr

Let f,g and a be entire functions in the open complex plane C. If f — a and g — a have the same
set of zeros with the same multiplicities, then we say that f and g share the function a CM (counting
multiplicities). If, in particular, a is a constant, then we say that f and g share the value a CM.

In 1977 L. A Rubel and C. C. Yang [10] were the first to consider the relation between an entire
function f and its first derivative f/ when they share two finite values CM and proved the following
result.

Theorem 1.1 [10] Let f be a nonconstant entire function and a, b be two distinct complex numbers. If
f and f) share the values a,b CM, then f = f(U.

This work of Rubel and Yang inspired a lot of researchers and initiated a stream of research on a new
branch of uniqueness theory. In this direction, in 1996 R. Briick [2] proposed the following conjecture.
Briick’s Conjecture: Let f be a nonconstant entire function such that o2(f) < oo and oo(f) ¢ N. If
f and f() share a finite value a CM, then f() —a = ¢(f — a), where ¢ is a nonzero constant.

The conjecture for a = 0, Briick himself resolved it, but the case a # 0 is not completely resolved in
its full generality.

For an entire function of finite order, G. G. Gundersen and L. Z. Yang [5] generalised the conjecture
in the following manner.

Theorem 1.2 [5] Let f be a nonconstant entire function of finite order. If f and ) share one finite
value a CM, then f() —a = c(f — a) for some nonzero constant c.
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For an entire function of finite order, L. Z. Yang [12] and J. P. Wang [11] resolved and generalised
Briick conjecture for higher order derivatives and proved the following results.

Theorem 1.3 [12] Let f be a nonconstant entire function of finite order. If f and f*) share one finite
value a CM, then f*) —a = c(f — a) for some nonzero constant ¢ and k(> 1) is an integer.

Theorem 1.4 [11] Let f be a nonconstant entire function of finite order and a be a nonconstant poly-
nomial. If f and f*) share a CM, then f*) —a = c(f — a) for some nonzero constant ¢ and k(> 1) is
an integer.

Afterwards Z. X. Chen and K. H. Shon [3] and I. Lahiri and S. Das [6] extended Theorem 1.2 to a
class of entire functions of unrestricted order and proved the following theorems.

Theorem 1.5 [3] Let f be a nonconstant entire function with oo(f) < 5. If f and fY share a finite
value a CM, then fY) —a = ¢(f — a), where ¢ is a nonzero constant.

Theorem 1.6 [6] Let f be a nonconstant entire function with As(f) < 3 and o2(f) < co. Suppose that

a = a(z) is a polynomial. If f and f*) share a CM, then f*) —a = ¢(f — a), where ¢ is a nonzero
constant and k(> 1) is an integer.

In the paper, the aim is to improve and generalise the above theorems by considering the following
problems:

(i) Replacement of shared value by shared polynomial;
(ii) Replacement of higher derivatives by linear differential polynomial with polynomial coefficients.

Let f be an entire function. We consider a differential polynomial of the form

L(f) = ap(2) P + apr () FP7D + -+ aa(2) fY + ao(2), (1.1)
where p is a positive integer and ag(z),a1(2), ..., ap(z) are polynomials.
_ ) o dega;—dega
Further, let x =1+ Olgjaécp Xj, where x; = max {4;7], P70}.

We now state the main result of the paper.

Theorem 1.7 Let f be a nonconstant entire function such that o(f) € [1,x], A2(f) < 3 and o2(f) < co.
Suppose that L(f) is given by (1.1).

If f and L(f) share a polynomial a = a(z) CM, then L(f) —a = ¢(f — a), where ¢ is a nonzero
constant.

If all a;(z)’s 1 <4 < p are constants, then we obtain the following corollary.

Corollary 1.1 Let f be a nonconstant entire function such that o(f) # 1, Aa(f) < % and o9(f) < co. If
f and L(f) share a polynomial a = a(z) CM, then L(f) — a = c(f — a), where ¢ is a nonzero constant.

The following examples show that the condition o(f) < 1 and o(f) > x in Theorem 1.7 is best
possible.

Example 1.1 Let f(2) = e* 4 z,a(z) = z and L(f) = f* —2f0) 4+ f. Then x =1+ 1r£1a§3{xj,0} =1
<<
and f and L(f) share z CM but L(f) — z = —2e*(f — z), where f satisfies o(f) = 1.

22
Example 1.2 [9] Let f = e~ = + 2%,a(z) = 2° and P(f) %if@) + 2fM 4 Lf. Then x = 1+

1121&2(3{)@‘,0} =2 and f and L(f) share z* CM but P(f)—z* = 2e= (f — 2%), where f satisfies o(f) =
<<
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2. Lemmas

In this section we present some necessary lemmas.
Lemma 2.1 {p.5 [7]} Let g: (0,400) = R and h : (0,+00) = R be monotone increasing functions such

that g(r) < h(r) outside of an exceptional set E of finite logarithmic measure. Then for any § > 1, there
exists R > 0 such that g(r) < h(r°) holds for r > R.

Lemma 2.2 {p.9 [7]} Let P(2) = bp2" 4 bp—12" "1+ + by (b, # 0) be a polynomial of degree n. Then
for every e(> 0) there exists R(> 0) such that for all |z| = r > R we get

(L= fbalr™ < [P(2)] < (L+ €)[balr™

Let f(2) = § anz™ be an entire function. Then the power series i |an |r™ converges for every r > 0
and so for anyng:i(\)/en r > 0, we have 7011%1{.10 |an|r™ = 0. Hence the mg;?mum term p(r, f) = max |an|r"
is well defined. Also we define v(r, f), the central index of f, as the greatest exponent m such that
w(r, f) = lam|r™.

Lemma 2.3 [8] For an entire function f

u(f) = timing 2270 g (F) = liming 1081087 S).

r—00 logr r—00 log r

Lemma 2.4 [4] For an entire function f
1 log 1
o(f) = timsup B0t oo () = lim sup 128108V )
r—00 logr r—00 logr

Lemma 2.5 {p.51 [7]} Let f be a transcendental entire function. Then there exists a set E C (1,00)
with finite logarithmic measure such that for |z| =r ¢ [0,1] U E and |f(z)] = M (r, f) we get

fB@) v(r, )\
) (”0“”{ : }

fork=1,2,3,...,n, where n is a positive integer.

Let h(z) be a nonconstant function subharmonic in the open complex plane C and let

A(r) = A(r,h) = inf h(z) and B(r) = B(r,h) = sup h(z).

|z|=r |z|=r

Then the order o(h) and the lower order A(h) of h are defined respectively by

log B(r, h
o(h) = limsup log B(r, h)
r—00 log r
and
A(h) = liminf M.
r—00 logr

The upper logarithmic density and the lower logarithmic density of E C [1,00) are respectively defined
by

" xE(t) dt
logdens(E) = lim sup flit
r—00 log r
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and

T xe(t) dt
logdens(E) = lim inf fi’f,

r—o0 logr

where xg be the chamctemstzc function of E.

The quantity lim " xs(t)
r—

J1
logdens(E) > 0, then E has infinite logarithmic measure.

S=~~dt defines the logarithmic measure of E. It is easy to note that if

Lemma 2.6 [1] Let h(z) be a nonconstant subharmonic function in the open complex plane C of lower
order \,0< A< 1. If A< B <1, then

logdens{r : A(r) > (cos Bm)B(r)} > 1 —

where A(r) = inf h(z) and B(r) = sup h(z).

|z|=r |z|=r
3. Proof of Theorem 1.7

Proof: Since f and L(f) share a CM, there exists an entire function A such that

Liﬁ_a @_ A (3.1)

If A is a constant, then the result holds clearly. So we suppose that A is a nonconstant entire function
and consider the following two cases.
Case 1. Let o(f) < co. Then from (3.1) we get that A is a polynomial.

Since o(f) & (1, ), then either o(f) <1 or o(f) > x.

If o(f) < 1, then (3.1) implies that A is a constant. So o(f) > x > 1 and therefore f is a transcendental
entire function.

Now we suppose that A is a nonconstant polynomial.

Again, for any z with |f(z)] = M(r, f) we get by Lemma2.2 (choosing € = 1)
al2) M(r,a) < %‘alrdega —0 (3.2)
)| = M(r, f) = M(r, [)

as r — 0o, where « is the leading coefficient of the polynomial a(z).
Now by Lemma 2.5 there exists E C [1,00) with finite logarithmic measure such that for |z| = r &
EU[0,1]) and |f(z)| = M(r, f) we get

19 _ (v DY L
) _( : > (14 0(1)), (3.3)

for j =1,2,...p, where p is a positive integer.
Now for all z with |z| =7 € FU(0,1] and |f(2)] = M(r, f) we get by (3.3)

L) = ag(z p a;(z vir.f) : )
- o<>+;]<>( DY o)

= a(z) + 22 V(r,f)p+zmzpj(l/(nf))j (1+ o) (3.0

Let d; = dega; for j =1,2,...,p. Since 0 = o(f) > 14+ %% for j =1,2,...,p— 1, we can choose
an € such that

1 d; —d
0 <e< min {(U—l)—FW}.
1<j<p 2 p—17
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Since o > 1+ L=% 4 ¢ for 1 < j < p, we get by Lemma 2.4, we get for all sufficiently large values of r

p—J
v(r, f) > r{ler;;jp +6}’ (3.5)

forj=1,2,...,p— 1.
So by Lemma 2.2 and (3.5) we get for all sufficiently large values of r and j =1,2,...,p—1

L& =i (u(r, Y|

(w(r, )P
Myr=d+p=i(y(p, f))~#=9)
Myridi—dptp—i—p+j—dj+dp—c(p—i)}

VANVAN

Myr=®=9) 50 as |z| = — oo,

where M7(> 0) is a suitable constant.
Hence

G (e, 1)) = o (vl 7). (3.6)

ap(z)
as r — oo.
By the similar argument, we can show that

ao(z) = o (ap(z) <V(2 ! )),,) , (3.7)
as r — OQ.

So for sufficiently large |z| = r ¢ E U [0,1] with |f(2)| = M (r, f) we get by (3.4), (3.6) and (3.7)
Lf(z)) _ ay(2) <V(T’ f)> (1+o(1)). (3.8)

From (3.1) we get

~

f) _
A f
—Q—

—

Now for all z with |z| =7 € FU[0,1] and |f(2)| = M(r, f), we get by (3.2), (3.8) and (3.9)

eA = a,(2) (”(’:f)>p(1+o(1)). (3.10)
Now from (3.10) we get for all large |2| = r & [0,1] U E with |f(z)| = M(r, f)
[A(z)] = [loget®)]
= [loga,(2) <”(’"Zf)>p +o(1)

= |logay(2) + plogv(r, f) — plogz| + o(1)
dplogr + plogv(r, f)+plogr + 8pw

<
< {dp + 2po + p}logr + 8pm. (3.11)

Also by Lemma2.2 (choosing e = 1) we obtain for all large |z| =r

1
Slalr®E A < JA(2)], (3.12)
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where « is the leading coefficient of A.

Now the equations (3.11) and (3.12) together imply deg A = 0 and so A is a constant, which is a
contradiction.
Case 2. Let o(f) = co. We now consider the following two subcases.
Subcase 2.1. Let A be a nonconstant polynomial. Then from (3.10) we get for all large |z| = r & [0, 1|JUFE
with |f(z)] = M(r, f)

|A(2)| < dplogr +plogv(r, f) + plogr + 8pm. (3.13)
Then from (3.12) and (3.13) we obtain for all large |z| = r ¢ [0,1] U E with |f(2)| = M(r, f)

deg A

1
§|a|r <dylogr +plogv(r, f) + plogr + 8pm. (3.14)

Hence by Lemma 2.1 for given §, 1 < § < % and (3.14), we get for all large values of r

1
§|a|rdeg’4 < plogu(r5,f) + (p+dp)dlogr + 8pm

and so

. 1 p+dpy)dlogr
rdeed (2|a| - (rdZiA) < plogw(r’®, f) + 8pr.

This implies deg A < dXa(f) < g < 3 <1, a contradiction. Therefore A is a constant.
Subcase 2.2. Let A be a transcendental entire function. Since for an entire function A(z), h(z) =
log |A(z)| is a subharmonic function in C, and also from (3.1) we get A(h) = A2(A4) < Xao(f) < 3.
Suppose that H = {r : A(r) > (cos fm)B(r)}, where A(r) = ‘zi‘n_fr log|f(2)|, B(r) = sup log|f(z)| and

|z|=r
B S (>\2(A)a %)
Then by Lemma?2.6 we see that logdens H > 0, i.e., H has infinite logarithmic measure. Also by
Lemma 2.2 for |z| = r € H\{[0,1] U E} with |f(z)| = M (r, f) we get

OGN
= (M) o, (3.15)

where k is a positive integer.
Now by (3.2), (3.10) and (3.15) we get for all large |z| = r € H\{[0,1] U E} with |f(z)| = M(r, f)

0 = ay(a) (22 1o

and so
AR = [loger®
vir, £)\*

= [logay,(2) <(2)> +o(1)

= |dplogz+plogv(r, f) — plog z| + o(1)

< dylogr+plogv(r, f) + plogr + 8pm

< 2proztH+L (3.16)
Now by Lemma?2.1, there exists a constant ¢, 0 < ¢ < 1 such that for all z satisfying |z|] = r €

H\{[0,1) U E} with |f(2)| = M(r, f), we have

(M(r, A))" < |A(2)]. (3.17)
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Now by (3.16) and (3.17), we get

(M(r, A))
W < 2]9 (318)
o : . (M(r,A))° :
This is impossible because A is transcendental and so TRl T oo as T = oo This proves the
/,10'
theorem. O
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