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Transitivity in QTAG-Modules: A study

Fahad Sikander* and Firdhousi Begum

ABSTRACT: In this paper, we explore the characteristics that ensure a QT AG-module M is transitive or
fully transitive, whenever Hg(M) is transitive or fully transitive for any ordinal 8. We extend the concept
of transitivity to incorporate strong transitivity and projective full transitivity for QTAG-modules, and prove
that a strongly transitive QT AG-module M is fully transitive. We also demonstrate that the full transitivity
of M is equivalent to the full transitivity, transitivity, and projective full transitivity of @; M for any index set
1. Finally, we pose some open problems for further research, including the characterization of projectively fully
transitive modules in terms of their endomorphism rings and the determination of the structure of projectively
fully transitive modules over certain classes of rings.

Key Words: QTAG Modules, h-pure submodule, h-reduced module, tansitive modules, fully transi-
tive modules.
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1. Introduction

Several concepts that were originally developed for groups, such as purity, projectivity, injectivity,
and height, have been extended to modules. However, to achieve results that are specific to groups and
not applicable to modules in general, certain conditions have been imposed either on modules or the
underlying rings. In this study, the condition was imposed on the modules such that every finitely gen-
erated submodule of any homomorphic image of the module is a direct sum of uniserial modules, while
the rings are associative with unity. With these conditions in place, several elegant results of groups can
be proven for QTAG-modules that are not true in general.

Transitivity for QT AG-modules, analogous to the transitivity of abelian groups, was defined by Sikan-
der [5] and Hasan [4]. Although some generalizations of transitivity and Ulm-supports were investigated,
still a large area remained unexplored. While QT AG-modules are not typically transitive or fully transi-
tive, it was found that h-reduced QT AG-modules exhibit both transitive and fully transitive properties.

The structure of the paper is outlined as follows:

Section 2 provides a brief review of QTAG-module theory and important related concepts. Section 3
focuses on investigating the conditions necessary for a QT AG-module M to be transitive or fully transi-
tive when Hg(M) is transitive or fully transitive. This analysis is performed for any arbitrary ordinal 5.
Furthermore, it is demonstrated that if M/Hg(M) is a direct sum of countably generated modules and
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Hpg(M) is fully transitive, then M is also fully transitive. This result holds true for transitivity when /3
is a countable ordinal.

Section 4 deals with the generalizations of the transitivity, where we study strong transitive modules
and projectively transitive modules. We establish that a QT AG-module M is fully transitive if it is
strongly transitive. Additionally, we demonstrate that for any index set I, the full transitivity of M is
equivalent to the full transitivity of @@ M, the transitivity of € M, and the projectively full transitivity

T T

of @ M.
T

2. Preliminaries

The investigation of the structure of QTAG-modules was initiated by Singh [11], and subsequent re-
search by Khan, Mehdi, Abbasi, among others, generalized various group concepts for the QTAG-modules
[7,9]. These scholars introduced various ideas and structures for QTAG-modules that were inspired by
group structures and yielded some exciting findings. However, several concepts still require further gen-
eralization for modules. In the present study, we aim to extend the scope of QTAG-module theory to
include full transitivity and projectively full transitivity. The literature on abelian p-groups has explored
various concepts of transitivity, as documented in [1] and [2]. This present study extends several findings
from the paper [1].

According to the definition provided by Singh [12], a module M over an associative ring R with
unity is classified as a QT AG-module if each finitely generated submodule of any homomorphic image
of M can be expressed as a direct sum of uniserial modules. It should be noted that all rings R under
consideration in this context are associative and have unity, and the modules M are regarded as unital
QT AG-modules. An element z € M is said to be uniform if 2R is a non-zero uniform module (and
thus uniserial). Furthermore, for any R-module M with a unique composition series, we use the notation
d(M) to represent its decomposition length. According to the paper by Khan [8], the exponent and
height of z in M are denoted by e(x) and Hs(x) respectively, and are defined as follows: e(x) = d(zR)
and Hys(x) =sup{d(yR/xzR) |y € M,z € yR, and y is uniform}.

The submodule of M generated by the elements of height at least k is denoted by Hy (M), while the
submodule of M generated by the elements of exponents at most k is denoted by H*(M). In particular,

o0
a module M is called h-divisible if M = M! = (| Hy(M), as defined in [7]. On the other hand, M
k=0

is referred to as h-reduced if it does not contain any h-divisible submodule. In other words, it does not
contain any element of infinite height. A QT AG-module M is called separable if its intersection with all
submodules of height at least one is zero. A submodule N of M is said to be o-pure if for every ordinal
B with § < o, we have Hg(M) NN = Hg(N) [10]. A QT AG-module M is transitive (fully transitive) if
for z,y € M such that U(z) < U(y), there exists an automorphism (endomorphism) f of M such that

f@)=y.
Throughout the paper we will use following abbreviation:

Countably Generated module CGmodule
Direct sum of countably generated modules DSCGmodule

3. Transitive QT AG-modules

Let M be a CG h-reduced QT AG- module. Then for any ordinal §, every automorphism of Hg(M)
is induced by an automorphism of M.
Now we may infer the following:
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Consider two isomorphic CG QT AG-modules M, M’ and an ordinal 3. Let x € M,y € M’ such that
Ulx) =Uy),T =2+ Hg(M),j =y + Hg(M'),d(zR) = n. If f is an isomorphism from Hg(M) onto
Hp(M') such that f(x1) = y1 then f extends to an isomorphism f of M onto M'with f(z) = y, here

af R Zg( 2R 2,
xlf{ yLR
To establish our main result, we must demonstrate the following lemmas:

Lemma 3.1 Let M be a QT AG-module and let 5 be an ordinal. If N is a h-pure submodule of Hg(M)

M K Hg(M
and if K is a submodule of M such that NN kJ(V ) , then K is B-pure in M.

Proof: Suppose the result holds good for all ordinals p < «, where < . If « is a limit ordinal
then Ho(K) = () (Hu(K)) = N (H,(M)NK) = () H.(M)NK) = Hy(M) N K. Therefore we
pn<ao pn<a pn<a

R
zy

M=K+ HgM),xr=y+zforsomey € K,z€ H3(M). Thusy=2—2€ Ho_1(M)NK = H,_1(K).
Now y; = a1 — 21 € KN Hg(M) = N, here d<yy§%) = d(;f;) = 1. Thus y; = ul,d<5f;> =1 and
u€ Hs(M)NK C Hy 1 (M)NK = Hy_1(K). Now 21 = y1 +u1 € Ho(K), therefore H,(M)NK =
H,(K). 0

may assume that o — 1 is defined. Let z € H,_1(M) and d = 1 for some z; € K. Since

Lemma 3.2 Let M be a QT AG-module such that M/Hg(M) is a DSCG-module and B is a countable
ordinal. Suppose Hg(M) is transitive and there is an automorphism f of M such that f(z) = f(y),
R R
whenever U(z) = U(y) and ©1 = y; where d Ir) g ) = = e(x + Hg(M)). Then M is
ILR ylﬂ
transitive.

Proof: Let z,y € M such that U(z) = U(y) and e(z + Hg(M)) = n. If d(jlz) =n = d(ny;)
1 1

then 1 € Hg(M) and U(z1) = U(y1). Since Hg(M) is transitive, there is an automorphism ¢ of
Hp(M) such that ¢(z1) = y1. Again

(0 is a DSCG module and 3 is a countable ordinal, therefore
_ - R
¢ can be extended to an automorphism ¢ of M. If ¢(z) = z and d(zZR> = n then 23 = y; and
1
U(z) = U(z) = U(y) because ¢ is an automorphism. Therefore z and y satisfy the conditions of the
statement and we have an automorphism f such that f(z) = y. If we put ¥ = f¢ then ¥ is an
automorphism such that ¥ (z) = y. O

Now we are able to prove the following :

Theorem 3.1 Let M be a QT AG-module and let 5 be a countable ordinal. If M/Hg(M) is a DSCG
modules and Hg(M) is transitive then M is transitive.

Proof: Let x,y € M such that U(z) = U(y) and e(x + Hg(M)) = e(Z) = n. By Lemma 3.2, 1 = 11

where d(ﬂ;) = al(y];'z = n. There is a h-pure and h-dense submodule N of Hg(M) such that
T1 Y1

1 =1y € N, and N is a DSCG module. We may select submodules P, @ of M such that x € P,y € @

M P Hg(M Hy(M
N =W %):%+%. By Lemma 3.1 I}If(P) :Afjﬂ(M)mQP =N =QnHz(M) = Hs(Q).

Since M is the DSCG submodules, Hg(P) = H(Q), NoF o0 ~ o and 3 is a countable ordinal,
B

the identity automorphism of N can be extended to an isomorphism ¢ from P onto Q. As P and @

are DSCG modules, with the help of ¢ we may decompose P and @ such that )P = P; + P»,Q =

and
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Q1+ Q2 € P,y € Q, (i) Pr ~ Q1 and P ~ @2 under the isomorphism ¢ (iii) Hg(P1) = Hg(Q1)
and Hg(P,) = Hp(Q2) (iv) g(P1) = g(Q1) < Ro.

Now for all @ < 8, Hy,(M)NP = H,(P) and H,(M)NQ = H,(Q) and z1 = y; where e(z+Hp(M)) =
e(y + Hg(M)) = n and the U-sequences of z and y in M are same. Therefore the U-sequences of x and
y are same in P and @ respectively. Since Hg(P1) = Hp(Q1) we extend this identity isomorphism to
obtain an isomorphism ¢ from P; onto @) such that ¢(z) = y. Again P, and Q2 are isomorphic DSCG
modules such that Hg(P;) = Hg(Q2) and 3 is a countable ordinal, therefore there is an isomorphism
1 : P, = Q2 such that the restriction of n on Hg(P,) is identity.

Now we define a map o(z+z) = ¢(z)+n(z) where z € P,z € P,. Now ¢ is an isomorphism from P onto
@ such that the restriction of o on Hg(P) is identity and Hg(P) = Hg(Q) = N such that o(z) = y. If we
define f : M — M such that f(u+ ) = o(u) +x for u € P and « € Hg(M) then f is an automorphism
and we are done. O

A QT AG-module M is fully transitive if for any =,y € M with U(z) < U(y), there exists an endomor-
phism f of M such that f(x) = y. This motivates us to define a system of fully transitive modules. Here
we define and characterize these systems.

Now we need the following:

Theorem 3.2 A QTAG-module M is fully transitive if and only if its h-reduced submodule is fully
transitive.

Proof: If M is fully transitive, then its h-reduced submodule is also fully transitive.

For the converse we express M as the direct sum of a h-divisible submodule D and h-reduced
submodule N ie. M = N @& D. Let z,y( 0) € M such that U(z) < U(y). We may write
rT=x1+ T2,y =y1 +¥y2,21,y1 € N,x2,y2 € D. Now there may be four cases.

Case(i) x1,y1 # 0, thus U(x) = U(z1),U(y) = U(yr) i.e. U(xy) < U(y1). Therefore there exists an
endomorphism ¢ of N such that ¢(z1) = x5. Now this ¢ can be extended to an endomorphism ¢ of M
such that ¢(z) = ¢(2) if z € N and ¢(2) = 0 if z € D.

Case(ii) x1 # 0,y1 = 0. We may define a map ¢ : xR — D such that ¢(z) = y. Let p: xR — M be
an embedding. Being h-divisible D is injective, therefore there exists a homomorphism ¢ : M — D such
that ¥p = ¢ i.e. P(x) =y.

Case(iii) x1 = 0,y1 # 0 is not possible as U(x1) < U(y1).

Case(iv) z1,y1 = 01i.e. x,y € D. Therefore zR,yR are the submodules of D. Consider the homomor-
phism ¢ : R — yR such that ¢(z) = y and the embedding o : *R — D. Since D is h-divisible it is
injective and there exists an endomorphism v of D such that 9o = ¢. This ¢ can be extended to an
endomorphism of M. Therefore M is fully transitive. O

Now we define the following:

Definition 3.1 A family of QT AG-modules {M;}icr is said to be fully transitive if for each pair of
modules M;, M; and x € M;, y € M;,U(z) < U(y), there exists a homomorphism f from M; into M;
mapping T onto y.

Definition 3.2 A system of QT AG-modules {M;};cr satisfies the monotonicity condition if for each
nonzero element x; € M; the relations

(1) inf(U(zi1)yneen U(zir)) < Ul(x;) where xy € My il € I, 1=1,...k il #it if t #i

(i6)U(z;) 2 U(zy) for alll =1,...5 imply the existence of the elements xj,, .....x;, € M; such that

(1) Tj1+ oo + T = T

(2) For each element xj, (k=1,2,...,t), there exists an element x;,, (u =1,2,...k) such that U(z;,) <
U(x]k)

Now we are able to prove the following:
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Theorem 3.3 Let M be a QT AG-module which is the direct sum of QT AG-modules M; such that M =

@ M;. Then M is fully transitive if and only if the system of modules {M;} is fully transitive and satisfies
icl
the monotonicity condition.

Proof: Let M be a fully transitive QT AG-module. Consider any two arbitrary modules M;, M; from
the system and x; € M;, x; € M; such that H(z;) < H(z;). If p;, p; are the injective maps from M;,
M; into M then H(p;z;) < H(p;x;). Since M is fully transitive there exists an endomorphism ¢ of M
such that ¢(pizi) = (dpi)xi = pj;.

If m; : M — Mj is the projection map then (m;¢p;)x; = 7jpjz; = ;. In order to prove the monotonicity
condition consider a nonzero element z; € M; such that inf(U(xi1, zi2, ....xi)) < Ulxj), U(z;) # Ulxy)
for all k = 1,2,...t. For every k consider the injective maps p;r : My, — M and p; : M; — M. Then
U(pir(xi1) + oo + pir(zi)) < U(pj(x;)). Since M is fully transitive, there exists an endomorphism ¢
of M such that ¢(pi1(zi1) + -.... + pit(xir)) = pjzj. By operating the projection map 7; : M — M;
we get (mjppi)Tin + ... + (mjppi)Tie = x;. Suppose ;i = (mppir)Tik for all k = 1,2....t. Then
z; = xj1 + ... + x5 and for each element x;;, there exists ;5 such that U(zi) < U(zji).

For the converse let z,y € M with U(z) < U(y). Suppose & = x;1 + ...... + Tim, ¥ = Yj1 + -+ Yjn
where x;; € My, yjr € Mj. If for y;, there exists x; such that U(yjk) > U(z;) then there exists
a homomorphism ¢y, : M;; — M, such that ¥y (z;) = y,x because the system is fully transitive. We
define ¢, = vYrm;; where 7y is the projection of M onto M;;. Suppose there is no element x;; such
that U(y;x) > U(xs). Since U(y;r) > infU(xi) and the system satisfies monotonicity condition there
exist elements yjr, € Mj ) such that y;i, = yjr1 + .... + Y. and for each y,i, there are x4, such that
U(Yjku) > U(xity). Now the full transitivity of the system {M;} ensures the existence of Vi, : Mjp, — My,
such that Yy, (Tite) = Yjru and Y1 (@ie1) 4 ... + V(i) = yjr. Then ¢p(x) = Y1 (@ier) + o + Yrr(Tin)
where ¢ = Yp1mit1 + oove + Ypmig. Therefore ¢p(z) = y;, and ¢ = > ¢y is the required homomorphism
such that ¢(x) = y. O

4. Some Generalizations of Transitivity

Ayaz [4] defined strongly transitive modules and proved some interesting results. We start by recalling
the definition and a basic result.

Definition 4.1 A QT AG-module M is called strongly transitive if for each pair of elements x,y € M
with U(xz) = U(y), there is an endomorphism f of M such that f(x) =y.

We shall use the following lemma proved by Ayaz [4].

Lemma 4.1 Let M be a QT AG-module such that for all z,y € M with y € Soc(M) and U(x) < U(y).
If there is an endomorphism f of M mapping x onto y, then M 1is fully transitive.

Proposition 4.1 A QT AG module M is fully transitive if and only if it is strongly transitive.

Proof: Suppose M is strongly transitive and z,y € M with U(z) < U(y). By Lemma 4.1, without loss
of generality we may assume y € Soc(M). If U(x) = U(y) then there exists an endomorphism ¢ of M
such that ¢(z) = y. Therefore we assume that U(x) < U(y). If H(z) < H(y) then H(x) = H(z +y) and
U(x) = U(x+vy), therefore there exists an endomorphism ¢ of M with ¢(x) = z+y. Thus ¢—1Ip; = 1 is the
endomorphism of M, mapping z onto y. If z € Soc(M) and U(x) < U(y) then H(z) < H(y). Therefore
we assume that x ¢ Soc(M), y € Soc(M) and H(z) = H(y). If H(z) = H(z + y) we may take z = y. If
H(z) < H(zx+y) we may put z = y+y and we have H(y) = H(z) and H(z+2) = H((z+y)+vy) = H(y)
because H(y) = H(x) < H(z + y). Thus we find z € Soc(M) with H(y) = H(z), H(z) = H(z + z) and
U(x) =U(x+2), U(y) = U(z) therefore there exist endomorphisms ¢ and ¢ of M such that ¢(z) = x4+ 2
and ¥ (z) =y and ¥ (¢ — Ipy) maps x onto y as required.

Converse is trivial.
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Od

Now we generalize the concept of full transitivity to projective full transitivity and strong projective
full transitivity.

Definition 4.2 A QT AG-module M is said to be projectively fully transitive if for z,y € M with
U(z) < Uly), there exists an idempotent (projection) endomorphism f of M such that f(z) = y.

Now we prove some basic results on projective full transitivity.

Proposition 4.2 If My, Ms are projectively fully transitive modules and {My, Ms} is a fully transitive
pair then My & My is a projectively fully transitive modules.

Proof: Let M = M; & M, and z,y € M with U(z) < U(y) and let = (z1,22), y = (y1,42) € M1 ® M,
with e(y) = 1. We may assume that Has(x1) = Hpy, (21). Now we have Upy, (1) < Un(y) < Ung, (y2)-
Since { M7, Ms} is a fully transitive pair , there is a homomorphism ¢ : My — M; such that ¢(z1) = ys.
Also e(y; — 1) = e(xy) thus Upy (21) < Upy (y1 — x1). Again My is a projectively fully transitive
module, there exists a projection ¢ of M; with ¢ (z1) = y1 — 21 Now A:( qé) 8 ) and B:( (1) f)) )
are endomorphism of M such that A + B maps (z1,z2) onto (y1,y=2). Since the injective map from the

ring of endomomorphism of M; into the ring of endomorphism of M is a homomorphism, ( 1(/)) 8 ) and

( (1) ((Z)S > are the projections of M. Thus the result is true when e(y) =1

Now we suppose that the result holds for all y with e(y) = n. Consider y € M such that e(y) = n+1. Let

d( x/];) = d( y/];) =1, e(y) <nand U(z') <U(y'"). Therefore there exists a projection ¢ of M with
x y

o(z') =y'. If we put 2 =y — ¢(x) then z € Soc(M) and U(z) < U(z). Hence there exists a projection v

of M with ¥(x) = z. Now ¢ + ¢ is also a projection of M and (¢ + ¥)(x) = ¢(z) + (y — ¢(z)) = y and

we are done. O

Proposition 4.3 Let N be a h-divisible QT AG module and let K be a h-reduced QT AG module. If
M = N & K is projectively fully transitive then so is K.

Proof: Let z,y € K such that U(z) < U(y). Then U(0,z) < U(0,y). Therefore there exists a projection
¢ @2
0 ¢3

Now the diagonal entries ¢1,¢3 are projections of N and K respectively. Therefore any product of
idempotent matrices have idempotent diagonal entries, thus ¢3 is also a projection( idempotent) of K
such that ¢3(x) =y and K is projectively fully transitive. O

¢ of M with ¢(0,x) = (0,y). Suppose the matrix representation of ¢ is which is idempotent.

Since h-divisible QT AG-modules are projectively fully transitive we conclude the following:

Theorem 4.1 Let M = N @& K where N is h-divisible and K is h-reduced. Then M 1is projectively
fully transitive if and only if K s projectively fully transitive

Now we investigate the relation between different transitivities.

Theorem 4.2 Let I be an index set such that |I| > 1. Then the following are equivalent.
(1) M is fully transitive.

(it) @ M is fully transitive.
T

(7it) @ M is transitive
T
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(iv) @ M is projectively fully transitive
T

Proof: Ayaz [4] proved the following equivalent conditions (a) for all ordinals 8, @ M is fully transitive.
B
(b) for some 8 > 0, @ M is fully transitive. (c) for all 5 > 1, @ M is transitive. (d) for some 5 > 1, P M
B B B

is transitive. Now the equivalence of (i) and (ii) follows from the above result. Similarly the equivalence
of (ii) and (iii) is also implied by this result. We have to show the equivalence of (ii) and (iv). Since
projectively fully transitive module is always fully transitive (iv) implies (ii).

For the converse if @ M is fully transitive, then the ring of endomorphism of EB M is isomorphic to
the ring of 2x2 matrlceb over E(M). Hence every endomorphism of EBM is a pI"OJeCtIOn and @M is

projectively fully transitive. O
Following are the immediate consequences of the above result.

Corollary 4.1 If M is projectively fully transitive, then for every ordinal 8, @ M is projectively fully
B

transitive.

Remark 4.1 A direct summand of a projectively fully transitive module need not be a fully transitive
module.

Socle regularity was defined in [6]. A QT AG module M is socle regular if for every fully invariant
submodule N of M, there exists an ordinal « such that Soc(N) = Soc(H.(M)). This concept was
extended by the same authors. A QT AG-module M is said to be projectively socle regular if for every
projection invariant submodule N of M, there exists an ordinal « such that Soc(N) = Soc(Hy(M). Now
we establish the relation between projective socle regularity and projective full transitivity.

Proposition 4.4 If M is projectively fully transitive then M is projectively socle regular.

Proof: Let N be an arbitrary projection invariant submodule of M and o = min{H;(z) |x € Soc(N)}.
Thus Soc(N) C SocH,(M). Let y € Soc(N) such that Hy(y) = o Then U(y) = (o, 00,00, ....). Now
for any z € Soc(Ho(M)), Hy(2) > «, therefore U(z) = (8, 00,00, .....) where § > o hence U(y) < U(z).
Since M is projectively fully transitive there exists a projection ¢ of M such that ¢(y) = z. Since N is
projection invariant ¢(y) € Soc(N) thus Soc(H, (M) C Soc(N) and M is projectively socle regular. O

Proposition 4.5 If M is projectively fully transitive then Hg(M) is also projectively fully transitive for
all ordinals .

Proof: Let z,y € Hg(M) with Ug,nr)(z) < Uny(an(y). Then Uns(z) < Up(y). Therefore there exists
an idempotent endomorphism ¢ of M such that ¢(x) = y. Thus the restriction of ¢ on Hg(M) is also
idempotent i.e. ¢|Hg(M) is a projection of Hg(M) and we are done. O

Proposition 4.6 A QT AG-module M is projectively fully transitive if Hy(M) is projectively fully tran-
sitive, for some k < w.

Proof: Let N = H;(M) and z,y € H,(M) with Uy (z) < Upm(y). Now N = H(M) and H,(N) =
H,(M). Consider Uy(z) = (g, a1,....), a; > w as € H,(N). Now H,,(M) = H,,(N), therefore
Un(z) < Un(y). By assumption N is projectively fully transitive, there is a projection ¢ of N with
¢(x) = y. Since every idempotent of N lifts to an idempotent of M, therefore every projection of N lifts
to a projection of M. Consequently ¢ lifts to a projection ¢ of M with ¢ (z) = y and we are done. O

To extend these results to some specific situations we need the following :
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Lemma 4.2 A QT AG-module M is projectively fully transitive if M /H,,(M) is a direct sum of uniserial
modules and H,, (M) is projectively fully transitive.

Proof: Let x,y € H,(M) with Uy (z) < Un(y). Now for any x € Hy (M), w+ Hy, uy(x) = Huy(x),
therefore Uy, (ar)(z) < Ug,, () (y) and there exists a projection ¢ of H, (M) with ¢(x) = y. Since every
idempotent endomorphism of H, (M) lifts to an idempotent endomorphism of M, the mapping ¢ lifts to
a projection ¥ of M such that 1 (z) = y. By the above arguments M is projectively fully transitive and
we are done. O

We examine the situation by imposing the resrtiction on M/H,(M). We investigate the case when
M/H, (M) is totally projective.

Theorem 4.3 Let a be an ordinal such that o < w? and M/H,(M) is totally projective. If H,(M) is
projectively fully transitive then M is also projectively fully transitive.

Proof:

If @ < w then by Proposition 4.6 and Lemma 4.2 the result holds.
We assume that the result holds for all the ordinals < a. There may be two cases.
Case(i) « is a limit ordinal cofinal with w. Now a = w + § for some 5. If N = Hg(M) then
Hw]\(]N)g Zj E%; which is totally pro-
jective. Now by Lemma 4.2 N = Hg(M) is projectively fully transitive. Since M/Hg(M) is totally
projective and 8 < «, inductively M is projectively fully transitive.

H,(N) = H,(M) which is projectively fully transitive. Now

Case(ii) a = 8+ 1 for some 3. If N = Hg(M) then Hi(N) = H,(M) is projectively fully transi-
M M/HJ(M)
Hp(M)— Hg(M)/Ha(M)

tive. Now by Proposition 4.6 Hg(M) is projectively fully transitive. Since

M/H,(M) : " . . . o
———————~— hence M/Hg(M) is totally projective. Therefore inductively M is projectively fully
Hy(M/H, (M)) b
transitive. O

The following example help to understand this theorem in an easy way:

Example 4.1 Let R = Z/2Z and M = R¥ be the direct sum of countably many copies of R. Then M
is a QTAG-module. We claim that M is projectively fully transitive. To see this, note that Ho(M) =0
for all a« < w?, since M has no nonzero finitely generated submodules. Thus, we only need to show that
M/H,(M) is a direct sum of uniserial modules and that H,,(M) is projectively fully transitive.

Since M/H,, (M) is a direct sum of copies of R, which is uniserial, it follows that M/H,(M) is a
direct sum of uniserial modules.

Now consider H,(M). We claim that H,(M) = 0, which would imply that H,, (M) is projectively
fully transitive vacuously. To see this, suppose for contradiction that H,(M) # 0, and let N be a
nonzero submodule of H,,(M). Then N is a direct summand of M, so we can write M = N @ P for
some submodule P. But then H,(M) = H,(N)® H,(P). Since H,(N) is a direct sum of copies of
R, it follows that H,(N) is not projectively fully transitive by Remark 4.1. Thus, H,(P) # 0, so we
can write P = Q @ R for some submodule @ and R such that H,(Q) = 0 and H,(R) # 0. But then
H,(M)=H,(N)® H,(Q)® H,(R), contradicting the fact that H,,(M) is a direct sum of copies of R.
Therefore, H,,(M) =0, and so M is projectively fully transitive. Thus, by Lemma 4.2 and Theorem 4.3,
M s projectively fully transitive.

Following Corollary is a significant consequence of the Theorem 4.3:



TRANSITIVITY IN QTAG-MODULES: A STUDY 9

Corollary 4.2 If M is a totally projective QT AG- module of length < w?, then M is projectively fully
transitive and if o is cofinal with w and M is an a-module of length o < w?, then M is projectively fully
transitive.

Proof: If M is totally projective module of length < w?, then the result follows from Theorem 4.3. If M
is of length w?, then M is a direct sum of totally projective modules of length < w? and we may express
M = @ M; such that the length of each M; is less than w?. If 2,y € M such that Uy (z) < Up(y)
iel
then z,y € N where N = @ M;; and Un(z) = Un(2)< Um(y) = Un(y). Since each M;; is totally
j=1

projective of length < w?, each M;; is projectively fully transitive. Now for any i;, i the sum M;; & My,
is totally projective hence fullytransitive i.e. {M;;, M, } is a fully transitive pair and by Proposition 4.2
M;; @ My, is projectively fully transitive. Inductively IV is projectively fully transitive and we have a
projection ¢ of N such that ¢(z) = y. Now M can be expressed as M = N @ K and by putting ¥ = ¢+0
we have a projection ¥ of M which maps z onto y and the first part of the result follows.

Now for the second part consider an a-module M of length o which is cofinal with w and z,y € M
such that U(z) < U(y). If N = xR+ yR then N is finitely generated and « is a limit ordinal, then there
exists an ordinal 8 < « such that N N Hg(M) = 0 and M can be decomposed as M = T & K where T
is totally projective of length , o and «,y € T. Since Ur(z) = Up(2)< Upn(y) = Ur(y) and by first part
T is projectively fully transitive, we have a projection ¢ of T with ¢(x) = y. By the same argument of
part (i) we may define a projection ¢ (= ¢ + 0) of M with ¢(x) = y and we are done. O

5. Conclusion

In this research paper, we have explored different types of transitivities for QT'AG-modules and their
relations. We started by defining fully transitive and strongly transitive modules, and proved that they
are equivalent concepts.

We then introduced projective full transitivity and showed how they are related to fully transitive
modules. In particular, we proved that the direct sum of projectively fully transitive modules is also
projectively fully transitive.

Finally, we investigated the relation between different types of transitivities for direct sums of mod-
ules. We proved that a direct sum of fully transitive modules is fully transitive, and that a direct sum of
projectively fully transitive modules is projectively fully transitive. Moreover, we showed that if one of
the summands is projectively fully transitive, then the direct sum is transitive.

In conclusion, the results obtained in this research paper provide a deeper understanding of the dif-
ferent types of transitivities for QT AG-modules and their interrelations. These results can be useful in
further investigations of the algebraic structures and properties of QT AG-modules.

6. Open Problems

The above results on projective full transitivity and projective socle regularity of QTAG-modules
provide us with a deeper understanding of these modules and their properties. However, there are still
many open problems in this area that require further investigation. Here, we present two concrete open
problems that arise from these results and could lead to significant developments in the study of QTAG-
modules.

Problem 1 Investigate the relationship between projective full transitivity and other important module
properties, such as projective uniformity, projective injectivity, and projective flatness. Can we charac-
terize these properties in terms of projective full transitivity?
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Problem 2 Find conditions under which projective full transitivity is preserved under module exten-
sions and direct sums. In particular, can we show that the direct sum of two projectively fully transitive
modules is also projectively fully transitive? What about module extensions, i.e., if N is a submodule of
M and both N and M/N are projectively fully transitive, is M also projectively fully transitive?
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