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A class of fractional differential history-dependent hemivariational inequalities with
application to thermo-viscoelastic contact problem
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ABSTRACT: The aim of this work is to study a class of fractional differential history-dependent hemivariational
inequalities and to provide an example of application in thermo-viscoelasticity. Using the Rothe method and

the subjectivity property of multivalued pseudomonotone operators, we first prove existence of a solution. The

proof is based on a fixed point argument and a recent finding from hemivariational inequalities theory. Then,

we apply the obtained abstract results to a nonlinear thermo-viscoelastic contact problem with a history-
dependent with fractional time Kelvin-Voiget constitution law and adhesion.
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1. Introduction

In recent years, a few researchers have used fractional calculus as a means of describing natural
phenomena in different fields such as physics, biology, finance, economics and bioengineering, giving an
accurate representation of some real wonders of viscoelastic materials, as for instance, materials with
partial Kelvin-Voigt constitutive laws. For more details about such models, we refer to [16,17] and, for
their mathematical analysis and applied developments, we refer to [3,8] and the reference therein.

The differential hemivariational inequalities are a powerful mathematical tool to represent boundary
value problems modelling many physical phenomena, like frictional contact problems, see for exemple [7]
and the reference therein. We recall that hemivariational inequalities theory has recently played an im-
portant role in the study of nonlinear problems arising in contact mechanics, economics, and engineering,
see e.g., [19]. The notion of hemivariational inequalities has been introduced first by Panagiotopouls, as
a useful generalization of variational inequalities in 1980, see [20,21]. It is based on Clarke’s subdiffer-
ential of locally Lipschitz function, see e.g., [22] and the reference therein. Moreover, the current paper
aims to apply hemivariational inequalities to contact problems for the particular class of materials whose
constitutive law is described by history-dependent operators, see e.g., [6,13,15] and reference therein.

In addition, from a mathematical point of view, models characterising a class of fractional differential
hemivariational inequalities is recent, see e.g., [2,5]. Then, the first novelty of the current paper is to
extend such models to the class of fractional differential history-dependent hemivariational inequalities.
The second novelty consists in the mathematical analysis of a fractional differential history-dependent
hemivariational inequalities arising in thermo-viscoelastic contact problem with a conductive foundation,
long memory effects, and adhesion.

The paper is organized as follows. In Section 2, we state the fractional differential history-dependent
hemivariational problem and we state its unique solvability result. In Section 3, we investigate a static
frictional contact problem with unilateral constraints. long memory effects, and adhesion between a
thermo-viscoelastic body and a conductive foundation. We derive the variational formulation of this
problem which is of the form of differential history-dependent hemivariational inequalities for which we
apply the obtained abstract results.
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2. Abstract fractional differential history-dependent hemivariational inequalities

In this part, we investigate the Roth technique and provide a theoretical solution for a class of fractional
differential history-dependent hemivariational inequalities by using the surjectivity result for multivalued
pseudomonotone operators. Everywhere below, let T > 0 and let (V, || |v), (X, | - |lx) and (Y, ]| - ||y) be
reflexive Banach spaces. Moreover, let V* be the dual space of V' and (-,-) denotes the duality pairing
between V* and V. The symbols ”"—” and ”—” denote the weak and the strong convergence in all used
spaces. Then, with the previous data, we consider the following fractional differential history-dependent
hemivariational inequalities problem.

Problem (P1). Findu € AC(0,T;V) and A € WY2(0,T;Y) such that
(A(§Dfu(t)) + Bu(t) + (Ru)(t),v) + j°(A(t), Mu(t); Mv) = (f(t),v),
N(t) = F(t, Mu(t), \(t)), forallveV ae. te(0,T), (2.1)
)\(0) = )\07 U(O) = Up

where §Du(t) is the Caputo derivative of u(t) at order o € (0,1) defined by

1

cDu(t) = oI ' (t) = o /O (t—s)"%u (s)ds

for a.e. t € (0,T), where the operator oI*w is the a-ordre time fractional integral of w(t) in the sense of
Riemann-Liouville and where T" is the Gamma function, for more details, we refer to [2,5]. Next, let us
consider an operator R : C(0,T;V) — C(0,T;V*) defined as follows

(Ru)(t) = E(as + /0 q(t, s)u(s)ds) for t e [0, (2.2)

where £ : V. — V* ¢ : [0,t] x [0,t] — L(V,V) and as € V. Moreover, let j°(u;v) represent the
generalized directional derivative of j at the point u in the direction v. Consider v € AC(0,T;V) a
solution to Problem (P1) and w = §Dju its Caputo derivative, then from [2, Proposition 3(b)], we have

uw(t) = olfw(t) +ug for a.e. te(0,T).

The previous Problem (P1) can be reformulated as follows.

Problem (P2). Findw € L'(0,T;V) and A\ € WY2(0,T;Y) such that

(A(w(®)) + Blolfw(t) + uo) + R(o I w(t) + uo), v)

+50(A(t), M (o Ifw(t) + up); Mv) > (f(t),v) for allv eV ae. te (0,T), (2.3)
N(t) = F(t, M(oIfw(t) + up), A(t)) forallt e (0,T),
A0) = Ao
Furthermore, we consider the following inclusion problem
Problem (P3). Find w € L*(0,T;V) and A € W42(0,T;Y) such that
A(w(t)) + BloIfw(t) + uo) + Ro I w(t) + uo) + M*0j(A(t), M (oI w(t) + uo)) 2 f(t),
N (t) = F(t, M(oIpw(t) + ug), A(t)) for allv € V a.e. t € (0,T), (2.4)

where 9j(u) is the generalized Clarke’s gradient of j at u. Before stating our main result, we assume

(H1) The mapping F : [0,7] x X XY — Y satisfies
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(i) for all (z,y) € X x Y, the function t — F(t,x,y) is measurable on [0, 7],
(7i) there exists a constant Lg > 0 such that
[F(t, 21, 91) — F(t, 22, y2)[[x < Lp (lzr — 22l x + [[y1 — v2(lv),
for all t € [0,T] and all (z1,y1), (x2,y2) € X XY,
(i) the function t — F(t,0,0) belongs to L*([0,T];Y).
(Hz2) The operator A : V — V* satisfies
(i) AeL(V,V"),
(i) (Av,v) > mav|?.

(H3) The operator B : V — V* satisfies
Be L(V,V*).

(H4) The operator E : V — V* satisfies
EeL(V,V").

(Hs) The function ¢ : [0,7] x [0,T] — L(V, V) satisfies
la(t1, ) — (b2, )|l < Lylts — Lol
(Hg) The function j : Y x X — R satisfies
(i) the function j : x — j(y, ) is locally Lipschitz, for all y € Y
(7) there exist positive constants c;, such that, for all z € X, y € Y we have
107 (y, )| < ¢;(1+ [lzllv).
(ii1) (y,z) — 7°(y,z,v) is upper-semicontinous on Y x X.
(H7) The element f satisfies f € L>=(0,7;V*).
(Hg) The operator M € L(V, X) is linear continuous and compact.
Now, let N € N* be fixed, and consider 7 = %, tr, = k7 and f* defined by
AL
fk= f/ f(s)ds, for k=1,..,N.
T Jo_,
Consider the corresponding discretized issue to System 2.4 called Rothe problem.
Problem (P4). Find {w*}Y_ CcV and A\, € WY2(0,T;Y) such that
AwF + BuF +7F + 050\ (tr), Mub) 5 fF, for k=1,..N,

A (t) = F(t, M, A\ (t)), forall te (0,T)
where

wil(k —j+1)% = (k= )]

k
=1

uf = JriTa
T T Da+1)

J

N .

Z X(ti—l»ti)(t)u:'_l’ 0<t<T
i=1

Ugp, t=20

k t; ]

rk = E(Z/ q(tr, s)ulds + ag).
j=17ti-1

To begin with, we will demonstrate the existence of solution to Problem (P4).

(2.5)

(2.10)

(2.11)
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Lemma 2.1 Assume assumptions (H1)-(Hs) hold. Then, there exist o > 0 such that for all T € (0,70),
Problem (P4) has a unique solution.

Proof: Let w?,...,w" ! be given, we will prove that there exists w® € V, A, € WH%(0,t,;Y) such
that (2.7) is verified. Using similar techniques as in [2, Lemma 14], we prove that there exists a unique
solution A\, € W12(0,¢,;Y) such that (2.8) hold. It stays to prove that there exist element w™ € V such
that (2.7) hold. To this end, let us denote

(0%

n—1
I e O
Vo u0+r(a+1);wr[(n JHD*= (-7, « FatD)

(0%

(2.12)

Then, we will show the surjectivity of the following multivalued operator

tk
V 3v— Av+ B(vg + cov) + E(/ q(tx, s)(vo + cov)ds) + M*0j(Ar(tn), M (vo + cv)) C V*. (2.13)

th—1

From hypotheses (H2), (H3) and (H4), we deduce that the operator

tr
V 3v— Av+ B(vg + cov) + E(/ q(tx, s)(vo + cov)ds) € V* (2.14)

te—1

is bounded, continue and for all u,v € V', we have

23
(Av + B(vg + cov) + E(/ q(tx, 8)(vo + cov)ds) — Au — B(vg + cou)

tr—1

- E(/ ) q(tx, s)(vo + cou)ds), v — u)

th—1

= (Av — Au,v — u) + (B(vp + cov) — B(vg + cou), v — u)

tr ti
+ (E(/ q(te, s)(vo + cov)ds) — E(/ q(tr, s)(vo + cou)ds), v — u).
te—1 th—1
Let us consider cg = [|E|| and ¢; = max, scjo,1) [|¢(Z, 5)[|. Then, for all u,v € V, we obtain

ty
(Av + B(vg + cov) + E(/ q(t, s)(vo + cov)ds) — Au — B(vg + cou)

te—1

_ E(/ ' q(tx, s)(vo + cou)ds),v — u)

te—1

> (ma — coll Bll - eiegeo)llo — ull.
In addition, it comes from hypotheses (Hg), (Hs) and [11, Proposition 4] that
Vov— M*0j(\:(tn), M(vg + cov) C V*
is pseudomonotone operator, such that for all v € V', one has
|07 (Ar (£0), M (w0 + cov)]| < cocs IM2][o] + 1ML+ [ M]][[oo])):

mal'(1+a)

1
NeXt, we choose T0 = (W) @ to get

tk
L:v— Av+ B(vg + ¢ov) +E(/ q(tr, s)(vo + cov)ds)

th—1



FRACTIONAL HISTORY-DEPENDENT HEMIVARIATIONAL INEQUALITIES WITH APPLICATION 5

is strongly monotone operator, and for all 7 € (0, 7y), we have
col| B]| + crcqco + coci||M||* < ma.

Finally, using [2, Corallary 7], we find that L is surjective and hence Lemma 2.1 is established.

Next, we establish the estimate for a solution of Problem (P4).

Lemma 2.2 Assume hypotheses of Lemma 2.1 hold. Then, there exists 79 > 0 and C' > 0 independent
of T, such that for all 7 € (0,79), the solution to Problem (P4) satisfies

k k k
< < < .
k:HllaXN ozl <€, k:Hll,E.l.)jN lurll < €, k:Hll,E.l.%N 7= ¢ (2.15)

where UF € 95(\(tr), M(u¥)) and

T

Awk 4+ BuF 0k 4 MO = fF for k=1,..,N. (2.16)

Proof: We first take & = n in the relation (2.7) to obtain

(Aw?, wi) + (Buy, wi) + (U7, Mwy) + (r7, wy) = (f7', w?).

T YT

We us the same techniques as in [2, Lemma 15] to deduce

(Bt ) = (Bluo + gy S whl(n = +1)° = (n=3)°]). )
=t (2.17)

puet n—1 «a

> —[|Buol[[[w? | — IIBHﬁZHUﬂH (n =3+ 1% =(n—5)"Nw?l -

e (G
F(a+1)

(W, M) > —(es|M]] + ¢ 1M |Puo) | — ([P e

To
1 STt D) o1
T - j . a Ve’ n '
- IIMllzcjm D lwilli(n =5+ 1) = (n = )] ffwr].
j=1

Moreover, keeping in mind assumptions (H4), we conclude that

(r? Z/ q(ty, s)ulds + ag),w™)

T J it ..
> —cgllagrll||w}] — creq Z l[uo + T+l S k[ =i+ 1) = G — D) lwr )
=t = (2.19)
- CECq nJ o
> —cpllar||lwf] - cpcq Y lluoll|lw?] - ZZ lwill[(G =i+ 1)* = (G — i) lw?]]
7j=1 7:1 i=1
-1 «
CEC . CECqT
> —cpllarlllw? |l = cpeqnlluollllwy || — m—=< Z [wi|l[(n =i+ 1) lwp|| — == [lw]*.

INa+1)
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Therefore, it follows from the coercivity of operator A and inequalities (2.17)-(2.19) that
(ryw) = (Aw?,w?) + (Bu, wh) + (2, w?) + (7, Mu?)
T T T
Bl — NMIN? — ——
a2~ tasn ™M™ - vy
= (IBuoll = exllar]l — cpeqnlluoll + ;M| + ¢; M uol)) w7 |

e

> (ma - epey) |

n—1
Ta

— 1Bl > lwdlll(n = j +1)% = (n = 5)°] [}
Fa+1) 4

n—1

— 1My gy 3 ek =5 1 = (0= )7

a n—1

~ sy o Iurllln =+ 7l

Ta(||B|| + Cj||MH2 + CECq))”,wnH2
I'l+ ) T

= (IBuoll + cellarl + cpeqnlluoll + ;M| + c; M uol)) 1wy |

> (ma —

Bl + ¢;||M ) o o TRy ) o
—anﬂnn U S 1 — - 3+ 2 (1)

Thus, the previous inequality can be written as follows

(1Bl + ¢[1M]1* + cpeq)

< |7 lv- + [[Buoll + cpllagll + cpeqnlluoll + ¢ [ M| + ¢ | M| uol|
(B + sl M%) , , TCpcy :
J — N —(n—19)* —(n — 1H)%).
+Z|| AT 2 =G+ 1 = (=) + P = 4 1))
_ mal'(1+a) 1 N .
Then, we take 79 = (2(|\B\|+c»\IMH2+0Ecq)) in the previous inequality to find

T (IB] + ¢ [IM[* + cpeq) _ ma
> = 11
T+ o) 5 or all 7€ (0,7).

Thus, we conclude that

2 ||ff||v* + ollBuoll + cxllarll + epcqnlluoll + ¢ M]| + o [ M [uoll
ma

BT F 1 Ta Z [wZ 1B+ ¢ [IM2)((n = j + 1) = (n = 5)*) + cpeq(n — j + 1)°]

lwr ]| <

Moreover, it comes from the assumption (#7), there exist a constant my > 0 such that
2l <my for 7>0 and neN.
To simplify the notations, let us consider

_ 2my 49 | Bugl| + cellarll + caeqnlluoll + c; | M| + ¢ || M || |luo|
ma ma '

(2.20)

(2.21)
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So, we can deduce the following estimation

lw?ll < co + ——mm——s Z [ ILABI + e 1M 2)((n = j + 1) = (n = 5)®) + epeq(n — j +1)°].

Hence, by using Gronwall inequality, we obtain

[[w? I
n—1
< coexp(——mm——s Z Bl + ¢ [MI1*)((n = j + 1) = (n = §)®) + coeg(n — j +1)%))
J 1
27 =
+coesp(rrs S (Bl + ¢ IMIP)(0 = +1)° = (n=)7)
A =
27 =
+cpcg———7— n—j+1)%
B| + ¢;| M2 2 —
 cpep@BLE IV | 2epe, XL,

mal'(l4+a) " mAF(1+a)j:1

Thus, we conclude that

B+ M + crcyn
mal'(1 + «) '

[wl] < C1 = coexp (2 |

(2.22)

Then, we find that the first estimation of (2.15) is verified. For the second estimate of (2.15), we use the

same arguments as in [2, Lemma 15], and we exploit (2.9) and (2.22) to get

n
lu?ll = lluo + Fr—7y Z n—j+ 1%~ (n—j5)uwl|
]:1
C n
1
< _ I L 2.23
= HUOH + F(Ol + 1) ;[ n—j+1 n—]] ( )
Cl Cl
< |lug|| + == C = ||ug|| + 7TQ.

Then, the desired estimate holds. It remains now to show the last estimate of (2.15), so from the previous

estimations and hypothesis (Hg), we deduce

[ < e (1 + [Muz]]) < ¢;(1 4 [|M]|Cy). (2.24)

Finally, we can deduce the claimed estimate, and this completes the proof of Lemma 2.2.
We introduce the following piecewise constant interpolant functions
wi, vl (0,7 =V, f-:[0,T] = V", ¥,:[0,T] - X* and 75:[0,T] =V,

wh(t) = wh, wi(t) = ub, fo(t) = f5, Uo(t) = UF for all te (te_y,ti],

—“R+Z/ q(t, s)ul ds for all t € (t_1,t;) and for k=1,..N.

Then, we have the following Theorem.

a
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Theorem 2.1 Assume assumptions of Lemma (2.1) hold, and let p € (0,«) and let 1, be a sequence
such that T =1, — 0 as n — oco. Then, for a subsequence still denoted by T, we have

wi—=w in L%(O, T;V) (2.25)
U, =¥ in L*0,T;X*) (2.26)
Ar—= A an C(0,T;Y) (2.27)

as T — 0, where (w, ¥, \) € L%(O,T; V) x L?(0,T; X*) x WY2(0,T;Y) is solution to Problem (P3).

Proof: We consider the Nemitskii operators A, B and M corresponding to A, B and M, i.e.;
(Av)(t) = Av(t), (Bv)(t) = B(uo + olf)v(t), (Mo)(t) = M(v(t)) for allv € V, a.et € (0,T).

Next, we consider the Nemitskii operators 6, 6y : L?(0,T; V) — L?(0,T; X*) defined by

(Ov)(t) = E(/0 q(t,s)v(s)ds), (61v)(t) = Ev(t) forallv eV, aet € (0,T).

In order to prove of the solvability of Problem (P3), we need to establish the two facts below.

(A) For all v € L2(0,T;V), and as 7 — 0, one has

(Aw?*, v) = (Aw,v), (2.28)
(Bu*,v) = (B(ug + oIfw(t),v), (2.29)
(U, Mv) — (U, Mv), (2.30)
(friv) = (fiv). (2.31)
(B) For all v € L?(0,T;V), one has
(01(r%),v) = (01(ar),v) + (0(oIPw(t) + vo), v). (2.32)

The condition (A) can be proved using similar techniques as in [2, Theorem 16]. Furthermore, for the
condition (B), we remark that for all ¢ € (tx—1, ¢x], the assumption (Hs5) and boundedness of u} imply

|| / (t, ) (s)ds — / " qths 5)ut(s)ds)

) (2.33)
k
< [ late sy las + [ ate o)~ atts, 9w 5 < Cor
t 0
for some Cp > 0 which independent of 7. Using arguments as for convergence (18) in [2], we get
ur(t) = olfw(t) +upinVast—0 forall tel0,T]. (2.34)

So, the convergence (2.34) implies that

lim (Qu*, v) = (O(oIFw(t) + ug),v) for all v € L2(0,T;V).

T—0

Then, it follows from the hypotheses (H4) and (Hs5) that

01(rr —agr) —0(ul) — 0 strongly in L*(0,T;V*) as 7 — 0,
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which implies that for all v € L?(0,T; V), we have

T (01(r7), v) L2 0,1v ) x L2 (0,73
= lim ((01(r7 — ar) — 0(u7),v) +{0(u7),v) + (01 (ar), v)) (2.35)
= (0(o I w(t) + uo), v) + (b1 (ar),v).

Then, the condition (B) is verified. Keeping now in mind the convergences (2.28)-(2.32), we can get

0 < lim sup(Aw},v) + lim sup(Bu},v) + lim sup(6;(r),v) + lim sup(¥,,v) — lim inf(f, v)
T—=0 T—=0 T—=0 T—0 T—=0 (236)
< {Aw + B(ug + olf'w(t)),v) + (01(ar),v) + (oI w(t) + uo),v) + (¥, Mv) — (f,v).
Thus, we conclude that the following inequality hold

(Aw, v) + (B(uo + ol w(t)),v)

t (2.37)
+ (E(/O q(t; s)(uo + ol w(s))ds,v) + (E(ar),v) + (¥, Mv) = (f(t), v).
Therefore, for all v € L2(0,T; V), we have W(t) € 35 (A(t), M (ug + oIfw(t)), and hence
(Aw + B(uo + olfw(t)),v)
(2.38)

+<E(aR+/O q(t, s)(uo + ol w(s))ds),v) + (¥(t), Mv) > (f(t),v) forae te(0,T).

Then, we conclude that (w,\) € L%(O7T; V) x WH2(0,T;V) is a solution to Problem (P3), and this
completes the proof of Theorem 2.1.
O

3. Application to frictional contact problem in thermo-viscoelasticity with long memory

In this section, we will apply results stated in Section 2 to a representative contact problem for
a nonlinear thermo-viscoelastic body with history-dependent time fractional Kelvin-Voiget constitutive
law and adhesion. We first describe the physical setting of the problem and we then provide its classical
formulation in the form of fractional differential history-dependent hemivariational inequalities. Next, we
study the existence and uniqueness of solution for this problem.

We discuss a static contact problem for a nonlinear thermo-viscoelastic body that occupies the domain
Q ¢ R?, with d = 2,3, which is supposed to be an open, bounded and connected subset of R¢ with a
Lipschitz boundary I' = 9Q2. The body is acted upon by body forces fy, a surface traction of density fs,
a volume thermal of density hg, heat source h,,, and it is also constrained mechanically on part of I'.

To describe all these constraints, we consider three open and measurable parts I'y, I's and I's such
that Ty UTy UT3 = I' and meas(I'y) > 0. Throughout this paper 4, j, k run from 2 to d, the summation
over repeated indices is implied and the index that follows a comma represents the partial derivative with
respect to the corresponding component of the variable.

Let S? denote the space of second order symmetric tensors on R? while - and || - || represent the inner
product and the associated Euclidean norm on R¢, defined by

w-v=wuv;, |v| = (v-v)Y2 Yu,ve R
The inner product on S and its associated norm are given by

o-T=045Ti5, || :(T~T)1/27 Vo, € S%.
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Also, we consider the following subsets
Q=0x(0,7), ¥ =Ty x(0,T), ¥ =T2x(0,T), ¥3 =13 x(0,T).

Let v be the outer normal to I'. Then, the normal and tangential components of a vector v € R? and a
tensor o € S? on I are respectively given by

v,=v-v, vy=v—v,v and o, = (oV) -V, O0r =0V —0O,V.
Then, the classical formulation of the considered contact problem is as follows.

Problem (P). Find a displacement field u : Q — R?, a stress field o : Q — S?, a temperature 6 : Q — R,
and a bonding field \ : ¥3 — [0,1] such that

o(t) = A(e(Dgu(t))) + Ble(u(t))) — MO(t) + /0 A(t —s)e(u(s))ds in Q,

(3.1)
cDYO(t) — divk(VO(t)) = —Ne(u(t)) + ho(t) in Q (3.2)
Divo(t) + fo(t) =0 in Q, (3.3)
q(t) + KVO(t) =0 in Q (3.4)
u(t) =0 on ¥ (3.5)
o(t)v = fot) on Y (3.6)
B(t) =0 on ¥, (3.7)
q(t) = hn on Y, (3.8)
u, < go, ou(t) + (1) <0, (0u(t) +7(1) (uy () — go) =0, — 59)
with (t) € B, (A1), u, (t) — go)
— 0, (t) € Djr(A(t), ur (1)) on X (3.10)
— K(VO(t)) - v € Bje(A(t),0(t)) on Y (3.11)
N (#) = g(t ult), A1) on T (3.12)
)\(O) =Xo on I's (3.13)
u(0) = ug, 6(0) =6 on Q. (3.14)

Here, equations (3.1) and (3.2) represent the fractional Kelvin-Voiget thermo-viscoelastic constitutive law
with long memory of Caputo type, see [2,5,11] for more details, where A = (a;jx;) stands for viscosity
tensor, B = (bijr) € L™(2) is a symmetric and coercive elasticity tensor, M = (m;;) is the thermal
expansion tensor, N' = (n;;) describes the influence of the displacement, A is the relaxation tensor and
e(u) = (Vu+ (Vu)T)/2 is the linearised strain tensor. The heat flux field ¢ = (g;) is defined through the
thermal conductivity tensor IC = (k;;) by the Fourier law of heat conduction (3.4). In addition, equations
(3.3) and (3.4) represent the equilibrium equations for stress and heat flux fields, where Div and div
denote the divergence operator for tensors and vector valued functions. Moreover, (3.5) and (3.7) are
the mechanical and the thermal boundary conditions, relation (3.9) represents the multivalued normal
compliance contact condition with unilateral constraints, more details can be found in [4]. Condition
(3.10) represents the friction law in which 9j,(A(¢),-) denotes the Clarke generalized gradient of the
function j;(A(t),-). It has been discussed in a number of articles, such as for example [1]. The relation
(3.11) represent the heat exchenge between the contact zone I's and the foundation. The evolution of
the adhesion field is given by a nonlinear ordinary differential equation (3.12) considered on a part X,
where g is a given function. We note that for explicite examples of a such fonctions, we refer to [10,18].
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Finally, conditios (3.13) and (3.14) denote the initial adhesion conditions.

Now, to derive the weak formulation of Problem (P), we introduce the following function spaces
H = LZ(Q)d, H, = Hl(Q)d, H = {T = (Tij) 1T =T € LZ(Q)}, Hi = {0’ € H : Divo € H}

These espaces are real Hilbert for the following inner products and their associated norms

(u,v)g = /Quﬂh‘ de ,  (u,v)p, = (u,0)g + (e(u),e(v)y ,

(o,7) = / 0i;Ti; de (0,7)3, = (0,7)y + (Divo, Divt)y,
Q
We also need to introduce the following variational subspaces
V={veH(Q):v=0 on I}, W={0cHi(Q):0=0 on I';}.

The spaces V and W are Hilbert for the following inner products and their associated norms

(,0)y = (e(u), e, lullv = (w,u)yf?, (3.15)
@ mw = (VO,Vn)a »  [0llw = (6,003 (3.16)

Since V is a closed subspace of H; and since meas(I';) > 0, the Korn’s inequality holds and then there
exists a constant ¢ > 0 depending only on €2 and I'; such that

lollm, < exlle@)lla, Vve V. (3.17)

Hence, the norms || - ||z, and || - || are equivalent on V, and then (V.|| - ||v/) is a real Hilbert space.
Moreover, by Sobolev trace theorem, there exists ¢y > 0 depending only on 2, I'3 and I'; such that

HUHLz(F)d < cp ||U||V7 YoeV. (318)
Moreover, sincee meas(I';) > 0, the Friedrichs-Poincaré inequality holds and thus we have
||9||H1(Q) <cp ||V9||H, VoeW, (3.19)

where c¢g > 0 is a constant which depends only on  and I'y. It follows from (3.16) and (3.19) that the
norms || - |lw and [ - || g1(q) are equivalent on W, and thus (W, || -||w) is a real Hilbert space. In addition,
Sobolev trace theorem implies that there exists co > 0 depending on €2, I'; and I'3 such that

Inllz2ryy < collnllw, VneW. (3.20)

In the study of Problem (P), we need the following hypotheses.
(B1) The viscocity operator A : Q x S — S? satisfies

(1) A(z,€) = a(x)¢ for a.e z € Q and all ¢ € S,

(1) a(z) = (aijp(z)) with a;jk € L=(Q),

(30) aijii(w)&ii€ > mall€l|3. for a.e z € Q and all £ = (&;) € S? with m4 > 0.
(By) The elasticity tensor B :  x S¢ — S¢ is partial symmetric and continuous satisfies

(i) B(z,€) = b(z)¢ for a.e z € Q and all £ € S,

(Z’L) b({E) = (bijkl(x)) with bijkl S LOO(Q)
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(B3) The thermal operator M : Q x R? — R9 is symmetric, continuous and satisfies
(i) M(z,¢) = m(x)e for a.e x € Q and all ¢ € R?,
(1) m(z) = (my;(x)) with m,;; € L>=(Q).

(B4) The fonction A :  x R? — R is symmetric, continuous and satisfies
(i) N(z,e) = n(x)e for a.e x € Q and all € € R,
(1) n(z) = (nyj(x)) with n;; € L>(Q).

(Bs) The thermal conductivity K : Q x R? — R? is symmetric, continuous and satisfies
(i) K(x,e) = k(x)e for a.e z € Q and all € € R4,
(i1) k(z) = (kij(z)) with k;; € L>(Q).

(Bg) The function j, : I's x R x R — R satisfies

() 4 (-, 7, s) is measurable on I's for all r € R and
jl/('v 07 0) € L2(1’\3),

(i) ju(x,r,-) is locally Lipschitz on R, for all » € R and = € T's,

(37) there exist a constants a > 0, such that
|0 (2,7, 5)| < a(1+ |s]),
(47) either j,(x,r,.) or —j,(z,r,.) is regular for a.e z € I's, r € R
(54) (r,8) — j%(z,r, s,2) is upper semicontinuous.
(B7) jr : T3 x R x R? — R satisfies
(i) jr(-,7, &) is measurable on I's for all (r,&) € R x R? and
j-(.,0,0) € L*(I'3),
(ii) j,(x,r,-) is locally Lipschitz on R?, for all 7 € R and x € T's,
(31) there exist a constants b > 0, such that
|07 (2,7, §)| < b(1 + [I€]]),
(4i) either j,(x,r,.) or —j.(x,r,.) is regular for a.e z € '3, r € R,
(54) (r,€) — j%(x,7,&,m) is upper semicontinuous for n € R
(Bs) The function jg : I's x R x R — R satisfies

(¢) jo(-,r,8) is measurable on I's for all » € R and

4o(.,0,0) € L*(T'3),

(3.21)

(3.22)
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(i) jo(x,r,-) is locally Lipschitz on R, for all r € R and = € I's,
(37) there exist a constants ¢ > 0, such that
0jo(z, 7, 8)| < c(1+ [s]), (3.23)
(47) either jo(z,r,.) or —jo(z,7,.) is regular for a.e x € I's, r € R,
(54) (r,8) = jg(x, 7, s,2) is upper semicontinuous.
(By) The function g : 'z x [0,7] x R? x R — R satisfies
(i) g(-,-,&,7) is measurable on I'3 x [0, 7] for all £ € RY, r € R,
(ii) g(-,-, &, s) is measurable on T's x (0,7T) for all r, ¢ € R x R? and x € T3,
(3¢) there exists Ly > 0 such that, for all ¢t € (0,7) and 71, r2 € R, &, &2 € R?, we have
lg(x,t,&1,7m1) — g(@,t,&,12)| < Lg(lr1 — 2| + ||& — &) ae. x €. (3.24)
(B1o) A: (0,T) = Qo is Lipschitiz continus with constant L.
(B11) Initial condition, volume and surface forces densities, heat source and gap function satisfy
(uo,00) € V- x W, Xo € L*(T'3), fo, ho € L=(0,T; L*(4RY)), fa, hy, € L®(0,T; L*(I'2; RY)).
Next, we consider two elements f € L?(0,T;V*) and h € L?(0,T; W*) defined by

(f(@t),v)v = (fo(t), U>L2(Q)d + <f2(t),’l)>L2(F2)d forall veV, te(0,T), (3.25)
<h(t)>§>W = <h0(t)=£>L2(Q) - <hn(t)=€>L2(I‘g) for all §eW,, te (OvT) (326)

Using now Green’s formula, the variational formulation of Problem (P) is as follows.

Problem (PV). Find a displacement u € W12(0,T;V), a temperature 0 € W12(0,T; W) and a bonding
field X\ € W2(0,T; L*(T'3)) such that for all (v,€) € V x W a.et € (0,T), we have

(AEGDRu(L).2(0)) + (§DR0(). &) + (Ble(u(t)) — M), =(v))
+HVE(u(t).6) + (V00 VE) + (| At s)e(u(s)ds, £(0)
«f BN, (0) = go502) + 200,10 d

+ B0, 00):€) da

> (f(),v)v + (h(t),Ew,

(3.27)

/

A () = gt u(t), A(t)) on %

/\(0) = )\0 in Fg

u(0) = ug, 0(0) =60y in .
Then, we consider @ =V x W which is a real Hilbert space endowed by the following inner product

<yaZ>Q = <U7U>V + <07£>W for all Y= (ua 0)7 z = ('U,g) S Qa (328)
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We introduce the operators A, B: Q — Q*, given for all y = (u,0), z = (v,€) € Q by

(Ay, z) = (Ae(u),e(v)) + (0,€), (3.29)
(By, z) = (B(e(u)) — M0, e(v)) + (Ne(u), &) + (KVO, VE). (3.30)
We also introduce the operator R : L2(0,T;Q) — L?(0,T;Q*) defined for a.e t € (0,T) by
t
(Ro)(0),2) = { | A= 9)(u(s) do,(0) for all (42) € 0.7 Q) x Q. (3.31)
0
Let Y = L?(I'3), X = L?(I',R%) x L?(T'3,R9), we then consider the following functional
J:Y xX —R, j(\y)= / [ (2, A uy — go) + Jr (2, A, ur) + Jo(w, A, 0)]da. (3.32)
I3

For all A € Y, it follows from (Bs)-(B7)(4%) that j(\,-) or —j(A,-) is regular on X, and that
jOO‘ay) = / []B(J;’ AUy = go) +j2(337>‘7u7) —‘rjg(.’[?, A 0)da, Vy = (u,0) € X,
I's
i\ y) = / [07, (z, A uy — go) + Ojr (2, A\, ur) + jo(z, A, 0)] da, Yy = (u,0) € X.
Ts

Next, we introduce the element f, € L?(0,T;Q*) given for all z = (v,€) € Q, by

(fn:2)q = (f;0)v + (h, E)w. (3.33)

Then, let M = - be the trace operator v : Q — X, and consider the following operator

F:(0,T)x X xY =Y, F(tu,\) = g(z,t,A(z),u(x)) (3.34)
forallt € (0,T),u € X, A €Y and a.e. x € I's. To simplify the notations, let’s pose

w(t) = §Dfy(t) for a.e t € (0,T).
Then, for a.e. t € (0,T), we have
y(t) = ol w(t) + yo.

Using now the previous notations, we consider the following equivalent problem.

Problem (QV). Find w € L*(0,T;Q) and A € WY2(0,T;Y) such that

(Alw(®),v)y + (Bluo + oIfw(t),v) + (R(uo + oIjw(t)))(t),v)

+3OA (@), M (ug + oIfw(t)); Mv) > (f(t),v), Vte[0,T], VveQ.
(3.35)

)‘/(t) :g(taM(u0+ OItaw(t))vA(t))v Vi e (O7T)a
A0) = Ao

The equivalence of Problem (PV) and Problem (QV) is obtained, i.e., has the same solution.
Theorem 3.1 Assume (B1)-(B11) satisfied. Then, Problem (PV) has at least one solution

(y,\) € WH2(0,T3Q) x WH2(0,T; L*(T3)).

Proof: The proof is based on an abstract result on fractional differential history-dependent hemivari-
ational inequalities, stated in Theorem 2.1. Using Definition 3.34 of the operator F' and assumption
(By), it is clear that the operator F satisfies (H1). Moreover, from Definition 3.30 of the operator B and
hypotheses (Bz)-(B5), we get that B € L(Q, Q*), i.e., condition H3 holds. Next, Definition 3.31 of R and
hypothesis (B1g) imply that conditions (Hy) and (Hs) are satisfied, with £ = I and ¢ = A.
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Lemma 3.1 Under assumption (Bs), the operator A defined by (3.29) satisfies condition (Hz).

Proof: We use Definition 3.29 of A and hypotheses (Bs)(3¢) to obtain

(Ay,y) = (Ae(u),e(w)) +(0,0) = mallully + [|0]lw

(3.36)
> min(ma, D([[ullv + [10]lw).

Then, the operator A is ma-coercive with ma = min(ma, 1), i.e., condition (Hz) holds.

Lemma 3.2 Under assumptions (Bg)-(Bs), the operator j defined by (3.32), satisfies condition (Hg).

Proof: Using Definition 3.32 of j, hypotheses (Bs)-(Bs) and Corollary 4.15 in [12] to obtain
105X )| < v/Bmeas(Ts)(a+ b+ ¢) + V3max{a+ b, c}(|lullv +[|0]lw)
< max {v/3meas(T3)(a+ b+ c), V3max{a +b,c} }(1 + [[yllo).

Then, conditions (He)(i)-(ii) are verified for the following constant

¢;j = max {/3meas(I's)(a + b+ c), V3max{a + b, c}}

Moreover, assumptions (Bg)-(Bs)(54) ensure that the condition (Hs5)(3i) hold, see [12, Theorem 1.64].

(3.37)

a

Furthermore, condition (H7), i.e., fr € L*®(0,T,Q"), is a direct consequence of the definitions 3.25,
(3.26) and (3.33) of f, h and f, repectively, and of the hypothesis (B;11). Thus, condition (Hg) follows
effectively by using the properties of the trace operator. Finally, all the conditions of Theorem (2.1) hold
and that concludes the proof Theorem 3.1.
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