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A class of fractional differential history-dependent hemivariational inequalities with
application to thermo-viscoelastic contact problem

Z. Faiz∗, H. Benaissa, O. Baiz and D. El Moutawakil

abstract: The aim of this work is to study a class of fractional differential history-dependent hemivariational
inequalities and to provide an example of application in thermo-viscoelasticity. Using the Rothe method and
the subjectivity property of multivalued pseudomonotone operators, we first prove existence of a solution. The
proof is based on a fixed point argument and a recent finding from hemivariational inequalities theory. Then,
we apply the obtained abstract results to a nonlinear thermo-viscoelastic contact problem with a history-
dependent with fractional time Kelvin-Voiget constitution law and adhesion.
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1. Introduction

In recent years, a few researchers have used fractional calculus as a means of describing natural
phenomena in different fields such as physics, biology, finance, economics and bioengineering, giving an
accurate representation of some real wonders of viscoelastic materials, as for instance, materials with
partial Kelvin-Voigt constitutive laws. For more details about such models, we refer to [16,17] and, for
their mathematical analysis and applied developments, we refer to [3,8] and the reference therein.

The differential hemivariational inequalities are a powerful mathematical tool to represent boundary
value problems modelling many physical phenomena, like frictional contact problems, see for exemple [7]
and the reference therein. We recall that hemivariational inequalities theory has recently played an im-
portant role in the study of nonlinear problems arising in contact mechanics, economics, and engineering,
see e.g., [19]. The notion of hemivariational inequalities has been introduced first by Panagiotopouls, as
a useful generalization of variational inequalities in 1980, see [20,21]. It is based on Clarke’s subdiffer-
ential of locally Lipschitz function, see e.g., [22] and the reference therein. Moreover, the current paper
aims to apply hemivariational inequalities to contact problems for the particular class of materials whose
constitutive law is described by history-dependent operators, see e.g., [6,13,15] and reference therein.

In addition, from a mathematical point of view, models characterising a class of fractional differential
hemivariational inequalities is recent, see e.g., [2,5]. Then, the first novelty of the current paper is to
extend such models to the class of fractional differential history-dependent hemivariational inequalities.
The second novelty consists in the mathematical analysis of a fractional differential history-dependent
hemivariational inequalities arising in thermo-viscoelastic contact problem with a conductive foundation,
long memory effects, and adhesion.

The paper is organized as follows. In Section 2, we state the fractional differential history-dependent
hemivariational problem and we state its unique solvability result. In Section 3, we investigate a static
frictional contact problem with unilateral constraints. long memory effects, and adhesion between a
thermo-viscoelastic body and a conductive foundation. We derive the variational formulation of this
problem which is of the form of differential history-dependent hemivariational inequalities for which we
apply the obtained abstract results.
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2. Abstract fractional differential history-dependent hemivariational inequalities

In this part, we investigate the Roth technique and provide a theoretical solution for a class of fractional
differential history-dependent hemivariational inequalities by using the surjectivity result for multivalued
pseudomonotone operators. Everywhere below, let T > 0 and let (V, ∥ · ∥V ), (X, ∥ · ∥X) and (Y, ∥ · ∥Y ) be
reflexive Banach spaces. Moreover, let V ∗ be the dual space of V and ⟨·, ·⟩ denotes the duality pairing
between V ∗ and V . The symbols ”⇀” and ”→” denote the weak and the strong convergence in all used
spaces. Then, with the previous data, we consider the following fractional differential history-dependent
hemivariational inequalities problem.

Problem (P1). Find u ∈ AC(0, T ;V ) and λ ∈ W 1,2(0, T ;Y ) such that
⟨A(c0D

α
t u(t)) +Bu(t) + (Ru)(t), v⟩+ j0(λ(t),Mu(t);Mv) ≥ ⟨f(t), v⟩,

λ′(t) = F (t,Mu(t), λ(t)), for all v ∈ V a.e. t ∈ (0, T ),

λ(0) = λ0, u(0) = u0

(2.1)

where c
0D

α
t u(t) is the Caputo derivative of u(t) at order α ∈ (0, 1) defined by

c
0D

α
t u(t) = 0I

α−1
t u

′
(t) =

1

Γ(1− α)

∫ t

0

(t− s)−αu
′
(s)ds

for a.e. t ∈ (0, T ), where the operator 0I
α
t w is the α-ordre time fractional integral of w(t) in the sense of

Riemann-Liouville and where Γ is the Gamma function, for more details, we refer to [2,5]. Next, let us
consider an operator R : C(0, T ;V ) → C(0, T ;V ∗) defined as follows

(Ru)(t) = E(as +

∫ t

0

q(t, s)u(s)ds) for t ∈ [0, t] (2.2)

where E : V → V ∗, q : [0, t] × [0, t] → L(V, V ) and as ∈ V . Moreover, let j0(u; v) represent the
generalized directional derivative of j at the point u in the direction v. Consider u ∈ AC(0, T ;V ) a
solution to Problem (P1) and w = c

0D
α
t u its Caputo derivative, then from [2, Proposition 3(b)], we have

u(t) = 0I
α
t w(t) + u0 for a.e. t ∈ (0, T ).

The previous Problem (P1) can be reformulated as follows.

Problem (P2). Find w ∈ L1(0, T ;V ) and λ ∈ W 1,2(0, T ;Y ) such that

⟨A(w(t)) +B(0I
α
t w(t) + u0) +R(0I

α
t w(t) + u0), v⟩

+j0(λ(t),M(0I
α
t w(t) + u0);Mv) ≥ ⟨f(t), v⟩ for all v ∈ V a.e. t ∈ (0, T ),

λ′(t) = F (t,M(0I
α
t w(t) + u0), λ(t)) for all t ∈ (0, T ),

λ(0) = λ0.

(2.3)

Furthermore, we consider the following inclusion problem

Problem (P3). Find w ∈ L1(0, T ;V ) and λ ∈ W 1,2(0, T ;Y ) such that
A(w(t)) +B(0I

α
t w(t) + u0) +R(0I

α
t w(t) + u0) +M∗∂j(λ(t),M(0I

α
t w(t) + u0)) ∋ f(t),

λ′(t) = F (t,M(0I
α
t w(t) + u0), λ(t)) for all v ∈ V a.e. t ∈ (0, T ),

λ(0) = λ0

(2.4)

where ∂j(u) is the generalized Clarke’s gradient of j at u. Before stating our main result, we assume

(H1) The mapping F : [0, T ]×X × Y → Y satisfies
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(i) for all (x, y) ∈ X × Y , the function t 7→ F (t, x, y) is measurable on [0, T ],

(ii) there exists a constant LF > 0 such that

∥F (t, x1, y1)− F (t, x2, y2)∥X ≤ LF (∥x1 − x2∥X + ∥y1 − y2∥Y ), (2.5)

for all t ∈ [0, T ] and all (x1, y1), (x2, y2) ∈ X × Y ,

(iii) the function t 7→ F (t, 0, 0) belongs to L1([0, T ] ;Y ).

(H2) The operator A : V → V ∗ satisfies

(i) A ∈ L(V, V ∗),

(ii) ⟨Av, v⟩ ≥ mA∥v∥2.
(H3) The operator B : V → V ∗ satisfies

B ∈ L(V, V ∗).

(H4) The operator E : V → V ∗ satisfies
E ∈ L(V, V ∗).

(H5) The function q : [0, T ]× [0, T ] → L(V, V ) satisfies

∥q(t1, s)− q(t2, s)∥ ≤ Lq|t1 − t2|.

(H6) The function j : Y ×X → R satisfies

(i) the function j : x → j(y, x) is locally Lipschitz, for all y ∈ Y

(ii) there exist positive constants cj , such that, for all x ∈ X, y ∈ Y we have

∥∂j(y, x)∥ ≤ cj(1 + ∥x∥V ). (2.6)

(iii) (y, x) → j0(y, x, v) is upper-semicontinous on Y ×X.

(H7) The element f satisfies f ∈ L∞(0, T ;V ∗).

(H8) The operator M ∈ L(V,X) is linear continuous and compact.

Now, let N ∈ N∗ be fixed, and consider τ = T
N , tk = kτ and fk

τ defined by

fk
τ =

1

τ

∫ tk

tk−1

f(s)ds, for k = 1, ..., N.

Consider the corresponding discretized issue to System 2.4 called Rothe problem.

Problem (P4). Find {wk
τ }Nk=1 ⊂ V and λτ ∈ W 1,2(0, T ;Y ) such that

Awk
τ +Buk

τ + rkτ + ∂j(λτ (tk),Muk
τ ) ∋ fk

τ , for k = 1, ...N, (2.7)

λ′
τ (t) = F (t,Mûτ , λτ (t)), for all t ∈ (0, T ) (2.8)

where

uk
τ = u0 +

τα

Γ(α+ 1)

k∑
j=1

wj
τ [(k − j + 1)α − (k − j)α] (2.9)

ûτ (t) =


N∑
i=1

χ(ti−1,ti)(t)u
i−1
τ , 0 < t ≤ T

u0, t = 0

(2.10)

rkτ = E(

k∑
j=1

∫ tj

tj−1

q(tk, s)u
j
τds+ aR). (2.11)

To begin with, we will demonstrate the existence of solution to Problem (P4).
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Lemma 2.1 Assume assumptions (H1)-(H8) hold. Then, there exist τ0 > 0 such that for all τ ∈ (0, τ0),
Problem (P4) has a unique solution.

Proof: Let w0
τ , ..., w

n−1
τ be given, we will prove that there exists wn

τ ∈ V , λτ ∈ W 1,2(0, tn;Y ) such
that (2.7) is verified. Using similar techniques as in [2, Lemma 14], we prove that there exists a unique
solution λτ ∈ W 1,2(0, tn;Y ) such that (2.8) hold. It stays to prove that there exist element wn

τ ∈ V such
that (2.7) hold. To this end, let us denote

v0 = u0 +
τα

Γ(α+ 1)

n−1∑
j=1

wj
τ [(n− j + 1)α − (n− j)α], c0 =

τα

Γ(α+ 1)
. (2.12)

Then, we will show the surjectivity of the following multivalued operator

V ∋ v → Av +B(v0 + c0v) + E(

∫ tk

tk−1

q(tk, s)(v0 + c0v)ds) +M∗∂j(λτ (tn),M(v0 + cv)) ⊂ V ∗. (2.13)

From hypotheses (H2), (H3) and (H4), we deduce that the operator

V ∋ v → Av +B(v0 + c0v) + E(

∫ tk

tk−1

q(tk, s)(v0 + c0v)ds) ∈ V ∗ (2.14)

is bounded, continue and for all u, v ∈ V , we have

⟨Av +B(v0 + c0v) + E(

∫ tk

tk−1

q(tk, s)(v0 + c0v)ds)−Au−B(v0 + c0u)

− E(

∫ tk

tk−1

q(tk, s)(v0 + c0u)ds), v − u⟩

= ⟨Av −Au, v − u⟩+ ⟨B(v0 + c0v)−B(v0 + c0u), v − u⟩

+ ⟨E(

∫ tk

tk−1

q(tk, s)(v0 + c0v)ds)− E(

∫ tk

tk−1

q(tk, s)(v0 + c0u)ds), v − u⟩.

Let us consider cE = ∥E∥ and cq = maxt,s∈[0,T ] ∥q(t, s)∥. Then, for all u, v ∈ V , we obtain

⟨Av +B(v0 + c0v) + E(

∫ tk

tk−1

q(tk, s)(v0 + c0v)ds)−Au−B(v0 + c0u)

− E(

∫ tk

tk−1

q(tk, s)(v0 + c0u)ds), v − u⟩

≥ (mA − c0∥B∥ − cEcqc0)∥v − u∥2.

In addition, it comes from hypotheses (H6), (H8) and [11, Proposition 4] that

V ∋ v → M∗∂j(λτ (tn),M(v0 + c0v) ⊂ V ∗

is pseudomonotone operator, such that for all v ∈ V , one has

∥M∗∂j(λτ (tn),M(v0 + c0v)∥ ≤ c0cj∥M∥2∥v∥+ ∥M∥(1 + ∥M∥∥v0∥).

Next, we choose τ0 = ( mAΓ(1+α)
∥B∥+cEcq+cj∥M∥2 )

1
α to get

L : v → Av +B(v0 + c0v) + E(

∫ tk

tk−1

q(tk, s)(v0 + c0v)ds)
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is strongly monotone operator, and for all τ ∈ (0, τ0), we have

c0∥B∥+ cEcqc0 + c0cj∥M∥2 < mA.

Finally, using [2, Corallary 7], we find that L is surjective and hence Lemma 2.1 is established.
2

Next, we establish the estimate for a solution of Problem (P4).

Lemma 2.2 Assume hypotheses of Lemma 2.1 hold. Then, there exists τ0 > 0 and C > 0 independent
of τ , such that for all τ ∈ (0, τ0), the solution to Problem (P4) satisfies

max
k=1,...,N

∥wk
τ ∥ ≤ C , max

k=1,...,N
∥uk

τ∥ ≤ C , max
k=1,...,N

∥Ψk
τ∥ ≤ C (2.15)

where Ψk
τ ∈ ∂j(λτ (tk),M(uk

τ )) and

Awk
τ +Buk

τ + rkτ +M∗Ψk
τ = fk

τ for k = 1, ..., N. (2.16)

Proof: We first take k = n in the relation (2.7) to obtain

⟨Awn
τ , w

n
τ ⟩+ ⟨Bun

τ , w
n
τ ⟩+ ⟨Ψn

τ ,Mwn
τ ⟩+ ⟨rnτ , wn

τ ⟩ = ⟨fn
τ , w

n
τ ⟩.

We us the same techniques as in [2, Lemma 15] to deduce

⟨Bun
τ , w

n
τ ⟩ = ⟨B(u0 +

τα

Γ(α+ 1)

n∑
j=1

wj
τ [(n− j + 1)α − (n− j)α]), wn

τ ⟩

≥ −∥Bu0∥∥wn
τ ∥ − ∥B∥ τα

Γ(α+ 1)

n−1∑
j=1

∥wj
τ∥[(n− j + 1)α − (n− j)α]∥wn

τ ∥ −
τα

Γ(α+ 1)
∥wn

τ ∥2.
(2.17)

⟨Ψn
τ ,Mwn

τ ⟩ ≥ −(cj∥M∥+ cj∥M∥2u0)∥wn
τ ∥ − ∥M∥2cj

τα

Γ(α+ 1)
∥wn

τ ∥2

− ∥M∥2cj
τα

Γ(α+ 1)

n−1∑
j=1

∥wj
τ∥[(n− j + 1)α − (n− j)α]∥wn

τ ∥.
(2.18)

Moreover, keeping in mind assumptions (H4), we conclude that

⟨rnτ , wn
τ ⟩ = ⟨E(

n∑
j=1

∫ tj

tj−1

q(tk, s)u
j
τds+ aR), w

n
τ ⟩

≥ −cE∥aR∥∥wn
τ ∥ − cEcq(

n∑
j=1

∥u0 +
τα

Γ(α+ 1)

j∑
i=1

∥wi
τ∥[(j − i+ 1)α − (j − i)α]∥∥wn

τ ∥)

≥ −cE∥aR∥∥wn
τ ∥ − cEcq

n∑
j=1

∥u0∥∥wn
τ ∥ −

cEcqτ
α

Γ(α+ 1)

n∑
j=1

j∑
i=1

∥wi
τ∥[(j − i+ 1)α − (j − i)α]∥wn

τ ∥

≥ −cE∥aR∥∥wn
τ ∥ − cEcqn∥u0∥∥wn

τ ∥ −
cEcqτ

α

Γ(α+ 1)

n−1∑
i=1

∥wi
τ∥[(n− i+ 1)α]∥wn

τ ∥ −
cEcqτ

α

Γ(α+ 1)
∥wn

τ ∥2.

(2.19)
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Therefore, it follows from the coercivity of operator A and inequalities (2.17)-(2.19) that

⟨fτ , wn
τ ⟩ = ⟨Awn

τ , w
n
τ ⟩+ ⟨Bun

τ , w
n
τ ⟩+ ⟨rnτ , wn

τ ⟩+ ⟨Ψn
τ ,Mwn

τ ⟩

≥ (mA − τα

Γ(α+ 1)
∥B∥ − τα

Γ(α+ 1)
cj∥M∥2 − τα

Γ(α+ 1)
cEcq)∥wn

τ ∥2

− (∥Bu0∥ − cE∥aR∥ − cEcqn∥u0∥+ cj∥M∥+ cj∥M∥2∥u0∥)∥wn
τ ∥

− ∥B∥ τα

Γ(α+ 1)

n−1∑
j=1

∥wj
τ∥[(n− j + 1)α − (n− j)α]∥wn

τ ∥

− ∥M∥2cj
τα

Γ(α+ 1)

n−1∑
j=1

∥wj
τ∥[(n− j + 1)α − (n− j)α]∥wn

τ ∥

− cEcq
τα

Γ(α+ 1)

n−1∑
i=1

∥wi
τ∥[(n− i+ 1)α]∥wn

τ ∥

≥ (mA − τα(∥B∥+ cj∥M∥2 + cEcq)

Γ(1 + α)
)∥wn

τ ∥2

− (∥Bu0∥+ cE∥aR∥+ cEcqn∥u0∥+ cj∥M∥+ cj∥M∥2∥u0∥)∥wn
τ ∥

−
n−1∑
j=1

∥wj
τ∥∥wn

τ ∥[
τα(∥B∥+ cj∥M∥2)

Γ(1 + α)
[(n− j + 1)α − (n− j)α] +

ταcEcq
Γ(1 + α)

(n− j + 1)α].

(2.20)

Thus, the previous inequality can be written as follows

(mA − τα(∥B∥+ cj∥M∥2 + cEcq)

Γ(1 + α)
)∥wn

τ ∥

≤ ∥fn
τ ∥V ∗ + ∥Bu0∥+ cE∥aR∥+ cEcqn∥u0∥+ cj∥M∥+ cj∥M∥2∥u0∥

+

n−1∑
j=1

∥wj
τ∥(

τα(∥B∥+ cj∥M∥2)
Γ(1 + α)

[(n− j + 1)α − (n− j)α] +
ταcEcq
Γ(1 + α)

(n− j + 1)α).

(2.21)

Then, we take τ0 =
( mAΓ(1+α)
2(∥B∥+cj∥M∥2+cEcq)

) 1
α in the previous inequality to find

mA − τα(∥B∥+ cj∥M∥2 + cEcq)

Γ(1 + α)
≥ mA

2
for all τ ∈ (0, τ0).

Thus, we conclude that

∥wn
τ ∥ ≤ 2 ∥fn

τ ∥V ∗

mA
+ 2

∥Bu0∥+ cE∥aR∥+ cEcqn∥u0∥+ cj∥M∥+ cj∥M∥2∥u0∥
mA

+
2τα

mAΓ(1 + α)

n−1∑
j=1

∥wj
τ∥[(∥B∥+ cj∥M∥2)((n− j + 1)α − (n− j)α) + cEcq(n− j + 1)α]

Moreover, it comes from the assumption (H7), there exist a constant mf > 0 such that

∥fn
τ ∥ ≤ mf for τ > 0 and n ∈ N.

To simplify the notations, let us consider

c0 =
2mf

mA
+ 2

∥Bu0∥+ cE∥aR∥+ cEcqn∥u0∥+ cj∥M∥+ cj∥M∥2∥u0∥
mA

.
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So, we can deduce the following estimation

∥wn
τ ∥ ≤ c0 +

2τα

mAΓ(1 + α)

n−1∑
j=1

∥wj
τ∥[(∥B∥+ cj∥M∥2)((n− j + 1)α − (n− j)α) + cEcq(n− j + 1)α].

Hence, by using Gronwall inequality, we obtain

∥wn
τ ∥

≤ c0 exp(
2τα

mAΓ(1 + α)

n−1∑
j=1

[(∥B∥+ cj∥M∥2)((n− j + 1)α − (n− j)α) + cEcq(n− j + 1)α])

+ c0 exp(
2τα

mAΓ(1 + α)

n−1∑
j=1

(∥B∥+ cj∥M∥2)((n− j + 1)α − (n− j)α)

+ cEcq
2τα

mAΓ(1 + α)

n−1∑
j=1

(n− j + 1)α)

≤ c0 exp(2
∥B∥+ cj∥M∥2

mAΓ(1 + α)
tαn +

2cEcq
mAΓ(1 + α)

n−1∑
j=1

tαn−j+1).

Thus, we conclude that

∥wn
τ ∥ ≤ C1 = c0 exp

(
2
∥B∥+ cj∥M∥2 + cEcqn

mAΓ(1 + α)
Tα

)
. (2.22)

Then, we find that the first estimation of (2.15) is verified. For the second estimate of (2.15), we use the
same arguments as in [2, Lemma 15], and we exploit (2.9) and (2.22) to get

∥un
τ ∥ = ∥u0 +

τα

Γ(α+ 1)

n∑
j=1

[(n− j + 1)α − (n− j)α]wj
τ∥

≤ ∥u0∥+
C1

Γ(α+ 1)

n∑
j=1

[tαn−j+1 − tαn−j ]

≤ ∥u0∥+
C1

Γ(α+ 1)
tαn ≤ C2 = ∥u0∥+

C1

Γ(α+ 1)
Tα.

(2.23)

Then, the desired estimate holds. It remains now to show the last estimate of (2.15), so from the previous
estimations and hypothesis (H6), we deduce

∥Ψn
τ ∥ ≤ cj(1 + ∥Mun

τ ∥) ≤ cj(1 + ∥M∥C2). (2.24)

Finally, we can deduce the claimed estimate, and this completes the proof of Lemma 2.2. 2

We introduce the following piecewise constant interpolant functions

w∗
τ , u

∗
τ : [0, T ] → V, fτ : [0, T ] → V ∗, Ψτ : [0, T ] → X∗ and r∗τ : [0, T ] → V,

w∗
τ (t) = wk

τ , u∗
τ (t) = uk

τ , fτ (t) = fk
τ , Ψτ (t) = Ψk

τ for all t ∈ (tk−1, tk],

r∗τ (t) = aR +

k∑
j=1

∫ tj

tj−1

q(tk, s)u
j
τ ds for all t ∈ (tk−1, tk] and for k = 1, ..., N.

Then, we have the following Theorem.
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Theorem 2.1 Assume assumptions of Lemma (2.1) hold, and let ρ ∈ (0, α) and let τn be a sequence
such that τ = τn → 0 as n → ∞. Then, for a subsequence still denoted by τ , we have

w∗
τ ⇀ w in L

1
ρ (0, T ;V ) (2.25)

Ψτ ⇀ Ψ in L2(0, T ;X∗) (2.26)

λτ ⇀ λ in C(0, T ;Y ) (2.27)

as τ → 0, where (w,Ψ, λ) ∈ L
1
ρ (0, T ;V )× L2(0, T ;X∗)×W 1,2(0, T ;Y ) is solution to Problem (P3).

Proof: We consider the Nemitskii operators A, B and M corresponding to A, B and M , i.e.;

(Av)(t) = Av(t), (Bv)(t) = B(u0 + 0I
α
t )v(t), (Mv)(t) = M(v(t)) for all v ∈ V, a.e t ∈ (0, T ).

Next, we consider the Nemitskii operators θ, θ1 : L2(0, T ;V ) → L2(0, T ;X∗) defined by

(θv)(t) = E(

∫ t

0

q(t, s)v(s) ds), (θ1v)(t) = Ev(t) for all v ∈ V, a.e t ∈ (0, T ).

In order to prove of the solvability of Problem (P3), we need to establish the two facts below.

(A) For all v ∈ L2(0, T ;V ), and as τ → 0, one has

⟨Aw∗
τ , v⟩ → ⟨Aw, v⟩, (2.28)

⟨Bu∗
τ , v⟩ → ⟨B(u0 + 0I

α
t w(t), v⟩, (2.29)

⟨Ψτ ,Mv⟩ → ⟨Ψ,Mv⟩, (2.30)

⟨fτ , v⟩ → ⟨f, v⟩. (2.31)

(B) For all v ∈ L2(0, T ;V ), one has

⟨θ1(r∗τ ), v⟩ → ⟨θ1(aR), v⟩+ ⟨θ(0I0t w(t) + v0), v⟩. (2.32)

The condition (A) can be proved using similar techniques as in [2, Theorem 16]. Furthermore, for the
condition (B), we remark that for all t ∈ (tk−1, tk], the assumption (H5) and boundedness of u∗

τ imply

∥
∫ t

0

q(t, s)u∗
τ (s)ds−

∫ tk

0

q(tk, s)u
∗
τ (s)ds∥

≤
∫ tk

t

∥q(t, s)u∗
τ (s)∥ds+

∫ tk

0

∥(q(t, s)− q(tk, s))u
∗
τ (s)∥ds ≤ C0τ

(2.33)

for some C0 > 0 which independent of τ . Using arguments as for convergence (18) in [2], we get

u∗
τ (t) ⇀ 0I

α
t w(t) + u0 in V as τ → 0 for all t ∈ [0, T ]. (2.34)

So, the convergence (2.34) implies that

lim
τ→0

⟨θu∗
τ , v⟩ = ⟨θ(0Iαt w(t) + u0), v⟩ for all v ∈ L2(0, T ;V ).

Then, it follows from the hypotheses (H4) and (H5) that

θ1(r
∗
τ − aR)− θ(u∗

τ ) → 0 strongly in L2(0, T ;V ∗) as τ → 0,
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which implies that for all v ∈ L2(0, T ;V ), we have

lim
τ→0

⟨θ1(r∗τ ), v⟩L2(0,T ;V ∗)×L2(0,T ;V )

= lim
τ→0

(⟨θ1(r∗τ − aR)− θ(u∗
τ ), v⟩+ ⟨θ(u∗

τ ), v⟩+ ⟨θ1(aR), v)⟩

= ⟨θ(0Iαt w(t) + u0), v⟩+ ⟨θ1(aR), v⟩.

(2.35)

Then, the condition (B) is verified. Keeping now in mind the convergences (2.28)-(2.32), we can get

0 ≤ lim
τ→0

sup⟨Aw∗
τ , v⟩+ lim

τ→0
sup⟨Bu∗

τ , v⟩+ lim
τ→0

sup⟨θ1(r∗τ ), v⟩+ lim
τ→0

sup⟨Ψτ , v⟩ − lim
τ→0

inf⟨fτ , v⟩

≤ ⟨Aw +B(u0 + 0I
α
t w(t)), v⟩+ ⟨θ1(aR), v⟩+ ⟨θ(0Iαt w(t) + u0), v⟩+ ⟨Ψ,Mv⟩ − ⟨f, v⟩.

(2.36)

Thus, we conclude that the following inequality hold

⟨Aw, v⟩+ ⟨B(u0 + 0I
α
t w(t)), v⟩

+ ⟨E(

∫ t

0

q(t, s)(u0 + 0I
α
t w(s))ds, v⟩+ ⟨E(aR), v⟩+ ⟨Ψ,Mv⟩ ≥ ⟨f(t), v⟩.

(2.37)

Therefore, for all v ∈ L2(0, T ;V ), we have Ψ(t) ∈ ∂j(λ(t),M(u0 + 0I
α
t w(t)), and hence

⟨Aw +B(u0 + 0I
α
t w(t)), v⟩

+ ⟨E(aR +

∫ t

0

q(t, s)(u0 + 0I
α
t w(s))ds), v⟩+ ⟨Ψ(t),Mv⟩ ≥ ⟨f(t), v⟩ for a.e t ∈ (0, T ).

(2.38)

Then, we conclude that (w, λ) ∈ L
1
ρ (0, T ;V ) × W 1,2(0, T ;V ) is a solution to Problem (P3), and this

completes the proof of Theorem 2.1.
2

3. Application to frictional contact problem in thermo-viscoelasticity with long memory

In this section, we will apply results stated in Section 2 to a representative contact problem for
a nonlinear thermo-viscoelastic body with history-dependent time fractional Kelvin-Voiget constitutive
law and adhesion. We first describe the physical setting of the problem and we then provide its classical
formulation in the form of fractional differential history-dependent hemivariational inequalities. Next, we
study the existence and uniqueness of solution for this problem.

We discuss a static contact problem for a nonlinear thermo-viscoelastic body that occupies the domain
Ω ⊂ Rd, with d = 2, 3, which is supposed to be an open, bounded and connected subset of Rd with a
Lipschitz boundary Γ = ∂Ω. The body is acted upon by body forces f0, a surface traction of density f2,
a volume thermal of density h0, heat source hn, and it is also constrained mechanically on part of Γ.

To describe all these constraints, we consider three open and measurable parts Γ1, Γ2 and Γ3 such
that Γ1 ∪ Γ2 ∪ Γ3 = Γ and meas(Γ1) > 0. Throughout this paper i, j, k run from 2 to d, the summation
over repeated indices is implied and the index that follows a comma represents the partial derivative with
respect to the corresponding component of the variable.

Let Sd denote the space of second order symmetric tensors on Rd while · and ∥ · ∥ represent the inner
product and the associated Euclidean norm on Rd, defined by

u · v = ui vi , ∥v∥ = (v · v)1/2, ∀u, v ∈ Rd.

The inner product on Sd and its associated norm are given by

σ · τ = σij τij , ∥τ∥ = (τ · τ)1/2, ∀σ, τ ∈ Sd.
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Also, we consider the following subsets

Q = Ω× (0, T ) , Σ1 = Γ1 × (0, T ) , Σ2 = Γ2 × (0, T ) , Σ3 = Γ3 × (0, T ).

Let ν be the outer normal to Γ. Then, the normal and tangential components of a vector v ∈ Rd and a
tensor σ ∈ Sd on Γ are respectively given by

vν = v · ν , vτ = v − vνν and σν = (σν) · ν , στ = σν − σνν .

Then, the classical formulation of the considered contact problem is as follows.

Problem (P). Find a displacement field u : Q → Rd, a stress field σ : Q → Sd, a temperature θ : Q → R+

and a bonding field λ : Σ3 → [0, 1] such that

σ(t) = A(ε(c0D
α
t u(t))) + B(ε(u(t)))−Mθ(t) +

∫ t

0

Λ(t− s)ε(u(s))ds in Q, (3.1)

c
0D

α
t θ(t)− divK(∇θ(t)) = −N ε(u(t)) + h0(t) in Q (3.2)

Div σ(t) + f0(t) = 0 in Q, (3.3)

q(t) +K∇θ(t) = 0 in Q (3.4)

u(t) = 0 on Σ1 (3.5)

σ(t) ν = f2(t) on Σ2 (3.6)

θ(t) = 0 on Σ1 (3.7)

q(t) = hn on Σ2 (3.8){
uν ≤ g0 , σν(t) + γ(t) ≤ 0 , (σν(t) + γ(t))(uν(t)− g0) = 0,

with γ(t) ∈ ∂jν(λ(t), uν(t)− g0)
on Σ3 (3.9)

− στ (t) ∈ ∂jτ (λ(t), uτ (t)) on Σ3 (3.10)

−K(∇θ(t)) · ν ∈ ∂jθ(λ(t), θ(t)) on Σ3 (3.11)

λ
′
(t) = g(t, u(t), λ(t)) on Σ3 (3.12)

λ(0) = λ0 on Γ3 (3.13)

u(0) = u0, θ(0) = θ0 on Ω. (3.14)

Here, equations (3.1) and (3.2) represent the fractional Kelvin-Voiget thermo-viscoelastic constitutive law
with long memory of Caputo type, see [2,5,11] for more details, where A = (aijkl) stands for viscosity
tensor, B = (bijkl) ∈ L∞(Ω) is a symmetric and coercive elasticity tensor, M = (mij) is the thermal
expansion tensor, N = (nij) describes the influence of the displacement, Λ is the relaxation tensor and
ε(u) = (∇u+ (∇u)T )/2 is the linearised strain tensor. The heat flux field q = (qi) is defined through the
thermal conductivity tensor K = (kij) by the Fourier law of heat conduction (3.4). In addition, equations
(3.3) and (3.4) represent the equilibrium equations for stress and heat flux fields, where Div and div
denote the divergence operator for tensors and vector valued functions. Moreover, (3.5) and (3.7) are
the mechanical and the thermal boundary conditions, relation (3.9) represents the multivalued normal
compliance contact condition with unilateral constraints, more details can be found in [4]. Condition
(3.10) represents the friction law in which ∂jτ (λ(t), ·) denotes the Clarke generalized gradient of the
function jτ (λ(t), ·). It has been discussed in a number of articles, such as for example [1]. The relation
(3.11) represent the heat exchenge between the contact zone Γ3 and the foundation. The evolution of
the adhesion field is given by a nonlinear ordinary differential equation (3.12) considered on a part Σ3,
where g is a given function. We note that for explicite examples of a such fonctions, we refer to [10,18].
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Finally, conditios (3.13) and (3.14) denote the initial adhesion conditions.

Now, to derive the weak formulation of Problem (P), we introduce the following function spaces

H = L2(Ω)d, H1 = H1(Ω)d, H =
{
τ = (τij) : τij = τji ∈ L2(Ω)

}
, H1 =

{
σ ∈ H : Divσ ∈ H

}
.

These espaces are real Hilbert for the following inner products and their associated norms

(u, v)H =

∫
Ω

uivi dx , (u, v)H1
= (u, v)H + (ε(u), ε(v))H ,

(σ, τ)H =

∫
Ω

σijτij dx , (σ, τ)H1
= (σ, τ)H + (Divσ,Divτ)H,

We also need to introduce the following variational subspaces

V = {v ∈ H1(Ω) : v = 0 on Γ1} , W = {θ ∈ H1(Ω) : θ = 0 on Γ1}.

The spaces V and W are Hilbert for the following inner products and their associated norms

(u, v)V = (ε(u), ε(v))H , ∥u∥V = (u, u)
1/2
V , (3.15)

(θ, η)W = (∇θ,∇η)H , ∥θ∥W = (θ, θ)
1/2
W . (3.16)

Since V is a closed subspace of H1 and since meas(Γ1) > 0, the Korn’s inequality holds and then there
exists a constant ck > 0 depending only on Ω and Γ1 such that

∥v∥H1 ≤ ck ∥ε(v)∥H, ∀ v ∈ V. (3.17)

Hence, the norms ∥ · ∥H1
and ∥ · ∥V are equivalent on V , and then (V, ∥ · ∥V ) is a real Hilbert space.

Moreover, by Sobolev trace theorem, there exists c0 > 0 depending only on Ω, Γ3 and Γ1 such that

∥v∥L2(Γ)d ≤ c0 ∥v∥V , ∀ v ∈ V. (3.18)

Moreover, sincee meas(Γ1) > 0, the Friedrichs-Poincaré inequality holds and thus we have

∥θ∥H1(Ω) ≤ cR ∥∇θ∥H, ∀ θ ∈ W, (3.19)

where cR > 0 is a constant which depends only on Ω and Γ1. It follows from (3.16) and (3.19) that the
norms ∥ · ∥W and ∥ · ∥H1(Ω) are equivalent on W , and thus (W, ∥ · ∥W ) is a real Hilbert space. In addition,
Sobolev trace theorem implies that there exists c2 > 0 depending on Ω, Γ1 and Γ3 such that

∥η∥L2(Γ3) ≤ c2 ∥η∥W , ∀ η ∈ W. (3.20)

In the study of Problem (P), we need the following hypotheses.

(B1) The viscocity operator A : Ω× Sd → Sd satisfies

(i) A(x, ξ) = a(x)ξ for a.e x ∈ Ω and all ξ ∈ Sd,

(ii) a(x) = (aijkl(x)) with aijkl ∈ L∞(Ω),

(3i) aijkl(x)ξijξkl ≥ mA∥ξ∥2Sd for a.e x ∈ Ω and all ξ = (ξij) ∈ Sd with mA > 0.

(B2) The elasticity tensor B : Ω× Sd → Sd is partial symmetric and continuous satisfies

(i) B(x, ξ) = b(x)ξ for a.e x ∈ Ω and all ξ ∈ Sd,

(ii) b(x) = (bijkl(x)) with bijkl ∈ L∞(Ω).
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(B3) The thermal operator M : Ω× Rd → Rd is symmetric, continuous and satisfies

(i) M(x, ε) = m(x)ε for a.e x ∈ Ω and all ε ∈ Rd,

(ii) m(x) = (mij(x)) with mij ∈ L∞(Ω).

(B4) The fonction N : Ω× Rd → R is symmetric, continuous and satisfies

(i) N (x, ε) = n(x)ε for a.e x ∈ Ω and all ε ∈ Rd,

(ii) n(x) = (nij(x)) with nij ∈ L∞(Ω).

(B5) The thermal conductivity K : Ω× Rd → Rd is symmetric, continuous and satisfies

(i) K(x, ε) = k(x)ε for a.e x ∈ Ω and all ε ∈ Rd,

(ii) k(x) = (kij(x)) with kij ∈ L∞(Ω).

(B6) The function jν : Γ3 × R× R → R satisfies

(i) jν(·, r, s) is measurable on Γ3 for all r ∈ R and

jν(., 0, 0) ∈ L2(Γ3),

(ii) jν(x, r, ·) is locally Lipschitz on R, for all r ∈ R and x ∈ Γ3,

(3i) there exist a constants a > 0, such that

|∂jν(x, r, s)| ≤ a(1 + |s|), (3.21)

(4i) either jν(x, r, .) or −jν(x, r, .) is regular for a.e x ∈ Γ3, r ∈ R

(5i) (r, s) → j0ν(x, r, s, z) is upper semicontinuous.

(B7) jτ : Γ3 × R× Rd → R satisfies

(i) jτ (·, r, ξ) is measurable on Γ3 for all (r, ξ) ∈ R× Rd and

jτ (., 0, 0) ∈ L2(Γ3),

(ii) jτ (x, r, ·) is locally Lipschitz on Rd, for all r ∈ R and x ∈ Γ3,

(3i) there exist a constants b > 0, such that

|∂jτ (x, r, ξ)| ≤ b(1 + ∥ξ∥), (3.22)

(4i) either jτ (x, r, .) or −jτ (x, r, .) is regular for a.e x ∈ Γ3, r ∈ R,

(5i) (r, ξ) → j0τ (x, r, ξ, η) is upper semicontinuous for η ∈ Rd.

(B8) The function jθ : Γ3 × R× R → R satisfies

(i) jθ(·, r, s) is measurable on Γ3 for all r ∈ R and

jθ(., 0, 0) ∈ L2(Γ3),
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(ii) jθ(x, r, ·) is locally Lipschitz on R, for all r ∈ R and x ∈ Γ3,

(3i) there exist a constants c > 0, such that

|∂jθ(x, r, s)| ≤ c(1 + |s|), (3.23)

(4i) either jθ(x, r, .) or −jθ(x, r, .) is regular for a.e x ∈ Γ3, r ∈ R,

(5i) (r, s) → j0θ (x, r, s, z) is upper semicontinuous.

(B9) The function g : Γ3 × [0, T ]× Rd × R → R satisfies

(i) g(·, ·, ξ, r) is measurable on Γ3 × [0, T ] for all ξ ∈ Rd, r ∈ R,

(ii) g(·, ·, ξ, s) is measurable on Γ3 × (0, T ) for all r, ξ ∈ R× Rd and x ∈ Γ3,

(3i) there exists Lg > 0 such that, for all t ∈ (0, T ) and r1, r2 ∈ R, ξ1, ξ2 ∈ Rd, we have

|g(x, t, ξ1, r1)− g(x, t, ξ2, r2)| ≤ Lg(|r1 − r2|+ ∥ξ1 − ξ2∥) a.e. x ∈ Γ3. (3.24)

(B10) Λ : (0, T ) → Q∞ is Lipschitiz continus with constant Lλ.

(B11) Initial condition, volume and surface forces densities, heat source and gap function satisfy

(u0, θ0) ∈ V ×W, λ0 ∈ L2(Γ3), f0, h0 ∈ L∞(0, T ;L2(Ω;Rd)), f2, hn ∈ L∞(0, T ;L2(Γ2;Rd)).

Next, we consider two elements f ∈ L2(0, T ;V ∗) and h ∈ L2(0, T ;W ∗) defined by

⟨f(t), v⟩V = ⟨f0(t), v⟩L2(Ω)d + ⟨f2(t), v⟩L2(Γ2)d for all v ∈ V, t ∈ (0, T ), (3.25)

⟨h(t), ξ⟩W = ⟨h0(t), ξ⟩L2(Ω) − ⟨hn(t), ξ⟩L2(Γ2) for all ξ ∈ W, , t ∈ (0, T ). (3.26)

Using now Green’s formula, the variational formulation of Problem (P) is as follows.

Problem (PV). Find a displacement u ∈ W 1,2(0, T ;V ), a temperature θ ∈ W 1,2(0, T ;W ) and a bonding
field λ ∈ W 1,2(0, T ;L2(Γ3)) such that for all (v, ξ) ∈ V ×W a.e t ∈ (0, T ), we have

⟨A(ε(c0D
α
t u(t))), ε(v)⟩ + ⟨c0Dα

t θ(t), ξ⟩+ ⟨B(ε(u(t)))−Mθ(t), ε(v)⟩

+⟨N ε(u(t)), ξ⟩+ ⟨K∇θ(t),∇ξ⟩+ ⟨
∫ t

0

Λ(t− s)ε(u(s))ds, ε(v)⟩

+

∫
Γ3

[j0ν(λ(t), uν(t)− g0; vν) + j0τ (λ(t), uτ (t); vτ )] da

+

∫
Γ3

j0θ (λ(t), θ(t); ξ) da

≥ ⟨f(t), v⟩V + ⟨h(t), ξ⟩W ,

λ
′
(t) = g(t, u(t), λ(t)) on Σ3

λ(0) = λ0 in Γ3

u(0) = u0, θ(0) = θ0 in Ω.

(3.27)

Then, we consider Q = V ×W which is a real Hilbert space endowed by the following inner product

⟨y, z⟩Q = ⟨u, v⟩V + ⟨θ, ξ⟩W for all y = (u, θ), z = (v, ξ) ∈ Q, (3.28)
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We introduce the operators A, B : Q → Q∗, given for all y = (u, θ), z = (v, ξ) ∈ Q by

⟨Ay, z⟩ = ⟨Aε(u), ε(v)⟩+ ⟨θ, ξ⟩, (3.29)

⟨By, z⟩ = ⟨B(ε(u))−Mθ, ε(v)⟩+ ⟨N ε(u), ξ⟩+ ⟨K∇θ,∇ξ⟩. (3.30)

We also introduce the operator R : L2(0, T ;Q) → L2(0, T ;Q∗) defined for a.e t ∈ (0, T ) by

⟨(Ry)(t), z⟩ = ⟨
∫ t

0

Λ(t− s)ε(u(s)) da, ε(v)⟩ for all (y, z) ∈ L2(0, T ;Q)×Q. (3.31)

Let Y = L2(Γ3), X = L2(Γ3,Rd)× L2(Γ3,Rd), we then consider the following functional

j : Y ×X −→ R, j(λ, y) =

∫
Γ3

[jν(x, λ, uν − g0) + jτ (x, λ, uτ ) + jθ(x, λ, θ)]da. (3.32)

For all λ ∈ Y , it follows from (B5)-(B7)(4i) that j(λ, ·) or −j(λ, ·) is regular on X, and that

j0(λ, y) =

∫
Γ3

[j0ν(x, λ, uν − g0) + j0τ (x, λ, uτ ) + j0θ (x, λ, θ)] da, ∀ y = (u, θ) ∈ X,

∂j(λ, y) =

∫
Γ3

[∂jν(x, λ, uν − g0) + ∂jτ (x, λ, uτ ) + ∂jθ(x, λ, θ)] da, ∀ y = (u, θ) ∈ X.

Next, we introduce the element fh ∈ L2(0, T ;Q∗) given for all z = (v, ξ) ∈ Q, by

⟨fh, z⟩Q = ⟨f, v⟩V + ⟨h, ξ⟩W . (3.33)

Then, let M = γ be the trace operator γ : Q → X, and consider the following operator

F : (0, T )×X × Y → Y, F (t, u, λ) = g(x, t, λ(x), u(x)) (3.34)

for all t ∈ (0, T ), u ∈ X, λ ∈ Y and a.e. x ∈ Γ3. To simplify the notations, let’s pose

w(t) = c
0D

α
t y(t) for a.e t ∈ (0, T ).

Then, for a.e. t ∈ (0, T ), we have
y(t) = 0I

α
t w(t) + y0.

Using now the previous notations, we consider the following equivalent problem.

Problem (QV). Find w ∈ L1(0, T ;Q) and λ ∈ W 1,2(0, T ;Y ) such that

⟨A(w(t)), v⟩∗V + ⟨B(u0 + 0I
α
t w(t)), v⟩+ ⟨R(u0 + 0I

t
0w(t)))(t), v⟩

+j0(λ(t),M(u0 + 0I
α
t w(t));Mv) ≥ ⟨f(t), v⟩, ∀ t ∈ [0, T ], ∀ v ∈ Q.

λ
′
(t) = g(t,M(u0 + 0I

α
t w(t)), λ(t)), ∀ t ∈ (0, T ),

λ(0) = λ0

(3.35)

The equivalence of Problem (PV) and Problem (QV) is obtained, i.e., has the same solution.

Theorem 3.1 Assume (B1)-(B11) satisfied. Then, Problem (PV) has at least one solution

(y, λ) ∈ W 1,2(0, T ;Q)×W 1,2(0, T ;L2(Γ3)).

Proof: The proof is based on an abstract result on fractional differential history-dependent hemivari-
ational inequalities, stated in Theorem 2.1. Using Definition 3.34 of the operator F and assumption
(B9), it is clear that the operator F satisfies (H1). Moreover, from Definition 3.30 of the operator B and
hypotheses (B2)-(B5), we get that B ∈ L(Q,Q∗), i.e., condition H3 holds. Next, Definition 3.31 of R and
hypothesis (B10) imply that conditions (H4) and (H5) are satisfied, with E = I and q = Λ.
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Lemma 3.1 Under assumption (B3), the operator A defined by (3.29) satisfies condition (H2).

Proof: We use Definition 3.29 of A and hypotheses (B3)(3i) to obtain

⟨Ay, y⟩ = ⟨Aε(u), ε(u)⟩+ ⟨θ, θ⟩ ≥ mA∥u∥V + ∥θ∥W
≥ min(mA, 1)(∥u∥V + ∥θ∥W ).

(3.36)

Then, the operator A is mA-coercive with mA = min(mA, 1), i.e., condition (H2) holds.
2

Lemma 3.2 Under assumptions (B6)-(B8), the operator j defined by (3.32), satisfies condition (H6).

Proof: Using Definition 3.32 of j, hypotheses (B6)-(B8) and Corollary 4.15 in [12] to obtain

∥∂j(λ, y)∥ ≤
√

3meas(Γ3)(a+ b+ c) +
√
3max{a+ b, c}(∥u∥V + ∥θ∥W )

≤ max
{√

3meas(Γ3)(a+ b+ c),
√
3max{a+ b, c}

}
(1 + ∥y∥Q).

(3.37)

Then, conditions (H6)(i)-(ii) are verified for the following constant

cj = max
{√

3meas(Γ3)(a+ b+ c),
√
3max{a+ b, c}

}
.

Moreover, assumptions (B6)-(B8)(5i) ensure that the condition (H5)(3i) hold, see [12, Theorem 1.64].
2

Furthermore, condition (H7), i.e., fh ∈ L∞(0, T,Q∗), is a direct consequence of the definitions 3.25,
(3.26) and (3.33) of f , h and fh repectively, and of the hypothesis (B11). Thus, condition (H8) follows
effectively by using the properties of the trace operator. Finally, all the conditions of Theorem (2.1) hold
and that concludes the proof Theorem 3.1.

2
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22. W. Han, S. Migórski, M. Sofonea, A class of variational-hemivariational inequalities with applications to frictional
contact problems. SIAM J. Math. Anal. 46, 389-3912 (2014).

Zakaria FAIZ ,

Sultan Moulay Slimane University, Equ. MATIC, FP of Khouribga,

Morocco.

E-mail address: zakaria.faiz@usms.ma

and

Hicham Benaissa ,

Sultan Moulay Slimane University, Lab. LMRI, FP of Khouribga,

Morocco.

E-mail address: hi.benaissa@gmail.com

and

Othmane BAIZ ,

bn Zohr University, Lab. ESER, FP of Ouarzazate,

Morocco.

E-mail address: othman.baiz@gmail.com

and

Driss EL MOUTAWAKIL ,

Sultan Moulay Slimane University, Equ. MATIC, FP of Khouribga,

Morocco.

E-mail address: d.elmoutawakil@gmail.com


	Introduction
	Abstract fractional differential history-dependent hemivariational inequalities
	Application to frictional contact problem in thermo-viscoelasticity with long memory

