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Convergence of solutions of a p—dimensional system of sk—order rational recursive
equations *

Ahmed Ghezal and Imane Zemmouri

ABSTRACT: We extend an exciting result on the convergence of positive solutions to a p—dimensional system
of higher-order rational difference equations, which can also be considered as an extension of the one presented
by Simsek and Dogan (MANAS Journal of Engineering, 2014, 2(1), 16 — 22). Our results popularize some
findings in the literature. We provide illustrative examples of the solutions that have been calculated and
plotted.
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1. Introduction

Systems of nonlinear difference equations are always of great interest because these systems appear them-
selves as mathematical models of some problems in biology, stochastic time series, physics, probability
theory and numerical solutions of differential equations, etc. (see, [1], [7] — [9], [10] — [16], [27] — [29],
[34] — [36], [39]). Among these systems is the rational system of difference equations, which gets a lot of
attention for the periodic nature and the global asymptotic behavior of all positive solutions, [2] — [31],
[37] — [40], [42]. On the other hand, we can see that the system of difference equations is natural
extension of the difference equation an example of this is the open problem that Stevié¢ [36] solved,

for the following equation an = x /h( (1)) m_l) > 0,7 =1,2, n € Ny, when the function h

satisfies some regularity conditions, Wthh has been developed by Simsek et al. [33], [34] and [35], for

; (1) (1 (1) ey (1) m @ )
higher-order, z; () =, o 1) (1 +x, ) Lo = T (4hr3) /(1 + xnszn_(%ﬂ):z:n_(%w)) and

1 1 1 1 1
o0 =2y /(14 2002, 0,

Through the motives provided by these works [2] — [42], and especially [33], [34] and [35], we introduce
a natural extension of [35] equation through the following system

(2)
G T (sk—1)

ve{l,..,pt,n>0k>1,s>2, (1.1)

where the initials values are positive.

2. On the system (1.1)

In this paper, we will present some very important results of the System (1.1), which is an extension
of Simsgek’s papers [32], [33], [34] and [35].
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Theorem 2.1 Consider the system of difference equations (1.1) and let p, s, k be fixed integers. Assume
that the initial values x(_1§7 j€{0,...,sk—1}, i€ {1,...,p} satisfy the following condition

min {x(_;j €10, ..., sk — 1} ,i € {1, ...,p}} >0, (2.1)

then for every solution {(x%l), ...,x%p)>} to system (1.1) satisfying condition (2.1), then the following
n

statements are true.

(i) The subsequences {(mi}c)nﬂ., ...,:Ci’,';)nﬂ) }n, Jj €{1,...,sk} are decreasing and then there exist non-

negative constants agj),j e {l,....,sk}, i € {1,...,p} such that
(i) If agj),j €{1,...,sk}, i € {1,...,p} are the constants defined in (2.2), then the following sequence

(mi}C)’n+j7 sevy xi’];)n+J) = (agj) ceey az(f)) 5 ] c {17 ceey Sk'} ,n c NO,
is a solution of system (1.1) of period sk.

(iit) The following relations [] ankH) =0,1¢e{l,..,k}, i € {1,...,p} holds, where aESkH) = agl)
j=1
le{l,.. k}.

)

(iv) If there exists ng € Ny, such that the subsequences (xg))n, i €{1,...,p} are satisfied zgl(sil)k >
scgf), i € {1,...,p} for n > ng, then lim, (x%l),...,wgzp)) = Q/(p), where O,y s a null vector of

dimension p.

(v) The following formulas, fori € {1,...,p}, j € {1,..., sk},

s—1 -1 n sm s—1 -1
(1) _ .33 (1) (1)
Taknts = T (sk—j) (1T (1 + H x—(lk—j)) - Z H (1 + H x(l—u)kw‘) ’

=1 m=01[=1 u=1
hold.
Proof.
s—1 . . .
(i) First, from system (1.1), we have 1+ Hl xif)_(jk_l) € (1,400), for each n and x:)_(sk_l) > xffil for
]:

each n, i € {1,...,p}. Since the sequences {(xgc)nﬂw.wmiﬁlﬂ)} , J € {1,...,sk} are decreasing
and bounded below by 0, then they are convergent. Therefore, there exist non-negative constants
al(.J),j e {1,...,sk}, i € {1,...,p}, such that (2.2) is verified.

(ii) (agj), ceny aéj) is a solution of system (1.1) of period sk.

)je{o,...,k+1}
(iii) In view of the system (1.1), we obtain,

, o) o)
gy = T = B e (Lph e (L)

.00 ES N0
I+ Hl xskn—(jk—l) 1+ Hl xk(sn—j)-‘rl
J= J=
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Take the limits on both sides of these equalities, and using
(1 _ (sk+1) _ (4) () i (8)
a;’ =a; hmxsk(nﬂ)ﬂ = hmxsan = 117Ilnxsk(n71)+l7l e{1,..,sk},
we get
() lim,, xiik)(nq)ﬂ
limzy, , = - ,1e{l,..,p},le{l,....k},
n S— i
L+ Hl lim,, xgc()sn—j)-‘rl
=
T kD
then H lim,, xk(sn sy =0, e, 1 a’ =0,ie{l,..,p},le{l,...,k}.
j=1
(iv) If there exists ng € Np, such that xSZk > xifi_l for n > ng, i € {1,...,p}, then
2 (@) () (4)
9kn+l > sknJr(sfl)kJrl Z xskn+2(571)k+l > > xsknJrs(s 1) k+0’ (AS {1’ 7p}
for n > ng. Limiting on both sides as n — oo, we get
(l) >aq ((s Dk+i) >a (2(5_1)]6“) > > ags(s_l)kﬂ) > aEl) >0forie{l,..,p},le{l,.. k}.
Moreover, using the result obtained in (iii), we have az(-l) =0, forie{l,..,p}, le{l, .., k} and
hence agl) =0, forie{l,..,p}, l €{1,...,sk}. For these, we have
im (2™ (p))
1171Ln (mn S ( )-
(v) From system (1.1), we get, for i € {1,...,p}, n >0,
-1
20 (2) _ (i)
Tpt1 xn—(sk—l) - L+ H xn (jk—1) -1 ‘rn—(sk—l)
-1
_ 1.0
=— |1t H i | lenlonmy
j=1
-1
s—1 )
_ (@
=— |t H Ty~ (jk—1) “(k-1) H Tn((G+1)k—1)
j=1
thus, we have
(4) () B z,) ((s+1)k—1)
i i _ o) T~ ((s+1)k—1
Tni1 — xnf(skfl) =1+ H xn (jk—1) Ly (k—1) 1— ( ) (23)
j=1 —(k=1)
-1
s—1
- () (4) ()
=1+ H Ty~ (ik—1) (xn—(k—l) - xn—((s-ﬁ-l)k—l)) ;
j=1
forn > 0,14 € {1,...,p}. We use the change of variables yv(f)l = xS,iH EQ o)k and replacing n

with nk+1—1,1 € {1,...,sk} in 2.3, we have

-1

s—1
(1) (%) (7)
Y= |1+ H Tk (k1) Yno1
j=1
N “1
_ ()
= Yo, H (1 + H z]k (uk— l)) .
j=1 u=1
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forn>1,i€{l,..,p},l €{l,...,sk}. Now, from the last expression, we obtain
n 0 n sm s—1 @ -1
1 Z K3
3=t ST (T )
m=0 m=0 j= u=1

forn>1,ie€{l,..,p}, 1 €{1,...,sk}. From the last result, we obtain

n sm -1
(1) (1) _ (.. (1)
Lskn+l — T _(sk—1) = (xl T _(sk— 1)) Z H <1 + H Lik—(uk— l)) )

m=0j=1
forn>1,ie€{l,...,p}, 1 €{1,...,sk}, then

. -1
xgik)n+l - $g)(sk:7l) = (xz(l sk z)) > H (1 + H %k (uk—1 > ’

m=0 j=1
—1
(0) (i) 7.6 i)
=T gy T Tk | 1T H T (k1) =T sk—1)
j=1

n sm
<D

m=0j=1

—1
<1+H% (uk— l))

s—1 n -
= x(_l)(sk—l) I+ |1+ H (—)(Jk—l) Z H (1 + H xjk (uk— l))
j=1

m=0j=1

The statement (v) is proven, which completes the proof of Theorem 2.1.H

Example 2.1 We consider interesting numerical example for the following system
Q)

(1) Tn13
Tphy = - ; ; - , ,i€4{1,2,3,4},n >0, (2.4)
1+ a8 o) ol ol el gl
with s =7, k=2, p=4 and the initial conditions
i/j 0 1 2 3 4 5 6 7 8 9 10 11 12 13
1 1.1 1.2 1.32 122 1.05 1.11 1.16 138 1.31 1.28 1.26 1.21 1.20 1.19
2 0.01 0.13 0.16 0.39 0.36 035 031 024 023 021 019 0.18 0.17 0.2
3 11 12 15 17 9 8 7 6 14 13 19 17 16 9
4 2 3 6 5 1 4 7 73 2 32 8 3 4.8 04
Table 1. The initial conditions.
The plot of the system (2.4) is shown in Figure 1.
The plot of the solutions is shown in Figure 2.
Example 2.2 We consider interesting numerical example for the following system
_ 20
28 = <+8<> i€{1,2,3},n>0, (2.5)

1+ LTpZoln_s
with s =3, k=3, p=4 and the initial conditions
ifj 0 1 2 3 4 5 6 7 8

1.14 132 146 1.57 1.65 1.72 1.78  1.83 1.91
2 147 0.54 0.20 0.07 0.03 0.001 0.004 0.002 0.001
3 3 4 5 6 7 8 9 10 11

Table 2. The initial conditions.

The plot of the system (2.5) is shown in Figure 3. The plot of the solutions is shown in Figure 4.
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Figure 1: The plot of the system (2.4) when we put the initial conditions in Table 1.
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Figure 2: The plot of the solutions of system (2.4) when we put the initial conditions in Table 1.
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Figure 3: The plot of the system (2.5) when we put the initial conditions in Table 2.
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Figure 4: The plot of the solutions of system (2.5) when we put the initial conditions in Table 2.
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