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On a solvable bidimensional system of rational difference equations via Jacobsthal
numbers

Ahmed Ghezal and Imane Zemmouri

ABSTRACT: In this paper, we are interested in the closed-form solution of the following bidimensional system
of rational of (m + 1) —order,
1 1 N
1= - | =—— n.m 0

Pn+ 7+ S8gn_m s dn+ 7+ 8Pn—m s Ty )
and the initial values p_; and g—j, j € {0,1,...,m} are real numbers do not equal —7/8. We show that
the solutions of this bidimensional system are associated with Jacobsthal numbers. As a consequence, these
solutions are also associated with Jacobsthal-Lucas numbers. It is shown that the global stability of positive
solutions of this system holds. Our results are illustrated via numerical examples.

Key Words: Stability, Jacobsthal numbers, Jacobsthal-Lucas numbers, Binet formula, system of
difference equations.
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1. Introduction

Much interest has been given lately to the solvability and stability of difference equations in the
context of a rational system of difference equations. Whereas the following homogeneous linear difference
equations of 2nd-order were solved by De Moivre,

Tyl = Ty + Bro_1,n > 1,

where o, 8 € R or C such that 8 # 0, in particular, we give information about the Jacobsthal sequence
that establishes a significant part of our study, defined as follows

Jn+2 = Jn+1 + 2Jn7 n > 11

with initial conditions Jy = 0 and J; = 1. The following Binet formula of the Jacobsthal numbers gives,
Jn = (a™ = b") /(a—b), where a = 2 and b = —1, and the closed-form expression for the Jacobsthal-
Lucas numbers are j,, = a™+b". The search for solutions in the closed form of difference equations and/or
systems has attracted the attention of many mathematicians (see., [1]—[10], [16]—[26], [29]—[37]). So,
in this paper, we seek to provide a class of system of rational difference equations which can be solved
in explicit form, but the solutions are expressed by Jacobsthal numbers, is the following bidimensional
system of rational difference equations,

1 1
T+ 8Gn—m " T T 8ppm
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and the initial values p_,,, ..., P0, ¢—m, --., o are real numbers do not equal —7/8. Additionally, systems
of difference equations have found applications in control theory, mathematical biology, and particularly
time series analysis (see., [11]—[15], [20], [27]).

2. Main results

To solve system (2.4) we require to utilize the following lemmas.
Lemma 2.1 Consider the homogeneous linear difference equation with constant coefficients
Tpa1 — (Tn —8rp—1 =0,m >0, (2.0)

with initial conditions ro, r_1 € R. Then,

V>0, = Pl + ot
where (Jp,n > 0) is the Jacobsthal sequence.
Proof. Difference equation (2.0) is ordinarily solved by using the following characteristic polynomial,

M_TA=8=A-8)(A+1)=0,

roots of this equation are
M o=a X =02,

These roots are linked to the roots of the Jacobsthal number sequence. Then the closed form of the
general solution of the equation (2.0) is

Vn > —1, 7, = 10" + b,

where 1y, r_1 are initial values such that

33
and we have ) )
a3 (ro+1_1) —b3rg —adr_;
1 = , C2 )
9 9
after some calculations, we get
B a(ro+r_1) 5, —brg—d’r_y 5,

7o a3(n+1) _ b3(n+l) N 8r_, a3n — p3n
3 a—"b 3 a—b )’

Lemma 2.2 Consider the homogeneous linear difference equation with constant coefficients

The lemma is proved.

Sp+1 + 78y — 881 =0,n >0, (2.1)

with initial conditions sg, s_1 € R. Then,

8s_
Vn >0, s, = (_1)n (S;Js(n+1) - 831*]371) )

where (Jp,n > 0) is the Jacobsthal sequence.
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Proof. Difference equation (2.1) is ordinarily solved by using the following characteristic polynomial,
A2 4+ 7\ — 8 = 0, roots of this equation are

A = —a® Ny = b3

These roots are linked to the roots of the Jacobsthal number sequence. Then the closed form of the
general solution of the equation (2.1) is

Vn > -1, s, = (=1)" (51a3” +52b3”) ,

where sg, s_1 are initial values such that

{ 80251 +EQ

s 4 — C1 Co
—1 - s T 5
a® b3
and we have
- a®(so—s_1) — B —b3sp + a®s_1
C1 = , C2 =

after some calculations, we get

dB (s — 5. _b3sg + ads_
S

B ( 1)n S0 a3(n+1) _ b3(n+1) 8s_1 a3n — p3n
- 3 a—b 3 a—b '

Lemma 2.3 Consider the following system of difference equations

The lemma is proved.

Up+1 = 7Un + 8un,1
,n>0, 2.2
{ Un+1 = Ty + 8Up—1 B ( )
with initial conditions u_1,ug, v_1,v9 € R. Then,
8u_ 8u_
Uon = G J32n41) + ~5+ Jon, Von = G J32n41) + —5—Jons
— Yo U—1

Uoni1 = R Jomnr1) + 5 B@nt1)s Vant1 = Tty T 5 J32n41)-

Proof. From system (2.2), we get the following system

n >0, (2.3)

Up+1 + Unt1 = 7 (un + Un) +38 (un—l + Un—l)
Uptl — Ung1 = —7 (un - Un) +8 (un—l - Un—l)

Using the change of variables r, = u,, + v, and s,, = u,, — v,,, we can write (2.3) as

Tn+1 = Trp + 8rp—1
>
{ Sn41 = —T8y +88p 1 =0,
by Lemmas 2.1 — 2.2, we have

o 8r_q
Yn >0, r, = *Jg(n_g_l) + ——J3n,

3 3

nf S 8s_

Vn >0, s, = (1) (;J3<n+1> - 31Jgn> :

hence, the closed form of general solution of the system (2.2) is (up,v,) = (T2F=2, Ia582) 'n > 0. The
lemma is proved.
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2.1. On the system (2.4)
In this subsection, we consider the following system of difference equations of 1st-order,

1

1
il = ———— i1 = ———,n € Ny. 24
Pn+1 7+8anI+1 7+8pnn 0 (2.4)

To find the closed form of the solutions of the system (2.4) we consider the following change variables

Un—1 _ Un—1
) q’ﬂ - b
Unp Un

Pn =

then the system (2.4) becomes
n > 0.

) -

Up+1 = 7’Un + 8un,1
Un+1 = 7Un + 8’Un,1

By Lemma 2.3, the closed form of general solution of the equation (2.4) is easily obtained, in the following
Theorem

Theorem 2.1 Let {py,qn,n > 0} be a solution of equation (2.4). Then,

_ Jon +8poJ3(2n—1)

Pon = s
2 J3(2n41) + 8poJen
J3(2n+1) + 890 J6n
Pon41 = )
Jo(n+1) + 890J3(2n+1)
Gon = Jon + 8q0JS3(2n—1)
o J32nt1) + 8q0J6n’
J3@2n+1) T 8poJen
q2n+1 =

Jo(nt1) + 800 S32n+1)
where (Jp,n > 0) is the Jacobsthal sequence.

Proof. Straightforward and hence omitted.
2.2. On the system (1.0)

In this paper, we study the System (1.0), which is an extension of System (2.4). Therefore, the System
(1.0) can be written as follows

1 1

Plmt1) ()=t = mge o )t 1)—t = gy

for t € {0,1,...,m} and n € N. Now, using the following notation,

DPn,t = p(m+l)n—t7 dn.t = q(m-‘rl)n—tv te {07 17 ceey m} 5
we can get (m + 1) —systems similar to System (2.4),

1 1

ma%ﬂ,t = ———,n € Ny,
n,

Pt = 7+ 8pn,t

for t € {0,1,...,m}. Through the above discussion, we can introduce the following Theorem
Theorem 2.2 Let {p,,gn,n > —m} be a solution of equation (1.0). Then, fort € {0,1,...,m},

Jon + 8p—tJ32n-1)

Po(m+1)n—t = Taomen) + 8t Jon

_ J3nt1) +8q—1Jen
Jo(nt1) + 80—t J32n41)

P(m41)(2n+1)—t
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Jon + 8q—tJ32n—1)

J32n+1) + 86—t Jen’
J3@2n+1) + 8P—tJon

B Jo(ns1) + 80—t J3(2n+1)

q2(m+1)n—t =

q(m+1)(2n+1)—t
where (Jp,n > 0) is the Jacobsthal sequence.
Proof. The proof of Theorem 2.2 is based on Theorem 2.1 for (m + 1) —systems (1.0).
Corollary 2.1 Let {pn, qn,n > —m} be a solution of equation (1.0). Then, fort € {0,1,...,m},
Jen —2+38 (j3(2n—1) + 2) D—t

Ja@nt1) T2+ 8 (Jon — 2) p—t ’
J3(2nt1) + 2+ 8 (Jon — 2) gt

Jo(ns1) — 2+ 8 (J3@nt+1) +2) q—t

P2(m+1)n—t =

Pim+1)(2n+1)—t =

Jon — 2+ 8 (J32n—1) + 2) ¢t

j3(2n+}) +2+38 (]6n - 2) q—t ’
J3@n+1) + 2+ 8 (Jon — 2) Pt

J6(nt1) — 2+ 8 (Js@nt1) +2) p—¢’

where (jn,n > 0) is the Jacobsthal-Lucas sequence.

92(m+1)n—t =

q(m+1)2n+1)—t =

Proof. We see that it suffices to remark
Jn =3Jn +2(=1)" (see., [28]).

Remark 2.1 There are many systems whose solutions can be expressed by Jacobsthal and Jacobsthal-
Lucas numbers, which are

1 1

7’q 1:77n7m6N07k21’
Ck + dkCInfm mt Ck + dkpnfm

Pn+1 =

where (¢, dy) = (ak + bk — (ab)k) € {(1,2);(5,-4);(17,-16);...} , k > 1. Using the results of Theorem
2.2, we get
Jokn + 8p—tJpan—1)
Jien+1) + 80—t Jorn’
» _ Jr@2n+1) + 8q¢—tJokn
(m+1)(2n+1)—t Toktns1) + Sq_th(an),
_ J2kn + 8¢t Jp(2n-1)
Ji2nt1) + 8¢t Jopn’
Je@nt1) + 8p—tJ2kn
Jokm+1) + 80—t Jk2n41)’

P2(m+1)n—t =

q2(m+1)n—t

k>1.

d(m+1)(2n+1)—t —

3. Global stability of positive solutions of (1.0)

In the following, we will study the global stability character of the solutions of system (1.0). Obviously,
the positive equilibrium of system (1.0) is

U=@q=a>1,1), E=b7°(1,1).

Let the functions f1, f2 : (0, +oo)2(m+1) — (0,4+00) defined by

1 1
/ / - - / A - -
h (Bo;m’go;m) Ty 8Gn_m f2 (B():m7g0:m) 74 8Pn—m
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where ., = (g, U1, ..., Un) . Now, it is usually useful to linearize the system (1.0) around the equi-
librium point U in order to facilitate its study. For this purpose, introducing the vectors X! :=

(B;L,Q;) where P, = (Pn,Pn—1, -, Pn—m) and Q; = (Gn,qn—-1, s @n_m) - With these notations, we

obtain the following representation
Xn-i—l = Fmirm (31)

where

8
Olm-1y 0 Olm-1)  ~1s

Ton1y Ogn-) Om-1) Oy ’
Oim-1)  ~19 Om-1) 0
Om-1) Oum-1y Im-1) Q-1

FnL =

with O(y,;y denotes the matrix of order k x [ whose entries are zeros, for simplicity, we set Oy := Oy r)
and Q(k) = O,1) and I(y,) is the m x m identity matrix. We summarize the above discussion in the
following theorem

Theorem 3.1 The positive equilibrium point U is locally asymptotically stable.

Proof. After some preliminary calculations, the characteristic polynomial of F,, is
PFm ()\) = det (Fm — /\I(g(erl))) =M\ ()\) — Ay ()\) ,

where A; (A) = A2+ and Ay (\) = (4%)2, then [Ay (A\)| < |A1 (N)],VA : [A| = 1. So, according to
Rouche’s Theorem, all zeros of Ay (A) — Az (A) = 0 lie in the unit disc |A\| < 1. Thus, the positive
equilibrium point U is locally asymptotically stable.

Corollary 3.1 For every well defined solution of system (1.0), we have limp,, = lim ¢, = a~3.

Proof. From Theorem 2.2, we have

Jon + 8p—tJ3(2n-1)
J32n+1) + 8P—tJon
1+ 8p_ 22n=t)

limp2(7rL+1)n—t = lim

= lim J3(2nt1)

g T 8p
1 +8p_ta=3 3
a3 +8p_, ‘o

J32n41) + 8¢t Jon
Jo(n+1) + 8q—tJ3(2n+1)
J n
=1i 41 84— J3<26n+1)
Je(nt1) 1 8q_s

J3(2n+1)

limpmi1y@nyny—e =1

B 1+8q,ta*3 _ _3
AP +8¢ ’

Rest of the proof of lim g, is similar to the proof of lim p,,, which completes the proof of Corollary 3.1.
The following result is an immediate consequence of Theorem 3.1 and Corollary 3.1.

Corollary 3.2 The positive equilibrium point U is globally asymptotically stable.



BIDIMENSIONAL SYSTEM OF RATIONAL DIFFERENCE EQUATIONS 7
4. Numerical Examples

In order to clarify and shore theoretical results of the previous section, we consider some interesting
numerical examples in this section.

Example 4.1 We consider interesting numerical example for the difference equations system (1.0) when
m = 1 with the initial conditions p_1 = 2.3, pg = 4, q_1 = 0.4 and qo = —2.3. The plot of the solutions
18 shown in Figure 1.

p"‘qr\

Figure 1: The plot of the solutions of system (1.0), when m=1 and we put the initial conditions p_; =
2.3,p0 =4,9-1 = 0.4 and ¢gp = —2.3.

Example 4.2 We consider interesting numerical example for the difference equations system (1.0) when
m = 2 with the initial conditions

{ 0 1 2
DP—i 0 4 1
g |2 3 —06

Table 1. The initial conditions.

The plot of the solutions is shown in Figure 2.
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eer ]

25

0.5 |

-0.5

Figure 2: The plot of the solutions of system (1.0); when we put the initial conditions in Table 1.

Example 4.3 We consider interesting numerical example for the difference equations system (1.0) when
m = 3 with the initial conditions

i 0 1 2 3

p_i || 3 1 2 02

q_; |04 3 1 3.9

Table 2. The initial conditions.

The plot of the solutions is shown in Figure 3.
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Figure 3: The plot of the solutions of system (1.0); when we put the initial conditions in Table 2.

In these examples, we show that the solutions of the system (1.0) for some cases are globally asymptotically
stable.
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