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On Zweier I-Convergent Triple Sequence Spaces
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ABSTRACT: Present work is an investigation of Ideal convergent triple sequence spaces via Zweier operator
over an admissible ideal of N x N X N and study some of their algebraic and topological properties like
convergence free, symmetricity, solidity, monotonicity etc. Also, we have proved some inclusion relations of
these spaces.
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1. Introduction

A triple sequence (Real or complex) is a function z : N x N x N — R(C), where N,R and C
denote the set of natural numbers, real numbers and complex numbers respectively. The different types
of notions of triple sequence spaces was introduced and investigated at the initial by Sahiner et al.[26,27],
Datta et al. [5], Debnath et al. [6], Esi et al. [7,8,9] and many others.

Let w? denote the class of all complex triple sequences (x,x;) where n,k,l € N. Then the classes of
triple sequences 2., ¢® and ¢ denote the triple sequence spaces which are bounded in Pringsheim’s sense,
convergent in Pringsheim’s sense and convergent to zero in Pringsheim’s sense respectively, normed by

[Zlloe = sup |@ppl, where n,k,l € N.

n,k,l

In 1900, Pringsheim introduced the notion of convergence of double sequences. Further, this concept
has been studied by many authors(see for instance [24,32,33]). The idea of statistical convergence was
first presented by Fast [10] and Schoenberg [29] independently. Also, Steinhaus [31] studied asymptotic
convergence in 1951. The notion of I-convergence is a generalization of statistical convergence which was
introduced by Kostyrko, Salat and Wilczynski[19]. Later on it was studied by Tripathy, Salat and Ziman
[28] and many other researchers. [3,13,14]

A sequence space A with linear topology is called a K-space provided each map p; — C defined by
pi(x) = z; is continuous for all ¢ € N. A K-space A is called an FK-space provided A is a complete linear
metric space. An FK-space whose topology is normable is called a BK-space. [18,21,22]

Let A and g be two sequence spaces and A = (a,)) be an infinite matrix of real or complex numbers
ank, where n,k € N. Then we say that A defines a matrix mapping from A to p, and we denote it by
writting A : A — pu.

If for every sequence x = (xy) € X the sequence Az = {(Azx),)}, the A transform of z is in p, where

(Az)n =Y ankzk, (n€N). (1.1)
k
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By (M : ), we denote the class of matrices A such that A : A\ — pu. Thus, A € (A : p) if and only if
series on the right side of (1.1) converges for each n € N and every x € A.

The approach of constructing new sequence spaces by means of the matrix domain of a particular
limitation method have been recently been employed by Mursaleen, Altay and Bagar [1], Altay and Basar
[2], Malkowsky [20], Ng and Lee [23] and Wang [34].

Sengoniil [30] defined the sequence y = (y;) which is frequently used as the ZP transform of the
sequence x = (x;) i.e.,

yi = pr; + (1 —p)ziy
where z—1 =0, 1 < p < oo and ZP denotes the matrix ZP = (z;) defined by

P (i=k),
zik=4q1—p, (i—-1=k);({keN),
0, otherwise.

Following Bagar and Altay [2], Sengoniil [30] introduced the Zweier sequence spaces Z and Zj as
follows:
Z={x=(ap) €ew:ZPz € ¢}
Zo={z=(z) Ew:ZPx € o}
Here we list below some basic definitions and examples used in this article.
Definition 1.1 [25] A family I C 2Y*Y XY of subsets of a non empty set Y is said to be an ideal in
Y if
(i) eI,
(ii) A,B € I implies AUB €1,
(iii) A€ I,BC Aimples Be I

Definition 1.2 [25] A non-empty family of sets F' C 2X*X*X ig a filter on X if and only if

() 0 ¢F,
(ii) A,B € F implies ANB € F,
(iii) A€ F and A C B implies B € F.

Definition 1.3 [25] An ideal [ is called a non-trivial ideal if I # () and X ¢ I. Clearly I C 2X*XxX
is a non-trivial ideal if and only if F = F(I) = {X — A: A € I} is a filter on X.

Definition 1.4 [25] A non-trivial ideal I C 2X*X*X ig called

(i) admissible if and only if {{z}:2 € X} C I,
(ii) maximal if there cannot exists any non-trivial ideal J # I containing I as a subset.

Definition 1.5 [26] A triple sequence (x,y;) is said to be convergent to L in pringsheim’s sense if for
every € > 0, there exists N(e) € N such that

|Znkt — L| < € whenever n> N, k>N, [ > N.

Example 1.1 [26] Let

kl, n=3

B nl, k=25

Tkl Yk 1=7
8,  otherwise.

Then (z,x;) — 8 in Pringsheim’s sense.
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Note: A triple sequence convergent in Pringsheim’s sense is not necessarily bounded [4].

Example 1.2 [4] consider the sequence (x,x;) defined by

1

{n, forallm e N, k=1=1
Tnkl =
ntk+l

otherwise.
Then x,x; — 0 in Pringsheim’s sense but is unbounded.

Definition 1.6 [26] A triple sequence (x,x;) is said to be a Cauchy sequence if for every e > 0, there
exists N(e) € N such that

|9anl—wpqr|<e whenever n>p>N, k>qg>N, | >r>N.

Definition 1.7 [26] A triple sequence (z,k;) is said to be bounded if there exists M > 0 such that
|Znkt| < M for all n,k,1.

Definition 1.8 [4] A triple sequence (x,y;) is said to be I-convergent to a number L if for every € > 0,
such that

{(n,k, 1)) ENXNXN: [z —L| > e} €1

in this case we write I —limx,;; = L.

Definition 1.9 [4] A triple sequence (%) is said to be I-null if L = 0. In this case we write
I —lim Tkl — 0.

Definition 1.10 [4] A triple sequence (x,y;) is said to be I-Cauchy if for every e > 0, there exists
p=p(e),q = q(e) and r = r(e) such that

{(n,k,1) e N X N x N : |21 — Tpgr| > €} € L.
Definition 1.11 [4] A triple sequence (znk;) is said to be I-bounded if there exists M > 0 such that
{(n,k,1) e N x N x N : |wp| > M} € I.

Definition 1.12 [4] A triple sequence space F is said to be solid if (v, x1Znki) € E whenever (2,5) € E
and for all sequences (anx;) of scalars with |,k < 1, for all n, k,I € N.

Definition 1.13 [4] A triple sequence space F is said to be symmetric if (2,,4;) € E implies (r(n5,1)) €
FE, where 7 is a permutation of N x N x N.

Definition 1.14 [4] A triple sequence space E is said to be monotone if it contains the canonical
pre-images of all its step spaces.

Definition 1.15 [4] A triple sequence space F is said to be convergence free if (y,x;) € E, whenever
(Znk1) € E and x,p; = 0 implies ypi = 0.

Definition 1.16 [4] A triple sequence space F is said to be sequence algebra if (znx * ynri) € E,
whenever (z,1;) € F and y,x; € E.
The following Lemmas will be used for establishing some results of this article:

Lemma 1.1 Let E be a sequence space. If E is solid then E is monotone. (see [12,13,15,11])

Lemma 1.2 If I C 2N and M CN. If M ¢ I, Then M NN ¢ I.(see[1/,16,17])
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2. Main Results

In this section we introduce the following classes of sequence spaces.

32l ={z = (o) €w® : {(n,k,]) ENXNxN:I—limZPz =L, for some L}} €I

328 ={r = (zop) €W {(n,k,]) ENXxNxN:T-1limZPz =0}} €]

321 = {z = (zon) €W {(n,k,1) e N x N x N :sup |ZPz| < c0}} €1
n,k,l

we also denote by,
I I I I
3Mz = 3200 N 32 and 3m20 = 3200 N 320
Theorem 2.1 The classes of sequences 321, 326,3771% and 3mIZO are linear spaces.

Proof: We shall prove the result for the space 3 Z7.
The proof for the other spaces will follow similarly.
Let (Znt), (Ynkt) € 327 and «, 8 be scalars. Then

I —lim|z,k — L1| =0, for some Ly € C;
I —lim|ynr — La| =0, for some Ly € C;
That is for a given € > 0, we have
Alz{(mk:,l)eNxNxN:|xnkl—L1\>§}€I, 1]
AQ:{(n,kJ)eNxNxN:|ynkl—L2|>§}€I. 2]
We have
[(@xnk + BYynki) — (L1 + BL2)| < |a|(|xnkt — L1|) + 181(|ynkt — L2]) < |Znkt — L1| + |Ynki — L2l
Now, by [1] and [2]
{(n,k,1) e N XN x N : |(axnki + Bynki) — (aLy + BL3)| > ¢} C A1 U As.
Therefore (ax, 1 + Bynr) € 327, Hence 327 is a linear space.
Theorem 2.2 The spaces 3mIZ and 3mIZ0 are normed linear spaces, normed by

| Znitllx = sup [Tnml-

n,k,
Proof: The proof is straight forward in the view of Theorem 2.1 thus omitted.

Theorem 2.3 A sequence v = (znx1) € 3mL I-converges if and only if for every e > 0 there ewists
N = (r,s,t) € N x N x N such that

{(n,k,l) ENXNXN: |xnkl —JZN€| < 6} S 3mIZ
Proof: Suppose that L = I — limx. Then

BG:{(nakvl)eNXNXN5|xnkl_L|<§€3m13 for all e > 0.
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Fix an N, = (n, k,l) € B.. Then we have

lzn. — Znri| < |lzN, — L]+ |L — Zpp| < % + g =e
which holds for all (n, k,1) € B..
Hence {(n,k,1) € N x N x N : |20 — 2N, | < €} € 3mL.
conversly, suppose that {(n, k,1) € N x N x N : [z — zn,| < €} € 3mL.
That is {(n, k,1) € N x N x N : |2, — 2N, | < €} € 3mL for all € > 0.
Then the set

Ce={(n,k,1) ENXN XNz € [xn, — €, 2N, +¢€]} €3mL foralle>0.

Let J. = [xn. — €, zN,. + €].

If we fix an € > 0 then we have C, € sm% as well as Cs € sm%.
Hence, C. N C’% € 3mIZ.

This implies that

JNJs #¢

that is
{(n,k,)) ENXN XN :z,y €J}€smk

that is
diamJ < diamdJ,

where the diam of J denotes the length of the interval J.
In this way, by induction we get the sequence of closed intervals

with the property that diaml < %diam[k_l for (k = 2,3,4,...) and {(n,k,l) € NXx N x N : x4 €
I} € smL for (k=1,2,3,4,.....).
Then there exists a & € NI, where (n,k,l) € N x N x N such that £ =T —limz, that is L =1 — limx.

Theorem 2.4 Let I be an admissible ideal. Then the following are equivalent.
() (znm) € 3mk;
(b) there exists (Ynki) € 32 such that Tpxi = Ynki, for a.a.k.r.I;

(c) there exists (Yynki) € 32 and (zu11) € 328 such that Tpg; = Yokt + 2z for all (n,k,1) € N x N x N
and {(n,k,1) e N XN XN : |ypp — L| > €} € T;

(d) there exists a subset K = {k1 < ks...} of N such that k € F(I) and li_>m |z, — L| = 0.
n—oo
Proof: (a) implies (b). Let (z,x) € 3m%. Then there exists L € C such that

{(n,k,) EN XN x N : |y — L| > e} € 1.

Let (pt, q:,m¢) be an increasing sequence with (pg, ¢¢,7¢) € N x N x N such that

{(nakul) S (metJ't) : ‘mnkl‘ - L 2 t_l} S I

Define a sequence (ynx;) by

Ynkl = Tnkt, for all (n,k,1) > (p1,q1,71).
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For (pt, qe, ) < (n,k,1) < (Peg1, qer1,7e41) for t € N.

S xnp, i |z - Ll <t
Ynkl L otherwise.

)

Then y,x € 32 and form the following inclusion

{(n7kal) S (ptaQtﬂ“t) L Tkl 7& ynkl} g {(n7kal) S (pt7Qt,Tt) : |xnkl - L| 2 6} el.
we get Tk = Ynkl, for a.ak.r.l.

implies (c¢). For x 5 € 3m~, there exists (y,x1) € 32 such that x,x = ynri, for a.a.k.r.1.
(b) implies (c). F %, th ists (ynki) € 32 such th Ynki, f kr.I
Let K = {(n,k,1) € N x N x N : Zpp; # Ynki}, then K € T

Define a sequence (z,x;) as
) Tkt = Ynr, I (0, k1) € K,
Znkl = .
0, otherwise.

Then 2z, € 328 and ynp € 32.

(c)implies (d). Let P, = {(n,k,1) e N x N X N : |z,51| > €} € I and
K= Plc = {(nl,kl,ll) < (TL27I€2,12) < } S F(I)

Then we have lim |z, &, .1,.) — L] =0.
m—0o0

(d) implies (a). Let
K =P ={(n1,k1,l1) < (n2,ka,1l2) < ..} € F(I) and mlgnoo T (rp o slo) — L = 0.
Then for any € > 0, and Lemma,we have
{(n,k,1) e N XN X N :|zpp| > €} CKU{(n,k,l) € K : |zngi]| > €}
Thus (z,11) € 327,
Theorem 2.5 The inclusions 328 C 327 C 32L hold and are proper.

Proof: Let (z,x;) € 32%. Then there exists L € C such that

I —lim|z,,m — L =0

We have |25 < 5|onp — L] + 3|11
Taking the supremum over (n, k,l) on both sides we get (z,x;) € 32L.
The inclusion 326 C 32! is obvious.
To prove that the inclusion is proper, we have the followig counter example.

Example 2.1 Consider the sequence (X,;) be defined by:
For (n+k+1) even ,

¢, ifo<t<l1
Xom(t) =4 —t+2,if1<t<2
0, otherwise.

For (n+k +1) odd,
1, ifo<t<l1

Xoi(t) =< —t+2,if1 <t <2
0, otherwise.

Therefore, X,,1; € ZL | but neither belongs to 3Z{ nor to 3Z7.
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Theorem 2.6 The function h: smL — R Lipschitz function, where smbL = 321N 32, and hence

uniformly continuous.
Proof: Let 2,y € s3mbL, x #y. Then the sets
Ag ={(n,k,1) e N x N x N : |z — h(z)| > ||z — ||} € 1,

Ay ={(n, k1) e Nx N x N : |ynir — b(y)| = ||z — yl[.} € I.
Thus the sets,

B, ={(n,k, 1) e NXN XN : |z — Mz)| <|lz—yl|l«} € F(I),

By ={(n,k,1) e N x N x N : |yny — h(y)| < |lz —yll} € F(I).
Hence also B = B, N B, € F(I), so that B # ¢. Now taking (n, k,l) in B,

(@) = h(y)| < [h(2) — zpil + [2nk = ywl + 1y = i(y)] < 3|lz = yll..

Thus A is a Lipschitz function.
For 3mgo the result can be proved similarly.

Theorem 2.7 If z,y € 3mL, then (z.y) € 3mL and h(zy) = A(x)A(y).

Proof: For e > 0

(n,k,1) e NxN XN : |z — h(z)| < e} € F(I),

B, ={
B, ={(n,k,l) e Nx N xN:|y—h(y)| <e} € F(I).

Now,
lz.y — h(x)h(y)| = |z.y — vh(y) + zh(y) — h(x)h(y)]|

< J2lly = h(y)| + [Ay) [z — h(z)] 3]

As 3mL C 32, there exists an M € R such that hlz| < M and |h(y)| < M.
Using eqn[3] we get
|z.y — h(z)hA(y)| < Me+ Me =2Me

For all (n,k,l) € B, N B, € F(I).
Hence (z.y) € 3mL and h(zy) = h(x)h(y).
For ;),mlz0 the result can be proved similarly.

Theorem 2.8 The spaces 33[{ and 3mlz0 are solid and monotone .

Proof: We shall prove the result for 3Z!. Let (z,x) € Z{. Then

I— 1ig1|$nkl| =0 (4]

Let (anri) be a sequence of scalars with || < 1 for all (n,k,1) € N x N x N. Then the result
follows from [4] and the following inequality

|anklxnkl| < |ankl‘|xnkl| < |$nkl| for all (n,k,l) € N x N x N.

That the space 3Z{ is monotone follows from the Lemma 1.1.
For 3m20 the result can be proved similarly.

Theorem 2.9 If I is not mazimal, then the space 327 is neither solid nor monotone.



8 M.I. Iprisi, N.KHAN*, K. SAINI AND M.AHMAD

Proof: Here we give a counter example. Let (2,,4;) = 1 for all (n, k,l) € NxNxN. Then (z,) € 327
Let K C N x N x N be such that K €T and NxN xN - K ¢ I.
Define the sequence

(Yrukt) :{ (@ara)s if (0 k1) € K,

0, otherwise.

Then (y,1) belongs to the canonical preimage of K-step space of 32! but (y,u) € 327.
Hence 32! is not monotone.

Theorem 2.10 The spaces 32! and 3Z! are sequence algebras.

Proof: We prove that 3Z{ is a sequence algebra.

Let (zni1), (Ynki) € 32¢.
Then

I-lim|zy| =0 and I—lim|y,| =0

Then we have I —lim |(2,x1-Ynki)| = 0. Thus (Z,k1-Ynki) € 324
Hence 32! is a sequence algebra.
For the space 327, the result can be proved similarly.

Theorem 2.11 The spaces 32! and 3Z{ are not convergence free in general.

Proof:
Here we give a counter example.
Let I = Iy. Consider the sequence (znk;) and (ynki) defined by

Torg = (k)™ and  yui =n.kd forall (nkl) e NxNxN

Then (2,1;) € 327 and 3Z{, but (ynx) ¢ 32! and 3ZL.
Hence the spaces 327 and 32({ are not convergence free.

Theorem 2.12 If I is not mazimal and I # I, then the spaces 3Z' and 32! are not symmetric.

Proof: Let A € I be infinite. If

|1, formn,k,leA,
Tkl =90, otherwise.

Then .1 € 32¢ C 32! Let K C N be such that K ¢ I and N— K ¢ I. Let ¢ : K — A and
¢ : N — K — N — A be bijections, then the map 7 : N — N defined by

| #(k), forkeK,
m(k) = { P(k), otherwise.

is a permutation on N, but Z(x(m)r(n)) ¢ 3ZT and T(x(m)r(n)) ¢ 3ZL.
Hence 32! and 32({ are not symmetric.

Theorem 2.13 The sequence spaces 32! and 3Z! are linearly isomorphic to the spaces sc' and 3cl
respectively, i.e 321 =~ sl and 325 = 306.

Proof: We shall prove the result for the space 32! and zc¢!. The proof for the other spaces will follow
similarly. We need to show that there exists a linear bijection between the spaces 32! and 3c!. Define

amap T : 32T — s¢! such that z — ¥ =Tx

T(xnkt) = pTort + (1 = P)T(n—1)(k—1)(1-1) = Tppi
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where x_1 = 0,p # 1, 1 < p < oo. Clearly T is linear. Further, it is trivial that = 0 = (0,0,0, ...... )
whenever T'x = 0 and hence injective. Let =, € 3¢’ and define the sequence x = x,1; by

k
‘T”kl:MZZZ (n r)(k—s)(l— t)N(n r)(k—s)(I— t)

for (n,k,1) € N x N x N and where M = = and N = p . Then we have

n k l
o Ichlr)n P+ (1— p)l‘(n D(k—1)(I-1) = (n lchlr)na MZZZ( )(n r)(k=s)(l=t) pr(n—r)(k—s)(I=t) ;. nkl
POHTIO0 20 =0 t=0
n—1k—1101-1
_|_(1_p) lim MZZZ (n 1-r)(k—1—s)(I—1— t)N(n 1-r)(k—1—s)(I—1— t) k1
(kD=0 0 0 10
(n,k,l)—o0

which shows that z € 3Z!. Hence T is a linear bijection.
Also we have ||z||« = ||ZPz]]c.
Therefore

[z = sup [PZnrs + (1 "P)I(n—lxk—a)a—1)
(n,k,l)ENXNXN

n k l
= sup |pM ZZZ (" ) (k—s)(1=t) pp(n—r)(k—s)(I-1) ,, .

(n,k,l)ENXNXN

0 s=0 t=0
n—1k—110-1
_ (n 1-7)(k—1—s)(I—1—t) Ar(n—1—7)(k—1—s)(I—1—t)
HI=pMY Y D (-1 N 1)1 )|
r=0 s=0 t=0
= sup |‘rnkl‘ = H.’L’ H scl -

(n,k,l)ENXNxN

Hence 3272 5l
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