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Schatten class Localization operators for Wigner Transform Associated with the
Jacobi-Dunkl operator

Ahmed Chana™* and Abdellatif Akhlidj

ABSTRACT: The main crux of this paper is to introduce a new integral transform called the Jacobi-Dunkl-
Wigner transform and to give some new results related to this transform as inversion formula. Next, we
introduce a new class of pseudo-differential operator %, (o) called localization operator which depend on a
symbol o and two admissible functions u and v, we give a criteria in terms of the symbol o for its boundedness
and compactness, we also show that these operators belongs to the Schatten-Von Neumann class SP for all
p € [1; +00] and we give a trace formula.
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1. Introduction

The Wigner transform has a long story wich stared in 1932 with Eugene Wigner’s as a probability
quasi-distribution which allows expression of quantum mechanical expectation values in the same form
as the averages of classical statistical mechanics.It is also used in signal processing as a transform in
time-frequency analysis, for more information one can see [7,20]. A mathematical object closely related
to the Wigner transform is the windowed Fourier transform used in signal theory and time-frequency
analysis, using this connection we will define and study the localization operators for the Fourier-Wigner
transform associated with the Jacobi-Dunkl operator.

The classical Fourier transform in R? can be defined by many ways, its most basic formulation it is given
by the integral transform

1 .
FRWN = = [ e f(a)da.
(2m)2 JRra
Alternatively, one can rewrite this transform as
1
FOW = —— [ KOs,
(2m)2 JRra
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where K (A, z) is the unique solution of the system of partial differential equations

O, K(\,2) = —iN;jK(\x), for j=1,....... ,d,
K(),0) =1, AeR%L

A lot of attention has been given to various generalization of the classical Fourier transform. This paper
focuses on the generalized Fourier transform associated with the Jacobi-Dunkl operator called the Jacobi-
Dunkl transform, more precisely we consider the differential-difference operator A, g defined for o, f € R
WithaZBZ%andai%oany

Aapfla) = %f(x) + [(2ac+ 1) cothz + (26 + 1) tanh z] x 5

The eigenfunctions of this operator are related to the Jacobi functions and they satisfy a product formula
which permits to develop a new harmonic analysis associated with this operator see [1,4]. One of the aims
of the Fourier transform is the study of the theory of localization operators called also Gabor multipliers,
Toeplitz operators or Anti-Wick operators, this theory was initiated by Daubechies in [6], developed and
detailed in the book [21] by Wong. Wong was the first one who defined the localization operators on the
Weyl Heisenberg group in [22], next Boggiatto and Wong have extended this results on L? (R?) in [2].
Then Wong studies the localization operators associated to left regular representation of localy compact
and Hausdorff group G on LP(G) in [23]. Some results for wavelets multipliers which are localization
operators associated to modulation on the additive group on R¢ are given by Ma and Wong in [11].
The theory of localization operators associated with the Fourier-Wigner transform has been studied and
known remarkable development in many settings for example in the Riemann-Liouville setting [12], in
the spherical mean setting [14], in the Dunkl setting [13], in the Weinstein setting [17]. However, upto
our knowledge, the localization operators have not been studied for the Jacobi-Dunkl transform, the main
purpose of this paper is twofold on the one hand we introduce the Fourier-Wigner transform associated
with the Jacobi-Dunkl operator and we give some new results related to this transform on the other hand
we introduce the localization operator %, , (o) associated with this transform and we give a criteria in
terms of the symbol ¢ for its boundedness and compactness, we also show that these operators belongs
to the Schatten-Von Neumann classes S? for all p € [1;400] and we give a trace formula.

The remainder of this paper is arranged as follows, in section 2 we recall the main results concerning
the harmonic analysis associated with the Jacobi-Dunkl transform and Schatten-Von Neumann classes,
in section 3 we will study the boundedness, compactness and the Schatten properties of the localization
operator associated with the Jacobi-Dunkl-Wigner transform.

2. Harmonic Analysis Associated with the Jacobi-Dunkl operator

In this section we set some notations and we recall some results in harmonic analysis related to the
Jacobi-Dunkl operator and the Schatten-Von Neumann classes, for more details we refer the reader to
[1,4,15,21].

In the following we denote by
e Cy(R), the space of continuous functions defined on R satisfying
tim f(x) =0, and |fllc, = sup,cx | (2)] < oc.

e S(R), the usual Schwartz space of C*°-functions on R rapidly decreasing together with their deriva-
tives, equipped with the topology of semi-norms gy, ,,, (m,n) € N? where

Gmn(f) = sup [(1 +a%)" \dkf(x)

TER,0<k<n dxz¥

}<—|—oo.

e S.(R) = {(cosh(z)) 2 f; f € S(R)} with p € R. and
«, B denote real numbers such that a > § > —% and a # —%. we put

A 5(x) = 2% (sinh |z])>* T (coshz) T p=a+B+1 (2.1)
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o P B(R), p > 1, the space of measurable functions f on R such that

1 :
Ul = LUl S @i s(@) 7 < oo si1<p < oo,
P ess sup,cg | f(x)| < 400 si p = +o0.

where (14, is the measure given by
dta,s(2) = Aq,p(z)dz,

and A, g(x) is given by (2.1).
For p = 2, L7, 4(R) is a Hilbert space with inner product defined for f,g € L2 5(R) by

o /f (@)t (@).

e L2(R),p > 1, the space of measurable functions f on R such that

(Jo lF O Pde (M) P < 400 si1<p < +o0,

1fllp.o = esssup|f(A)| < o0 si p = +oo.
AER

where o is the spectral measure supported in R\] — p, p[ given by

Al
do()\) = Lay—p (AN,
87’(\/)\2—,02‘0&,5 (\/)\Q—pQ)‘ e
where
2P~ (o + 1)T(4 .
Cap(p) = ( (i) p € C\(iN),

L' (3(p+ip)T (3(a—B+1+ip))’
is the Harish-Chandra function given explicitely in [9,10,16] and 1g\j—, [ is the characteristic function

of R\] = p, p[.
In this paper, we consider the differential-difference operator A, g given by (1.1), this operator is a

particular case of the operator A4 given by

of(z) | A'(x) flz)— f(=2)

Bal) = T2 + s (R,

where A(z) = Ay g(x).
The operator A, g is skew-adjoint i.e A7 5 = —A, g that mean for two continuous functions f,g on R
with at least one of them with compact support we have

[ st @a@inos(@) == [ £@) 8000 dio,s(a),

furthermore if one of them is even then we have

Aap(f9) = Dap(f)g+ fAa5(9)

2.1. The eigenfunctions of the Jacobi-Dunkl operator

The main purpose of this subsection is to define the eigenfunctions of the Jacobi-Dunkl operator which
will be used later to define the Jacobi-Dunkl transform, to do this we need to define first those of the
Jacobi operator.
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2.1.1. Jacobi kernels. Harmonic analysis associated with the Jacobi operator was firstly developed by
Flensted- Jensen and Koorwinder see [9,10].
For a > 51,8 € R, the Jacobi operator Jo, 5 on ]0, +oo| is given by

Japf(x) = aa—;f(x) + [(2a + 1) cothz + (28 + 1) tanhx](,%f(m).

We point out that J, g is the radial part of the Laplace-Beltrami operator on a symetric space of rank
one see [9,10].
The Jacobi function @3*5, u € C is defined on R by

Ve e R, ¢2(x) =, F ('”2“‘,”_2“‘ a+1; (sinhx)2>, (2.2)

where o F is the Gauss hyper-geometric function given by

= (a)i(b
oFi(a,b,c,2) = lz ((il)fl!)lzl7 |2] <1,
=0

with a,b,c € Cand ¢ ¢ —N and (a)g =1,(a);=ala+1)---(a+1-1) = F(CE:)Z).
For a special values of o and 8 the Jacobi functions (2.2) are interpreted as spherical functions on non-
compact Riemannian symmetric spaces of rank one [9].

From [16], the Jacobi function (2.2) satisfies the following properties.

Proposition 2.1
(1) @ is the unique solution on [0, +oo[ of the differential equation

{Jaﬂ(f) — (w2 +0%) f
f(0)=1,f(0)=0

(2) wﬁ’ﬂ is even, infinitely differentiable on [0, +oo] and we have

O apn_ P

5P (@)= msinh(%)@ﬁﬂ I (2). (2.3)

We will use this function to define the eigenfunctions of the Jacobi-Dunkl operator.

2.1.2. The Jacobi-Dunkl kernels. Now we consider the Jacobi-Dunkl operator given by (1.1) and we
determine the eigenfunctions 1/1?’5 of this operator called the Jacobi-Dunkl kernels associated with the
eigenvalue (i\), A € C and equal to 1 for z = 0.

For A € C,x € R we put

P (x) — %%@zﬁ(x) if A e C*,

2.4
1 if A =0, (24)

Ve eR, ¢3P(x):= {

where gploﬂg is the Jacobi function given by (2.2), the function wi"ﬁ is called the Jacobi-Dunkl kernel and
we have the following results for the proofs we refer the reader to [1,4,15].

Proposition 2.2
(1) The Jacobi-Dunkl kernel 1/)?’/3 is the unique C*°-solution on R of the differential-difference equation

{ 5( ) 7i>‘(u),>‘€(cv
f(0)=1.
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Furthermore it is infinitely differentiable and we have

a,p < n | Im(X)||z|
|2 @) < el e

In particular we have the following important result
Vo, A eR [P (a)] < 1. (2.5)

Remark 2.1 Using the relation (2.3), the Jacobi-Dunkl kernel (2.4) can be written as

VP () = P () +i sinh(22)5 1 (2), @ €R. (2.6)

dla+1)
We will use the Jacobi-Dunkl kernel (2.6) to define the Jacobi-Dunkl transform
2.2. The Jacobi-Dunkl transform

Definition 2.1 The Jacobi-Dunkl transform Fo g defined on L}!ﬁ(R) by

/waﬁ 2)dpas(x) for AER.

Some basic properties of this transform are as follows, for the proofs, we refer the reader to [1,4,15].

Proposition 2.3
(1) (Riemann-Lebesque) For all f € L}Lﬂ(R), the function Fu g(f) belongs to Cy(R) and we have

[Fa(loo,e < I l1ap- (2.7)

2)(Inversion formula) For all f € L ,(R) such that Fn 5(f) € LL(R) we have
a,B B o

- /R VL (@) Fap()Ndo(N), ae zeR (2.8)

(8) (Plancherel theorem) The Jacobi-Dunkl transform is a topological isomorphism from S, (R) onto S(R)
and extends uniquely to a unitary isomorphism from L7, 5(R) onto L;(R) and for all f € L2 4(R) we
have

J U@ o @) = [ 125D dr(. (2.9)

2.3. The translation operator associated with the Jacobi-Dunkl transform

From [1,4,18], the Jacobi-Dunkl kernel wi‘”ﬁ is multiplicative on R in the sense
027 @s ) = [ v s o), (2.10)

where 5"5 is a real uniformly bounded measure with compact support wich may not be positive given
explicitly in [1,4,19].

The product formula (2.10) permits to define a translation operator, a convolution product and to develop
a new harmonic analysis associated with the Jacobi-Dunkl operator (1.1).

Definition 2.2 Let z,y,z € R and f be a measurable function on R the translation operator associated
with the Jacobi-Dunkl transform is defined by:
-

The following proposition summarizes some properties of the Jacobi-Dunkl translation operator, for the
proofs we refer the reader to [1,4,19].
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Proposition 2.4 For all z,y,z € R, f a measurable function on R we have

(1)
T () = T2 5(f)(@). (2.11)
(2)
2P (N y) = 03P @) ().
(3)

/TI d,uag /f dﬂaﬂ (2.12)
(4) for f € L}, 5(R) with p € [1;+00], T 5(f) € L7, 5(R) and we have

173N lp.ap < 1 fllp,as- (2.13)

By using the generalized translation, we define the generalized convolution product of f,g € S,(R) and
z € R by

(fx9)( /T Y)9(y)dpia,s(y)-

This convolution is commutative, associative and its satisfies the following properties, for the proofs we
refer the reader to [1,4,15,19).

Proposition 2.5

1)(Young’s inequality) for all p,q,7 € [1;+00] such that: + + 1 =141 and for all f € L” ,(R),g €
P g r a,f

LY 5(R) the function f . g belongs to the space L}, 5(R) and we have

I rag < fllp.asllglla.as: (2.14)

(2) For f,g € Liﬁ(R) the function f x4 g belongs to Liﬁ(R) if and only if the function Fo g(f)Fa,5(9)
belongs to L2(R) and in this case we have

'7:0175 (f *g) = -Fa,ﬁ(f)}—a,ﬁ(g)'

and

/ 1 % (@) dpte s (& / Fal AP [ Falg) W) 2 do(A). (2.15)

2.4. The Schatten-Von Neumann classes

Notation: we denote by

o [P(N),1 < p < oo, the set of all infinite sequences of real (or complex) numbers u := (u;),;cy, such that
lullp == Z lu;|” | <oo, if 1<p<oo,
lul|oo :=sup|uj| < oo, if p=-+oc.
JEN
e B (Lgﬁ (R)) ,1 < p < o0, the space of bounded operators from LZ,B (R) into itself.
For p = 2, we define the space S, := B (LZ,,B (R)), equipped with the norm,
[A]ls = sup [Av]2,a,5- (2.16)

vELZ s(R):[v]l2,a,5=1
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Definition 2.3
(1) The singular values (s,(A)),cn of a compact operator A in B (LZ,B (R)) are the eigenvalues of the
positive self-adjoint operator |A| = v A* A.

(2) For 1 < p < oo, the Schatten class S, is the space of all compact operators whose singular values lie
in IP(N). The space S, is equipped with the norm

I4ls, = (Z <sn<A>>P) g

n=1
Remark 2.2 We note that the space Sy is the space of Hilbert-Schmidt operators, and S is the space
of trace class operators.
Definition 2.4 The trace of an operator A in Sy is defined by

o

tI‘(A) = Z <A¢)n7 ¢n>ua’3 ) (2.17)

n=1
where (¢n),, is any orthonormal basis of L2, 5(R).

Remark 2.3 If A is positive, then
tr(A) = [|A]ls, (2.18)

Moreover, a compact operator A on the Hilbert space L?x, ﬁ(R) is Hilbert-Schmidt, if the positive
operator A*A is in the space of trace class S;. Then

1AI3s = A%, = |A*Allg, = tr (A*A) =D [ Adnll5 . 5 (2.19)
n=1

for any orthonormal basis (¢y,),, of L2 ;(R).
For more informations about the Schatten-Von neumann classes one can see [3,5,21].

2.5. Fourier-Wigner transform associated with the Jacobi-Dunkl operator

In this section we define and give some results for the Wigner transform associated with the Jacobi-
Dunkl operator.
Notation : we denote by
e S(R?) the generlaized Schwartz space defined on R? equipped with it s usual topology.
e LF(R?),1 < p < +oc the space of measurable functions on R? satisfying

(f]R2 |f(x7/\)|pd9a,6(-r7 /\); ; ifp € [L +OO[7
1£1lp.0 == 9 ess sup | f(z, \)], if p = 4o0.

(z,\)€R?
where 6, 5 is the measure defined on R? by

dba p(z, ) == do(A) ® dpa,s(z)

for all z, A € R.

Definition 2.5 The Wigner transform associated with the Jacobi-Dunkl operator is defined on S, (R) x
S« (R) by

WS 9) (. \) = / FO)TE 5(9) (—y )0 (9) bt 5 (y)- (2.20)
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Remark 2.4 the transform W is a bilinear mapping from S, (R) x S (R) into S(R?) and can be
written as

W(f,9)(@,A) = (g% fU537° () (=) (2:21)
= FalfT3 5(9)) (A, m). (2.22)
where h(z) = h(—z).
We have the following results.
Proposition 2.6 Let f,g € Li,ﬁ(R) then W(f, g) is well defined and belongs to
L3(R?) N L (R?) and we have
IV, Dll2.0 < 1fl2.0.8ll9]l2.0.85 (2.23)

and
IW(f, 9 lo0 < 1 fll2,08l19l12,0,8- (2.24)

Proof: Let f,g € L? 4(R), ,\A € R by using the relations (2.9),(2.11), (2.22) and Fubini’s theorem we
find that

IW(f, 9)]

2, = / [ / F@ITE () (@) Pt ()]t s (),

by using the relation (2.13) we get
IW(f.9)l36 =11

120,81 Ta B (@I3,0,8 < IF115.0,519115.0,6

which give the result.
On the other hand we have

IW(F, D lloo.6 = 1Fas (T3 5 (9D Nl oo0
by the Riemann-Lebesgue result (2.7), Holder’s inequality and the relation (2.13) we find (2.24). O

Remark 2.5 For p,q,r € [1,400] such that % + % —1=1Landfor f € L? 5(R),
g € L} 5(R) we define the Wigner transform W(f,g) by the relation (2.21), then we have the
following result.

Proposition 2.7 Let p,q,r € [1,+00] such that % + % —1=1 and for f € L? 5(R), g € LE 4(R) and
A € R then the function
x— W(f,9)(@, )

belongs to Ly, 5(R) and we have
W, 9) M) e < IS

lp.c.8l9llg.0.8- (2.25)
Proof: By the relation (2.21) we have

W(F.9)(A) = g% Ful (),
by Young’s inequality (2.14) we find that

IV 9) (s M lras < N9llgasl FES? Ollprass,

the relation (2.5) gives the disered result. O

We have the following theorem wich can be used to derive an inversion formula for the Jacobi-Dunkl-
Wigner transform.

Theorem 2.1 Let f,g € L}, ;(R) N L2 5(R) such that ¢y == [ 9(y)dpa,p(y) # 0 then we have

Fas(H)N) = 1 / W, 9) (& Nt 5 (1), (2.26)
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Proof: From the relation (2.25) we deduce that the right quantity in (2.26) is well defined furthermore,
for A € R we have

/ W, 9)(a, Ndjiap / / fy D () dta 5 (4))dpta (),

by using the relations (2.11),(2.12) we find that

[ WU it @) = s (1)),
which give the result. O

Corollary 2.1 With the hypothesis of the theorem 2.1, if furthermore we have Fo g(f) € L}LQ(R) then
the following inversion formula for the Jacobi-Dunkl- Wigner transform W holds:

1 a
0= = [ @[ W90 e p o (),
9 JR R
Proof: By using the relation (2.26) we have

[ oL @L W00 N o) = ey | Fop (02 @)dr(),
by using inversion formula for the Jacobi-Dunkl transform (2.8) we find the result. O

3. Localization operators associated with the Jacobi-Dunkl-Wigner transform
3.1. Introduction

In this section we will define and give sufficient conditions for the boundedness, compactness and
Schatten class properties of localization operators .Z, ,(o) associated with the Jacobi-Dunkl-Wigner
transform in terms of properties of the symbol o and the functions v and v.

Definition 3.1 Let u and v be measurable functions on R, o be a measurable function on the set R?, we
define the localization operator £, (o) asoociated with the Jacobi-Dunkl-Wigner transform by

Zuw(0)(f)(y) = /RQU(%)\)W(J”, u) (@, NS ()T 5 (0) ()0 5 (2, A). (3.1)

Remark 3.1 In accordance with the different choices of the symbol o and the different continuities
required, we need to impose different conditions on u,v, and then we obtain an operator on Li) B(R)
forall 1 <p < 4o0.

It is more convenient to interpret the definition of .%, ,(¢) in a weak sense, that is for all f €
L7 5(R),g € L] 5(R) we have

(Zuw(@) ()| Dppas = /]R? o (z, VW(f, u)(x, YW(g,v)(, \)dba,p(z, A). (3.2)

we have the following result
Proposition 3.1 Let 1 < p < 400, the adjoint of the linear operator
Luv(o): LZ,,B(R) — LQB(R)

s the operator
ZLio(0) Ly, 5(R) — Lg 5(R)

where

L0) =2, u(0). (3.3)
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Proof: Let f € L} ;(R),g € L], 5(R) by using the relation (3.2) we have

Ko, B

(Zuw@) )9y, , = /R2 (@, VW(f,w)(z, YW(g, v)(z, \)dba,5(z, A)

_ /IR o (2, WW(g, 0) (@, N, @) (@, Ndbag(x, \)

= 2@ @ [ Dy, = | Z0nl@) @), , -

P, 8
we get
ng,u(g) = gv,u(5)~
|
In the sequel of this section, u and v will be any functions in L2 ;(R) such that [ull2 ., = [[v]l2,u, = 1.We

note that this hypothesis is not essential and the result still true up some constant depending on ||u||2
and [|v][,uq -

3.2. Boundedness for .%, ,(0) in S

sHea

The main purpose of this subsection is to prove that the linear operator
Luw(0): Liﬁ(R) — Li,ﬁ(R)

is bounded for all symbol o € LL(R?) with 1 < p+ co.We consider first the problem for o € Lj(R?), next
o € Lg°(R?) and we conclude by using interpolation theory.

Proposition 3.2 Let o € LZ(R?) then the localization operator £, (o) is in Se and we have
[Zuw(@)se < llollon- (3.4)
Proof: Let f,g € Li)B(R) by using the relation (3.2) we have
[ (Zuw(@) () 9),. , < /R2 o (2, D[V (S, w)(z, MW (g, v) (2, A) | dba,(z, A)

<V W) lloc oW (g, 0) oo 0llo]]1,0,

by using the relation (2.24) we get

(Zunl@)(D) | 9)

v < I lzasllgllzasliolse,.

by (2.16) we find that
[Zuo(@ls, <llollie

Proposition 3.3 Let o € L§°(R?), the localization operators £, (o) is in See and we have
[ L2 (0)llss < llolloc,6- (3.5)

Proof: Let f,g € Li,ﬂ(R) by using the relation (3.2) we have

(k)1 9,1 [ 1ol NIV ) NV, 0) V)]0 ),
by Holder’s inequality we find that

[(Zuw(@) )9, | < Nlolloo V02,61 (g5 0) 12,6,
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by using the relation (2.23) we get

[(Zuw(@) ()| 9),, | S Nlollcopll Fll2,0.89ll2,0,85

Ha,B

thus
[-Zu,0(0) s < llolloc,6-

d

We can now associate a localization operator ., (o) to every symbol o in L§(IR?) for all 1 < p < +o0,
and prove that ., , (o) belongs to Sx.

Theorem 3.1 Let o € L‘Z(Rz),l < p < +oo then there exists a unique bounded linear operator
Luwlo): L2 g(R) — L2 5(R)

such that
[-Zu,0(0)llse < llollpo- (3.6)

Proof: Let o € Lj (]R2) , 1<p<+4ocand f € Li,ﬁ (R) we consider the following operator
T: Ly (R*) NLg° (R?*) — L2 4(R),
given by
T(o) = zu,v(a)(f)a
then by using the relations (3.4) and (3.5) we have
1T (0)ll2,0,8 < [Ifll2,0.8ll7 1,0 (3.7)

and
1T(0)ll2,0,8 < I fll2,0,8]l0 |06 (3-8)

by using the relations (3.7),(3.8) and the Riesz-Thorin interpolation Theorem see [18,21], the operator
T may be uniquely extended to a linear operator on Li 3 (R) for all 1 < p < 400 and we have

2,08 = [ Zunv(@) (g8 < fll2.a8lolp.0, (3.9)

since (3.9) true for all f € L2(R) which gives the disered result.

1T (o)

3.3. L} ;-Boundedness of localization operator %, , (o)
Using Schur’s technique [8] our main purpose of this subsection is to prove that the linear operator
Luv(0): LQB(R) — LZﬂ(R),
is bounded for all 1 < p < +00, we have the following theorem.

Theorem 3.2 Leto € L}(R?) and u,v € Ly, s(R)NL5(R) then the localization operator £, ., (o) extend
to a unique bounded linear operator from L” 5(R) into itself for all 1 < p < +o0, furthermore we have

[0 () Bz @) < maz([[ufliaplvlloc.a,s: [[wlloo.asllvles)lolh e

Proof: Let F be the function defined on R? by

Flyns) = [ ol M08 )T, 00 ()T (0)(5)80 (. ).
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by using Fubini’s theorem we find that

L0 (0)()y) = / F(y, $) F()dpta 5(5).

furthermore by using the relation (2.11) and Fubini’s theorem we find that

|o

/R F(y, )| dbia ) < ulooms]lv 1o (3.10)

La,p

and
/R|F(y=3)|d,“oc,ﬂ(3) < ulltp llvlloo,ua lloll1e (3.11)

by using (3.10),(3.11) and Schur’s lemma [8] we can conclude that the linear operator
ZLuw(0) : Ly g(R) — L, 5(R),
is bounded for all 1 < p < +o00 and we have

Lo (@) Bz @) < maz([[ulliasllvllooas: 1ullco.asllvlias)lole-

3.4. Trace of the localization operators .Z, , (o)

The main result of this subsection is to prove that the localization operator
Luw(0) 1 LY, 5(R) — L, 5(R),
is in the Schatten-Von Neumann class S? for all 1 < p < 400, firstly we have the following result
Theorem 3.3 Let o € L} (RQ) then the localization operator
Luw(0) : L, 5(R) — L 5(R)
is an Hilbert-Schmidt operator in particular it is compact and we have

1200 s < 1+ Dol -

Proof: Let (¢x), be an orthonormal basis of L2 5(R), by using Fubini’s theorem and the relation (3.2)
we get

1 Zao(@) @) 2y = (Zaal0) (68) | L) (D)),
= [ o W (0r0) 0 AW Zors 0 G000 (N 5 ),

by (2.22) we find that

Il Zaoke) @) 5 = [ e NFo (T 0) )

Fo (Zual0) (00) T 5(0) ) V), ).

but

—_~— —~

Fo (0:T25) ) = (e OT2sw) [ ér)

Ho, 8

by the relation (3.3) we get

Fa (Zanle) (00 T25(0) ) = (1| Zoolo) (T > |
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So we find that
|00 £ <
\ <¢k
1 .8
< 5/1@2 lo(z, ) U Y7 () ag( u) |¢k>ua,g

(o) (T3 (457°0) ) b | | st

o NI {657 (O Tas(w) | )

Ha,B

o) (T2 0057 0))

A0 5 (2, \)
Mo, B
2

+

by using Fubini’s theorem we find that
/]1&2 lo(z, A)| [2:1

+oo
* 21 {onie (7

By using Parseval’s identity, the relations (2.5),(2.13),(3.4) and the fact that ||ul|2,a.8 = [|v]l2,a,8 = 1 we
find that

| (@)ls <5 (W37 T2 50 | o)

Ho, B

SIS ]doa,ﬁ(a;,x)} .

1L ()5 < ||U||1 o ( 20) < (14 [o]39)” < o0
which proves that %, , (o) is an Hilbert—Schmldt operator so compact and we have

(B CH) P N T

In the following we prove that the localization operator
Luw(0) Liﬁ(R) — Li,ﬁ(R)
is compact for all o € L, 4 (R?).
Proposition 3.4 Let o € L} (R2) ,1 < p < 400 then the localization operator
Luw(0) : L2 5(R) — L}, 5(R)
18 compact.

Proof: Let o € L} (RQ) with 1 < p < 400 and let (0,,),, be a sequence of functions in L (Rz) NLg° (R2)
such that o, — o in L} (R?) as n —» oo then by using the relation (3.6) we find that
||$u,v (Un) - gu,v(g)”soo < ”Un - ‘7”

p,0 "

hence .2, , (0,) — Zy0(0) in So as n — oo on the other hand by theorem 3.3 we have .Z,, , (0,,) is
in S, hence compact, it follows that %, , (o) is compact. ]

In the next theorem we obtain a Li, s-compactness result for the localization operator £, , (o).
Theorem 3.4 Let o € Lj (R?), u and v in Liﬁ(R) N Liﬁ(R) then the localization operator
Zuw(0) 1 Lo g(R) — Lg 4(R)

18 compact.
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Proof: By using theorem 3.2 the linear operator
Zu0(0) Lo 5(R) — Lg 5(R)

is well defined, let (f,,) C LL(R) such that f, — 0 weakly in L(lx,,e (R) as n — oo, it is enough to
prove that limy, 4 oo [|Ziuw(0) (fo)ll; , 5 = 0. By using the relation (3.1) we have

L0 (0) (fn)”l,a,ﬁ

< [ L 1o 0 I () (e N T 00| 0 ) a0, (3.12)
Using the fact that f,, — 0 weakly in La,ﬁ(R) as n — oo, we deduce that
i W (Fw) (2, VT2 (0)(0)] = 0 (3.13)

for all ,y, A € R, on the other hand as f, — 0 weakly in L, 5(R) as n — oo, there exists a positive
conctant ¢ such that || .||, , 5 < ¢, so we find that

| W (farw) ((2,0) | T2 5 () W)] < clo(@, M| ullos,aslv()], (3.14)

by using Fubuni’s theorem we get

L 1L 1o 0 I ) 01 T2 5000 080,50 0] it 0) < el ol < .
(3.15)
Thus from the relations (3.12),(3.13),(3.14),(3.15) and the Lebesgue dominated convergence theorem
we deduce that limy, 4o [[Zuw(0) (fa)ll; , 3 = 0 and the proof is complete. O

In the following we show that the localization operator .Z, , is in the trace class S L

Theorem 3.5 Let o € L} (R?) then the localization operator
Luw(0) Li,ﬁ(R) — Liﬁ(R)
is in the trace class operators S1 and we have

151l < 120w, <

(3.16)

where & is given by
5 0) = (Zualo) (437 OT20(w)) 1937 OT2(0))

Proof: Let 0 € Lj (R?) by using theorem 3.4 we have £(0) is a compact operator,using [21], there
exists an orthonormal basis ¢; for j = 1,2, ... for the orthogonal complement of the kernel of the operator
Zuw(0) consisting of eigenvectors of £, ()| and h;j = 1,2,..., an orthonormal set in L2 5(R) such
that the localization operators %, , (o) can be diagonalized as

+o0
=D s (f 1 i), hoo (3.17)
j=1
where s; for j =1,2,... are the positive singular values of .Z,, , () corresponding to ¢;, then we get :
+oo

1L (@)l = Zsﬁz wo0) (8 1),

j=1
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by using the relations (3.1) and (3.2) we find that

sl ) | 1), = [

So we find that

(057 OTE50) [hy) | dbas(e,N),

o) (57072500 1 05)

Hao,p Ha,B

+00 2

| +

1@l < 5 [ ot N |3 |82 OT2s0) 165),

a,B

Jj=1

2
A0 5(z, N)

—+o00
J=1

by using parseval’s identity we get

(037 OTaaw) L hs)

1@ lss < 5 [ 10N [195°0) TEs(0) Bt 1087 T2 0B s B )
By using the relation (2.5),(2.13) and the fact that ||u|2,0,8 = ||V
ngm(o)nsl < ||U||179~

Now we prove that %, ., (o) satisfies the first member of (3.16), it is easy to see that & € Ly (R?) and
by using the relation (3. 17) and Fubini’s theorem we find that

[, 1@Vt < 5 [ ((w o6y, | s om,w), \)deaﬁm}

71 S ou) (x 2 i, V) (T 2 x
—2; [ L W @50 0 + D 15.0) (0,02 ),

by using the relation (2.23) and the fact that [|u||2,a,8 = [|v]l2,a,8 = 1 We get

+o0

1
|56 Va5 ) < 3 2% (s + 101 ) ng | Zanl@)s,

the proof is complete. O

In the following we give a trace formula for the localization operators .2, , (o).

Theorem 3.6 Let o € Lé (Rz) we have the following trace formula

T (Lano) = [ ale ) (557 OT2500) 1687 OT50) sl

Ha,B

Proof: Let {¢;,j =1,2,...} be an orthonormal basis for L2 ;(R). From Theorem 3.5, the localization
operator .Z, ,(o) belongs to S1, then by the definition of the trace given by the relation (2.17), Fubini’s
theorem and Parseval’s identity, we get

o0

Tr (fu,v(a)) = <$u7v(‘7) (¢]) ) ¢J>

j=1

Z<¢J7m - ZBT>> (T2 5(0) ;“*ﬁ<.>,¢j> d65(, )

j=1

=/Rz o X) (U5 P OT () | 657 T (o >>H b, 5(z, N,

a,B

Ha,B

= Jooe

Mo, B

and the proof is complete. O
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Corollary 3.1 Ifu=v and if o is a real valued, and nonegative function in L} (RQ) then the localization
operator

Zu(o) 1 L2 4(R) — L2 4(R)

is a positive operator and by using the relations (2.18) and (3.18) we find that

1205, = [ oo 637 OTe0] | st

2,a,8

here £, (o) denote the operator 2, ..

In the following we give the main result of this section.

Corollary 3.2 Let o in L} (RQ) ;1 < p < 400 then, the localization operator

Luwlo): L2 g(R) — L2 5(R)

is in SP and we have

1w (@)ls, < llollp.o-

Proof: The result follows from (3.5) and (3.16) and by interpolation theory see [21]. O
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