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Vertex Stress Polynomial of a Graph

Prajna S. Rai, R. Rajendra™ and P. Siva Kota Reddy

ABSTRACT: The notion of stress of a vertex in a graph was introduced by Alfonso Shimbel in 1953. The stress
of a vertex in a graph is the number of shortest paths passing through that vertex. In this paper, we introduce
the concept of vertex stress polynomial of a graph and obtain some results including a characterization of
graphs with non-zero constant vertex stress polynomial.
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1. Introduction

For definitions of common terms and concepts in graph theory, we use the Harary’s textbook [4].
Throughout this paper, by a graph G = (V, E) we mean a finite, simple undirected graph. A shortest
path between two vertices u and w in G is called u-w geodesic. In 1953, Alfonso Shimbel [15] introduced
the notion of vertex stress for graphs as a centrality measure. Stress of a vertex v in a graph G is the
number of shortest paths (geodesics) passing through v. This concept has many applications including
the study of biological and social networks. Many stress related concepts in graphs and topological indices
have been defined and studied by several authors [2,7,5,6,9,10,11,12,13,14,8].

In [2], K. Bhargava et al. have given a characterization of graphs with all vertices of zero stress
except for one in their Theorem 4.1. viz., a connected graph G with at least 3 vertices has all vertices of
zero stress except for one if and only if G is a graph with a unique cut-vertex such that all its blocks are
complete subgraphs of G.

A k-regular graph with v vertices is said to be strongly regular if there exist integers A and p such that
any two adjacent vertices have A common neighbors and any two non-adjacent vertices have p common
neighbors [3]. In this case we write G = srg(v, k, A, p).

First and second stress indices of graphs have been introduced by R. Rajendra et al. [10]. The First
stress index S71(G) and the second stress index S3(G) of a simple graph G are defined respectively, as

S1(G)= > str(v)? (1.1)

veV(G)

and

S (G) = Z str(u)str(v). (1.2)

uwveE(G)
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The concept of stress-sum index of graphs has been introduced by R. Rajendra et al. [9]. The stress-sum
index SS(G) of a simple graph G is defined by

SS(G) = Z str(u) + str(v). (1.3)

uwweE(G)

The concept of vertex degree polynomial of a graph has been introduced by H. Ahmed et al. [1]. The
vertex degree polynomial of a graph G = (V, E) is defined as

VD(G,x)= Y du)az’), (1.4)

weE(G)

where the summation is around both the possibilities uv and vu in E(G).

The aim of this paper is to introduce vertex stress polynomial of a graph. The definition of vertex
stress polynomial of a graph is given in section 2 followed by an example. In section 3, we obtain some
results related to vertex stress polynomial of graphs. Mainly, we characterize the graphs with non-zero
constant vertex stress polynomial.

2. Definition and Example

Definition 2.1 The vertex stress polynomial of a graph G = (V, E) is defined as

VS(G,z) = Z str(u)zst ), (2.1)
wweE(G)

where the summation is around both the possibilities wv and vu in E(QG).

Example 2.1 Consider the path Ps.

V1 (%) V3
® @ @

Figure 1: The path Ps

We have, str(vy) = 0, str(ve) = 1 and str(vs) = 0. The vertex stress polynomial of Ps is
VS(Ps,xz) = Z str(u)zs"®)
wEE(G)
= str(vy)x*"2 + str(vg)x* + strozztiV? 4 strogxiTUs
= 0x' 4 12° + 12° + 0z
= 2, a constant polynomial.

3. Results

In this section, we prove some results involving vertex stress polynomial. At the end, we present a
characterization of graphs with vertex stress polynomial a non-zero constant.

Proposition 3.1 If G and Gy are any two graphs such that G = Go, then V.S(G1,z) = VS(Ga, x).
Proof: Obvious. O

Remark 3.1 The converse of the Proposition 3.1 is not true. There are non-isomorphic graphs having
the same vertex stress polynomial. For instance, V.S(K,,z) = VS(Ky,z) = 0, for all n > 1, but
K, 2 K, forn > 1.
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Proposition 3.2 Let G1,Ge,...,G,, be components of a disconnected graph H. Then vertex stress
polynomial of H is given as

VS(H,z) = VS(Gy,z) + VS(Ga, ) + - - + VS(Gy, ).

Proof: We have H = J;" | G;. Note that uv € E(H) if and only if uv belongs to the same component.
Hence

VS(H,z) = VS(UZL,Gi, x)
= Z Str(uli)xStr(mi) 4+ Z Str(umi)zStr(”mi)
uy,v1, €EE(G1) U ; Vi, EE(Gin)

= VS(Gy,z) + -+ VS(Gm, ). O

Proposition 3.3 Let G be a graph with vertex stress polynomial V.S(G,z). Then,

Lysia, )

. = 25(G)

r=1

and
VS(G,z)|s=1 = 255(G),

where Sa(G) is the second-stress index and SS(G) stress-sum index of G.

Proof: Follows from the Egs. (2.1), (1.2) and (1.3). O

Proposition 3.4 1. For any complete graph K,,, VS(K,,z) = 0.

2. For any positive integers n, k such that k < n — 1, VS(G,z) = nk?z* if and only if G is k-stress
reqular graph with n vertices.

3. For the path P,

n—2
VS(Pryx) =Y i(n—i—1)[an=i=2D0H) 4 pr=0li-1)
1

i

4. For the complete bipartite graph K, s,

— 1) s(s—1 — 1) r@er—1
VS(Kys,x) =rs {r(r )x “ >+73(52 )x e
5. Let Wd(n,m) denote the windmill graph constructed for n > 2 and m > 2 by joining m copies of
the complete graph K, at a shared universal vertex v. Then

m2(m —1)(n —1)3

VS(Wd(n,m),z) = 5

Proof:

1. In a complete graph, every vertex has zero stress. Hence the result follows.
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2. Let G be a k-stress regular graph with n vertices. Then str(v) = k, for all v € V(G). By the
Definition 2.1, we have

VS(Gx)= > kat
w€EE(G)
= 2eka”, where e is the number of edges

= (sum of degrees of all vertices) - kz*
(" By hand shaking lemma)

= nk?z".
On the other hand, if V.S(G,z) = nk?z*, then we need to prove that str(v) = k, for all v € V(G).
Suppose that V. S(G, z) = nk?z*. Then by hand shaking lemma, we have
VS(G,x) = 2eka* (3.1)

So, for any edge uv it follows that str(u) = 0 or k and str(v) = 0 or k. Hence VS(G, x) will be of
the form

Z str(u)z + Z str(v)z® + Z ka® + Z 0x° (3.2)

If k = 0, then there is nothing to prove. If k # 0 and if there is a vertex u with str(u) = k, then
from Egs. (3.1) and (3.2) and the fact G is connected it follows that str(v) =k, for all v € V.

3. Consider the path P, shown in Figure 2.

Figure 2: The path P,, on n vertices.

For the vertex v;, we have
str(v;) = (i — 1)(n — 1), 1<i<n.

Then, by the Definition 2.1, we have

VS(Paya) =3 [Str(vi)xs"(““) + str(viﬂ)wsu(m}

=1
n—1 ne1

- Z(n —i)(i — 1)z 4 Z i(n—i— DD
=1 i=1
n—2 n—1

=Y i(n—i—1am DO LY V(g — i — 1) O
=0 i—1
n—2 n_o

= i(n—i— 1Dz LN i — g — 1)
=1 i=1
n—2

— Z Z(n Y 1)[x(n—i—2)(i+1) + x(n—i)(i—l)].

i=1
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4. If A and B are the partite sets in a complete bipartite graph K,.,; with |A| = r and |B| = s, then

s(s—1)

str(v) = 7’(7‘2— 1)7

2 )

if v e A;

ifve B.
Then, by Definition 2.1, we have

VS(Ga) = rsl(r(r — 1)/2)a" /2 4 (s(s — 1)/2)a70 /2],

5. In Wy(n,m) all vertices have stress equal to zero except the universal vertex v. We have str(v) =
m(m —1)(n — 1)2/2 (see [2, Proposition 3.1]). Then, by the Definition 2.1, we have

m2(m —1)(n — 1)3.

VS(Wa,z) = deg(v)str(v) = 5

Corollary 3.1 For a strongly regular graph G = srg(v, k, A\, 1),

VS(G,z) = 2e7k(k _21 k) gFk=1=2)/2

Proof: A strongly regular graph G = srg(v, k, A, 1) is stress regular [2, Corollary 5.4] and for any vertex
v in G, we have str(v) = k(k — 1 — X)/2. Hence from Proposition 3.4 (ii), it follows that

VS(G, ) = QBWJWHW -

Theorem 3.1 Let G be a connected graph with at least 3 vertices. Then the vertex stress polynomial of
G is a non-zero constant if and only if G is a graph with unique cut-vertex such that all its blocks are
complete subgraphs of G.

Proof: If VS(G,z) is a non-zero constant, then given any uv € E(G), either str(u) = 0 or str(v) = 0.
So, there exists a vertex v with strv # 0. Let

W = {v € V(G)|str(v) # 0}.

Note that all the vertices in W are mutually non-adjacent. Otherwise there exists u € W such that
str(u) # 0 which implies V.S(G,x) is not a constant. We claim that W is a singleton set. If W is not a
singleton set, then there exist u,v € W, such that str(u) # 0, str(v) # 0 and u, v are non-adjacent. Since
G is connected, there exists a path between u and v, and hence there exists a geodesic between u and v
of length > 2. This implies that there exists a vertex w adjacent to u (also there exist one for v) with
stress # 0. Thus we have w,u € W with w and u are adjacent, which is a contradiction to the fact that
all the vertices in W are mutually non-adjacent. Therefore, W is a singleton set. Applying [2, Theorem
4.1] we see that G is a graph with a unique cut-vertex such that all its blocks are complete subgraph of G.

The converse part follows directly from the Definition 2.1. O
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