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A new generalized class of difference sequence spaces defined by Orlicz function

Nilambar Tripathy∗ and Ramakanta Mahapatra

abstract: In this article, our aim is to introduce a new generalized class of vector valued sequence space
F (Ek,∆

m
ν ,M, p, q) using Orlicz function M , where (Ek)

∞
k=1 is the class of all seminormed space (Ek, qk)

with Ek+1 ⊆ Ek. It is assumed that F is a normal, AK-sequence space with absolutely monotone paranorm
gF and p = (pk) is a bounded sequence of positive real numbers. Here it is also proved that the space is a
complete paranormed space under the paranorm g along with cetrain inclusion relations.
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1. Introduction

In 1981 Kızmaz [10] first introduced the concept of difference sequence spaces. Since then attempts
have been made by several authors to introduce and investigate some more new sequence spaces. Among
them are Ahmad and Mursaleen [1], Colak [3], Et and Colak [5], Et and Basarir [6], Baliarsingh and
Dutta [2], Dutta and Baliarsingh [19], Dutta et al. [20] and many. Then Et and Esi [7]introduced the
space:

X(∆m
ν ) = {x = (xk) : (∆

m
ν x) ∈ X} ,

for X = l∞, c and c0, where ν = (νk) is any fixed sequence of non-zero complex numbers and (∆m
ν xk) =(

∆m−1
ν xk −∆m−1

ν xk+1

)
with

∆m
ν xk =

m∑
i=0

(−1)i
(

m
i

)
νk+ixk+i for all k ∈ N.

These sequence spaces are Banach spaces normed by

∥x∥∆ =

m∑
i=1

νixi + ∥∆m
ν x∥∞.

Lindenstrauss and Tzafriri [13] used the idea of Orlicz function to construct the sequence space

lM =

{
x ∈ S :

∞∑
k=1

M

(
|xk|
ρ

)
, for some ρ > 0

}
,
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where S be the space of all complex sequences and the space lM with norm

∥x∥ = inf

{
ρ > 0 :

∞∑
k=1

M

(
|xk|
ρ

)
≤ 1

}

becomes a Banach space which is called an Orlicz sequence space. Then Orlicz sequence spaces were
extended by Parashar and Choudhary [16], Maddox [14], Tripathy et al.[ [24], [25], [26]] and many others.

The vector valued sequence spaces under suitable topology was studied by Leonard [12], Rosier [18],
Ratha and Srivastava [17], Srivastava and Ghosh [21], Srivastava and Kumar [22] and many others.

2. Seminormed sequence space F (Ek,∆
m
ν ,M, p, q)

Now we define class of sequence space as follows:

F (Ek,∆
m
ν ,M, p, q) =

{
x = (xk) ∈ S(Ek) : xk ∈ Ek for each k,

([
M

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F

for some ρ > 0

}
,

where (Ek, qk) is a seminormed space with monotonocally decreasing sequence of set Ek. Define

S(Ek) = {x = (xk) : xk ∈ Ek for each k ∈ N} .

Here S(Ek) is a linear space under the usual co-ordinatewise operations i.e.,

αx = (αkxk) and x+ y = (xk + yk) ,

with α ∈ C. Here F is a normal AK-sequence space with absolutely monotone paranorm gF and having
a Schauder basis (ek), where ek = (0, 0, 0, ..., 1, 0, 0, ...0) with 1 in kth place, p = (pk) is any bounded
sequence of strictly positive real numbers and M is any Orlicz function. It can be shown that for suitable
choices of Ek, F, m and pk, the proposed sequence space F (Ek,M, p,∆m

ν , q) generalizes many of the
earlier known scalar as well as vector valued sequence spaces. For example:

(i) For F = ℓ1, Ek = C for all k ∈ N,m = 0, ν = (1, 1, 1, . . . ) and pk = 1 for all k ∈ N, the space
reduces ℓM [13] by Lindenstrauss and Tzafriri.

(ii) For F = ℓ1, Ek = C for all k ∈ N,m = 0 and ν = (1, 1, 1, . . . ) it reduces to ℓM (p) [16] by Parashar
and Choudhary.

(iii) By choosing F = c0 and ℓ∞, Ek = C for all k ∈ N and ν = (1, 1, 1, . . . ) it reduces to c0(∆
m,M, p)

and ℓ∞(∆m,M, p) [8] by Gökhan et al.

(iv) By choosing F = ℓ1, Ek = C for all k ∈ N,m = 1 and ν = (1, 1, 1, . . . ) it reduces to the space
ℓ(∆m,M, p) [23] by Subramanian.

Thus, study of the sequence space F (Ek,∆
m
ν ,M, p, q) gives an unified approach to many of the earlier

known spaces.

3. Definitions and preliminaries

The following definitions and preliminaries will be used in sequel.

Definition 3.1 [9] A paranorm g on a sequence space X is said to be absolutely monotone if
x = (xk), y = (yk) ∈ X and |xk| ≤ |yk| for each k ∈ N ⇒ g(x) ≤ g(y).

Definition 3.2 [9]. A sequence space X is called a K−space if the co-ordinate function Pk : X → K
given by Pk(x) = xk is continuous for each k ∈ N.
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Definition 3.3 [27] An FK-space is a Fréchet sequence space with continuous co-ordinates.

Definition 3.4 [28] A linear space X is called BK−space, if it is equipped with a norm under which it
is a Banach space with continuous co-ordinates.

Definition 3.5 [27] An FK−space X is said to be an AK−space if X ⊃ ϕ, the set of all finitely
non-zero sequences and {δn} is a basis for X, i.e., for each x, x[n] → x, where x[n] the nth section
of x is

∑n
k=1 xkδ

k, otherwise expressed x =
∑

xkδ
k for all x ∈ X. For example, l(p), c0(p), w0(p) are

AK−spaces.

Definition 3.6 [4] A sequence space X is said to be convergence free when, if x = (xk) in X and if
yk = 0 whenever xk = 0, then y = (yk) is in X.

Definition 3.7 [9]. A sequence space X is said to be normal if (xk) ∈ X implies (αkxk) ∈ X for all
sequence of scalars αk with |αk| ≤ 1 for all n ∈ N.

Definition 3.8 [4] A sequence space X is said to be symmetric if,when x = (xk) is in X, then y = (yk)
is in X when the co-ordinates of y are those of x, but in a different order.

Definition 3.9 [9] An Orlicz function is a function M : [0,∞) −→ [0,∞) which is continuous, non-
decreasing and convex with M(0) = 0,M(x) > 0 for x > 0 and M(x) → ∞ as x → ∞.

Lemma 3.1 [11] An Orlicz function M is said to satisfy ∆2−condition for all values of u, if a constant
K > 0 such that M(2u) = KM(u), u ≥ 0.

The ∆2−condition is equivalent to the inequality M(lu) ≤ K ′lM(u), for some K ′ > 0 which holds for
all values of u and l > 1.

Lemma 3.2 [15] Let p = (pn) be a bounded sequence of positive real numbers. Then for any complex
numbers an and bn, |an+bn|pn ≤ D (|an|pn + |bn|pn), where 0 < pn ≤ sup pn = G and D = max{1, 2G−1}.

Lemma 3.3 [15] Let 0 < p ≤ 1. Then for any complex numbers a and b, |a+ b|p ≤ |a|p + |b|p.

4. Sequence space F (Ek,∆
m
ν ,M, p, q)

Theorem 4.1 F (Ek,∆
m
ν ,M, p, q) is a linear space over the complex field C.

Proof: Let x = (xk), y = (yk) ∈ F (Ek,M, p,∆m
ν , q). Then there exists ρ1 > 0 and ρ2 > 0 such that([

M

(
qk(∆

m
ν xk)

ρ1

)]pk
)

∈ F and

([
M

(
qk(∆

m
ν yk)

ρ2

)]pk
)

∈ F.

Let ρ3 = max(2|α|ρ1, 2|β|ρ1), where α, β ∈ C. Then by convexity of the Orlicz function M we have

M

(
qk(∆

m
ν (αxk + βyk))

ρ3

)
≤ M

(
|α|qk(∆m

ν xk) + |β|qk(∆m
ν yk))

ρ3

)
≤ 1

2

[
M

(
qk(∆

mxk)

ρ1

)
+M

(
qk(∆

m
ν xk)

ρ2

)]
.

This implies by using Lemma 3.2,[
M

(
qk(∆

m
ν (αxk + βyk))

ρ3

)]pk

≤
(
1

2

)pk
[
M

(
qk(∆

m
ν xk)

ρ1

)
+M

(
qk(∆

m
ν xk)

ρ2

)]pk

≤
[
M

(
qk(∆

m
ν xk)

ρ1

)
+M

(
qk(∆

m
ν xk)

ρ2

)]pk

≤ D

{[
M

(
qk(∆

m
ν xk)

ρ1

)]pk

+

[
M

(
qk(∆

m
ν xk)

ρ2

)]pk
}

This implies that,
([

M
(

qk(∆
m
ν (αxk+βyk))

ρ3

)]pk
)
∈ F , because F is a normal AK-sequence space.

i.e., αx+ βy ∈ F (Ek,∆
m
ν ,M, p, q). Hence F (Ek,∆

m
ν ,M, p, q) is a linear space. 2
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Theorem 4.2 The function Mt : [0,∞) → [0,∞) defined by

Mt(u) =

[
gF

(
t∑

k=1

[
M

(
uqk(∆

m
ν xk)

ρ

)]pk

ek

)] 1
H

is a continuous function of u for each positive integer t, where x = (xk) ∈ F (Ek,∆
m
ν ,M, p, q) and (ek)

is a basis of F with gF (ek) = 1, for all k ∈ N and gF an absolutely monotone paranorm on F , a normal
AK-sequence space.

Proof: We define the function Nk : [0,∞) → F by Nk(u) =
[
M
(

uqk(∆
m
ν xk)

ρ

)]pk

ek. Let ui → 0 as i →
∞. Then by continuity of Orlicz function M ,

Nk(ui) =

[
M

(
uiqk(∆

m
ν xk)

ρ

)]pk

ek → (0, 0, 0, . . . )asi → ∞ for each k = 1, 2, 3, . . . , t.

Thus for fixed t,
∑t

k=1 Nk(ui) =
∑t

k=1

[
M
(

uiqk(∆
m
ν xk)

ρ

)]pk

ek → (0, 0, 0, . . . ).

Since paranorm gF is a continuous function, so it gives gF

(∑t
k=1 Nk(ui)

)
→ 0 as i → ∞.

i.e., Mn(ui) → 0 as i → ∞.
Hence Mn is a continuous function of u for each positive integer t. 2

Theorem 4.3 F (Ek,∆
m
ν ,M, p, q) is a paranormed space with paranorm

g(x) =

m∑
i=1

qi(νixi) + inf

{
ρ(

pn
H ) :

(
gF

[
M

(
qk(∆

m
ν xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N

}
(4.1)

where x ∈ F (Ek,∆
m
ν ,M, p, q) and H = max(1, sup pk).

Proof: It is obvious that, g(x) ≥ 0, g(0) = 0 and g(x) = g(−x) for any x ∈ F (Ek,∆
m
ν ,M, p, q). Then

there exists ρ1, ρ2 > 0 such that(
gF

[
M

(
qk(∆

m
ν xk)

ρ1

)]pk
) 1

H

≤ 1 and

(
gF

[
M

(
qk(∆

m
ν yk)

ρ2

)]pk
) 1

H

≤ 1.

Let ρ3 = max(2ρ1, 2ρ2). Then by convexity of Orlicz function M , it can be shown that[
M

(
qk(∆

m
ν (xk + yk)

ρ3

)]pk

≤
[
M

(
qk(∆

m
ν xk)

ρ1

)
+M

(
qk(∆

m
ν yk)

ρ2

)]pk

≤

[[
M

(
qk(∆

m
ν xk)

ρ1

)
+M

(
qk(∆

m
ν yk)

ρ2

)] pk
H

]H

≤

[[
M

(
qk(∆

m
ν xk)

ρ1

)] pk
H

+

[
M

(
qk(∆

m
ν yk)

ρ2

)] pk
H

]H
As gF is absolute monotone paranorm on F and by using Lemma 3.3, it can be shown that(

gF

[
M

(
qk(∆

m
ν (xk + yk))

ρ3

)]pk
) 1

H

≤
[
gF

{[
M

(
qk(∆

m
ν xk)

ρ

)]pk

+

[
M

(
qk(∆

m
ν yk)

ρ

)]pk
}] 1

H

≤
[
gF

([
M

(
qk(∆

m
ν xk)

ρ

)]pk
)] 1

H

+

[
gF

([
M

(
qk(∆

m
ν yk)

ρ

)]pk
)] 1

H

. (4.2)
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Since qk is a seminorm on Ek, therefore

m∑
i=1

qi(νi(xi + yi)) ≤
m∑
i=1

qi(νixi) +

m∑
i=1

qi(νixi). (4.3)

From (4.2) and (4.3), g(x+ y) ≤ g(x) + g(y).
Now to prove that scalar multiplication is continuous under g, i.e., it is required to show that g(αlx

l −
αx) → 0 as l → ∞, where xl → x as l → ∞ in F (Ek,∆

m
ν ,M, p, q) and αl → α as l → ∞ in C.

Consider,

g(αlx
l − αx) = g(αlx

l − αlx+ αlx− αx)

≤ g(αl(x
l − x)) + g((αl − α)x)

=

m∑
i=1

qi(νiαl(x
l
i − xi)) +

m∑
i=1

qi(νi(αl − α)xi)

+ inf

ρ
pn
H :

(
gF

[
M

(
qk(∆

m
ν αl(x

l
k − xk))

ρ

)]pk) 1
H

≤ 1, n ∈ N


+ inf

{
ρ

pn
H :

(
gF

[
M

(
qk(∆

m
ν (αl − α)xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N

}

≤ |αl|
m∑
i=1

qi(νi(x
l
i − xi)) + |αl − α|

m∑
i=1

qi(νixi)

+ inf

(|αl|r)
pn
H :

(
gF

[
M

(
qk(∆

m
ν (xl

k − xk))

r

)]pk) 1
H

≤ 1, n ∈ N


+ inf

{
ρ

pn
H :

(
gF

[
M

(
qk(∆

m
ν (αl − α)xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N

}
[
where r =

ρ

|α|

]
≤ N1

m∑
i=1

qi(νi(x
l
i − xi)) + |αl − α|

m∑
i=1

qi(νixi)

+N2 inf

(|αl|r)
pn
H :

(
gF

[
M

(
qk(∆

m
ν (xl

k − xk))

r

)]pk) 1
H

≤ 1, n ∈ N


+ inf

{
ρ

pn
H :

(
gF

[
M

(
qk(∆

m
ν (αl − α)xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N

}
(
where N1 = sup

l
|αl|, N2 = sup

l
[max(1, |αl|)], because |α|

pn
H ≤ max(1, |αl|).

)
This implies,

g(αlx
l − αx) ≤ max(N1, N2)g(x

l − x) + |αl − α|
m∑
i=1

qi(νixi) + Ω (4.4)

where Ω = inf

{
ρ

pn
H :

(
gF

[
M
(

qk(∆
m
ν (αl−α)xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N
}
.

First and second expression of inequality (4.4) tends to 0 as xl → x in F (Ek,∆
m
ν ,M, p, q) and αl → α in

C as l → ∞. Now it remains to show that Ω → 0 as l → ∞.
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Since
([

M
(

qk(∆
m
ν xk)
ρ

)]pk
)
∈ F and (ek) is Schauder basis of F , therefore

gF

[([
M

(
qk(∆

m
ν xk)

ρ

)]pk
)
−

t∑
k=1

[
M

(
qk(∆

m
ν xk)

ρ

)]pk

ek

]
→ 0 as t → ∞

i.e., gF

( ∞∑
k=t+1

[
M

(
qk(∆

m
ν xk)

ρ

)]pk

ek

)
→ 0 as t → ∞.

Therefore for every ϵ > 0, there exists a positive integer t0 such that

gF

( ∞∑
k=t+1

[
M

(
qk(∆

m
ν xk)

ρ

)]pk

ek

)
<
(ε
2

)H
for all t ≥ t0. (4.5)

Replacing t by t0 in in the inequality (4.4) we get[
gF

( ∞∑
k=t0+1

[
M

(
qk(∆

m
ν xk)

ρ

)]pk

ek

)] 1
H

<
ε

2
. (4.6)

As αl → α for l → ∞, therefore for ε = 1, there exists a positive integer l1 such that |αl − α| < 1 for all
l ≥ l1. Consequently, for all l ≥ l1,

∞∑
k=t0+1

[
M

(
|αl − α|qk(∆m

ν xk)

ρ

)]pk

ek ≤
∞∑

k=t0+1

[
M

(
qk(∆

m
ν xk)

ρ

)]pk

ek.

Since gF is monotone paranorm, so for all l ≥ l1,[
gF

( ∞∑
k=t0+1

[
M

(
|αl − α|qk(∆m

ν xk)

ρ

)]pk

ek

)] 1
H

≤

[
gF

( ∞∑
k=t0+1

[
M

(
qk(∆

m
ν xk)

ρ

)]pk

ek

)] 1
H

.

Using inequality (4.6) we get,[
gF

( ∞∑
k=t0+1

[
M

(
|αl − α|qk(∆m

ν xk)

ρ

)]pk

ek

)] 1
H

<
ε

2
for all l ≥ l1. (4.7)

Next, we show [
gF

(
t0∑

k=1

[
M

(
|αl − α|qk(∆m

ν xk)

ρ

)]pk

ek

)] 1
H

<
ε

2
for all l ≥ l2,

where l2 is a positive integer. For this first we claim that the function Mt0 defined by

Mt0 =

[
gF

( ∞∑
k=t0+1

[
M

(
uqk(∆

m
ν xk)

ρ

)]pk

ek

)] 1
H

, u ≥ 0

is continuous for any fixed integer t0, which is proved in Theorem 4.2. Hence there exists δ ∈ (0, 1) such

that Mt0 <
(
ε
2

)H
, whenever u < δ. Now, since αl → α as l → ∞, therefore for δ ∈ (0, 1), there exists a

positive integer l2 such that |αl − α| < δ for all l ≥ l2.

We have Mt0(|αl − α|) <
(
ε
2

)H
for all l ≥ l2.

i.e.,

[
gF

(
t0∑

k=1

[
M

(
|αl − α|qk(∆m

ν xk)

ρ

)]pk

ek

)] 1
H

<
ε

2
for all l ≥ l2. (4.8)
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Using (4.7),(4.8) and Lemma 3.3, we have(
gF

[
M

(
qk(∆

m
ν (αl − α)xk)

ρ

)]pk
) 1

H

≤ ε

2
+

ε

2
for all l ≥ l0

where l0 = max(l1, l2). Thus, inequality (4.4) gives g(αlx
l − αx) → 0 as l → ∞.

Hence F (E,∆m
ν ,M, p, q) is a paranormed sequence space. 2

Remark 4.1 F (Ek,∆
m
ν ,M, p, q) is not a total paranormed space under the paranorm defined by equation

(4.1).

Proof: We have to show that g(x) = 0 need not imply x = 0.

Suppose g(x) = 0, which implies
∑m

i=1 qi(νixi) = 0 and
(
gF

[
M
(

qk(∆
m
ν xk)
ρ

)]pk
) 1

H

= 0 together. By∑m
i=1 qi(νixi) = 0 i.e., qi(νixi) = 0 for each i = 1, 2, 3, . . . ,m. which need not imply that xi = 0, since

νi ̸= 0, as q is a seminorm on E. Hence g is not a total paranormed space on F (E,∆m
ν ,M, p, q). 2

Theorem 4.4 F (Ek,∆
m
ν ,M, p, q) is a K-space if F is a K-space.

Proof: We have to show that the co-ordinate function

Pk : F (Ek,∆
m
ν ,M, p, q) −→ Ek

given by Pk(x) = xk is continuous for each k ∈ N, where x ∈ F (Ek,∆
m
ν ,M, p, q). For this let (xl) be any

sequence in F (Ek,∆
m
ν ,M, p, q) such that xl → 0 as l → ∞ in F (Ek,∆

m
ν ,M, p, q).

m∑
i=1

qi(νixi) + inf

{
ρ(

pn
H ) :

(
gF

[
M

(
qk(∆

m
ν xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N

}
→ 0 as l → ∞.

this means that

q(νllx
l
i) → 0 as l → ∞ for each i = 1, 2, 3, . . .m (4.9)

as well as

inf

{
ρ(

pn
H ) :

(
gF

[
M

(
qk(∆

m
ν xk)

ρ

)]pk
) 1

H

≤ 1, n ∈ N

}
→ 0 as l → ∞.

Since F is a K-space, therefore for fixed k[
M

(
qk(∆

m
ν xl

k)

ρ

)]pk

→ 0 as l → ∞.

Which implies

M

(
qk(∆

m
ν xl

k)

ρ

)
→ 0 as l → ∞.

Thus for any δ > 0, there exists l0 ∈ N such that

M

(
qk(∆

m
ν xl

k)

ρ

)
< δ for all l ≥ l0.

Let δ = M
(

ε
ρ

)
, where ε > 0. Then for all l > l0

M

(
qk(∆

m
ν xl

k)

ρ

)
< M

(
ε

ρ

)
.
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As M is continuous and non-decreasing
qk(∆

m
ν xl

k) < ε.

This shows that for fixed k,
∆m

ν xl
k → 0 in Ek as l → ∞. (4.10)

Now from equation(4.9) and the simillar lines used above, it can be shown that

xl
i → 0 in Ei as l → ∞ for each i = 1, 2, . . . ,m. (4.11)

We know that, for each k ∈ N

∆m
ν xk = xl

kν
l
k −

(
m

1

)
xl
k+1ν

l
k+1 +

(
m

2

)
xl
k+2ν

l
k+2 − · · ·+ (−1)m

(
m

m

)
xl
k+mνlk+m (4.12)

Put k = 1 in equation (4.12), we get

∆m
ν x1 = xl

1ν
l
1 −

(
m

1

)
xl
2ν

l
2 +

(
m

2

)
xl
3ν

l
3 − · · ·+ (−1)m

(
m

m

)
xl
1+mνl1+m (4.13)

Now using equation (4.10) and (4.11) in equation (4.13), we get

xl
1+mνl1+m → 0 as n → ∞.

Similarly, one can show that xl
2+mνl2+m → 0 as n → ∞ and so on. Thus, we conclude that xl

k → 0
in Ek as l → ∞ for each k ∈ N. Hence co-ordinate wise function Pk is continuous for each k ∈ N, so
F (Ek,∆

m
ν ,M, p, q) is a K-space. 2

Theorem 4.5 Let F is a K-space and (Ek, qk) be complete seminormed space such that Ek+1 ⊆ Ek for
each k ∈ N. Then F (Ek,∆

m
ν ,M, p, q) is a complete paranormed space under the paranorm g defined by

equation (4.1) where x ∈ F (Ek,∆
m
ν ,M, p, q).

Proof: It is shown in Theorem-4.3 that the sequence space F (Ek,∆
m
ν ,M, p, q) is a paranormed space

under g. For completeness, consider xl =
(
(xl

k)k
)
to be any Cauchy sequence in F (Ek,∆

m
ν ,M, p, q).

Then g(xl − xt) → 0 as l, t → ∞, which implies

qi
(
νlix

l
i − νtix

t
i

)
→ 0 for each i (1 ≤ i ≤ m) (4.14)

and

inf

ρ(
pn
H ) :

(
gF

[
M

(
qk(∆

m
ν (xl

k − xt
k))

ρ

)]pk) 1
H

≤ 1, n ∈ N

→ 0 (4.15)

as l, t → ∞. From equation (4.9), it is clear that (xl
i) is Cauchy sequence in Ei for each 1 ≤ i ≤ m. Next,

we will show that (∆m
ν xl

k) is a Cauchy sequence in Ek for each k ∈ N. From condition (4.10) there exists
a positive integer l1 such that(

gF

[
M

(
qk(∆

m
ν (xl

k − xt
k))

ρ

)]pk) 1
H

≤ 1 for all l, t ≥ l1.

Which implies,

gF

[
M

(
qk(∆

m
ν (xl

k − xt
k))

ρ

)]pk

≤ 1 for all l, t ≥ l1.

Since ρ < g(xl − xt), replacing ρ by g(xl − xt) in the above inequality, we get

gF

[
M

(
qk(∆

m
ν (xl

k − xt
k))

g(xl − xt)

)]pk

≤ 1 for all l, t ≥ l1. (4.16)
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Since (xl) is a Cauchy sequence, therefore for a given ε > 0, there exists a positive integer l2 such that
g(xl − xt) < ε

rδ , for all l, t ≥ l2. For r > 0 with gF
[
M
(
rδ
2

)]pk ≥ 1 we have from (4.16),

gF

[
M

(
qk(∆

m
ν (xl

k − xt
k))

g(xl − xt)

)]pk

≤ gF

[
M

(
rδ

2

)]pk

.

By using Theorem 4.4, as F (Ek,∆
m
ν ,M, p, q) is a K-space,

M

(
qk(∆

m
ν (xl

k − xt
k))

g(xl − xt)

)
≤ M

(
rδ

2

)
Since M is continuous and non-decreasing,

qk(∆
m
ν (xl

k − xt
k))

g(xl − xt)
≤ rδ

2

qk(∆
m
ν (xl

k − xt
k)) ≤ rδ

2
g(xl − xt)

≤ rδ

2

ε

rδ

=
ε

2
, for l, t ≥ l0 = max(l1, l2).

This shows that
(∆m

ν xl
k) is a Cauchy sequence in Ek for each k ∈ N. (4.17)

Now using (4.14) it can be shown that

(xl
i) is a Cauchy sequence in Ei for each i = 1, 2, 3, . . . ,m. (4.18)

Using (4.17) and (4.18), we will show that (xl
k) is Cauchy sequence in Ek as l → ∞ for each k ∈ N. We

know that, for each k ∈ N

∆m
ν xk = xl

kν
l
k −

(
m

1

)
xl
k+1ν

l
k+1 +

(
m

2

)
xl
k+2ν

l
k+2 − · · ·+ (−1)m

(
m

m

)
xl
k+mνlk+m (4.19)

Put k = 1 in equation (4.19), we get

∆m
ν x1 = xl

1ν
l
1 −

(
m

1

)
xl
2ν

l
2 +

(
m

2

)
xl
3ν

l
3 − · · ·+ (−1)m

(
m

m

)
xl
1+mνl1+m (4.20)

Now using (4.17) and (4.18) in equation (4.19), we get

xl
1+mνl1+m → 0 as n → ∞.

Similarly, one can show that xl
2+mνl2+m → 0 as n → ∞ and so on. Thus, we conclude that xl

k → 0 in
Ek as l → ∞ for each k ∈ N. Thus ∆m

ν (xl
k) =

((
∆m

ν (x1
k)
)
,
(
∆m

ν (x2
k)
)
, . . .

)
converges to ∆m

ν xk, for each
k ∈ N in Ek. But Ek is complete, therefore (xl

k) is a convergent sequence in Ek for each k ∈ N. Then for
each fixed i(1 ≤ i ≤ m),

qi(ν
l
ix

l
i − νixi) <

ε

2m
for all l ≥ l0(i). (4.21)

Again (xl) is a Cauchy sequence in F (Ek,∆
m
ν ,M, p, q). So for given ε > 0, there exists a positive integer

l0(ε) such that g(xl − xt) < ε
2 for all l, t ≥ l0(ε). We can choose η > 0 such that

g(xl − xt) < η <
ε

2
for all l, t ≥ l0(ε). (4.22)
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Since gF is absolute monotone paranorm on a normal AK-space F , therefore

gF

(
n∑

k=1

[
M

(
qk(∆

m
ν (xl

k − xt
k))

η

)]pk

ek

)
≤ gF

([
M

(
qk(∆

m
ν (xl

k − xt
k))

ρ

)]pk)
≤ 1.

Using continuity of Orlicz function and gF , we get

gF

(
n∑

k=1

[
M

(
qk(∆

m
ν (xl

k − xk))

η

)]pk

ek

)
≤ 1 as l → ∞.

Letting n → ∞ we get

gF

([
M

(
qk(∆

m
ν (xl

k − xk))

ρ

)]pk)
≤ 1 as l → ∞.

So,

g(xl − x) =

m∑
i=1

qi(x
l
i − xi) + inf

ξ
pn
H :

[
gF

(
M

(
qk(∆

m
ν (xl

k − xk))

ξ

))pk] 1
H

≤ 1, n ∈ N


< m

( ε

2m

)
+ η < ε, for all l ≥ max (l0(1), l0(2), . . . , l0(m), l0(ε)) .

Using conditions (4.17) and (4.18). Thus, (xl) converges to x in the paranorm of F (E,∆m
ν ,M, p, q). Now,

we shall show that x ∈ F (Ek,∆
m
ν ,M, p, q).

Since (xl) = (xl
k) ∈ F (Ek,∆

m
ν ,M, p, q), so there exists some ρ > 0 such that([

M

(
qk(∆

m
ν xl

k)

ρ

)]pk)
∈ F.

Since q
(
∆m

ν (xl
k − xk)

)
→ 0 as l → ∞ for each k ∈ N, therefore we can choose positive number δlk

satisfying 0 < δlk < 1 such that[
M

(
qk(∆

m
ν (xl

k − xk))

ρ

)]pk

< δlk

[
M

(
qk(∆

m
ν xl

k)

ρ

)]pk

.

We have [
M

(
qk(∆

m
ν xk)

2ρ

)]pk

=

[
M

(
qk(∆

m
ν ((xl

k − xk)− xl
k))

2ρ

)]pk

≤
[
1

2
M

(
qk(∆

m
ν (xl

k − xk))

2ρ

)
+

1

2
M

(
qk(∆

m
ν xl

k)

ρ

)]pk

≤
[
M

(
qk(∆

m
ν (xl

k − xk))

2ρ

)
+M

(
qk(∆

m
ν xl

k)

ρ

)]pk

≤ D

{[
M

(
qk(∆

m
ν (xl

k − xk))

2ρ

)]pk

+

[
M

(
qk(∆

m
ν xl

k)

ρ

)]pk}
≤ D

(
1 + δlk

) [
M

(
qk(∆

m
ν xl

k)

ρ

)]pk

.

This implies, [
M

(
qk(∆

m
ν xk)

2ρ

)]pk

≤ DMl

[
M

(
qk(∆

m
ν xl

k)

ρ

)]pk

.
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By using Lemma 3.2, where D = max
(
1, 2G−1

)
, G = supk pk and Ml = supk

(
1 + δlk

)
.

Since F is normal sequence space, it follows that([
M

(
qk(∆

m
ν xk)

2ρ

)]pk
)

∈ F i.e., x ∈ F (Ek,∆
m
ν ,M, p, q).

Hence F (Ek,∆
m
ν ,M, p, q) is a complete paranormed space under the paranorm g. 2

Theorem 4.6 F (Ek,∆
m
ν ,M, p, q) is normal if m = 0 and ν = (1, 1, 1, . . . ).

Proof: For m = 0 and ν = (1, 1, 1, . . . ), the sequence space F (Ek,∆
m
ν ,M, p, q) reduces to F (Ek,M, p, q),

where

F (Ek,M, p, q) =

{
x = (xk) ∈ S(Ek) : xk ∈ Ek, for each k,

([
M

(
qk(xk)

ρ

)]pk
)

∈ F for some ρ > 0

}
.

For a sequence scalars λ = (λk) such that |λk| ≤ 1 for all k ∈ N, we have
qk(λkxk) = |λk|qk(xk) ≤ qk(xk) i.e., qk(λkxk) ≤ qk(xk), therefore[

M

(
qk(λkxk)

ρ

)]pk

≤
[
M

(
qk(xk)

ρ

)]pk

for each k ∈ N.

It follows that
([

M
(

qk(xk)
ρ

)]pk
)
∈ F , as F is a normal sequence space, i.e., λx ∈ F (E,M, p, q). Hence

F (E,∆m
ν ,M, p, q) is normal space. 2

Theorem 4.7 For different Orlicz functions M,M1 and M2 the following inclusion holds:

(i) F (Ek,∆
m
ν ,M1, p, q) ∩ F (Ek,∆

m
ν ,M2, p, q) ⊆ F (Ek,∆

m
ν ,M1 +M2, p, q),

(ii) F (Ek,∆
m
ν ,M2, p, q) ⊂ F (Ek,∆

m
ν ,M1, p, q), if supt

[
M1(t)
M2(t)

]
< ∞ and

(iii) F1(Ek,∆
m
ν ,M, p, q) ⊆ F2(Ek,∆

m
ν ,M, p, q), if F1 ⊆ F2.

Proof: (i) Let x ∈ F (E,∆m
ν ,M1, p, q) ∩ F (Ek,∆

m
ν ,M2, p, q). Then there exists ρ1 > 0 and ρ2 > 0 such

that ([
M1

(
qk(∆

m
ν xk)

ρ1

)]pk
)

∈ F and

([
M2

(
qk(∆

m
ν xk)

ρ2

)]pk
)

∈ F.

Let ρ = max(ρ1, ρ2). Then for each k ∈ N we have[
(M1 +M2)

(
qk(∆

m
ν xk)

ρ

)]pk

≤
[
M1

(
qk(∆

m
ν xk)

ρ

)
+M2

(
qk(∆

m
ν xk)

ρ

)]pk

≤ D

{[
M1

(
qk(∆

m
ν xk)

ρ1

)]pk

+

[
M2

(
qk(∆

m
ν xk)

ρ2

)]pk
}

by using Lemma 3.2, where D = max
(
1, 2G−1

)
, G = sup pk. Since F is normal AK-sequence space, it

implies that
[
(M1 +M2)

(
qk(∆

m
ν xk)
ρ

)]pk

∈ F and hence x ∈ F (Ek,∆
m
ν ,M1 +M2, p, q).

(ii)Let x ∈ F (Ek,∆
m
ν ,M2, p, q). Then there exists ρ > 0 such that([

M2

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F.
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Since, supt

[
M1(t)
M2(t)

]
< ∞, therefore there exists η > 0 such that

(
M1(t)
M2(t)

)
≤ η, for all t ≥ 0. Replacing t

by
q(∆m

ν xk)
ρ in the above,

M1

(
qk(∆

m
ν xk)

ρ1

)
≤ ηM2

(
qk(∆

m
ν xk)

ρ1

)
.

Thus for each k ∈ N, we have[
M1

(
qk(∆

m
ν xk)

ρ

)]pk

≤ max
(
1, ηG

) [
M2

(
qk(∆

m
ν xk)

ρ

)]pk

, where G = sup
k

pk.

Since F is normal AK-sequence space, it implies that([
M1

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F and hence x ∈ F (E,∆m
ν ,M1, p, q).

(iii) Let x ∈ F1(E,∆m
ν ,M, p, q). Then there exists ρ > 0 such that([

M

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F1.

But F1 ⊆ F2 and consequenly, ([
M

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F2.

Hence x ∈ F1(E,∆m
ν ,M, p, q). 2

Theorem 4.8 Let M and M1 be two Orlicz functions. If M satisfies the ∆2-condition, then
F (Ek,∆

m
ν ,M1, p, q) ⊆ F (Ek,∆

m
ν ,M ◦M1, p, q).

Proof: Let x ∈ F (Ek,∆
m
ν ,M1, p, q). Then there exists ρ > 0 such that([

M1

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F.

Case-(i): If M1

(
qk(∆

m
ν xk)
ρ

)
≤ 1, then using convexity of Orlicz function M ,[

M

(
M1

(
qk(∆

m
ν xk)

ρ

))]pk

≤
[
M1

(
qk(∆

m
ν xk)

ρ

)
M(1)

]pk

≤ max
(
1, [M(1)]G

) [
M1

(
qk(∆

m
ν xk)

ρ

)]pk

.

Case-(ii): If M1

(
qk(∆

m
ν xk)
ρ

)
≤ 1, then using ∆2-condition of Orlicz function M , we get

[
M

(
M1

(
qk(∆

m
ν xk)

ρ

))]pk

≤
[
KM1

(
qk(∆

m
ν xk)

ρ

)
M(1)

]pk

≤ max
(
1, [KM(1)]G

) [
M1

(
qk(∆

m
ν xk)

ρ

)]pk

where G = supk pk. But F is a normal sequence space, it implies that
[
M
(
M1

(
qk(∆

m
ν xk)
ρ

))]pk

∈ F, i.e.,

x ∈ F (Ek,∆
m
ν ,M ◦M1, p, q) in both cases.

Hence F (Ek,∆
m
ν ,M1, p, q) ⊆ F (Ek,∆

m
ν ,M ◦M1, p, q). 2



A new generalized class of difference sequence 13

5. Sequence space [F (Ek,∆
m
ν ,M, p, q)]

In this section, we introduce the class [F (Ek,∆
m
ν ,M, p, q)] of vector valued sequences as

[F (Ek,∆
m
ν ,M, p, q)] =

{
x = (xk) ∈ S(Ek) : xk ∈ Ek for each k,

([
M

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F

for every ρ > 0

}
.

Clearly, set [F (Ek,∆
m
ν ,M, p, q)] is a subspace of F (Ek,∆

m
ν ,M, p, q). The topology on sequence space

[F (Ek,∆
m
ν ,M, p, q)] is introduced under the paranorm g, which is given by (4.1).

Theorem 5.1 Sequence space [F (Ek,∆
m
ν ,M, p, q)] is a complete paranormed space under paranorm g if

(Ek, qk) is a complete seminormed space.

Proof: Since [F (Ek,∆
m
ν ,M, p, q)] is a subspace of F (Ek,∆

m
ν ,M, p, q), so in order to prove

[F (Ek,∆
m
ν ,M, p, q)] is complete paranormed space, it is sufficient to show that [F (Ek,∆

m
ν ,M, p, q)] is

closed in F (Ek,∆
m
ν ,M, p, q). For this, consider x ∈ F (Ek,∆m

ν ,M, p, q). Then there exists a sequence
(xl) = ((xl

k)k) in F (Ek,∆
m
ν ,M, p, q) such that xl → x under the paranorm g i.e., g(xl−x) → 0 as l → ∞,

where x = (xk) ∈ F (Ek,∆
m
ν ,M, p, q). Thus for a given ε, there exists a positive integer l0 such that

g(xl − x) <
ε

2
for all l ≥ l0. (5.1)

We have,[
M

(
qk(∆

m
ν xk)

ε

)]pk

=

[
M

(
qk(∆

m
ν ((xl

k − xk)− xl
k))

ε

)]pk

≤
[
1

2
M

(
qk(∆

m
ν (xl

k − xk))

ε/2

)
+

1

2
M

(
qk(∆

m
ν xl

k)

ε/2

)]pk

≤
[
M

(
qk(∆

m
ν (xl

k − xk))

ε/2

)
+M

(
qk(∆

m
ν xl

k)

ε/2

)]pk

≤ D

{[
M

(
qk(∆

m
ν (xl

k − xk))

ε/2

)]pk

+

[
M

(
qk(∆

m
ν xl

k)

ε/2

)]pk}
≤ D

{[
M

(
qk(∆

m
ν (xl

k − xk))

g(xl − x)

)]pk

+

[
M

(
qk(∆

m
ν xl

k)

ε/2

)]pk}
by using Lemma 3.2 and (5.1), where D = max

(
1, 2G−1

)
and G = supk pk.

Since ([
M

(
qk(∆

m
ν (xl

k − xk))

g(xl − x)

)]pk)
∈ F and

([
M

(
qk(∆

m
ν xl

k)

ε/2

)]pk)
∈ F.

It implies that ([
M

(
qk(∆

m
ν xk)

ε

)]pk
)

∈ F

because F is a normal sequence space. Since ε is arbitrary, so x ∈ [F (Ek,∆
m
ν ,M, p, q)]. Thus,

F (Ek,∆m
ν ,M, p, q) ⊆ [F (Ek,∆

m
ν ,M, p, q)]

2

Theorem 5.2 [F (Ek,∆
m
ν ,M, p, q)] is an AK-space.



14 N. Tripathy and R. Mahapatra

Proof: Let x ∈ [F (Ek,∆
m
ν ,M, p, q)]. Then

([
M
(

qk(∆
m
ν xk)
ρ

)]pk
)
∈ F for every ρ > 0. Since (ek) is a

Schauder basis of F , therefore for a given ε > 0

gF

[([
M

(
qk(∆

m
ν xk)

ε

)]pk
)
−

t∑
k=1

[
M

(
qk(∆

m
ν xk)

ε

)]pk

ek

]
→ 0 as t → ∞

i.e., gF

( ∞∑
k=t+1

[
M

(
qk(∆

m
ν xk)

ε

)]pk

ek

)
→ 0 as t → ∞.

So, there exists a positive integer t0(ε) such that

gF

( ∞∑
k=t+1

[
M

(
qk(∆

m
ν xk)

ε

)]pk

ek

)
< 1, for all t ≥ t0(ε). (5.2)

Using the definition of paranorm g, we get

g
(
x− x[t]

)
= inf

σ
pn
H :

[
gF

( ∞∑
k=t+1

[
M

(
qk(∆

m
ν xk)

σ

)]pk

ek

)] 1
H

≤ 1, n ∈ N

 (5.3)

for all t > m and any σ > 0. From (5.2) and (5.3), we have

g
(
x− x[t]

)
< ε

pn
H < ε for all t ≥ t0(ε),

where x[t] is tth section of x.
Hence [F (Ek,∆

m
ν ,M, p, q)] is an AK-space. 2

Theorem 5.3 Let xl =
(
(xl

k)
)

be a sequence of element of [F (Ek,∆
m
ν ,M, p, q)] and x = (xk) ∈

[F (Ek,∆
m
ν ,M, p, q)]. Then xl → x in [F (Ek,∆

m
ν ,M, p, q)] if and only if

(i) xl
k → xk in Ek for each k ≥ 1 and

(ii) g(xl) → g(x) as i → ∞.

Proof: Necessity is obvious.
Sufficient part: Suppose (i) and (ii) hold and let t be any arbitrary positive integer, then

g
(
xl − x

)
= g

(
xl − xl[t] + xl[t] − x[t] + x[t] − x

)
≤ g

(
xl − xl[t]

)
+ g

(
xl[t] − x[t]

)
+ g

(
x[t] − x

)
where xl[t], x[t] denotes tth section of xl and x, respectively. Taking l → ∞ we get,

lim
l→∞

sup g(xl − x) ≤ lim
l→∞

sup g
(
xl − xl[t]

)
+ lim

l→∞
sup g

(
xl[t] − x[t]

)
+ g

(
x[t] − x

)
≤ 2g

(
xl[t] − x[t]

)
.

For t is arbitrary, letting t → ∞, we get

lim
l→∞

sup g(xl − x) = 0 i.e., g(xl − x) → 0 as l → ∞.

2

Theorem 5.4 If Ek is separable for each k ∈ N, then [F (Ek,∆
m
ν ,M, p, q)] is separable.
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Proof: Let us assume that Ek is separable for each k ∈ N. In this case, there exists a countable
dense subset Uk of Ek. Let Z denotes the set of finite sequences z = (zk), where zk ∈ Uk for
each k ∈ N and (zk) = (z1, z2, z3, . . . ,t , θt+1, θt+2, . . . ) for arbitrary t ∈ N. Clearly, Z is countable
subset of [F (Ek,∆

m
ν ,M, p, q)]. To show that Z is dense in [F (Ek,∆

m
ν ,M, p, q)]. Let x = (xk) ∈

[F (Ek,∆
m
ν ,M, p, q)]. Since [F (Ek,∆

m
ν ,M, p, q)] is an AK-space, so g

(
x− x[t]

)
→ 0 as t → ∞, where

x[t] = tthsection of x. So for a given ε > 0, there exists an integer t1 > 1 such that

g
(
x− x[t]

)
<

ε

2
for all t ≥ t1.

If t = t1 is taken,

g
(
x− x[t]

)
<

ε

2
.

Let us choose
y = (yk) = (y1, y2, y3, . . . , yn, θt1+1, θt2+2, . . . ) ∈ Z

such that
g
(
xt1
k − yk

)
<

ε

2M(1)t1
for each k.

Now,

g(x− y) ≤ g
(
x− x[t1]

)
+ g

(
x[t1] − y)

)
< ε.

This implies Z is dense in [F (Ek,∆
m
ν ,M, p, q)]. Hence [F (Ek,∆

m
ν ,M, p, q)] is separable. 2

Theorem 5.5 If Orlicz function M satisfies Orlicz M satisfies ∆2-condition, then
F (Ek,∆

m
ν ,M, p, q) = [F (Ek,∆

m
ν ,M, p, q)].

Proof: From the definition of introduced space, we can say easily that

[F (Ek,∆
m
ν ,M, p, q)] ⊆ F (Ek,∆

m
ν ,M, p, q). (5.4)

For inverse inclusion, let x ∈ F (Ek,∆
m
ν ,M, p, q). Then there exists some ρ > 0 such that([

M

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F.

Again, let σ > 0 be any arbitrary number. Then two cases arise.
Case-(i):If ρ ≤ σ, then for each k ∈ N,[

M

(
qk(∆

m
ν xk)

σ

)]pk

≤
[
M

(
qk(∆

m
ν xk)

ρ

)]pk

i.e.,x ∈ [F (Ek,∆
m
ν ,M, p, q)].

Case-(ii): If ρ > σ, then ρ
σ > 1. From ∆2−condition of Orlicz function, there exists a constant k > 0

such that

M

(
qk(∆

m
ν xk)

σ

)
≤
(
kρ

σ

)
M

(
qk(∆

m
ν xk)

ρ

)
.

Consequently, for each k ∈ N[
M

(
qk(∆

m
ν xk)

σ

)]pk

≤ sup
k

{(
kρ

σ

)pk
}[

M

(
qk(∆

m
ν xk)

ρ

)]pk

.

Since F is normal space, it implies that([
M

(
qk(∆

m
ν xk)

ρ

)]pk
)

∈ F.
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i.e., x ∈ F (Ek,∆
m
ν ,M, p, q) in both cases. Hence

F (Ek,∆
m
ν ,M, p, q) ⊆ [F (Ek,∆

m
ν ,M, p, q)] (5.5)

From (5.4) and (5.5), we get F (Ek,∆
m
ν ,M, p, q) = [F (Ek,∆

m
ν ,M, p, q)]. 2

Acknowledgement: We thank the referees for their valuable sugeestions and comments on this
paper.
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