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A new generalized class of difference sequence spaces defined by Orlicz function

Nilambar Tripathy * and Ramakanta Mahapatra

ABSTRACT: In this article, our aim is to introduce a new generalized class of vector valued sequence space
F(Ey, A, M, p,q) using Orlicz function M, where (Ey)32; is the class of all seminormed space (Ej,qx)
with Ei 1 C Eg. It is assumed that F' is a normal, AK-sequence space with absolutely monotone paranorm
gr and p = (px) is a bounded sequence of positive real numbers. Here it is also proved that the space is a
complete paranormed space under the paranorm g along with cetrain inclusion relations.
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1. Introduction

In 1981 Kizmaz [10] first introduced the concept of difference sequence spaces. Since then attempts
have been made by several authors to introduce and investigate some more new sequence spaces. Among
them are Ahmad and Mursaleen [1], Colak [3], Et and Colak [5], Et and Basarir [6], Baliarsingh and
Dutta[2], Dutta and Baliarsingh [19], Dutta et al. [20] and many. Then Et and Esi [7]introduced the
space:

X(A)) ={z = (zx) : (A)x) € X},

for X =, c and ¢y, where v = () is any fixed sequence of non-zero complex numbers and (A'zy) =
(Am—lz, — AT o) with

m

ATz = Z(—l)i ( Tzn ) VktiTges for all k€ N.

i=0
These sequence spaces are Banach spaces normed by
m
lzlla =) vizi + AT z]|oc-
i=1
Lindenstrauss and Tzafriri [13] used the idea of Orlicz function to construct the sequence space

ly=<z€s§: ZM('xk|), for some p >0,
k=1 P
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2 N. TRIPATHY AND R. MAHAPATRA

where S be the space of all complex sequences and the space )y with norm
[|lz]] :inf{p >0: ZM (lxk> < 1}
k=1 P

becomes a Banach space which is called an Orlicz sequence space. Then Orlicz sequence spaces were

extended by Parashar and Choudhary [16], Maddox [14], Tripathy et al.[[24],[25], [26]] and many others.
The vector valued sequence spaces under suitable topology was studied by Leonard [12], Rosier [18],

Ratha and Srivastava [17], Srivastava and Ghosh [21], Srivastava and Kumar [22] and many others.

2. Seminormed sequence space F(Ey, AT M, p,q)
Now we define class of sequence space as follows:
A™ Pk
F(Ey, A" M,p,q) = {:c = (x) € S(Ek) : 1, € E), for each k, ([M (qk(”xk))} ) eF
P

for some p > O},

where (Fk, ¢x) is a seminormed space with monotonocally decreasing sequence of set Ej. Define
S(Eg) ={z = (zx) : vy € E, for each k € N}.
Here S(Ey) is a linear space under the usual co-ordinatewise operations i.e.,
ar = () and x4y = (zk + yk) ,

with € C. Here F is a normal AK-sequence space with absolutely monotone paranorm gr and having
a Schauder basis (ex), where ex = (0,0,0,...,1,0,0,...0) with 1 in kth place, p = (p) is any bounded
sequence of strictly positive real numbers and M is any Orlicz function. It can be shown that for suitable
choices of Ey, F, m and pg, the proposed sequence space F(Ey, M,p, AT q) generalizes many of the
earlier known scalar as well as vector valued sequence spaces. For example:

(i) For FF = {1,E, = C for all k € Nym = 0,v = (1,1,1,...) and px = 1 for all £ € N, the space
reduces £5; [13] by Lindenstrauss and Tzafriri.

(ii) For F = {1, E, =C for all k e Nym =0 and v = (1,1, 1,...) it reduces to £y;(p) [16] by Parashar
and Choudhary.

(iii) By choosing F' = ¢g and £, B, = C for all k € N and v = (1,1,1,...) it reduces to co(A™, M, p)
and {oo(A™, M,p) [8] by Gokhan et al.

(iv) By choosing F = ¢1,E;, = C for all Kk € Nym = 1 and v = (1,1,1,...) it reduces to the space
L(A™ M, p) [23] by Subramanian.

Thus, study of the sequence space F(E), A™, M,p,q) gives an unified approach to many of the earlier
known spaces.

3. Definitions and preliminaries
The following definitions and preliminaries will be used in sequel.

Definition 3.1 [9] A paranorm g on a sequence space X is said to be absolutely monotone if
x = (z),y = (yx) € X and |zg| < |yg| for each k € N = g(z) < g(y).

Definition 3.2 [9]. A sequence space X is called a K—space if the co-ordinate function Py : X — K
given by Py(x) =z, is continuous for each k € N.
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Definition 3.3 [27] An FK-space is a Fréchet sequence space with continuous co-ordinates.

Definition 3.4 [28] A linear space X is called BK —space, if it is equipped with a norm under which it
18 a Banach space with continuous co-ordinates.

Definition 3.5 [27] An FK—space X is said to be an AK—space if X D ¢, the set of all finitely
non-zero sequences and {6"} is a basis for X, i.e., for each z, 2™ =z where z™ the n'" section
of x is > p_, x6F, otherwise expressed x = Y 6% for all x € X. For example, l(p), co(p), wo(p) are
AK —spaces.

Definition 3.6 [/] A sequence space X is said to be convergence free when, if v = (xy) in X and if
yr = 0 whenever x = 0, then y = (yx) is in X.

Definition 3.7 [9]. A sequence space X is said to be normal if (zx) € X implies (agxy) € X for all
sequence of scalars oy with |ag| <1 for allm € N.

Definition 3.8 [/] A sequence space X is said to be symmetric if,when x = () is in X, then y = (yx)
1s in X when the co-ordinates of y are those of x, but in a different order.

Definition 3.9 [9] An Orlicz function is a function M : [0,00) — [0,00) which is continuous, non-
decreasing and convex with M (0) = 0, M (z) > 0 for x > 0 and M(z) — o0 as x — oo.

Lemma 3.1 [11] An Orlicz function M is said to satisfy As—condition for all values of u, if a constant
K > 0 such that M (2u) = KM (u),u > 0.

The Ag—condition is equivalent to the inequality M (lu) < K'IM (u), for some K' > 0 which holds for
all values of u and 1 > 1.

Lemma 3.2 [15] Let p = (pn) be a bounded sequence of positive real numbers. Then for any complex
numbers a, and by, |an+b,|P" < D (Jan|Pr + |bn|Pn), where 0 < p, < supp, = G and D = max{1,2¢71}.

Lemma 3.3 [15] Let 0 < p < 1. Then for any complex numbers a and b, |a + b|P < |a|? + |b|?.
4. Sequence space F(Ey, A" M,p,q)
Theorem 4.1 F(Ey, A", M,p,q) is a linear space over the complex field C.

Proof: Let z = (z1),y = (yi) € F(Ex, M,p, A", q). Then there exists p; > 0 and pz > 0 such that

(2 ) orom (o (222 )

Let p3 = max(2|a|p1,2|8|p1), where o, § € C. Then by convexity of the Orlicz function M we have

(AP (o + ) ooy (A7) + 1Blax(A')
(SR < (MRS

(252 (252

IA

IN

This implies by using Lemma 3.2,

b (R < (3 (2555 ()
ATz AT )\ 17
(e w2
<

(o) o ()

m Pk
This implies that, ([M (W)} k) € F, because F' is a normal AK-sequence space.

ie., ax + By € F(Ey, A", M,p,q). Hence F(Ey, AT, M,p, q) is a linear space. O
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Theorem 4.2 The function M; : [0,00) — [0,00) defined by

sai= [ (5 [ (2222

is a continuous function of u for each positive integer t, where x = (xy) € F(Ex, A", M,p,q) and (ey)
is a basis of F with gr(ex) =1, for all k € N and gr an absolutely monotone paranorm on F, a normal
AK -sequence space.

- P
Proof: We define the function Ny : [0,00) = F by Ny(u) = [M (W)] “er. Letu; — 0asi—

00. Then by continuity of Orlicz function M,

. m Pk
Ni(u;) = [M (ulq}C(A”xk)>} er — (0,0,0,...)asi — oo for each k =1,2,3,...,¢
p

Thus for fixed £, 2, N (i) = Sjey [M (22B25) ™ ey s (0,0,0,....),

Since paranorm g¢r is a continuous function, so it gives gp (22:1 Ny (ul)) — 0asi— oo.

ie, My(u;) = 0asi— oo.
Hence M, is a continuous function of u for each positive integer . O

Theorem 4.3 F(Ey, A", M,p,q) is a paranormed space with paranorm

z) = iqi(yixi) + inf {p(%?) : <gF {M (W)ka <lne N} (4.1)

i=1

where x € F(Ey, A", M,p,q) and H = max(1,sup pg).

Proof: It is obvious that, g(x) > 0,¢(0) = 0 and g(x) = g(—=x) for any « € F(Ey, A", M,p,q). Then
there exists pi, p2 > 0 such that

o (") < o () )

Let p3 = max(2p1,2p2). Then by convexity of Orlicz function M, it can be shown that

{M (Ww)rk < |u (%(AW)+M(%(AM>]pk
) - & P2
< (e ooz )

< [ e

As gp is absolute monotone paranorm on F' and by using Lemma 3.3, it can be shown that

1

(o (o
(5 (2
(N ()

T

IN

|-

IA
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Since g is a seminorm on Fjy, therefore

S awi(mi+y) < ailvir) + > ai(vizs). (4.3)
i=1 i=1 i=1
From (4.2) and (4.3), g(z +y) < g(z) + g(y).

Now to prove that scalar multiplication is continuous under g, i.e., it is required to show that g(a;z’ —

ar) — 0 as [ — oo, where ! — x as | — oo in F(Ey, A™, M,p,q) and a; — « as | — oo in C.
Consider,

glayz! — ax)

g(alml -+ qx — ax)
!

< gla(@ —2)) + g((ar — @)x)
= qu(ula[(xé — ;) + th(VZ(al — a)z;)
i=1 i=1
1
m I _ Pr\ H
+mf{pp;; (gF [M (%(AV ag(xy, xk)))} > <lneN
m _ Pk %
4 inf {pv]g; : (gp {M <Qk(Ay (ay a)mk)ﬂ > <lne N}
p
< el Y il — 20) + | —al Y gi(viws)
i=1 i=1
mid PR\
+ inf (|al|’r)% . (gF |:M (qk(Au (xk; xk:))):| ) < 1,7’L cN
T
m _ Pk %
+inf {p”H" : (gF {M (%(AV (v Oé)l‘k)>:| ) <lne N}
p
[ where r = p]
o
< M Z%(%(xi — i) + |y — @ Z i (vizi)
i=1 t=1
1
25 A (al, — T
+Noinf < (|oy|r) ™ - (gp [M (qk( v (T x;&))} ) <l,neN
r
m _ Pk %
+inf {pz}g : (gF {M (%(Ay (qy a)m))} ) <lne N}
p
(where Ny = sup|ay|, No = sup[max(1, |oy|)], because |a|# < max(1, al).>
1 !
This implies,
glaz! — ax) < max(Ny, No)g(z! — ) + |y — @ Z%‘(Vﬂi) +Q (4.4)
i=1
o (A7 (o —a)on) | ]PF\ 7
where ) = inf {p H o (gp [M (q’“%)} ) <l,ne N}.

First and second expression of inequality (4.4) tends to 0 as 2! — 2 in F(Ey, A™, M,p,q) and o — « in
C as | — oo. Now it remains to show that Q — 0 as [ — oo.
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m Pk
Since ([M <wp“z"))} k) € F and (eg) is Schauder basis of F, therefore

() () o e e

e m 1Pk
i.e.,gF ( Z [M <Qk(A”Ik)) ek> — 0 ast — oo.

p
k=t+1
Therefore for every € > 0, there exists a positive integer ¢o such that

gr ( i -M (qk(AW)rk ek> < (%)H for all t > tg. (4.5)

k=t+1 P

Replacing ¢ by tg in in the inequality (4.4) we get

1

As oy — « for | — oo, therefore for € = 1, there exists a positive integer /1 such that |o; — a| < 1 for all
[ > 1;. Consequently, for all [ > 1y,

i [M<|az—a|qS(AT$k)>rkek§ i {M(qk(ATJEw):rkek.

k=to+1

(4.6)

N ™

Since g is monotone paranorm, so for all [ > [y,

(S B e e (5 (5] )

Using inequality (4.6) we get,

lgp ( i {M <|O‘l - O"q;(ATf”k))rk ek>‘| Tl = forall 1> 1. (4.7)

k=to+1

Next, we show
1

t . H
0 _ (A™ Pk
lgF <Z |:M (Oél Oé|qpk( v xk)):l €k>] < % for all [ Z lg,

k=1

where [y is a positive integer. For this first we claim that the function My, defined by

b )

is continuous for any fixed integer ¢y, which is proved in Theorem 4.2. Hence there exists § € (0,1) such

1
H

,u>0

that M, < (%)H, whenever u < §. Now, since oy — « as | — oo, therefore for § € (0, 1), there exists a
positive integer I such that | — a] < § for all [ > 5.

We have My, (Joi — af) < (5)" for all 1 > I,.

, - lag — afge (A ze) \ T 7o
i.e., |gr Z M ek < 3 for all [ > Is. (4.8)

k=1 P
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Using (4.7),(4.8) and Lemma 3.3, we have

(gF [M (qk(AL”(OZ - a)ﬁ?k))]“) <

where Iy = max(ly,l). Thus, inequality (4.4) gives g(oya! — ax) — 0 as | — oo.
Hence F(E, A", M,p,q) is a paranormed sequence space. O

-

+% for all 1> I

DO ™

Remark 4.1 F(Ey, A", M,p,q) is not a total paranormed space under the paranorm defined by equation

(4.1).

Proof: We have to show that g(z) = 0 need not imply = = 0.

1

m P\
Suppose g(z) = 0, which implies >, ¢;(v;2;) = 0 and (gF [M (M)} k) R together. By

S ai(vir) = 0 ie., g¢i(via;) = 0 for each @ = 1,2,3,...,m. which need not imply that z; = 0, since
v; # 0, as ¢ is a seminorm on E. Hence g is not a total paranormed space on F(E, A", M, p,q). O

Theorem 4.4 F(Ey, A7, M,p,q) is a K-space if F is a K-space.

Proof: We have to show that the co-ordinate function
Pk : F(EkvAlr/n7M7p7Q) — Ek

given by Py (z) = xy, is continuous for each k € N, where x € F(Ey,, A™, M, p,q). For this let (z!) be any
sequence in F(Ey, A™, M,p,q) such that 2! — 0 as | — oo in F(Ey, A™, M,p,q).

1
- P A™ PN T
E qi(viz;) + inf {p(H) : (gp {M (%(M)} > <l,ne N} — 0 as ] — oo.
; p
=1

this means that

qwizl) = 0asl — oo for each i =1,2,3,...m (4.9)

as well as

m Pk I}I
inf{p(z}?) : (gF {M (W)} ) < l,neN} —0asl— oo.

Since F' is a K-space, therefore for fixed k

A™ l Pk
[M(qk(p”xk))] —0asl— oo.

Which implies
m .l
M(%(A,,a%)) —0asl— oo.
0

Thus for any ¢ > 0, there exists [y € N such that

m .l
M(%(A”xk)> <éforalll> 1
p

Let 0 =M (%), where € > 0. Then for all [ > [

(r52) < 5)
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As M is continuous and non-decreasing
l
qr(ATzy) < e.

This shows that for fixed k,
ATzl = 0in By, as | — oo. (4.10)

Now from equation(4.9) and the simillar lines used above, it can be shown that
zt = 0in E; as | — oo for each i = 1,2,...,m. (4.11)

We know that, for each k € N

m m m
Agbl’k = .%‘gcl/]lc — (1 )LL‘%CJFIVIZCJFI + <2>$2+2V}€+2 — 4 (_1)m (m) xéchmVllH»m (412)

Put k£ =1 in equation (4.12), we get

ATy = bk — ("™ Vabod 1+ (") abid — o (™) (4.13)
1 2 m
Now using equation (4.10) and (4.11) in equation (4.13), we get

xl1+mui+m—>0asn—>oo.

Similarly, one can show that acl2+m1/é+m — 0asn — oo and so on. Thus, we conclude that ! — 0

in Ey as | — oo for each k € N. Hence co-ordinate wise function Py is continuous for each k € N, so
F(Ey, A", M,p,q) is a K-space. a

Theorem 4.5 Let F' is a K-space and (Ey, qx) be complete seminormed space such that Exy1 C Ey for
each k € N. Then F(Ey, AT, M,p,q) is a complete paranormed space under the paranorm g defined by
equation (4.1) where x € F(E,, A", M,p,q).

Proof: It is shown in Theorem-4.3 that the sequence space F(Ey, AT, M,p,q) is a paranormed space
under g. For completeness, consider ! = ((xfc)k) to be any Cauchy sequence in F(Ey, A7 M, p,q).
Then g(x! — z*) — 0 as [,t — oo, which implies

1

i (z/fxl- — vial) = 0 for each i (1 < i < m) (4.14)

and

inf { p(%#) . (gF [M <q’f<AT(”j€ _xa)))]pkf <lLneN% =0 (4.15)

as [,t — oco. From equation (4.9), it is clear that (z!) is Cauchy sequence in E; for each 1 < i < m. Next,
we will show that (ATz!) is a Cauchy sequence in Ej, for each k € N. From condition (4.10) there exists
a positive integer [y such that

m(l ot Pk %
(gp [M (q’“(A" (7} zk))ﬂ ) <1 forall I,t>1.
p

Which implies,

m(,l ot Pr
gF {M (q’“(A” (=} xk))>} <1 forall I,t>1.
P

Since p < g(a! — 2?), replacing p by g(z' — x?) in the above inequality, we get

m(l ot Pk
gr [M (q’“(i(uxgx_k xt;’f))ﬂ < 1forall I,t > 1. (4.16)
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Since (') is a Cauchy sequence, therefore for a given £ > 0, there exists a positive integer I, such that
g(at —a') < &, for all I,t > l. For r > 0 with gp [M (T—Q‘s)]pk > 1 we have from (4.16),

) e )

By using Theorem 4.4, as F(Ey, AT, M,p,q) is a K-space,

() ()

Since M is continuous and non-decreasing,

v < _
glat —at) = 2
my, .l ¢ ro t
ar(AY (), — ) < ?9(55 —z')
rd €
< L=
A )
= g, for I,t > 1o = max(ly,ls).
This shows that
A™zl) is a Cauchy sequence in Ej, for each k € N. 4.17
vk
Now using (4.14) it can be shown that
(xﬁ) is a Cauchy sequence in E; for each i =1,2,3,...,m. (4.18)

Using (4.17) and (4.18), we will show that (z}) is Cauchy sequence in Ej, as [ — oo for each k € N. We
know that, for each k € N

m m m
Ay =2t l — (1 )xﬁcﬂufcﬂ + <2>x§€+2y}€+2 — 4 (=™ <m) T Vb (4.19)

Put k£ =1 in equation (4.19), we get

ATgy = ot — (T) xhvh + <T;> ahvh — o (=)™ (Z) TV (4.20)
Now using (4.17) and (4.18) in equation (4.19), we get
xl1+,,LVi+m — 0 as n — oo.

Similarly, one can show that x12+mué+m — 0 as n — oo and so on. Thus, we conclude that z} — 0 in
Ej as | — oo for each k € N. Thus A7 (z}) = ((A7(x})) , (AT(22)),...) converges to Alzy, for each
k € Nin Ej. But E} is complete, therefore (xéc) is a convergent sequence in Ey for each k € N. Then for

each fixed i(1 <1i < m),
gVl — vizy) < % for all I > 1y(4). (4.21)

Again (') is a Cauchy sequence in F(Ey, A™, M, p,q). So for given ¢ > 0, there exists a positive integer
lo(g) such that g(z! — z') < £ for all [,¢ > ly(g). We can choose i > 0 such that

gla! —at)y <n< % for all 1,t > Ig(e). (4.22)
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Since gr is absolute monotone paranorm on a normal AK-space F', therefore
n .
(A™ (gl — ot Pk A (gl — gt Pk
. Z [M <Qk( o (@), xk))):l ex 9F ({M (%( o (@), xk;))):l )
=1 Ui P

1.
Using continuity of Orlicz function and gp, we get

o (Z [M (qkmmxz—xk»)r ek) s e

k=1 N

IN

IN

Letting n — oo we get

o (o (=) <1 e

So,

T

g(a' —x) = i%(xi — ;) +inf { £ [QF (M (q’“(ALn(‘ch _xk))>> k] <lneN
i=1

13
< m(%)+n<a, for all 1> max (Ip(1),lo(2), .- ., lo(m), lo(€)) -

Using conditions (4.17) and (4.18). Thus, (x!) converges to  in the paranorm of F(E, A™, M, p,q). Now,
we shall show that « € F(Ey, A7, M,p,q).
Since (z!) = (2}) € F(Ey, A™, M, p, q), so there exists some p > 0 such that

()

Since ¢ (AT(xﬁc — xk)) — 0 as [ — oo for each k € N, therefore we can choose positive number 62
satisfying 0 < 6! < 1 such that

{M (%(Amoj xk»)rk <l [M <qk<A:z§€))]

We have
{M(%(égﬂ%))r’k _ :M qk(AT((x%pg;k)xz)))}pk
¢ () ()
e
<ol ()
<

D (1+6}) [M (%(AFW)]M .

This implies,

[M (W)]“ < DM, {M (%»(Ap?l‘b)}l’k.
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By using Lemma 3.2, where D = max (1, 2G’1) , G = supy, pr and M; = sup, (1 + 559)
Since F' is normal sequence space, it follows that

m Pk
<|:M<qk(A2;xk)):| )EF i.e., l’GF(EkaA:/naM7paQ)'

Hence F(E), AT, M,p,q) is a complete paranormed space under the paranorm g. O

Theorem 4.6 F(Ey, A", M,p,q) is normal if m =0 and v = (1,1,1,...).

Proof: For m =0and v = (1,1,1,...), the sequence space F(E}, A, M, p, q) reduces to F(Ex, M, p, q),
where

Pk
F(Ey,M,p,q) = {x = (xr) € S(Eg) : x € By, for each k, <{M (qk(m)} ) € F for some p > 0}.
p

For a sequence scalars A = (Ag) such that |[Ag| <1 for all k¥ € N, we have
ak(Mewr) = [Melgr(zr) < gr(ar) ie., gr(Arzr) < gr(ar), therefore

{ (% (Aezr) )] 'S [M <Qk(;”k)>]pk for each k € N.
)

It follows that ([ (qk(“ ] ) € F, as F is a normal sequence space, i.e., \x € F(E, M, p,q). Hence
F(E,A7, M,p,q) is normal space. O

Theorem 4.7 For different Orlicz functions M, My and Ms the following inclusion holds:
(Z) F(Ekv AT) M17pa q) N F(Ek7 AT? M27p7 Q) g F(Ekv A;}nﬂ Ml + M27p7 q))

(ZZ) F(EkaATVn7M2ap7Q) C F(EkaA;r/n7M17pa Q)7 Z.fsupt |:]A\/4[;Eg:| < 00 and

(Z”) Fl(EkaAT,M»MQ) c FQ(EkuALn7M7p7 CI)7 lfFl - F2-
Proof: (i) Let x € F(E,A]', M1,p,q) N F(Ey, AL, M2,p,q). Then there exists p; > 0 and p2 > 0 such

that <[M1 (%(Ap?mk))]m) C P and ([Mz (LM(AP*,;%,C))]P'C> €F

Let p = max(p1, p2). Then for each k € N we have

oo (S ¢ [ (2) g (220

(i (M52 o (222

by using Lemma 3.2, where D = max (1, 2G*1) ,G = suppg. Since F' is normal AK-sequence space, it
m,, Pk
implies that [(Ml + Mo) (‘Z"(Aip”“))} * € F and hence z € F(Ey, AT, My + Ma,p, q).

IN

IN

(ii)Let = € F(Ey, A", M2, p,q). Then there exists p > 0 such that

(o2 ) e
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M, (t) M- (t)

Since, sup, [Mz(t)} < 00, therefore there exists n > 0 such that (MQ(t)) <, for all ¢ > 0. Replacing ¢

by % in the above,

M, <%(AT%)) < M, <qk(Al’7xk)> .
P1 P1

Thus for each k € N, we have
A™ Pk A™ Pk
[Ml (Qk(”xk‘)>} < max (1,77G) |:M2 (M)} , where G = sup pg.
P P k

Since F' is normal AK-sequence space, it implies that
A™ Pk
([Ml (M)} ) € F and hence z € F(E,A}}', M1,p,q).
p

(iii) Let = € Fy(E, A", M, p,q). Then there exists p > 0 such that

({72
({52

Theorem 4.8 Let M and M, be two Orlicz functions. If M satisfies the Ay-condition, then
F(Eka ALna Mlap> CI) g F<Ek7 AZL7 Mo M17p7 Q)

But Fy C F5 and consequenly,

Hence z € Fy(E, A", M, p, q).

v

Proof: Let x € F(Ey, AT, M1,p,q). Then there exists p > 0 such that

(b (o)) e

Case-(i): If M, (W) < 1, then using convexity of Orlicz function M,

{M (Ml (W))Y [Ml (%(A’}"%)> M(l)rk

max (1, [M(1)]°) {Ml (Wﬂ

IN

Pk

IA

Case-(ii): If M, ({I’C(Af?mk)) < 1, then using As-condition of Orlicz function M, we get

o (B < o (252

max (1, [KM(pl)]G) [Ml (M)]p

IN

IN

m Pk
where G = sup,, pr. But F is a normal sequence space, it implies that [M (M1 (M))] e Fie.,

p
x € F(Ey, AT, M o My, p,q) in both cases.
Hence F(ElmA?ynaMhpv Q) C F(EkyA;naMthpv Q)

d
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5. Sequence space [F(Ey, AT M, p,q)]

In this section, we introduce the class [F(Ey, A7, M, p, q)] of vector valued sequences as

[F(Ey, A™, M, p,q)] = {:c = (21) € S(Ey) : a1 € Ey, for each k, QM <%(A’m>]pk> €eF

for every p > O}.

Clearly, set [F(Ey, A", M,p,q)] is a subspace of F(Ey, A", M,p,q). The topology on sequence space
[F(Ex, A", M, p,q)] is introduced under the paranorm g, which is given by (4.1).

Theorem 5.1 Sequence space [F(Ey, AT, M, p,q)] is a complete paranormed space under paranorm g if
(Ek, qx) is a complete seminormed space.

Proof: Since [F(Ey, A", M,p,q)] is a subspace of F(Ey, AT, M,p,q), so in order to prove
[F(Ek, A", M, p,q)] is complete paranormed space, it is sufficient to show that [F(Ey, AT, M,p,q)] is
closed in F(Ey, A", M,p,q). For this, consider z € F(Ey, A", M,p,q). Then there exists a sequence
(2') = ((z})x) in F(Ey, A™, M, p,q) such that ' — z under the paranorm g i.e., g(z! —2) — 0 as | — oo,
where @ = (z1) € F(Ey, A", M,p,q). Thus for a given ¢, there exists a positive integer [y such that

g(xl—a:)<§ for all > lo. (5.1)
We have,
(] (oo
-
(e ()
< offu (B e (5]
< offu(=GEEF)] e e (=5

by using Lemma 3.2 and (5.1), where D = max (1, 2G*1) and G = supy, pk.

inee ([ (#OE )y poma ([ar (B2 e

([ (E=)]) e

because F' is a normal sequence space. Since ¢ is arbitrary, so z € [F(Ey, A7, M, p,q)]. Thus,

It implies that

F(EkaAT»M,Pﬂ) - [F(EkaAT»M,P7Q)]

Theorem 5.2 [F(Ey, AT M, p,q)] is an AK-space.
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m p
Proof: Let x € [F(Ey, A", M,p,q)]. Then ([M (w)} k) € F for every p > 0. Since (e) is a

Schauder basis of F', therefore for a given £ > 0

() o (B2

i.€., gF ( i [M <%(A€W)]pk ek> — 0 ast— o0.

k=t+1
So, there exists a positive integer to(e) such that

o[ S P (#4200 < bz 52

k=t+1

Using the definition of paranorm g, we get

g (x—a:[t]> —inflo# - lgF ( i {M (qk(AUMﬂpk ek>] <1,neN (5.3)

k=t+1

el

for all ¢ > m and any o > 0. From (5.2) and (5.3), we have
g (m - m[t]) <e® <eforall t >t(e),

where z[ is t** section of x.
Hence [F (Ek,A’” M, p,q)] is an AK-space. O

Theorem 5.3 Let z' = ((z})) be a sequence of element of [F(Ex, A, M,p,q)] and z = (x;) €
[F(Ey, A™, M,p,q)]. Then z' — x in [F(Ey, A™, M, p,q)] if and only if

(i) 2t — z), in By for each k > 1 and

(ii) g(z') — g(z) as i — oco.

Proof: Necessity is obvious.
Sufficient part: Suppose (i) and (ii) hold and let ¢ be any arbitrary positive integer, then

g(@'—2) = ¢ (xl I e R x)

g (m _ xl[t]) tg (xlm _ w[t]) tg (x[t] _ x)

where 2!l!], {1l denotes ¢! section of z! and z, respectively. Taking | — oo we get,

IN

lim supg(z! —z) < lim supg (xl - xl[t]> + lim supg (:z:lm - x[t]) +g (x[t] — 1:)
l—o0 =00 l—o0
< 2 (xl[t] _ x[t]) _

For t is arbitrary, letting ¢t — oo, we get

llim supg(z! —2) =0 ie., ga'—z) = 0asl— occ.
— 00

Theorem 5.4 If E}, is separable for each k € N, then [F(Ey, AT, M,p,q)] is separable.
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Proof: Let us assume that Ej is separable for each k¥ € N. In this case, there exists a countable
dense subset Uy of Ejy. Let Z denotes the set of finite sequences z = (z), where 2z € Uy for
each k € N and (2x) = (21,22,23,- -t ,0¢t41,0t42,...) for arbitrary ¢ € N. Clearly, Z is countable
subset of [F(FEg, A" M,p,q)]. To show that Z is dense in [F(E, A" M,p,q)]. Let z = (x) €
[F(Ek, A", M, p,q)]. Since [F(Ey, A7', M,p,q)] is an AK-space, so g (z —2[) — 0 as t — oo, where
zMl = t"section of x. So for a given £ > 0, there exists an integer ¢; > 1 such that

g (x — x[t]) < % for all t > t;.

g (a: — xm) <

y= (k) = W, ¥2, Y3, Un> 0, 41,0142, ... ) € Z

If t =ty is taken,

N ™

Let us choose

such that .
9 (le - yk) < m for each k.
Now,
glx—y)<yg (z — x[tl]) +g (I[h] _ y)) <.
This implies Z is dense in [F(Ey, AJ', M, p,q)]. Hence [F(Ey, AJY, M, p,q)] is separable. 0

Theorem 5.5 If Orlicz function M satisfies Orlicz M satisfies Ao-condition, then
F(EkaALn7M7pa Q) = [F(EkaALn7M7pa Q)]

Proof: From the definition of introduced space, we can say easily that
[F(EkvA:/naMap»q)] QF(EkvAglaMapaq) (54)

For inverse inclusion, let z € F(Ey, AT, M,p,q). Then there exists some p > 0 such that

(b () ) e

Again, let 0 > 0 be any arbitrary number. Then two cases arise.
Case-(i):If p < o, then for each k € N,

() (5

i'e'7x e [F(Ek’ Al'ﬁ//L7 M’ p7 Q)]'
Case-(ii): If p > o, then £ > 1. From As—condition of Orlicz function, there exists a constant k& > 0

such that ’ Am ) Am
M(Qk( Vwk)) < (P)M(Qk( ka))_
o o p
Consequently, for each k € N

() (2 ()

Since F' is normal space, it implies that

({2
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ie, x € F(Eg, AT, M,p,q) in both cases. Hence
F(EkaAZﬂ,Mapa q) c [F(EkaAZﬂ,Map7 q)] (55)
From (5.4) and (5.5), we get F'(Ex, AT M, p,q) = [F(Ey, AT, M,p,q)]. O

Acknowledgement: We thank the referees for their valuable sugeestions and comments on this
paper.
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