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On properties of s-convex functions on the co-ordinates in three and higher dimensions

Danish Malik* and Zamrooda Jabeen

ABSTRACT: In the present paper, we discuss the class of s-convex functions on the co-ordinates for three
variables and prove certain new Hermite-Hadamard type inequalities for such mappings. Using geometric
reasoning, we postulate how such results appear in higher dimensions. Furthermore, we delve into various
intriguing aspects of the associated H function.
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1. Introduction

A function x : J — R is said to be a convex function on J if

X(0¢+ (1= o)p) < ox(C) + (1-0)x(n) (1.1)

is true for every (,u € J, where J is an interval in R and o € [0, 1].

It has been an intriguing area of research to study convexity in relation to integral inequalities. In convex
analysis, Hermite-Hadamard inequality is one of the most remarkable inequalities for the class of convex
functions. This twofold inequality gives an estimate from both sides of the mean value of a convex func-
tion and also ensures the integrability of a convex function and is expressed as follows:

G+¢ 1 ¢ X(G) + x(62)
(452) < o [ tou < MaE) (1.2

where x : [(1,(2] — R is a convex function.

An s-convex function is a generalization of a convex function which was first introduced by Breck-
ner [5]. A real valued function on an interval J C [0,00) is s-convex in the second sense provided
x(ou+0v) < o®x(u) +6°x(v) for all u,v € J and 0, > 0 with o + ¢ = 1 and some fixed s € (0, 1]. If we
replace the condition o + § = 1 with ¢® + §° = 1, then we have s-convexity in the first sense. Obviously,
s-convexity reduces to convexity when s = 1.

For s-convex functions, Dragomir and Fitzpatrick [6] established the following variant of the Hermite-
Hadamard inequality, known as s-Hadamard’s inequality, which is true for s-convex functions in the second

sense.: ¢
951y (Cl‘g@) S/ X(Q)d¢ < w (1.3)

If we put s =1 in the above inequality, we revert back to earlier inequality.
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Later Dragomir [7] also suggested a variation for convex functions called co-ordinated convex func-
tions, which is as follows. Consider a bidimensional rectangle 2 = [(1, (o] X [u1, 2] in R? with ¢; < ¢
and p; < p2. A mapping x : 2 — R is said to be convex on the co-ordinates on 2 if the partial mappings
v 60 Gl o B0 =200 0 X ] Box0) = 1(6 ) v comves o ll € [ o
K€ b1, H2]-

Dragomir [7] also proved the following Hadamard-type inequality for convex functions on the co-
ordinates.

G+ G m+#z> 1 e d¢d
X( 2 ' 92 = (C2 = C1)(p2 — 1) /1 /m X, udcan (1.4)

< X(C1y 1) + x(Cas 1)) + X (Cas p2) + X (G2 p12)
< 1 :

Alomari and Darus [1-3] proposed a natural extension of convex functions on the co-ordinates to the
concept of s-convex functions on the co-ordinates. We define such a function in the following manner:
The mapping f : © — R is s-convex in the second sense if the partial mappings x, : [(1,{2] = R and
Xc¢ @ [#1, p2] — R are s-convex in the second sense.

They also proved the following inequalities for an s-convex function on the co-ordinates.

C1+<2 /’L1+N2 1 ¢ M2
X( 2 2 )<<@—@mm—myﬂ.élﬂgm“@

1.5
< X(Chﬂl) +8X(<27/'L1) +SX(C1,,LL2) +S2X(C27u2) ( )
- (s+1)2 '
and
o1 (GG #1+#2> 1 o pe dcd
4 x( 5 g < R /1 /M x(C, p)d¢dp o

< X(C1, 1) + x (G2, 1)) + x(C1s p2) + X (G2, p2)
- (s +1)2

For other approaches and results on s-convex functions on the co-ordinates and their different variants,
see [4], [8-15]. In the next section, we define the class of s-convex functions on the co-ordinates in three
co-ordinates and prove analogous Hermite-Hadamard type inequalities.

2. Main Results
Definition 1. Consider the tridemsional interval Q = [(1, (2] X [p1, p2] X [71,72] in [0,00)3 with

1 < (o, 1 < po and 11 < 12. The mapping x : @ — R is s-convex on Q if x(o¢ + du, op+ dv,on+ dw) <
a¥x (¢, py m)+6°x(u, v, w), holds for all (¢, ,n), (u, v, w) € Q with °+46° = 1 and for some fixed s € (0, 1].

Theorem 1. Suppose that x : Q = [(1, (o] X [11, p2] X [91,12] € [0,00)® — R is a s-convex function
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on the co-ordinates on 2. Then one has the inequalities:

2 2 2 -G T2

1 M2 1 2
/ X(<1+C2,M7771+n2)d/1+ / X(C1+C27M1+'u2,77)d77}
p2 = H1 Sy, 2 2 N2 — M 2 2

G2 ph2 12
: (§2 —C1)(/~L2 — p1)(n2 —m) /1 /ﬂ / X(C, i, m)dCdpdn

s G2
é 3(8 ) {CQ - Cl /C (C’Ml’nl)dc—’_ C _ Cl ll X(Cvﬂlv”h)dc

Ca 2 (2
/ X (¢, p2,m)dx + / X (¢, p2, m2)d¢
G

X(Cl-i-Cz pa + oo 771+772)§1{ 1 /<2 (<7M1+M2 771+772)d§+

n S
-G G—G

1 H2 s H2
+ / X (G s 1 )dp + / X (G2 ptym1)dp
M2 — K1 Sy, H2 = H1 Jp,

52

_|_

K2 1 72
/ X (Cas s m2)dpt + / X (C2; pt1,m)dn
M2 — H1 Jyy 2 —m Jy,

72 52 2
/ X (€1, pr2, m2)dn + / X(Cz,uz,n)dn}
Uit N2 — Uit

+
2 —M T

1
< W{X(Chﬂla 771) + SX(CQ’/J’:[’ 7]1) + SX(Clnufla 7]2) + SX(Clnufla 7]1)

+52X(Cos p1,m2) + 82X (o p2, 1) + 82X (Cay p2, m2) + SSX(C2aM2,772)}-

Proof: Since x : Q@ — R is co-ordinated convex on {2, it follows that the mappings @¢ : [p1, 2] X [m1, 72] —
[0,00), ¢ (p,m) = X(C, ;) is s-convex on [C1, G X [p1, 2] for all ¢ € [, o], by =[G, Co] X [m1,72] =
[0,00), ¢ (¢, m) = X(Cs 1, m) is s-convex on [C1, Co] X [11, 2] for all pu € [, po] and ¢y : [C1, Co] X [p1, po] —

[0,00), ¢ (Cs ) = X(C, pym) is s-convex on [(1, G| X [p1, po] for all € [n1,m2].
Thus we have, we have

G+ Co o+ po 1 G2 pp2
<257,< o )S(CQ_CI)(IJQ_NI) /(;1 /ﬂ On(,y)dzdy

1

Gn(C1y 1) + 50y (G2, pa) + 50y (C1, p2) + 5% P (Ca, #2)
(s+1)2

<

Thus,

1 oGt C +
/ x( LTz M mm)dn
N2 — M 2

G2 2
Yd¢dud
(C2*C1)(M2 p1)(m2 —m) /1/ /n x(¢, 1, m)d¢dudn
72

= (s+1) {772—771 /m X(Crpm )d"+n2 " /m X (G, 1, m)dn

72 82 72
/ X (C1s a2, m)dn + / X(Cz,ug,n)dn}-
m N2 =M Jn

2 —m
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Similarly,
1 24+ m+ne
X( s s )dn
M2 — 1 Sy, 2 2
1 /Cz /uz /772 ( )
< X (€, py m)dCdpdn
(G = C)(p2 —p)me —m) Je, Juw Jn
1 1 H2 s H2
(s+1)2{u2—u1 /H1 Xy + » X(Cu g 2)dpy
[t [ o)
+ X(G2, oy M1 )ap + / X(G2, 1, M2)dps
d—c 1 K2 — M1 Jp,
and

1 ¢ p1+p2 M+
b b d
G-G /g X(C 2 2 ) ¢

1 2 pp2 2
= (CQ _C1>(ﬁ'2 _Ml)(’l]g —171) /1 /Ml []1 X(Caﬂan)dcdﬂdn

1 1 C2 s C2
< (8+1)2{C2*<1 /C1 X(C’Mhnl)dc—’—CQ*Cl /{1 X(Caﬂlﬂh)dc

s 2

s 2
G2 —C G- G /41 X(<>M27772)df}.

Adding the above inequalities, we have the required second and third inequalities.

C2
+ /Cl X(Cv”Qanl)d<+

Again by Hadamard’s inequality, we have

Cr+Go p1+p2 m+n 1 &2 p1+p2 M2
V(252 Y < (¢, SR d¢
2 2 2 G-a /. 2 2

1 M2
X(<1+C2,M1+M27771+772>§ / X(“1+“2,u,"1+"2)du
2 2 2 Mo — M1 w1 2 2

G1+Ge p1+pe m1+m 1 © G+ G ot e
X( ; ; )S x( ,7777)0177
2 2 2 G-a ., 2 2

Adding these inequalities, we have our first required inequality.

Finally by s-Hadamard’s inequality, we have

1 e X(Cla,ulanl) SX(CQa,ulanl)
d <
4—2 Cl /Cl X(xa,ulanl) C— s 1

1 C2
/ X(xhulanQ)dC S X(Ch’ul’?h) +SX(<27M17772)
1

G2 —C s+1

1 ¢ X(Cla/j@anl) SX<<2a/j/2an1)
d¢ <
CQ Cl /<1 X(.’E,,LLQ,’I?]) C— s 1

1 e X (C1s pr2,m2) + 5X(C2, p2, 12)
<
4-2 — Cl /Cl X(%M2a772)d< = s 1
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Similarly,

and

X (C1s 1, m) + sx(Cr, po, M)

1 H2
/ X(Clay7n1)du S

2 — 1 Sy, s+1

m i m /:2 X(C1,y,m2)dp < X(Cl’m’WQLTFSlX(Cl’MQ’W)
m im /1:2 X(Cayyym)dp < X(Q’Ml’mli?(@’m’m)
o i . /:2 x(C2,y,m2)dp < X(szMh%li?((@aﬂ%%)

(Cla,ul?nl) + SX(CQa,Ul»nl)
s+1

X(C1y 1, m) + sx (G2, pr, M)
s+1

X(C1s 2, m) + sx(Cry 2, 12)
s+1
X (G2, a2, M) + 5X(Ca, pa, 12)

1 72
s p, 2)dn < :
712—771/7;1 X(Cas p2, 2)dn s 1

1 n2 %
/ X(Ch/lhz)d?? S
M2 =™ m

1 2
/ X (G2, pt1, 2)dn <
M2 —M M

1 2
/ X(Claﬂ?vz)dn S
M= m

Combining the above inequalities by multiplying with coefficients s and s? and then adding, we have

G2

® X(C7M17772)d<

G =G0 Jg

s C2 $2 C2
— X(C, p2m)dC + X(C p2,m2)dC
G =G0 Je

1 1 C2
3(s + 1)2{<2 e /C X (¢, pa,m)d¢ +

_|_

G—GC Je
[ xmmn s —— [ x(Gma
X\G1s 5 11 )a u X\G2, fs 71 )apt

B 27 M

M2 — 1
2

s H2
+ / X (G2, psm2)dp +
M2 — [1 Jp,y n

72 2 72
/X(ClaﬂZan2)d77+ a /X(C%N%n)dn}

m m—mJy

2
/ X (G2 p11,m)dn

27 Jm

+
2 —M

1
<« -
EECESIE {SX(Clvﬂlvnl) + 3sx(C2, pra,m1) + 3sx(C1s 11, m2) + 35X (C1s p2, 1)

+352x(Cay 1, m2) + 38X (Cas p2, M) + 382X (C1, p2, m2) + 35°X(Co, 2, 772)}-

and thus we have our final required inequality.

d

Corollary 1. If we set s = 1 in Theorem 1, then for a convex function for co-ordinates y in three
dimensions we have the following inequality

(C1+C2 H1+ o 771+772)
N7 72
1

1 2 pu2 2
= (C2 = Cu)(p2 — p1) (2 — M) /1 /H /771 X (€ pym)dCdpdn
1

< g{X(Chmam) + X (G2, pex, ) + X(Cay o1, m2) + Xx(Cas a2, m1)

+X(C27/1'17772) + X(C27,u2a 771) + X(Clvﬂ27n2) + X(CQ) M2, 772)}7
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which is a three dimensional analogoue of inequality (1.4) by Dragomir [7].

The following section delves into an examination of the geometric properties exhibited by s-convex
functions in higher dimensions. Additionally, it explores the corresponding inequalities that arise in rela-
tion to these functions. By studying these geometric properties and associated inequalities, we hope
to gain a deeper understanding of the behavior and characteristics of s-convex functions in higher-
dimensional spaces.

3. s-Convexity in higher dimensions

We observe in the Theorem 1 that associated to every vertex of the cuboid Q = [(1, (2] X [p1, p2] X
[n1,m2], there are coefficients 1, s, 52, 53 in the corresponding inequality (see Figure 1).

82 83
3/ 32
/ !
1 5/

Figure 1: Figure 1. The cuboid Q = [¢1, (2] X [u1, p2] X [m1,72])-

In order to postulate an analogous result in four dimensions, we consider a four dimensional analogue

of a cuboid, namely the hypercuboid, T' = [(, (2] X [u1, 2] X [11,72] X [w1,ws], which has 16 vertices and

we associate coefficients 1, s, 52, 5%, s* with them in the same pattern (see Figure 2).

2 3

Figure 2: Figure 2. The hypercuboid, I' = [¢1, (2] X [11, p2] X [m1, 12] X [w1, wa].

In the cuboid €, starting with the vertex of coefficient 1, the adjoining vertices are of coefficients s,
whereas their adjoining vertices are of coefficients s? and the far off adjoining vertex is of coefficient s3.
Following the same pattern in a hypercuboid I', we have the following result.
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Theorem 2 Suppose that x : T' = [(1, ] X [p1, po] X [11,m2] X [wi,ws] C [0,00)* — R is a s-convex
function on the co-ordinates on II. Then one has the inequalities:

X(C1+C2 M1+,u2 771+772 w1+w2)
2 b

2
1 C2 H2 72
(C2 C)(p2 — p1) (2 —m)(we — wi) /1 /M / / x(¢, py M, w)dCdpdndw

1
< W{X(Cl, p1,n1,wi) + sx(Cuy 2y M1, wi) + sx(Ca, 1, M1, wi) + sX(Cry p1, M2, w1)

+5°X(C1, pa, M1, w2) 4 87X (Co, piy 1, wi) 4 87X (G, pi, M2, wi) + 82X (Co, i1, 2, W)
+52X (G2, p1, M1, wa) + 87X (Ca, p2y My wa) + 82X (Cry gy M2y w1) + 85X (Cay iy M2, w1 )

+53x(Co, 2, M, wa) + 82X (C1y p2, M2, w2) + 82 x(Co, i1, M2, w2) + 84X(427M277727w2)}~

Corollary 2. If we put s = 1 in the above result, then for a convex function for co-ordinates y in four
dimensions, we have the following inequality

X(Cl+Cz u1+u2 771+772 w1+wz)

2 72
1 C2 pp2 M2
, T, W d d d d(JJ
= (G Qlr — ) — ) ez — ) // / / X(C sy, w)dCdpudy
1
< E{X(Chulﬂh,m)+X(C17M277717w1) 4+ x(Cay pirs s wi) 4 X(Cs s 2, wh)

+x(C1y ps M1, wa) + X (Cas a2, M1, wi) + X (Crs p2, M2, w1) + X(C2, pa5 M2, W1 )
+X(<2aulanl7w2) + X(CI,/J??”]LWQ) + X(Claﬂlﬂ?%wﬁ + X(C2a,u/2,7727w1)

+X(C27/1'27n17w2) + X(<17M277727w2) + X(CZa /1'1777270')2) + X(<27M277727w2)}'

which is analogous to inequality (1.4) for convex functions in four co-ordinates.

4. H function and its properties

In this section, we discuss a function closely related to s-convex functions. Let x : Q = [(1, (2] X
[1, p2] % [m1,m2] — R, define a mapping H : [0, 1] x [0, 1] x [0, 1] — R such that

B 1 (2 2 2 B C1+C2
H{t,r,m) = (CzCl)(/li)(ﬂzm)/cl /m /m X<t<+(1 D=5

ru+ (1 fr)’ul ;M,mn+ (1 fm)m ;rm)dgdudn.

Note that,

H(070’0):X<§1 + G gt p2 m +772)

4.1
tor i A (1)

and

1 G2 pu2 2
H(17 13 1) - (4-2 _ C]_)(,LLQ _ M1>(772 _ 771) \/Cl /IL1 /771 X(Caﬂ,n)dcdﬂdn (42)
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Theorem 3. Suppose x : Q = [(1,C] X [p1, pe] X [n1,1m2] = R is co-ordinated s-convex on Q. Then
H(t,r,m) has the properties:

(a). H(t,r,m) is co-ordinated s-convex on [0, 1] x [0, 1] x [0.1].

(b). H(t,r,m) has the bounds

inf  H(t,r,m)= H(0,0,0)
(t,r,m)€[0,1]3

sup  H(t,r,m)=H(1,1,1)
(t,r,m)€l0,1]3

(4.3)

Proof: (a). Fix r,m € [0,1]. Then for all 0,6 > 0 with 0 +J =1 and ¢1,t2 € [0, 1], we have

1 C2 pp2 n2
H(O’t1+5t2,’l“ m) (CQ—Cl)(ﬂg—ul)(’I]g—nl /1 /H / Ut1+(5t2)<

(1_(Ut1+5t2))gl—;<2,7",u+(l—r) +M2 )771+772)

” " <1 +C2
(C2_<1)(M2—[,L1 ’[’]2—771 /1 /;; / th“‘ 1—t1) B )_|_

+ + +
5(t¢ + (1= 12) ) (1= ) P2 g (1) 2 iy

s . 1 C2 2 - C1+<2
<o (<2<1)(M2;L1)(772n1)/1 /;/ ¢+ (1= 1),

mn + (1 — dcdpdn

+ +
ru+ (1 — )Ml M2 771277 dCdpdn+
G2 pH2 M2 ¢+ C
5 / / / X(taC + (1~ t
(Cz*(l)(M*Ml n2 —m) Je, mo ?
+
(- 2+ (1 —m) B =) dcdpudn

= O'SH(tl,T, m) + 5SH(t27T7 m)

Likewise, if t,m € [0,1] is fixed, then for all ry,r2 € [0,1] and 0, > 0 with ¢ +§ = 1, we have
H(t,ory 4 dre,m) < o°H(t,r1,m) + 0°H(t,r2,m), and if ¢,r € [0, 1] is fixed, then for all my,ms € [0, 1]
and 0,0 > 0 with o + § = 1, we have H(t,r,omy + 0ma) < o*H(t,r,m1) + 6*H(t,r,ms).

Hence, H(t,r,m) is co-ordinated s-convex on [0, 1] x [0,1] x [0, 1].

(b). We have

- 1 G2 pp2 2 B G+ G
Htr) = = oy Jy, MO 0E

m+(1—r)’“;“2,mn+(1—m)m‘;’72)dgdudn
M2 G2 Cl"’CZ
tC+(1—t dc,
(Nz p1)(n2 —m) /M /77 Cz—C1/ ¢+ ) Jdt
r,u—&—(l—r)%,mn—k(l—r) 1;n2)dg“d,udn

1 /”2/172 G+ G 1+ o m + 12
(MQ - /1’1)(772 - 771) 1 m 2 ( 2 ) 2

1 G+ G 1 s w1+ po m + 2
> x(ii/ (w+(l—r)i)dmmnﬂl—m)i)dn
N2 —m Jo, 2 pe—m 2 2
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1 /772 <C1+C2 1+ o
= X s
N2 — M 2 2

o+ (1= m) 2 Yy

G+ mtp 1 " M+
> (P T o [ G () B i)
= (TG i R po,0,0),

Thus, we have shown that the generic function H(t,r,m) has the greatest lower bound H (0, 0,0).
Therfore we have inf  H(t,r,m)= H(0,0,0).
(t,r,m)€[0,1]3

Next, we have

- 1 G2 pp2 2 B G+ G
Hr) = = o oy, MO 0E

)Ml‘;MZ m)nl—;_%)dg“d,udn

¢ m G+
(Cz—Q N2 — M) /1 /m M2—,u1/ <t<+(1—t) 12 Q,u,mn

1= m) g (=) [T (i (- S B
Q1

+(1 - m)m;—J)du}dCdn

G2 2
: C2i(:1 /C [’"'mim{m'n;m /nn x(tc+(1—t)@+<27u n)dn

/”2X(tg+(1_t)41+€“2’ ?71+n2) }

M2 — ™ m 2
1 125} 1 2 + +
+(1—=r)- / {m- / X(tC+(1 )C1 Cz a M2ﬂ7)dn
M2 — K1 Sy, M2 =M Jy 2

/77:72f(t§+(1—t)<1;CQ,M1;u2,nl+n2) }du}dg‘

ru+(1—r ,mn+ (1—

M2 — M1

+(1-m

+(1—=m)

e — 1M

Thus we have

1 H2 1 M2 1 C2 ( )
H(t,r,m) <r- / {m~ / {t- / x(G, 1, m)dC
( ) H2 — H1 Jy,y M2—=m Jn G—G ¢1

)iy

72 G2
w-m o [t | ( mw)dc
}

H1—1)- 1 /<<2X<g1+<2,u’m+nz> }dndu

G2 — G 2
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= Mziul /,:2 {m. 2 i771 /1:2 {t C2iC1 ‘/Cl X6 - —QHLQ RS

1 12 1 C2
[l e [ oo mm)e
ne—m Jy G—CJg 2

1

1 /42 (C1+C2 1A e e
G2 — (1 2 72 72

+(1—m) -

+(1—t)- )dC}dn}du.

Further simplying the above inequality, we have

1 G2 M2 2
Ht7T7m Strm / / d d d
( : (G = C)(p2 —p) 2 —m) Jo, S I, X(C, s m)dCdpudn

i)
/HLQ/;X Cl-i-Cz7 ,n)d(dn

+(1 —=t)rm
H2

771 Jr772
—m)- dcd
For(l —m) (G2 —C1) Mz—m /gl /,“ X ) Cap

P2 G+ G m+n
F(1—tyr(1 - / ( " )d
(1—=t)r(—m)- e (5 m

1 G2 2 1+ 1o
+t(1—r)m - G m—m) /1 /m X<C772 ,n)dcdn

1 n2
S nme s [ (S T

) 771
1

(p2 — 1) (2 — M)
1
(

(n2 —m 2 72

Cglcl/@ (<7u1+u27m+772)dg
— g

H1 =)= ) mx (4 ;4“2, f+iiz 14 )

< {trm +(1—=-t)yrm+tr(l—m)+ (1 —-t)r(l—m)+t(1l—r)m+

+t(1 —7r)(1 —m) -

(L= D1 =r)m+ (1 =)L =m) + (1= )(1 = 7)(1 = m) }-

G2 2
(C2—C1)(M2—M1 N2 — M) /1 A / X(GpmydCdpdy = H(1, 1,1).

(Note: The terms in the curly braces add up to 1).
Therefore, H(t,r,m) has the upper bound H(1,1,1), which clearly also makes it the least upper bound
of H(t,r,m). O
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