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Algebra of generalized (k,n)-Fibonacci Toeplitz and Hankel matrices

Kalika Prasad, Munesh Kumari and Hrishikesh Mahato

ABSTRACT: The aim of this paper is to investigate the generalized (k,n)-Fibonacci Toeplitz and Hankel
matrices formed with the entries of the generalized Fibonacci sequence of order k. We obtain the determinant,
trace, inverse, spread, and some algebraic properties for these matrices in closed form. Moreover, we obtain
the [|.||1,|-]|eo, Euclidean norm and bounds (both lower and upper) for the spectral norm.
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1. Introduction

In recent years, there has been much interest in the study of the generalization of existing number
sequences (like Fibonacci, Lucas, Pell, Mersenne, etc.), obtaining identities and their application in matrix
theory and other branches of science [4,10,11,17].

Recently, Akbulak and Bozkurt [1] studied the bounds for the spectral norms of Toeplitz matrices
formed with Fibonacci and Lucas numbers of order 2. Later, Shou Q. Shen [20] extended this study for
k-Fibonacci and k-Lucas numbers of order 2 and studied the bounds for norms of the corresponding
Toeplitz matrices. Karpuz et al. [9] studied Hankel and Toeplitz matrices involving Pell numbers and
obtained both lower and upper bounds for the spectral norms. Halic1[7] presented a study on lower and
upper bounds for the spectral norms of Hankel matrices with Pell numbers. Soykan and Gocen [23] and
Kumari et al. [13] studied some algebraic properties of circulant matrices with generalized 3-primes and
Mersenne numbers, respectively. These types of special matrices are used in various areas like signal
analysis, image processing, coding theory, vibration analysis, etc. [2,12,15,18,21,24,26] and many other
problems. Some recent studies on circulant, Toeplitz and Hankel matrices, their norms and bounds for
spectral norms can be seen in [3,5,6,19,22]. Most of the works in this direction are done for a special
number sequence of orders two and three.

In this study, we consider the generalized Fibonacci sequence of order k > 2. First, we establish a
recursive matrix with entries from the generalized Fibonacci sequence, called the (k, n)-Fibonacci Toeplitz
matrix and investigate its algebraic properties and different norms on it. Furthermore, we extend our
study to the associated (k,n)-Hankel matrix.

The generalized Fibonacci sequence { fi ,,} of order k(> 2) € N is defined recursively as

freotn = foktn—1 + foktn—2 + fok4n—3+ o + fons1 + fon, 1 >0, (1.1)
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where fk,O = fk,l = ...= fkyk_Q =0 and fk,k—l =1.
It is also known as k-step Fibonacci sequence. The associated generalized k-Fibonacci matrix denoted
by Q7 is defined [16] as

femtk—1  feptk—2+ fenth—3+ o+ fom  fengk—2+ o+ fonsr o frntk—2
fen+k—2  Jontb—3+ fentb—a+ .o+ fom—1  fenth—s+ ..+ fun R R
Qk = : : : : (1.2)
fk,n+1 fk,n + fk,n—l + .+ fk,—k—i—n+2 fk,n + ...+ fk,—k+n+3 fk,n
frm fen—1+ fon—2+ oo+ fo,—kgns1 Sren—1+ oo+ fo—kgny2 o frn-1

where the generator (initial) Fibonacci matrix Qy is given by

111 11
100 00
Qu=0QL=[0 10 00
000 .. 10

Theorem 1.1 [16] Let k(> 2) € N. Then, for each m,n € Z the following relations hold
Q=T @V"=QF @D =Qr" QUQF=Qp*" and det(@) = (~1)* V"

1.1. Norms and bounds

Definition 1.1 [25] Let A = [a;;] € R™*"™ be a rectangular matriz. Then, for matriz A, norms are
defined as
m n
Il = g Slasl and 14l = mx 3o (1)
i= j=
l|Alla = max(m,n)max |a,;| (mazimum norm) (1.4)
0.
Al = \/mnrrila}x|aij| (G-norm/geometric mean norm) (1.5)

Definition 1.2 /8] For a matriz A = [a;;] of size m xn, the Euclidean (Frobenius) norm and the spectral
norm of A are defined by

_ 12 —_ . ;
[|Allg = (Z Z @] ) and ||Al|2 méxn [Aql, respectively.

, y 1<i
=1 j=1 -

where \;’s are the eigenvalues of A°A and the matriz A? is tranjugate of the matriz A.

A inequalities between norms are given as
1
vn

2. Fibonacci Toeplitz Matrices

1Alle < llAllz < [[Alle- (1.6)

Definition 2.1 A Toeplitz matrixz of order k is a square matriz of the form

t() tfl t72 t7k+2 t,]{;+1
t o t—1 t_k+3 k42
12} t o oo tepta toke3
T= , , , (2.1)
tk—2 Th—3 Tp—a .. to t-1
[tk—1 Th—2 Tp—3 .. ty o Jun
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where its entries are t;; = t;—;, 1 <1i,5 <k for an infinite sequence {t, }ncz. In other words, a square
matriz of order k is a Toeplitz matriz if all the entries along each of the 2k — 1 diagonals are the same
and the elements in the first row and the first column are successive terms of a sequence.

Transformation of generalized k-Fibonacci matrices ()} into Toeplitz matrices: Consider the
generalized k-Fibonacci matrix Q7 as defined in (1.2) whose elements are linear combinations of terms
of the generalized Fibonacci sequence.

Now, using the column operations Ci +— (Y, C’é «— Cy+ Ci on Q7 and Eqn.(1.1), we get

Jrk4n—1 Jekin  fektn—2+ o+ femr o fekan—2
fokan—2  frg4n-1  Srok4n—3 T T frm v Srk4n—3
Q"];:L ~ . . . :
Trkan—h=1)  Jrne2 fen + o+ fo—knts o fren
S feps1 fon—1+ oo+ fo—kany2 oo fren—1

Similarly, applying the column operations Cy < Cs + Cy + Cy, Cy < Cy 4+ Cy + Cy + C, and C,; —
Cy + Cy_y + ... + Cy + C}, successively on Q7 along with Eqn. (1.1), we obtain

fen+k-1 Jon+k  fontk+r o Jon+2k—3  fentor—2
femtk—2  Jentk—1  Jen+k oo fhnt2k—a  fent2r—3
QZ ~ . . . . .
fren+1 fren+2 fen+1 o Jrentr—1 Sren+k
fren fren+1 femte o Sfrmak—2  Jentk-1

We denote this last matrix by the symbol F' Tlgn). Note that the transpose of F' Tlgn) satisfies the definition
of the Toeplitz matrix and we call it the Fibonacci Toeplitz matrix whose entries are terms of the
generalized Fibonacci sequence of order k.

2.1. Construction, determinant and inverse

Definition 2.2 ((k,n)-Fibonacci Toeplitz matrix) A square matriz T = [t;j]1<i j<k is called (k,n)-
Fibonacci Toeplitz matriz if tij = fr i (k—1)+(i—i)-

Remark 2.1 Usually a general Toeplitz matriz of order k has a degree of freedom (number of independent
entries) 2k — 1, but here Fibonacci Toeplitz matriz FT,SR) has a degree of freedom k.

Note that the matrix F T,gn) is constructed with terms of the k-step Fibonacci sequence. So once we have
k consecutive terms of the sequence as elements, the remaining elements can be obtained easily using
the corresponding recurrence relation. For simplicity, we use F'T' to represent the Fibonacci Toeplitz
matrices.

Lemma 2.1 Let FT be any Fibonacci Toeplitz matriz and let R;(FT) and C;(FT) denote the i'" row
sum and j** column sum of FT, respectively. Then
Ri(FT) > Ro(FT) > ... > R (FT)
and Cl(FT) <CQ(FT) <<Ck(FT)
Moreover,
Ri(FT) = Cx(FT), Ro(FT) = Cx1 (FT), ..., Rp (FT) = C1(FT).
The following example shows the nth Fibonacci Toeplitz matrices of order four and five.

Example 2.1 The (k,n)-Fibonacci Toeplitz matrices of order k =4 and k =5 are

Fames fomss Finss  finie fsmta [osmes fosmie fosmer  fonis
" " " " fon+s fonta fon+s Sfonte  fontr

n 4,n+2 4,n+3 4,n+4 4,n4+5 n
FT4()= Janv2 Jants Janta Sint and FT5()= fosn+2 Jfsnmt3 fosn+a Sfonts fsn+e
f4,n+1 f4,n+2 f4,n+3 f4,n+4
fsmer fsmre fsnes fsnra  fsnes
f4,n f4,n+1 f4,n+2 f4,n+3
f5,n f5,n+1 f5¢n+2 f5,n+3 f5,n+4
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The initial FT-matrix FTIEO) is an upper triangular matrix whose diagonal and super-diagonal entries are
1 and the rest non-zero entries are some powers of 2, therefore its determinant is 1. It is of the form.

1 1 2 ... 2k=3 9k=2]

1 1 ... 2k=1 9ok=3

0 0 1 ... 2k=5 ok
FLO =10 00 0 ] (2.2)

0 0 0 1 21

000 ... 1 1

00 0 ... 0 I

Lemma 2.2 Let R be a k X k upper triangular matriz whose diagonal entries are 1 and other non-zero
entries are -1, i.e. matrix of the form

1 -1 -1 ... -1 -1]
o 1 -1 ... -1 -1
0 O 1 ... -1 -1
R: . ’
0 O o ... 1 -1
o o 0 ... 0 1|

then R is the inverse of initial FT-matrix FT,gO).
Proof: Since FT,EO)R =1 = RFT,gO) for all k, so proof is trivial. i

For instance, let kK = 4, 5, then initial FT-matrices F'T, 4(0), FT. 5(0) and their respective inverse are given
in the following examples:

11 2 4 1 -1 -1 -1
© _ |01 1 2 o1 -1 4
FI," = g o 1 1| & B=1g o 1 1|
0 0 0 1 0 0 0 1
(1 1 2 4 8 1 -1 -1 -1 -1
01 1 2 4 0 1 -1 -1 -1
FT'” = 1o 0 1 1 2| and R=|0 0 1 -1 -1
00011 00 0 1 -1
000 0 1 00 0 0 1

Corollary 2.1 For k > 2, determinant of the initial Fibonacci Toeplitz matrices FT,EO) 15 1.
It is worth to note the following result from [17] (Corollary 3.4) which we use later.

Lemma 2.3 Let Q}. be the Fibonacci matriz and A be any matriz of the same size, then first row of Q}CA
is the sum of the corresponding column of A and row-2 to row-(k) is row-1 to row-(k-1) of A.

Consider the initial Fibonacci Toeplitz matrix F'T’ 150) and Lemma 2.3, then inductive hypothesis on n

proves the following theorem concern with the direct generalized formula for Fibonacci Toeplitz matrices.

Theorem 2.1 Letn € N and k > 2, then we have
FT{" = QR FT".
Theorem 2.2 Let n € N, then for k > 2, the determinant of Fibonacci Toeplitz matrices is

det(FT{™) = (—1)"*=D),



GENERALIZED (k,n)-FIBONACCI TOEPLITZ AND HANKEL MATRICES

Proof: From Theorem 2.1, Theorem 1.1 and Corollary 2.1, we have

det(FT") = det(QEFTL") = det(Q}) det(FT,") = (~1)"(*+=D),

Theorem 2.3 The trace of Fibonacci Toeplitz matrices FT,E") s k frntk—1-

Proof: Note that the Fibonacci Toeplitz matrix is a diagonal constant matrix and here the diagonal
elements are fj n+r—1. S0 by using the fact that the trace of a square matrix can be achieved by taking

sum of its diagonal entries, the proof is trivial.

O

From Theorem 2.2, it is clear that (k,n)-Fibonacci Toeplitz matrices are non-singular irrespective of

those n and k. Therefore, inverse of FT,EH) exists for all n € Z and k£ > 2. Hence the following theorem.

Theorem 2.4 (Inverse of FT,E")) For non-negative integer n and integer k > 2, we have
(FT) ™! = RQ;™
Proof: From Theorem 2.1 and Theorem 1.1, we write

(FT{) = = (QpFT”)~!
= (FT") Q™
= RQ;™

2.2. Matrix norms

Theorem 2.5 For (k,n)-Fibonacci Toeplitz matrices, we have
||FT15n)||1 = HFT,E")HOO = fk,n+2k—1~

Proof: The proof is trivial by Definition 1.1 along with Eqn. (1.1) and Lemma 2.1.

Euclidean norm. The Euclidean norm for (k,n)-Fibonacci Toeplitz matrices is given by

n—1
IFT s = | S [l
2,7=0
which gives
k—1 k—1
IFTM 3 = kf i1+ D k=) R ki T D (k=) R ik 1pse
=1 =1

Theorem 2.6 The lower and upper bounds for spectral norm of matrices FTlgn) are given by

k—1 k—1
n 1 , .
||FT1£ )||2 =z ﬁ kfl?,n+k—1 + Z(k - Z)fl?,n+k—1—i + Z(k - Z)fl?,n+k—1+i7
i=1 i=1

V

IET™2

IN

k—2 k-1
(1 + flg,n+k:+(r71)> (Z fl?,nJrkJr(rfl))'
r=0 r=0
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Proof: The lower bound for spectral norm follows using Eqn. (2.3) in relation (1.6), i.e

k—1

n 1
T > | Rl s + D (k= AW%12+§: Dkt

i=1

Now to obtain the upper bound for the spectral norm, we use the following result. Let us first define
the maximum row and column length norm on square matrices A = [a;;] € R™*™ and B = [b;;] € R™*"
as

n
Z b 12, respectively.

If C = Ao B be the Hadamard product of A and B (entry-wise product), then we have
ICl2 < r(A)e(B). (2.4)

Now, let A and B be two matrices as defined below such that they satisfy FT =AoB,

=1 _ b = 1 k,
A = (aij) = J ] and B = (b”) = J J #
aij = fentk—1)+G—i) J 7K, bij = fen+—1)+G—i) J =k
Then, clearly

k—2

n
Z ‘aij|2 = L+ Z flg,n+k+(7"—1)
j=1 r=0

and

n k—1
2 — 2
Z |bu| - Z fk,n+k:+(r71)'
i=1 r=0

Hence from Eqn. (2.4), the upper bound for the spectral norm is given by

k—2 k—1
P < r(eB) = \| (14 2 Fninsrn) (X Bnreron)-
r=0 r=0

Thus, this completes the proof. O

3. Fibonacci Hankel Matrices

Let FT(”) be a (k,n)-Fibonacci Toeplitz matrix and J be the exchange matrix of same order then

the nth Fibonacci Hankel matrix of order k denoted by FH is defined as FH(n) = FT,En)J, (the
usual matrix multiplication) and it is called (k, n)-Fibonacci Hankel matrix. Thus, we have the following
remark.

Remark 3.1 The Fibonacci Hankel matrices FH]in) are permutations of columns of FT,gn), where per-
mutations take places as Cj <+ Cr_j11 for 1 < j < k, i.e. if C1,Co,...,Cy are columns of FT,in) then

Cr,Cr_1,...,Cq are columns ofFH]in).

Definition 3.1 ((k,n)-Fibonacci Hankel matrix) The (k,n)-Fibonacci Hankel matriz of order k is a
square matriz of the form

fk,n+2k72 fk,n+2k73 fk,n+k+1 fk,n+k fk,nJrkfl
fk‘,n+2k73 fk,n+2k74 fk7n+k flc,nJrkfl fk,n+kf2
(n) _ . . . .
Srentk femtk—1 o frnt frent2 fren+1
fk,n+k:71 fk,n+k72 fk:,n+2 fk,n+1 fk,n

For simplicity, we denote it by FH.
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For n = 0, we get the initial Fibonacci Hankel matrix F'H ,io) which is of the form

k=2 ok=3 ok—4 = 1 1]
ok=3 9gk—4 ok=5 1
ok—4  9k=5 9k=6 = (o
FES = ] (3.1)
20 1 0 0 0
1 0 0 0 0]

0 it < k41,
Lemma 3.1 Let S = (sij)ﬁjzl be a k x k matriz with entries s;; =1  :i+j=k+1,

-1 i4+j>k+1,
i.e. matriz of the form

0 0 0 0 1
0 0 0 1 -1
0 0 0 -1 -1
S = ;
0 1 -1 ... -1 -1
1 -1 -1 ... -1 -1

then S is the inverse of initial FH-matrix FH,&O).

Lemma 3.2 For k > 2, the determinant of initial Fibonacci Hankel matriz is given by
det(FH") = (=1)kk-1/2,

Example 3.1 The nth-Fibonacci Hankel matriz of order four and five are, respectively,

f5,n+8 f5,n+7 f5,n+6 f5,n+5 f5,n+4
fsontr  fomnte  Sfosnts  fsnta  fones
and | fsont6  fosnts fsnta fon+s  Sfone2
fsn+s fonta fsm+s Sfont2 font1
fosnta fsmes fsmre fsntr fsn

f4,n+6 f4,n+5 f4,n+4 f47n+3
f4,n+5 f4,n+4 f4,'n+3 f4,n+2
f4,n+4 f4,n+3 f4,n+2 f4,n+1
f4,n+3 f4,n+2 f4,n+1 f4,n

Corollary 3.1 For Fibonacci Hankel matriz FH, let R;(FH) and C;(FH) denote the i*" row sum and
Gt column sum of FH, respectively. Then, we have

Cl(FH) > CQ(FH) > > Ck(FH),
Ri(FH)> Ro(FH) > ... > R(FH).

Furthermore, R\(FH)=Cy(FH),Ry(FH) =Cy(FH),....,Ri,(FH) = C,(FH).
Theorem 3.1 The trace of Fibonacci Hankel matriz FH,in) 18 Zf;ol fremt2i-
Proof: From Definition 3.1, the trace of FHlin) is given by

tr(FH,E")) = fen+ fenr2 + fenra + oo+ fengom-1

k=1
= E fremt2i
i=0

as required. O
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Theorem 3.2 Letn € N and k > 2, then we have
FH™ = QiFH".
Proof: Using the identity FH,E") = FT,E")J and Theorem 2.1, we have
FH" = FT(MJ = QpFT" ) = Qp FH
as required. O
Theorem 3.3 Let n € N, then for k > 2, determinant of the (k,n)-Fibonacci Hankel matrices is

(—1)ke=1)/2 2if nis even or k is odd,

(n)y _
det(FH, ") = {(_1)k(k—1)/2+1 : otherwise.

Proof: From Theorem 3.2 and Lemma 3.2, we write

det(FH™) = det(QpFHY)
det(Qp)det(FH™)
(—1)(k=Dn(_1)k(k=1)/2
(—1)C@r+R)(k=1)/2,

Thus, this completes the proof. O

From Theorem 3.3, the determinant being non-zero for all values of n and k implies that Fibonacci Hankel
matrices FFH ,(C") are invertible. Hence the inverse is given by

(FH")™' = Q"

3.1. Matrix norms

Note that from Remark 3.1, the Euclidean norm of (k,n)-Fibonacci Toeplitz matrices F T,gn) and

(k,n)-Fibonacci Hankel matrices FFH ’gn) are same. Therefore from relation (2.3), we write

k-1
||FH,§”)||E: RIR e 1"‘2 DY . Z+Z DY (3.2)

=1

Theorem 3.4 For (k,n)-Fibonacci Hankel matrices FH,in), we have

WFH™M | = |IFH™ |00 = femiar_1-

Proof: The proof immediately follows from Corollary 3.1. O

Argument for next theorem is similar to Theorem 2.6, so we omit the proof.

Theorem 3.5 The lower and upper bounds for the spectral norm of matrices FH,E") are

1
||FH ||2 2 ﬁ kfkn—i—k 1"‘2 _kan+klz+z _kan+k 1447

i=1

k—1 k
IFH |, < (1 + Z fl?,n+k+(rf2)> (Z fl?,n+k+(r72))'
r=1 r=1
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Note that the Fibonacci Hankel matrices are the permutation of columns of Fibonacci Toeplitz matrices
so the maximum and geometric mean norm for these matrices are same and given by

NETS [ = 1FT 6 = kfront2r—2,
and  ||[FH"||ar = [|[FH || = Efinton—2-

i.e maximum norm and geometric mean norm for these matrices are same.

4. Spread

To solve the problem of estimation of maximum distance between two eigenvalues, L. Mirsky [14]
introduced the concept of spread. The spread (S) of a complex matrix (of order n) is defined as

S(A) = max |o; — ajl,
1,7

where aq, @, ... a, are the eigenvalues of a matrix A € M, (C).
If tr(A) represents the trace of a matrix A, then the upper bound for the spread is given by

5(4) < \/2IAII% - %Itr(fl)l2 (4.1)

Theorem 4.1 Upper bound for the spread of Fibonacci Toeplitz and Fibonacci Hankel matrices, FT,En)
and FH,E") are given by

k—1

k—1
S(FTM) <\ | f2 pner (26 — 262 /m) +2> " (k — >fkn+k“+2z OV
=1

k—1

2

S(Fng ))S 2kfkn+k 1+QZ fkn-i—k 1— z+2z fk:n—l—k 1+ (kaﬂﬁ*%) :
=0

i=1 i=1

Proof: For Fibonacci Toeplitz matrices, using Eqn. (2.3) and Theorem 2.3 in Eqn. (4.1), we get

k—1 k—1

n (kfk,n+k—1)2
S(FT) < 28 [} i 1+QZ DF . z+22 Db —

n

k-1

S\fkn—i-k 1(2k_2k2/n +22 fk7l+k 1— 1+2Z fkn+k 1+4°

i=1 i=1

Similarly, using Eqn. (3.2) and Theorem 3.1 in Eqn. (4.1), the second identity can be obtained. O

5. Conclusion

In this study, we proposed two recursive matrices namely (k, n)-Fibonacci Toeplitz matrix and (k, n)-
Fibonacci Hankel matrix of higher order, whose entries are taken from the generalized Fibonacci sequence.
Here, we obtained the determinant, trace, inverse, spread and some algebraic properties of these matrices
in closed form. Moreover, we investigated different norms and bounds for the spectral norm of these
matrices. This study can be extended for the generalized Lucas matrices given in [17,18] with the k-step
Lucas sequence.
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