
Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1–7.
©SPM – E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm doi:10.5269/bspm.68492

Bihyperbolic numbers of the Fibonacci type as tridiagonal matrix determinants

Dorota Bród and Anetta Szynal-Liana∗

abstract: Bihyperbolic numbers are extension of hyperbolic numbers to four dimensions. In this paper,
we construct a family of tridiagonal matrices which determinants (continuants) and permanents can represent
the sequences of bihyperbolic numbers of the Fibonacci type.
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1. Introduction

Let n ≥ 0 be an integer. The nth Fibonacci number Fn is defined by F0 = 0, F1 = 1 and Fn =
Fn−1 + Fn−2, for n ≥ 2. There are many numbers given by the second order linear recurrence relations.
Recall some of them:

Lucas numbers Ln:
Ln = Ln−1 + Ln−2, for n ≥ 2 with L0 = 2, L1 = 1,

Pell numbers Pn:
Pn = 2Pn−1 + Pn−2, for n ≥ 2 with P0 = 0, P1 = 1,

Jacobsthal numbers Jn:
Jn = Jn−1 + 2Jn−2, for n ≥ 2 with J0 = 0, J1 = 1.

Numbers of the Fibonacci type are used as the coefficients of quaternions, split quaternions, hyperbolic
numbers and bihyperbolic numbers. Hyperbolic numbers are two dimensional number system. Hyperbolic
imaginary unit, so-called unipotent, introduced in 1848 by James Cockle (see [10,11,12,13]), is an element
h ̸= ±1 such that h2 = 1. Some algebraic properties of hyperbolic numbers were given among others in
[25,26].

Bihyperbolic numbers are a generalization of hyperbolic numbers. Let H2 be the set of bihyperbolic
numbers ζ of the form

ζ = x0 + j1x1 + j2x2 + j3x3,

where x0, x1, x2, x3 ∈ R and j1, j2, j3 /∈ R are operators such that

j21 = j22 = j23 = 1, j1j2 = j2j1 = j3, j1j3 = j3j1 = j2, j2j3 = j3j2 = j1. (1.1)

From the above rules the multiplication of bihyperbolic numbers can be made analogously to the multi-
plication of algebraic expressions. The addition and the subtraction of bihyperbolic numbers is done by
adding and subtracting corresponding terms and hence their coefficients. The addition and multiplication
on H2 are commutative and associative. Moreover, (H2,+, ·) is a commutative ring. For the algebraic
properties of bihyperbolic numbers, see [1].
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A special kind of bihyperbolic numbers was introduced in [2] as follows.
Let n ≥ 0 be an integer. The nth bihyperbolic Fibonacci number BhFn, the nth bihyperbolic Pell

number BhPn and the nth bihyperbolic Jacobsthal number BhJn are defined as

BhFn = Fn + j1Fn+1 + j2Fn+2 + j3Fn+3,

BhPn = Pn + j1Pn+1 + j2Pn+2 + j3Pn+3,

BhJn = Jn + j1Jn+1 + j2Jn+2 + j3Jn+3,

respectively.
Some combinatorial properties of bihyperbolic numbers of the Fibonacci type one can find in [3]. The

bihyperbolic Fibonacci, Pell and Jacobsthal numbers satisfy the following recurrence relations. Let n ≥ 2
be an integer. Then

BhFn = BhFn−1 +BhFn−2,

with
BhF0 = j1 + j2 + 2j3, BhF1 = 1 + j1 + 2j2 + 3j3,

BhPn = 2BhPn−1 +BhPn−2,

with
BhP0 = j1 + 2j2 + 5j3, BhP1 = 1 + 2j1 + 5j2 + 12j3

and
BhJn = BhJn−1 + 2BhJn−2

with
BhJ0 = j1 + j2 + 3j3, BhJ1 = 1 + j1 + 3j2 + 5j3.

In the literature one can find some connections between determinants or permanents of tridiagonal
matrices and the numbers of the Fibonacci type. Strang in [27] gave, probably the first example of
determinant of order n, which is equal to the (n+1)th Fibonacci number. Cahill et al. in [5] considered
matrices with entries being complex numbers. Many authors derived the real or complex matrices which
determinants are related to Fibonacci numbers (see e.g. [4,6,17,30]) or numbers of the Fibonacci type,
among others Pell numbers ( [31]), Jacobsthal numbers ( [18]), Horadam numbers ( [8]) and different kinds
of their generalizations ( [19]). For example, Catarino in [7] considered the bicomplex k-Pell quaternions
and presented the nth term of this sequence using the determinant of a tridiagonal matrix whose entries
are bicomplex k-Pell quaternions. In this paper, we compute determinants and permanents of some
tridiagonal matrices which give bihyperbolic numbers of the Fibonacci type.

2. Some matrix representations of bihyperbolic numbers of the Fibonacci type

For an integer n ≥ 1 let

Mn =



a1 b1 0 · · · 0 0
c1 a2 b2 · · · 0 0
0 c2 a3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · an−1 bn−1

0 0 0 · · · cn−1 an


n×n

(2.1)

be any tridiagonal matrix of order n with entries being bihyperbolic numbers. Recall that tridiagional
matrix is called a continuant matrix, and its determinant a continuant, see [23]. The continuant of the
matrix Mn satisfies the recurrence relations

detM1 = a1,

detM2 = a1a2 − c1b1,

detMn = an detMn−1 − cn−1bn−1 detMn−2, for n ≥ 3.
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In the next part of this paper zero elements in tridiagonal matrix will be omitted.
In [19], the authors obtained determinants and permanents of some tridiagonal matrices which give

the terms of Fibonacci sequence, Pell sequence and Jacobsthal sequence. Let

Bn =


c1 −c2
1 c1

. . .

c1 −c2
1 c1


n×n

.

The following results were proved.
If c1 = 1, c2 = 1 then detBn = Fn+1.
If c1 = 2, c2 = 1 then detBn = Pn+1.
If c1 = 1, c2 = 2 then detBn = Jn+1.

By applying some modifications to the elements of the matrix Bn, we can obtain bihyperbolic numbers
as determinants of the resulting matrices.

Theorem 2.1 Let n ≥ 1 be an integer and

Bn =


C2 −c2
C1 c1

. . .

c1 −c2
1 c1


n×n

.

If C2 = BhF2, C1 = BhF1, c1 = 1, c2 = 1 then detBn = BhFn+1.
If C2 = BhP2, C1 = BhP1, c1 = 2, c2 = 1 then detBn = BhPn+1.
If C2 = BhJ2, C1 = BhJ1, c1 = 1, c2 = 2 then detBn = BhJn+1.

In the following theorems, we will present bihyperbolic Fibonacci type numbers as the determinants
of some tridiagonal matrices.

Theorem 2.2 Let n ≥ 1 be an integer and

An =



j1 + j2 + 2j3 j2
−1− j1 − j2 1 1

−1 1 1
. . .

1 1
−1 1


n×n

.

Then BhFn−1 = detAn.

Proof: (by induction on n)
If n = 1 then detA1 = det [j1 + j2 + 2j3] = j1 + j2 + 2j3 = BhF0.
Let n = 2. Then by (1.1) we get

detA2 = det

[
j1 + j2 + 2j3 j2
−1− j1 − j2 1

]
= j1 + j2 + 2j3 − (−1− j1 − j2) · j2
= j1 + j2 + 2j3 + j2 + j3 + 1

= 1 + j1 + 2j2 + 3j3 = BhF1.
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Now assume that for any n ≥ 1 BhFn−1 = detAn and BhFn = detAn+1. We shall show that BhFn+1 =
detAn+2. By induction hypothesis we have

detAn+2 = det



j1 + j2 + 2j3 j2
−1− j1 − j2 1 1

−1 1 1
. . .

1 1
−1 1


(n+2)×(n+2)

= 1 · detAn+1 − 1 · (−1) · detAn

= BhFn +BhFn−1 = BhFn+1,

which ends the proof. 2

In the same way one can prove the next theorems.

Theorem 2.3 Let n ≥ 1 be an integer and

Fn =



j1 + j2 + 2j3 j1
−j1 − j2 − j3 1 c1

−c1 1 c1
. . .

1 c1
−c1 1


n×n

.

If c1 = j1 or c1 = j2 or c1 = j3, then BhFn−1 = detFn.

Theorem 2.4 Let n ≥ 1 be an integer and

Pn =



j1 + 2j2 + 5j3 −3 + j1 + 3j2 + 3j3
−1− j1 − j2 1 1

−1 2 1
. . .

2 1
−1 2


n×n

.

Then BhPn−1 = detPn.

Theorem 2.5 Let n ≥ 1 be an integer and

Jn =



j1 + j2 + 3j3 −j1 − 4j3
1 j1 1

−2 1 1
. . .

1 1
−2 1


n×n

.

Then BhJn−1 = detJn.

Let Sn be the symmetric group which consists of all permutations of {1, 2, 3, . . . , n} and σ be an
element of this group where σ = {σ1, σ2, . . . , σn}. Then, the permanent of a square matrix A = [aij ] of
order n is defined by

perA =
∑
σ∈Sn

n∏
i=1

aiσ(i)
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where the summation extends over all permutations σ in the symmetric group Sn, see [22].
The permanent of a matrix is analogous to the determinant of the matrix, where all of the signs used

in the Laplace’s expansion of minors are positive. In particular, for matrix Mn defined by (2.1) we have
(see [21])

perM1 = a1,

perM2 = a1a2 + c1b1,

perMn = an perMn−1 + cn−1bn−1 perMn−2, for n ≥ 3.

Now, we can give a connection between permanent of the matrix and bihyperbolic Fibonacci number.

Theorem 2.6 Let n ≥ 1 be an integer. Then

BhFn−1 = per



j1 + j2 + 2j3 j2
1 + j1 + j2 1 1

1 1 1
. . .

1 1
1 1


n×n

.

Note that the matrix in Theorem 2.6 was obtained from An (Theorem 2.2) by changing the elements
lying in the sub-diagonal directly below the principal diagonal to opposite numbers. Recall that the
Hadamard product of two matrices is the matrix such that each entry is the product of the corresponding
entries of the input matrices. In the literature it is also used the term Schur product instead of Hadamard
product, see [14].

Let Kn be any tridiagonal matrix of order n, On be a matrix of order n defined by

On =


1 1 · · · 1 1
−1 1 · · · 1 1
1 −1 · · · 1 1
...

...
. . .

...
...

1 1 · · · −1 1

 (2.2)

and On ◦Kn denotes the Hadamard product of On and Kn. Then per(On ◦Kn) = detKn, see [15].

Remark 2.1 Let n ≥ 1 be an integer, the matrices F, P, J are defined in Theorems 2.3-2.5 and the
matrix On is defined by (2.2). Then

BhFn−1 = per(On ◦ Fn),

BhPn−1 = per(On ◦Pn),

BhJn−1 = per(On ◦ Jn).

3. Concluding remarks

One of the generalization of the Fibonacci type numbers are Fibonacci type polynomials. In [24], the
authors presented closed formulas for the Fibonacci type polynomials in terms of tridiagonal determinants.
The determinantal and permanental representations of Fibonacci type numbers and polynomials can be
found also in [20]. The bihypernomials as generalizations of bihyperbolic numbers of the Fibonacci type
were introduced quite recently, see [28,29].

The topic of this article may provide motivation for future research in matrix theory. In [9,16],
the Fibonacci numbers, generalized Fibonacci numbers and generalized Lucas numbers were presented
as determinants of some pentadiagonal matrices. The future work may concern three- or five-diagonal
matrices with determinants or permanents being the bihyperbolic Fibonacci type numbers or Fibonacci
type bihypernomials.
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2. Bród, D., Szynal-Liana, A., W loch, I., Bihyperbolic numbers of the Fibonacci type and their idempotent representation,
Comment. Math. Univ. Carolin. 62,4 (2021), 409-416. http://dx.doi.org/10.14712/1213-7243.2021.033
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