Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-7.
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.68530

Additive mapping acting as generalized (u,v)-derivation on semi-prime rings

Abu Zaid Ansari, Muzibur Rahman Mozumder* and Md Arshad Madni

ABSTRACT: The objective of this paper is to study the following: Let A be a (m + n — 1)!-torsion free semi-
prime ring. Suppose that G, g : A — A are two additive mappings satisfying the algebraic identity G(r™+") =
G(r™)p(r™) +v(r™)g(r™) for all r € A. Then G will be a generalized (u,v)-derivation with associated (u, v)-
derivation g on A. On the other hand, it is proved that G is a generalized left (u, v)-derivation associated with
left (u,v)-derivation g1 on A if they satisfy the algebraic identity Gi (r™*T") = u(r™)G1(r™) + v(r™)g1 (r™)
for all » € A. We will also examine criticism and provide example.

Key Words: Semiprime rings, generalized (u,v)-derivation, generalized left (i, v)-derivation and
additive mappings.
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1. Introduction

A will be used to represent an associative ring with identity throughout this research. Z(.A) denotes
the centre of A, Q;(A¢) is left Martindale ring of quotients and C its extended centroid. A ring A4 is termed
as p-torsion free ring, if pr =0, r € A implies r = 0, where p > 1 is an integer. Usually the commutator
rs — sr is denoted by [r, s]. Recollect that a ring A is known as a prime if r.As = {0} implies either r = 0
or s = 0, and is semi-prime if 7 Ar = {0} implies = 0. A mapping g : A — A is known as a derivation if
it is additive and satisfies g(rs) = g(r)s+rg(s) for all r, s € A and is recognised as a Jordan derivation if
g(r?) = g(r)r + rg(r) holds for all r € A. Every derivation will be a Jordan derivation, however general
terms, the converse need not be true. A Jordan derivation on a prime ring with characteristic other than
two is a derivation, according to a Herstein’s classical result [8, Theorem 3.3]. This conclusion has been
extended for the 2-torsion free semi-prime ring by Cusack [7]. Suppose that a derivation g on A exists,
then an additive mapping G : A — A is referred to as a generalized derivation if G(rs) = G(r)s + rg(s),
and G is termed as a generalized Jordan derivation if there exists a Jordan derivation g on A such that
G(r*) = G(r)r + rg(r) for all r,s € A. Every generalized derivation can be easily confirmed to be a
generalized Jordan derivation, while the converse is often not true. Assume that p and v are two en-
domorphisms on A. An additive mapping ¢ : A — A is recognised as a (u,v)-derivation (respectively
Jordan (u,v)-derivation) if g(rs) = g(r)u(s) + v(r)g(s) (respectively g(r?) = g(r)u(r) + v(r)g(r)) for
all r,s € A. Every (u,v)-derivation will be a Jordan (u,v)-derivation, although generally the converse
is not true. Both are identical on a 2-torsion free semi-prime ring (For details see [9]). An addi-
tive mapping G : A — A is known as a generalized (u,v)-derivation (respectively generalized Jordan
(1, v)-derivation) if there exists a (u, v)-deviation (respectively Jordan (u,v)-deviation) g on A such that
G(rs) = G(r)u(s) +v(r)g(s) (respectively G(r?) = G(r)u(r) +v(r)g(r)) for all r, s € A. Every generalized
(1, v)-derivation will be a generalized Jordan (u, v)-derivation but the converse does not hold in general.
If A is 2-torsion free semi-prime ring then the converse is valid (See [2]). Now, if G is a generalized
(1, v)-derivation (respectively generalized Jordan (u,v)-derivation) associated with (p, v)-derivation (re-
spectively Jordan (u, v)-derivation) g on A, then the identity G(r2") = G(r™)u(r™) +v(r™)g(r™) holds for
all r € A but what about the converse? Author has studied the converse of the this statement in [3]. The
investigation of a generalization of the aforementioned conclusion is the focus of the current work. Specif-
ically, we proved under some conditions on A, G will be a generalized (u, v)-derivation associated with
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a (u, v)-derivation g if it satisfies the algebraic identity G(r™*™) = G(r™)u(r™)+v(r™)g(r") for all r € A.

Next section accords with the investigation of an extension of a derivation known as a left derivation,
which is defined as: an additive mapping ¢; : A — A is recognised as a left (u, v)-derivation (respectively
Jordan left (u, v)-derivation) if g1 (rs) = u(r)g1(s)+v(s)g1(r) (respectively g1 (72) = u(r)gi(r)+v(r)g:(r))
for all r, s € A. An additive mapping G; : A — A is termed as generalized left (u,v)-derivation (respec-
tively generalized Jordan left (u,v)-derivation) if there exists a Jordan left (i, v)-deviation ¢g; on A such
that Gy (rs) = p(r)Gi(s) + v(s)g1(r) ( respectively Gi(r?) = u(r)G1(r) + v(r)gi(r)) for all r,s € A. An
additive mapping J : A — A is known as a right (respectively left) p-centralizer of A if J(rs) = pu(r)T(s)
(respectively J(rs) = J(r)u(s)), for all r, s € A. An additive mapping J : A — A is termed as a Jordan
left (respectively Jordan right) p-centralizer of A if J(r?) = J(r)u(r) (respectively J(r?) = u(r)J(r))
for all r € A. Trivially, every left (respectively right) p-centralizer will be a Jordan left (respectively right)
p-centralizer on A. Obviously, G; will be a generalized left (u,v)-derivation iff Gy = g1 + J, where J
right p-centralizer and g; is a left (u, v)-derivation of A. The theory of generalized left (u, v)-derivations
encompass the theory of left (u,v)-derivation. Furthermore, if g1 = 0, then it is a right p-centralizer.
G1(r) = pu(r)a+g; (r) will be a generalized left (u, v)-derivation, where g; is a left (u, v)-derivation of A for
a fixed a € A. Note that the mapping g : A — A such that g(r) = G1(r) + u(r)a or g(r) = G1(r) — p(r)a
will also be a generalized left (u,v)-derivation on A, where a € A is a fixed element for any generalized
left (u,v)-derivation Gi. If Gy, g1 are a generalized Jordan left (u,v)-derivation and associated Jordan
left (u,v)-derivation on A, then Gy (r?") = u(r™)Gi(r"™) + v(r™)g1(r™) holds for all » € A but in gen-
eral, the converse is not true. Author studied the converse of this statement in [3]. More precisely,
G, is a generalized Jordan left (u,v)-derivation associated with Jordan left (u,v)-derivation g; on A if
G1(r®™) = u(r™)Gi(r™) + v(r™)g1(r™) holds for all r € A with some restrictions on A. A generalization
of the above mentioned result is given in the present paper.

We begin by asserting the preceding theorem:

2. Main Theorems

Theorem 2.1 Let m,n > 1 be two fized integers and A be a (m + n — 1)!-torsion free semi-prime ring
with a multiplicative identity e. Suppose that G,g : A — A are two additive mappings which satisfy the
algebraic identity G(r™*t™) = G(r"™)u(r™) + v(r™)g(r"™) for all r € A, where u,v are automorphisms
and endomorphism respectively on A. Then G is a generalized (u,v)-derivation with associated (u,v)-
derivation g on A.

Proof: We have given that

G(r™t™) = G(r"™)u(r™) + v(r™)g(r™) for all r € A. (2.1)
Replacing r by e, we get g(e) = 0. If we substitute r by r 4+ ks in the above equation, then we find
g(,r,m+n 4 m+nclr(m+n71)ks 4 m+n027nm+n72k282 L+ km+n8m+n> _
g(ﬂ" + MOy ks + MCyr™2k2s2 + .+ kmsm) (,u(r") + "CLu(r" T ks) 4+ "Cop(r"2k%s?) + ... +
,u(k"s”))+(l/(rm)+m01l/(rm_1ks)+m02u(7“m_2k282)+...—i—Z/(kmsm))g(r"—i—"Clr"_lks+"02r"_2k2s2+
ot k:”s”), where k € Z7T.
Rewrite the above expression by using (2.1) as

Efi(r,s) + k% fao(r,s) + ... + k(m+"_1)f(m+n_1)(r, s) =0,

where f;(r,s) stand for the coefficients of k%’s for all i = 1,2,....(m +n — 1). If we replace k by
1,2,...,(m+n —1), then we find a system of (m + n — 1) homogeneous equations. It gives us a Vander
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Monde matrix

1 1 1
2 22 9(m+n—1)
(m+n—-1) (m+n-1)% .. ((m+n—1))mtr-1

Which yields that f;(r,s) =0 for all ;s € A and for i = 1,2,..,(m +n — 1). In particular, We have
filrss) = PERGG(N ) O () — G ()
—nC(r™)g(r*=ts) — mCiv(rm=1ls)g(r®) = 0 for all r, s € A.

Let us put 7 = e and making use of g(e) = 0 and p(e) = e to appear (m + n)G(s) = nG(e)u(s) +
mG(s) +ng(s). Since A is n-torsion free, we have

G(s) = G(e)u(s) + g(s) for all s € A. (2.2)
Next observe that

fa(r,s) = MGG T2s%) — PCoG(r™M ) p(r" 2 s?) — M CL M CLG (r™ )M(T"%S)
mORG(m2)u(r) — " Cov(r™)g(1m=24) — Oy Cuy (e s)g(rms)
—mCou(rm=2s2)g(r") =0 for all r, s € A.

Rewrite the above expression by substituting e for r to obtain

GG (s%) = "CaG(e)u(s?) + 1M C1G(s)u(s)
+MC9G(8?) + "Cag(s?) + ™ C1"Cyr(s)g(s) for all s € A.

This implies that

tmin)min=lG(s?) = 220G (e)u(s?) +mnG(s)u(s) + 2= G(s?)
+2 D 6(52) + mnw(s)g(s).

A simple manipulation give us
n(2m +n — 1)G(s>) = n(n — 1)G(e)u(s>) + 2mnG(s)u(s) + n(n — 1)g(s) + 2mnw(s)g(s).

Since A is n-torsion free, then we get

(2m +n —1)G(s%) = (n — DG(e)u(s>) + 2mG(s)u(s) + (n — 1)g(s?) + 2mw(s)g(s).
An application of (2.2) yields that

@m+n-D[Geus) +g(s)] = (0= DGE)u(s*) +2m|Gle)u(s) + 9(s) | ()

+(n —1)g(s?) + 2mv(s)g(s).
On simplifying the above expression, we obtain
(@m+n—1—n+1-2m)G(e)u(s?) + (2m+n—1 - n+ 1)g(s?) = 2mg(s)u(s) + 2m(s)g(s).
This implicit that for all s € A,
2mg(s?) = 2myg(s)u(s) + 2mu(s)g(s).

2m-torsion freeness of A allow us to write last expression as g(s?) = g(s)u(s) + v(s)g(s). That is a
Jordan (u,v)-derivation. Since A is a 2-torsion free semi-prime ring, then use [9] to get that g is an
(1, v)-derivation on A. Consider (2.2) once again, so that

G(s*) = Gle)u(s*) +g(s%)
= [G(e)u(s) + g(s)] u(s) + v(s)g(s)
G(s)u(s) +v(s)g(s)
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Hence G is generalized Jordan (u,v)-derivation on A associated with the derivation g. Using theorem
from [2], we get that G is generalized (p,v)-derivation on A associated with (u,v)-derivation g.
O

The aforementioned outcome has the following repercussions:

Corollary 2.1 Let m,n > 1 be two fized integers and A be a (m + n — 1)!-torsion free semi-prime
ring. Suppose that G : A — A is an additive mapping which satisfies the algebraic identity G(r™™") =
G(r™)u(r™) for allr € A, then G will be a p-centralizer on A, where p is an automorphism on A.

Proof: Taking g = 0 in the above theorem, we get the required result. O

Corollary 2.2 Let m,n > 1 be two fizxed integers and A be a (m + n — 1)!-torsion free semi-prime
ring. Suppose that g : A — A is an additive mapping which satisfies the algebraic identity g(r™*™") =
g(r™)u(r™) +v(r™)g(r™) for allr € A, where u,v are automorphisms and endomorphism respectively on
A. Then g is a (u, v)-derivation on A.

Proof: Considering g as G and using same steps as we did in Theorem 2.1, we come to the same result
as required. O

Corollary 2.3 Let m,n > 1 be two fized integers and A be any (m~+n—1)!-torsion free semi-prime ring,
where p, v are endomorphism and automorphisms respectively on A. If an additive mapping G : A — A
is satisfying G(r™T™) = G(r™)r™ for allr € A. Then, G is a centralizer on A.

Proof: We find the desired result by taking u = I in Corollary 2.1. O

Corollary 2.4 Let m,n > 1 be two fized integers and A be a (m +n — 1)!-torsion free semi-prime ring,
where p,v are automorphisms and endomorphism respectively on A. Suppose that g : A — A is an
additive mapping which satisfies the identity g(r™*™) = g(r™)r™ + r™g(r™) for all v € A. Then g is a
derivation on A.

Proof: Considering p = v = I in Corollary 2.2, we get the required result. O

Proceed to the following primary assertion of this article:

Theorem 2.2 Let m,n > 1 be two fized integers and A be (m—+n—1)!-torsion free ring. IfG1,q1: A — A
are two additive mappings which satisfy the algebraic identity Gi(r"™*™) = p(r™)Gi(r™) + v(r™)g: (r™)
for allr € A, where p,v are automorphisms and endomorphism respectively on A, then Gy is generalized
Jordan left (u,v)-derivation associated with Jordan left (u,v)-derivation g1 on A.

Proof: Since we have

Gi(r™ ™) = p(r™)Gi(r™) + v(r™) g1 (r™) for all r € A, (2.3)
then, replacing r by r + ¢s, we get
G (r"”‘" + mAngp(min=1gg 4 mincypmin=2,2e2 4 4 qm+”sm+”) = <,u(7“”) +
"Oyu(rm—Lgs) + "Cou(r"—2¢%s%) + ... + u(q"s"))f(rm + MmO lgs + MCor™2¢%s% 4+ . + qmsm) +
(V(rm)—i-mClz/(rm*lqs)+m02u(rm72q252)—|—...—i—u(qmsm))91 (r”—|—”C’1r”71qs+”C’2r”72q252+...—|—q"s").
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Use (2.3) to rewrite the previously mentioned expression as
qu (T7 S) + q2P2(7', 5) + ...+ q(m+n71)P(m+n—1) (T7 S) = 07

where P;(r,s) stand for the coefficients of ¢'’s for all i = 1,2,...,(m + n — 1). If we replace q by
1,2,...,(m 4+ n —1), then we find a system of (m + n — 1) homogeneous system of linear equations. It
gives us a Vander Monde matrix

1 1 1
2 22 9(m+n—1)
(m+n—-1 (m+n—-12 .. (m+n-—1)mt=1D

Which yields that P;(r,s) = 0 for all ,s € A and for ¢ = 1,2,.., (m +n — 1). Particularly for ¢ = 1,
We have

Pl (7“, S) — m+nC gl (’I“ m+n— 1) ) nolu(rn—ls)gl (,rm) _ mclﬂl(rn)gl (Tm—ls)
—Cv(r™) gy (r*ts) — mCiv(rm™=1ts)gi(r") = 0 for all r, s € A.
Putting r = e and making use of g1(e) = 0, u(e) = v(e) = e and n-torsion freeness of A, we have
G1(s) = u(s)Gi(e) + gi(s) for all s € A. (2.4)
Next,
Py(r,s) = "MCyG (1T 2s?) — M Cyu(r™)Gi(r™2s%) — MO CLu(r T s) G (r™ T s)
—"CQIU( n—2 2)g1( m 2.2 s 1(Tn_18>

) = "Cov(r )91( "
—MCou(r™=2s2)gy(r") = 0 for all r, s € A.

s?) —mC"Crv(r™=1ts)g

To get the desired result, rewrite the preceding statement using e instead of r.

gy () = Mu(s2)Gy () 4+ mngu(s)G (5)
$mN G (2) 4 n) g (2 4 (5)gy(5)
That is,

(m+n)(m+n—1)G(s?)

=n(n —1)u(s*)Gi(e) + 2mnpu(s)Gi(s) + m(m — 1)Gi(s®)
+n(n —1)g1(s%) + 2mnv(s)g: (s

)-

After simple manipulation, we arrive at
(2mn +n? —n)Gi(s%) = n(n — Du(s*)G1(e) + 2mnu(s)Gi(s) + n(n — 1)g1(s%) + 2mnv(s)gi(s).
Using (2.4) to get the following
(2mn +n® = n) [u(2)G1(€) + 91(5%)| = n(n = Da(s*)G1 () + 2mnp(s) ()1 (e)
+g1 (8)} +n(n—1)g1(s%) + 2mnv(s)g1 (s).
Simplify the above expression and making use of 2mn-torsion freeness of A, we have

g1(5?) = p(s)g1(s) + v(s)gi(s) for all s € A.

Hence g will be a Jordan left (u,v)-derivation on A. Now, from (2.4), we get
Gi(s*) = M(82)[g
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so G will be a generalized Jordan left (i, v)-derivation associated with Jordan left (u,v)-derivation g; on
A.
O

By making the assumption that u = v = I, the following theorem emerges from the previous one:
Theorem 2.3 ([4], Theorem 2.5) Let m,n > 1 be two fized integers and A be a (m +n — 1)!-torsion

free semi-prime ring. If G1, g1 : A — A are additive mappings satisfying G1(r™T™) = rGy (r™)+r™ g1 (r™)
for allr € A. Then

~

. lg1(r),s] =0 for all r,s € A, where g1 acts a derivation,
2. g1 maps A into Z(A),

3. g1 is zero or A is commutative,

4. For some q € Qi(A¢c), G1(r) =rq for allr € A,

)

. Gy will be a generalized derivation on A.

The following illustration shows that the theorems presented in this paper are legitimate.

Example 2.1 Define a ring A = { ( Zg}, Zsg has its usual meaning. Define mappings

g,g,gl,gl,u,l/:A%Abyg )79(82)<68)7Ql<62)

0 0 i 0\ _ (i 0 i EoN (i 0N _ (i 0N
o k)% o k)" oo0)* o 0 i o k)~ \o o)
clear that G is not a generalized (u,v)-derivation and Gy is not a generalized Jordan left (u, v)-derivation

on A but G,g,G1,91 satisfy the algebraic conditions (2.1) and (2.3), which shows that semi-primeness
and torsion condition on A are essential conditions in both main theorems of this article.
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