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Fixed Point Theorems with PPF Dependence for («, 8)-F Contraction in Razumikhin Class
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ABSTRACT: In this paper, we provide a novel idea of (a, 8)-F contractive, weak («, 3)-F contractive and
generalized («, 8)-F contractive nonself mappings. We establish the existence of fixed point results with PPF
dependence in Razumikhin class. Some examples are also provided to support our conclusions.
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1. Introduction

Problems in various fields of mathematics can be transformed to fixed point problem Tz = x for
self mapping. One of the pillars of the development of fixed point theory is the well-known Banach’s
contraction principle. After him, many authors expanded this conclusion in various ways (for detail see
(1], 2], [4], 9], [10], [15]). Samet et al. [13], established the idea of a-admissible self mapping and
demonstrated some fixed point results for this mapping. Salimi et al. [14] modified alightly the notation
of a-1) contractive and founded some fixed point results to generalise the results given by Sametet al. [13].

In 2015, Chandok [7] introduced the concept of («, 3)-admissible Geraghty type contractive mappings
and obtained fixed point results for the same.

Bernfeld et al. [6], in 1977, established the notion of Past-Present-Future (PPF) dependent fixed point
which is kind of fixed point for nonself mappings. They established the existence of PPF dependent fixed
point results for Banach type contraction in the Razumikhin class. In 2014, Kutbi et al. [12] introduced
Ciric rational type contraction and demonstrated several fixed point results with PPF dependence. These
conclusions are highly valuable for showing the solution of nonlinear functional differential and integral
equations that depend on past history, present facts and future consideration. In 2015, Kutbi et al. [11]
introduced notions of a Suzuki type G F-contractions, weak a.-GF-contractive, an «.-GF-contractive
and a generalized a.-GF-contractive nonself mappings and they also proved various fixed point results
with PPF dependence.

Wardowski [16] has developed a novel contractive mapping and demonstrated some fixed point solu-
tions for this contraction. For k € (0,1), Ay represents the family of all functions F : R — R which
satisfies:

(1) F be strictly increasing;

(2) limy, 00 y = 0 iff limy, o F(a,) = —o0 for any sequence «,, in Rg;

(3) limy_,0+ a*F(a) = 0.

Family A denotes U{Ay : k € (0,1)}. A Wardowski function is an element F of A family.
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Inspired by the findings of Bernfeld et al. [6], Kutbi et al. [11] and Salimi et al. [14], we introduce the
idea of (o, 8)-F contractive, weak (a, §)-F contractive and generalized («, §)-F contractive nonself map-
pings. For these contractive nonself mappings, we show certain fixed point results with PPF dependence
in the Razumikhin class. Also, we give some examples related to these theorems.

2. Preliminaries

Throughout this paper, N represents the set of natural numbers and for each i € N,
N;={neN:i<n}, E is a Banach space with norm ||.|g, Ey = C(I,FE) represents the set of all
continuous functions from I to E, with the supremum norm ||.|| g, defined as

¥l 2, = super (1)l
where ¢ € Ey and I is a closed interval [a,b] in R.

Definition 2.1 [6] “A function ¢ € Ej is said to be a PPF dependent fixed point or a fixed point
with PPF dependence of a nonself mapping S if Si = ¢(c¢) for some ¢ € 1.7

Definition 2.2 [8] (i) “The Razumikhin class (minimal class) of functions in Fy is defined as

Re={¢ € Eo : [¢llg, = ll¥(c)}-

This class R, is said to be algebraically closed if it is closed with respect to difference that is y—¢§ € R,
whenever ¥, ¢ € R, and topologically closed with respect to the topology on Ej generated by norm
|- "
(ii) “RY is the class of all constant functions ¢ € R., which is referred to as the constant Razumikhin
class.”
H[u] is the constant function of Ey defined as H(u](t) = u for all uw € E, t € I.

Thus, ||H[u]||g, = ||ullg, H[u](c) = u, where H[u] € R..

Proposition 2.1 /8] “Under the above conventions,
1. H[u+v] = Hlu] + H[v] for all u,v € E;
2. HQu]| = AH|u] for all A € R and u € E;
3. lulle = [|Hlu]|| g, for all u € E;
4. the mapping u — H[u] is an algebraic, topological isomorphism between (E, ||.||z) and (RY, ||.||z,)-

where H[u] denotes the constant function of Ey defined by H[u|(t) =« V ¢ € I and |H][u]| g, = ||u||r and
Hlul(c) = u. Hence H[u] € R..”

Note: In R., any constant fuction £ may be expressed as £ = H|[u] for some u € E.

3. The Main Results

Definition 3.1 [7] Let E be a non empty set. S : Ey — E and o, : E x E — R{ are nonself
mappings. Then S is called an («, 3)-admissible if, for any ¢, & € Ey,

a(¥(c),&(c)) 21 and B(1(c),€(c)) =1 = a(S¢,5¢) > 1 and S(Sy,S5¢) > 1.
Example 3.1 For E=R, [ =[0,1] and ¢ = % We define a mapping S : Ey — E as
4 1 3
where 9, £ are mappings from I to E defined by

_Ja? ifzel0,1]
z/f(x){i el
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and
&(x) =0, Vaelol]
Now, we define mappings o, : E x E — R[{ by

2 if () > €&(e)

0 otherwise

and
3 ifY(c) > €&(e)
{O otherwise
Thus considered mapping S is («, 3)-admissible.
Definition 3.2  Suppose o, : E x E — Rf{ are nonself mappings and F € A is a Wardowski
function. The mapping S is said to be
(i) (o, B)-F contractive if 3 7 > 0 such that for all ¢,& € Ey and ||Sy — SE||g > 0,
7+ a((c), £(0) + B(¥(c),&(c)) + F([|S¢ = SEl|e) < Fllv = €lleo;
(ii) weak (o, 8)-F contractive if 3 7 > 0 such that for all ¢,& € Ey and || Sy — S¢||g > 0,
T+ a(¥(c),£(c) + B(¥(c),&(e) + F(||Sv — 5S¢ )
< F(max{|[¢ =&l e, () = Sl e, [1§(c) = SEl[£});
(iii) generalized (v, B)-F contractive if 3 7 > 0 such that for all ¢, £ € Ey and ||Sy — S¢||g > 0,
7+ a(y(c),€(c)) + B¥(c), £(c)) + F(||S¢ — 5¢] )
<F(max{[[¢) = &l 5, [[¢(c) = ¢l &, [1€(c) = SE]| e,

[¥(c) — S€lle + [I§(c) — SwllE})
> :

Definition 3.3 Suppose o, : E X E — ]Ra' are nonself mappings.

(i) The mapping S is called (R, («, 8))-starting if 3 ¢pg € R, such that
a(tho(c), Sto) = 0 and  B(tho(c), Sto) = 0.
(i) The mapping S is called (R?, (o, 8))-starting if 3 19 € R? such that
a(¢0(0), S?abo) > 0 and 5(¢0(C)7 S'(/)O) > 0.
Remark: If S is (R?, (o, B))-starting, it is also (R., (a, 3))-starting.
Proposition 3.1 Suppose o, 3: E x E — Ry are nonself mappings which satisfies the following
(i) Sis (a, 8)-admissible;
(ii) Sis (R, (o, B))-starting.
Then, S is (R?, (a, B))-starting.

Proof: From (ii), 3 ¢ € R, such that
a(tho(c), So) = 0 and  B(tho(c), Sto) = 0.

Since Sy € E, we can assume the element &, = H[Svp] from RY (constant Razumikhin class). So,
H[Svol(t) = Spo Vt €1 = &o(t) = H[Svol(t) Ve T

€o(c) = So. (3.1)
That implies a(¢p(c), &o(c)) > 0.
As S is («, 8)-admissible, we obtain

(S, 58) > 0 and B(Stbo, S§o) > 0.

By equation (3.1), a(&y(c), S&) > 0 and S(&(c), S&) > 0,
which completes the proof. O
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Theorem 3.1 Let o,8 : E X E — Rar be the nonself mappings with F' as a Wardowski function.
Consider

(i) Sis («, 8)-admissible;
(ii) S is generalized (a, 8)-F contraction;

(iii) 3 1o € Re such that a(yo(c), S1o) > 0 and B(to(c), Sho) = 0.

In addition suppose that:
S has no PPF dependent fixed point in R?, i.e., S # 9(c) for all ¢ € RY.
Then, 3 a sequence {¢,,} in RY, * € R? and k € N such that:

(kl) S¢n = ¢n+1(0) and a({lpn(c)’ ¢n+1(c)) > 0 and BWn(C), wn+1(c)) > 0;
(k2) 1, = ¢* as n — oo;

(k3) Stpy, # S*, hence 1, # * for all n € Ny.

Proof: From proposition (3.5) and conditions (i) and (iii), 3 1o € RY such that

a(o(c), S1pg) > 0 and B(vo(c), S1b) > 0. (3.2)
Since Sy € E, we can take an element as 1, = H[Sv] from R?
which means
S'I/Jo = '1/11(t) Vtel.
Thus, St = 11(c).
Now, since Si; € E, so we can consider an element 1o = H[S¥;] from RY, which means
S¢1 = wg(t) V t € I. Hence, S¢1 = ¢2(C).
Continuing like this, we have a sequence {1, } in R such that
Sthp—1 =p(t) YVt el and n € N. (3.3)
Hence Sv,—1 = ¥n(c).
Since constant Razumikhin class RY, has the algebraic topological properties, so

[¥n—1 = ¥nllE, = [¢¥n-1(c) = Pulc)le-

Because of condition (i)
a(o(c), ¥(c)) = altho(c), Sto) = 0 and B(o(c), ¥ (c)) = B(vo(c), Sto) = 0
implies that
a(yi(c), ¥2(c)) = a(So, S¢1) = 0 and B(¢1(c), va(c)) = B(So, S¢1) = 0.
Again
a(i(c), ¥a(c)) = 0 and B(¢1(c), ¥2(c)) 20 = a(¥a(c), ¥s(c)) = 0 and B(¢2(c), ¥s(c)) = 0.
Continuing in the same manner, we get

@(Pn-1(c),¥n(c)) > 0 and B(n-1(c),Pn(c)) >0 for all n e N
which proves condition (k1).

S is a non self mapping, thus A any k& € N such that S(¢g11) = Yrr1 = St

SO» den 7é Swn+1o
Hence 9, # 41 V n€N.
Now,

T+ F(Hwn - wnﬁLlHEo) =7+ a(wnfl(cx wn(c)) + 5(1/%—1(0),1/%(0)) + F(H’(/Jn - 1pn+1||Eo)
=7+ a(¥n-1(¢),¥n(c)) + B(¥n-1(c), ¥n(c)) + F([¥n(c) = ¢Yni1(c)lp)
=7+ O‘(qzbn—l(c)aq/}n(c)) + ﬂ(wn—l(c)’wn(c)) + F(”Swn—l - quZ)nHE)
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As S is generalized («, 8)-F contraction. So,
7+ F([vn — ¥ntallg,) < Flmax{[|tyn—1 — ¥nllEy, [¥n-1(c) = SYn-1lle, [[¥n(c) — Stnl e,
[¥n-1(c) — ¥l + [[¥n(c) — S'l/}nflnE})
2
= Fmax{||Yn—1 — ¥nllEo, [¥n-1(c) = ¥n(c)ll e, [¥n(c) = Ynia(c)| e,
H’L/)n—l(c) — wn-&-l(C)HE })
2
= Fmax{||Yn—1 — ¥ulleo, 1¥n-1 = ¥ullEo, 1n — Ynsillzo,

[Vn—1 — Yny1ll B,
Venlny)

= Flma{[lén Vil [ — i 1y, 122 Pt

< F(max{”zbn_l - wnHEov ||¢n - '(/)n-l-l”Eo’

[Vn—1 = VnllE, + 100 — Ynt1ll g, 1
2
= Fmax{||vn-1 — ¥ullEo, 1¥n — Yns1llEo})-
This implies that for each n € N,
7+ F([[Yn — ¥nsallm) < Fmax{|[Yn-1 = ¢nllge: [¥n — ¥niallz})-
Now, consider max{Hwn—l - w’ﬂHEo’ Hz/)n - ¢n+1”E’o} = ||¢n - ¢n+1HEo'
Then 7+ F(||t)n, — Ynt1llE,) < F(|¥n — ¥nt1llE,) where 7> 0
which is a contradiction. Therefore, 7+ F(||¢n, — ¥n+1llE,) < F(|n—1 — ¥nllE,)-
So,VneN

F(Hwn - ¢n+1HEo) < F(Hibnfl - "/}nHEo) -7
< F(”wn—Q - wn—lnEo) - 27
<..
< F(|[vo — 1l g,) — n7
Clearly,
F(Hwn - wn-‘rlHEo) < F(||¢0 - wIHEo) — nT.
Hence, limy, o0 F'(||n — ¥n+1llE,) = —o0.

Since F' € A, implies
nlggo % — Ynt1llE, = 0.
Again since F € A, 3 p € (0,1) such that
nh_{go llvbm — ¢n+1||%OF(||¢n — Ynt1llE,) = 0.

From inequation(3.4), V n € N

0 < n7llvon = ntallp, < von = Yngallg, [F (1o — ¥1llE,) = Fllvn = Ynsallz)]-
Applying n — oo, we obtain

. o
nll_?;omWn — Ynt1lly, = 0.
Therefore, 3 7 € N such that
nllvn — Ynpallp, <1V neN.
This implies

1
V0 — Yntille, £ — VneN,.

ne
Thus for each n > m > i, we obtain
n—1 n—1 1
m — YnllE, < Z vy — bjalley < Z -
Jj=m j=m ]p

Now, Zj>1 L converges (.- 0 < p < 1), and s0, ||t — ¥n|lE, — 0 when m,n — oo.
- g

1
P

5

(3.4)
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Thus v, is a Cauchy squence. Since R? is complete, 3 1)* € R? such that 1, — ¥* as n — oo . Hence
condition (k2) proved.
(iii) Finally, let if possible condition (k3) is not true, i.e., V. € N, 3 m > n such that

51/)* = Swm = merl(C)

which implies that 3 an infinite sequence {p(n)} in such a way that

SQZJ* = QZJp(n) (C) VneN.
As n — oo, we obtain Sy* = ¢*(c), which is a contradiction. Hence condition (k3) holds. O

Theorem 3.2  Supppose o, 3 : E x E — R} are nonself mappings with F' as a Wardowski function.
Assume
(i) Sis («, 8)-admissible;
(i)
(iii) 3 ¢o € R. such that a(¢g(c), Sv) > 0 and B(vg(c), Sg) > 0;
)

(iv) if {4, } is a sequence in E s.t. 1, = ¥ when n — oo and a(¢,(¢), ¥n11(c)) = 0, B(¢n(c), Yni1(c)) >
0 for each n € N, then a(y,(c),¥(c)) > 0 and (1, (c), ¥ (c)) > 0.

Then, in RY, S has a PPF dependent fixed point.

S is an (o, B)-F contraction;

Proof: Let if possible the result does not hold. Since F is strictly increasing, every (a, 8)-F contraction
is generalized (a, §)-F contraction. Then, all the criteria of Theorem 1 satisfies and so 3 a sequence {9, }
in R, a¢* € RY and [ € N s.t.

(k1) St = Yny1(c) and a(Pn(c), Ynii1(c)) > 0, B(Yn(c), Yni1(c)) >0 Vn e N;

(k2) ¥, = ¢* as n — oo;

(k3) S, # Sy* and so ¢, # ¢* for all n € N;.

S is an («, B8)-F contraction. So, V n € N;

F([[S¢n =S¥ ||p < 7+ a(¥n(c), ¥ (c) + B(¥n(c), ¥ (c)) + F([[S¥n — SY™ | E) < F(ltbn — ¢" | Eo)-
Since F' € A, so, for each n € Ny,

1S%n — SY* || g < ||tvn — ™| By -
Hence,
[SY™ =™ (e)|le < SY™ — Sthulle + 1St — " (e)||r
= [|5¢" = S¢nllE + [¥nt1(c) =¥ (o)l|e
<Y = Yullze + 1¥ns1 — | -
With n — oo, ||SY* —¢* ()|l =0, i.e., SY*=1v*(c)

This is a contradiction. Hence it completes the proof. O

Example 3.2 Suppose (E,||.||g) is a Banach space, where |z||g = |z|, £ = R and Ey = C([0,1], E)
denotes the set of all continuous function from [0,1] to E equipped the supremum norm ||.|| g, defined as

[¥]l o = sup [[¢(#)]] -
tel
Deﬁnea,ﬂ:ExE%Rg, S:EOAEandF:Ra'%Rby
[W(D)2+1  ify((l) <0

Sp = 5—[Q)P H0<y(l) <1
Y(1) +5 if (1) > 0

where 7 > 0.

(z.9) 2 ifz,y€l0,1]
alx =
Y 0 othewise ’
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)3 ifa,y € [0,1]
Bla.y) = {0 othewise
and F(u) = logu.

Now assume that a(w(l),f

(1)) > 0 and B(v(1 ),5(1)) > 0. Then, 0 < (1) <1and 0 < £(1) < 1 resulting
in0<Sp=—1]P<1 —

and 0 < Sg = [E())? <1, e,

which implies that a(Sy, S¢) > 0 and B(S, Sf) > 0. So S is (a, B)-admissible.
Assume {¢,,} is a sequence in Ey s.t. 9, — 1 as n — o0

and (¢ (1), ¥n41(1)) 20, B(¥n(1),¢n41(1)) 20V n €N

Now,

0<y(1)<1[0<Y,,& <1VneNand i, > 1¢asn— ]

which means (1, (1),1(1)) >0, B(¥,(1),¥(1)) >0V n e N.

Clearly, «(0,50) > 0 and (0, S0) > 0.

Now, let 0 < ¢(1) <1 & 0 < (1) < 1. Then a(lb(l), (1)) =2 & B((1),£(1)) =3
and 0 <S¢ = E- " [(1)]2 <1 & 0 < S€ = £ [¢(1)]? g1
and
e—T—5
15¢ = S¢llp = — ()] — €M)
e T 5
= (1) + &) (1) — £(1)]
<eT 5Ii/)( ) — &)
<e T sup [9(t) — &(t)]
t€(0,1]
= 6_7—_5“’(/) - €HEO'
Therefore,

T+ a(P(1),£(1)) + B((1),£(1) + F(1S¢ = S¢l[e) — FllY = &llm, <0

= 74243+ log(||SY — SE||g) —log ||y = &|lg, <0
= 7+5+1loge "¢ — &g, —log ||t — &||m, <O
= 0<0,

which is true.
Otherwise a(1)(1),£(1))

=0 and B(y(1),£(1)) = 0.
7+ a(y(1),

§(1)) + B((1),6(1) + F(IIS¢ = 5S¢l g) — Fliy — &l <0
=7+ 0+0+1log(||[S¢ — S¢l|e) —log ¢ = &llm, <0

= 7 +loge™ "¢ — &llm, —log v — &llm, < 0.

Again it is true.

So, S is an (a, B)-F contraction. Hence all conditions of theorem (3.7) hold.

Here we can see that S has a fixed point wth PPF dependence. Here 1) = 0 is fixed point with PPF
dependence of mapping S.

Theorem 3.3 Assume «,5: Ex F — R(J{ are nonself mappings with F' as a Wardowski function
(i) Sis («, 8)-admissible;
(ii) F is continuous and S is a generalized (o, 8)-F contraction;

(ili) 3 ¢ € R such that a(yo(c), Stbo) = 0 and B(¢o(c), Stho) = 0;
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(iv) if {4, } is a sequence in Ey s.t. 1, — ¢ as n — 0o and a(Pn(c), Ynt1(c)) >0, B(¥n(c), Yni1(c)) >
0V e, then a(thu(c), ¥(c) = 0 and B(tn(c), ¥(c)) = 0.

Then S has a fixed point with PPF dependence in R2.

Proof: Let if possible the result is not true. Here S is a generalized («, 8)-F contraction. So, from
Theorem (3.6) 3 a sequence {¢,} in R?, a ¢¥* € RY and [ € N s.t.

(k1) S¢n = ¥nta(c) and a(Yn(c), Yns1(c)) 2 0, B(¥n(c),¥ns1(c)) 20 V neN;
(k2) ¥, = ¥* as n — oo
(k3) S, # Sy*, and so i, # ¥* for all n € Nj.

Now, S is an (a, §)-F contraction. So, for each n € N;, we get

7+ F(l[ni1(c) = S¢*l|p) < 74 a(@n(c), ¥"(¢) + B(¥n(c), ¥"(0) + F([[¢nt1(c) = S¥*( )
T+ a(Pn(c),¥7(c)) + B(n(c), ¥ (c)) + F([[S¢n — S¢*[| )
Fmax{|[¢n = " gy, 1n(€) = S¥ulle, 197(c) = S¥™| 2,

2

< F(max{|‘¢n - w*”Eov ”d’n(c) - wn+1“E7 ||1/J*(C) - Sw*”Ev

[¥nle) =S¥ llp + 97(e) = Ynsillmy,
5 :

IN

Now, taking n — oo,
T+ F([[¢"(c) = Sy¥*||e) < F([[¢*(c) — S¢*|p)
{because F is continuous}
Which will be hold only if ||p*(c) — Sy*||g = 0. So, ¥*(c) = Sy*. That is a contradiction.
Hence, the proof. O
Note: If we take 8(¢,£) =0 V ,£ € Ep in our results, then we find the following corollaries:

Corollary 3.1 “Let a: Ex E — RS‘ be the nonself mappings and F' be the Wardowski function with
the following conditions:

(i) S is a-admissible;
(ii) S is generalized a-F contraction;
(111) 3 9o € R, such that 04(1,[}0(8), Si/}()) > 0.

In addition suppose:
S has no PPF dependent fixed point in R?, i.e., Sv # 9(c) for all 1) € RY.
Then, 3 a sequence {¢,,} in RY, * € R? and k € N such that:

(k1) Svn = ¢nya(c) and a(¥n(c), Yni1(c)) = 0;
(k2) ¥, — ¥* as n — o0
(k3) S, # S, hence 1, # ¥* for all n € Ni”.

Corollary 3.2 “Let a : E x E — RJ be the nonself mappings and F' be the Wardowski function with
the following conditions:

(i) S is a-admissible;
(ii) S is an a-F contraction;
(iii) 3 ¢o € R. such that a(¢g(c), Stp) > 0 ;
)

(iv) if {4} is a sequence in Fy such that 1, — ¥ as n — oo and a(¢,(¢), ¥n41(c)) > 0 for each n € N,
then a(¢,(c),¥(c)) > 0.
Then S has a PPF dependent fixed point in RY.”
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4. Conclusion

Inspired by the work of Bernfeld et al. [6] and Kutbi et al. [11], we introduced the idea of
B)-F contractive, weak (a, 8)-F contractive and generalized («, 3)-F contractive nonself mappings.
proved some fixed point theorems with PPF dependence for these contractive nonself mappings and

provided some related examples.
Finally, we anticipate that our primary findings will make a significant contribution to the advancement
of PPF dependent fixed point theory.
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