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Fixed Point Theorems for Generalized Weakly Contractive Mapping in S-Metric Space
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ABSTRACT: In this manuscript, we shall prove fixed point results for generalized weakly contractive mapping
in complete S-metric spaces. An example is also provided to prove the validity of our results.
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1. Introduction

Let X be a metric space. A map T : X — X is a contraction, if for each u,v € X, there exists a
constant k € (0,1) such that
d(Tu, Tv) < kd(u,v).

Alber and Guerre-Delabriere [1] introduced the concept of weakly contractive mappings which is defined
below:

A map T : X — X is a weak contraction if for each u,v € X, there exists a function ¢ : [0,00) — [0, 00)
such that ¢ is positive on (0,00) and ¢(0) = 0, and

d(Tu, Tv) < d(u,v) — p(d(u,v)).

The authors defined above mappings for single-valued maps on Hilbert spaces and showed the existence
of fixed points.

Rhoades showed that most results of [1] are still true for any Banach spaces. Weakly contractive maps
are related to maps of Boyd and Wong type ones [4] and Reich’s type ones [13].

In [15], Sedghi et al., have introduced the concept of an S-metric space which is a generalization of a
G-metric space [9] and a D-metric space [5].

2. Preliminaries

In this section, we begin by briefly recalling some basic definitions and results for S-metric spaces
that will be required in the sequel.

Definition 2.1 ([15]) Let X be a non-empty set, an S-metric on X is a function S : X3 — [0,00) that
satisfies the following conditions, for each u,v,w,a € X,

i) S(u,v,w) >0,
it) S(u,v,w) =0 if and only if u =v =w,
iit) S(u,v,w) < S(u,u,a)+ Sv,v,a) + S(w,w, a).

The pair (X, S) is called an S-metric space.
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Example 2.1 Let X =R"” and d is an ordinary metric on X. Then
S(u,v,w) = d(u,v) + d(v,w) + d(u, w),
is an S-metric space.
Example 2.2 Let X =R"™ and || - || a norm on X, then
S(u,v,w) = |lv+w = 2ul| + [lv — wl,
is an S-metric space on X.

Definition 2.2 ([15]) Let (X,S) be an S-metric space.

i) A sequence {un} in X converges to u € X if S(tun,Un,u) = 0 as n — 0.
That is, for each € > 0, there exists ng € N such that for all n > ng, we have S(uy, un,u) < €.

We denote by lim wu, = u.
n—r oo
i1) A sequence {u,} in X is called a Cauchy sequence if S(up, Un,Um) — 0 as n,m — co.
That is, for each € > 0, there exists ng € N such that for all n,m > ng, we have S(tn, Un, Up) < €.

iit) The S-metric space (X, S) is complete if every Cauchy sequence is a convergent sequence.
Lemma 2.1 ([15]) In an S-metric space, we have (u,u,v) = S(v,v,u).

Definition 2.3 ([15]) Let (X,S) be an S-metric space. Forr > 0 and uw € X, we define the open ball
Bs(u,r) and closed ball Bglu,r| with centre u and radius r respectively as

Bs(u,r) ={ve X :Sv,v,u) <r}

and
Bslu,r] ={ve X : S(v,v,u) <r}.
3. Main Results

In this section, we prove some fixed point theorems for generalized weakly contractive maps in S-metric
space and a suitable example is also provided to prove the validity of our results.

Theorem 3.1 Let (X,S) be a complete S-metric space and T be a self map on X satisfying the following
forall x,y,z € X:

ST, Ty, Tz) < M(z,y,2) — p(M(2,y, 2)), (3.1)
where ¢ : [0,00) — [0,00) is a lower semi continuous function with p(t) > 0 fort >0, ¢(0) =0 and

S(z,z,Tz).S(y,y,Ty)

14+ S(z,y,2) + S(Tz, Ty, Tz)’
S(y,y,Ty).S(z, 2,Tz) S(z,2,Tz).S(x,z,Tx)

1+ S(z,y,2) + S(Te, Ty, Tz)" 1+ S(x,y,2) + S(Tx,Ty,T=2) |

M(x7 y’ Z) = mnax {S('r’ y? Z)? S(T:E7 Ty7 TZ)?

(3.2)
Then there exists a unique point u € X such that Tu = u.

Proof: Suppose 2y € X is an arbitrary point. Now, we can choose a sequence {z,} in X such that
z, = Tx,_1 for all n > 0.
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By equations (3.1), (3.2) and property of ¢, we have

S(l'n; xnaanrl) = S(TxnflaTxnflaTwn)
< M(fbn—la Tn—1, fEn) - @(M(In—la Tp—1, In)): (33)

where

M(xnfl» Tn—1, sL’n) = max {S(xnh Tn—1, xn), S(Tl'nflv Txnfla Txn)a

S(@n-1,Tn-1,TTp-1).S(@n-1,2n-1,TTn_1)
14+ S(®n-1,Tn-1,2n) + S(Txp_1,TxHn_1,Tx,)
S(Tp-1,%n-1,Txn_1).S(xn, Tn, Txy)
1+ S(zn-1,Tn-1,2n) + STxp-1,TTHn_1,Tx,)
S, xn, Txy).S(Tn—1,%n-1,TTn_1)
1+ S(®n-1,Tn-1,2n) + STxp-1,TTpn_1,Tx,)

)

)

= max {S(xn]_,l‘n17xn), S(:I;n) $n7xn+1),

S(Tp—1,Tn-1,Tn)-S(Xn_1,Tn_1,Tn)
14+ S(@n_1,%Tn-1,%Tn) + S(Tn, Tn,Tnt1)’
S(Tn-1,Tn-1,2n)-S(Tn, Tn, Tni1)
14+ S(xp—1,Tn_1,Tn) + S(Tp, Tp, Tpi1)’
S(Tn, Tn, Tnt1) S (Tn—1,Tn-1,Zn)
14+ 5(Xp-1,Tn-1,%n) + S(Tn, Tn, Tnt1)

= max{S(Tn-1,Tn-1,%n), S(Tn, Tn, Tni1)}
So, we obtain

S(Ina T, xn-{—l) < maX{S(xn—la Tn—1, In)a S(In, Ly xn+1)}

— p(max{S(xn_1,Tn-1%n), S(Tn, Tn, Tni1)}), (3.4)

If there exists an n > 0 such that S(z,,, z,, xpe1) = 0, then z, is a fixed point of T. Therefore, we shall
assume that S(x,, ., Tpy1) # 0 for every n.
Now, if S(@yp, Zpn, Tnt1) > S(Xp_1,Tn—1,T,) for some n, then

S(mnaxnzanrl) S S(-'I;naxnyanrl) - @<S<xna$namn+1))

< S(XTpy Ty Tig1)s

implies that
S(wn; Tn, anrl) < S(xnv Tn, xn+1)»

a contradiction.
Thus, for all n,

S(Z‘n, LTy xn—i—l) M(xn—la Tp—1, xn) - @(M(xn—la Tp—1, xn))
M(:Cn,l, Tn—1, mn)

S(xnfla Tn—1, xn)a

IAIA

implies that
S(xnv Ty, $n+1) S S(:L'n—la Tp—1, xn)
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So, {S(xn,Zn,Tns+1)} is monotonically non-increasing sequence of positive reals and bounded below.
Hence, there exists a number r > 0 such that

lm S(xp,Tn,Tni1) = lim M(zp—1,Tpn-1,Tn) = 7.
n— 00 n—oo

From the lower semi continuity of ¢, we have

o(r) < liminf o(M (zp—1, Tn-1,Tn)).

n— oo

We claim that r = 0.
In fact, taking upper limits as n — oo on both side of the following inequality

S(xn; znaxn+1) S M(:Cn—lamn—hzn) - W(M(xn—laxn—lyzn))-

We have
r <r—lminf o(M(xp—1,Zp—1,Ts))
n—oo

<7 —o(r);

implies that
p(r) <0
Thus ¢(r) = 0.
From the definition of ¢, we have r = 0.
Hence,
ILm S(xp, Tn, Tpt1) = 0. (3.5)

Next, we show that {z,} is a Cauchy sequence. Let us consider that it is not true. Then there is an
¢ > 0 such that, for an integer k, there exists integers m(k) > n(k) > k such that

S(Tn(k)> Tn(k)> Tm(k)) = €- (3.6)

For each integer k, let m(k) be the least positive integer exceeding n(k) satisfying equation (3.6) and
such that

S(Tn(k)s Ta(k), Tmk)—-1) < €. (3.7)

Then

€ < S(Zn(k)s Tnk) Tm(k))
< S(Zn(k)s Tnlk)s Tnk)—1) + S (Tn(k)s Tnk) Trik)—1) T S(Tmk) Tm(k)s Tn(k)—1)
= 25(Tp(k)s Tu(k) Tn(k)—1) + S (Tmk)s Tm(k) Tn(k)—1)-

Now, by equations (3.5) and (3.7), it follows that

im S(Zn (k) Tn(k), Tm(k)) = € (3.8)

n— oo

Since m(k) is the least positive integer exceeding n(k) satisfying equations (3.6), (3.8) and also using
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equation (3.1), we have

€ < S(@n(k) Tn(k)> Tm(k)+1)
< S @nk) Tnk)> Trk)+1) + S @n) Tk) Tnk)+1) T S(Tmk)+1> Tm(k)+15 Tn(k)+1)
= 25(Zn (k) Ta(k)> Tn(k)+1) T S(Tm(k)+15 Tm(k)+1, Tnk)+1)
= 25(Tp(k)s Tn(k) Tr(k)+1) T S(Tnk)+1> Tn(k)+15 Tm(k)+1)
< 28(Tnk)s Tngh)> Tnk)+1) T M (Tn(k)Tn k) Tm(k))

= QS(‘rn(k)v Tn(k)> xn(k)—i—l) + max {S(xn(k)v Tn(k), mm(k))v S(:En(k)+17 Ln(k)4+15 xm(k)+1)7

S(@n(k)> Tnk)s Tr(k)+1)-S (Tn(k)> Tn (k) Tm(k))
L+ S(Zn(k) Ta(k) Tm(k)) + S (@nk) 11> Tn(k) +1, Tm(k)+1)
S(Tn(k)s Tn(k)s Tnik)+1)-S(Tm(k)s Tm(k)s Tm(k)+1)
L+ S(@n k) Tnik) Tm(k)) T S(@nk)+15 Tn(k)+1, Tmk)+1)

S(xm(k)v Tm(k)s xm(k)+1)‘5(xn(k) Ln(k)s xn(k)-&-l)
L+ S(@n (k) Tn(k)s Tm(k)) T S(Tnk)+15 Tr(k)+1> Tm(k)+1)

Letting k — oo and using equations (3.5) and (3.8), we have

e < lim M(Zp(k), Tnk)s Tmk)) <

n—oo

Therefore,

Jim M (2 k), (k) Tm(k) =

Since ¢ is lower semi continuous, we have

w(e) < liminf (M (2p k), Tn(k)s Tm(k)))-

n—oo

From equation (3.1), we get

S(Tr(k)+1> Tnk)+1 Tmk)+1) < M (Trk) Trnik), Tmk)) — LM (Zn ks Trk)s Tmk)))-

Taking upper limit as k — oo, we have

e < e —inf (M (L (k)s Tn(k)s Tm(k)))
<e—p(e)

implies that

e<e—(e)
<e,

a contradiction.

Therefore, {x,} is a Cauchy sequence.

By completeness of the space X, there exists a v € X such that z,, — u as n — oco.
Now, we shall prove that u = T'u. Indeed, suppose that u # Tu.

Then

S(mnaxnaTU) § M(xn—hmn—hu) - @(M(xn—lvxn—lau)),
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where

M(an_l, xn—lyu) = max {S(mn—hxn—lvu)a S(xn,meu),

S(xn-1,2n-1,TTn-1).5(@n-1,Tn-1,TTn_1)
14 S(xp_1,Tn_1,u) + S(Twp_1,TTH_1,Tu)’
S(Tn-1,Tn—-1,Txpn_1).S(u,u, Tu)
1+ S(@pn_1,Tn_1,u) + S(Txp_1,TTHn_1,Tu)’
S(u,u, Tw).S(xp—1,2n—1,TTn_1)
1+ S(zn-1,2n-1,u) + S(Txp_1,TTn_1,Tu)

= S(u,u, Tu).

Taking the upper limit as n — oo, we have

S(u, u, Tu) < S(u,u, Tu) — (S (u,u, Tw))
< S(u,u, Tu),
a contradiction.
Thus v = Tu.

Uniqueness:
Suppose that v # v and Tv = v.
Then equation (3.1) implies that

S(u,u,v) = S(Tu, Tu,Tv)
< M(u,u, ’U) - QP(M(U,’LL[U)L

where
M (u, u,v) = max {S(u, u,0), (T, T, To), g((z o fﬁi(g‘TZ g’)m ,
S(uw, u, Tu).S(v, v, Tv) S(v,v,Tv).S(u, u, Tw) }
14+ S(u,u,v) + S(Tu, Tu, Tv)" 1+ S(u,u,v) + S(Tu, Tu, Tv)
= S(u,u,v).
Therefore,

a contradiction.
Hence u = v. O

Corollary 3.1 Let (X,S) be a complete S-metric space and T : X — X be a function such that for all
x,y,z € X,
S(Tz, Ty, Tz) < S(z,y,2) — ¢(S(z,y, 2)),

where ¢ : [0,00) — [0,00) is a lower semi continuous function with ©(t) > 0 for t > 0 and ¢(0) = 0.
Then there exists a unique point u € X such that Tu = u.

Proof: If we take M(z,y,z) = S(z,y,2) in Theorem 3.1, then the result is proved. i
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Example 3.1 Let X = [0,2] and S : X® — R be given by

|z —2[+y—z], ifzy2€[0,2),
2, ifx=2o0ry=2o0rz=2,

S(x,yvz):{

for all z,y,z € X. Then (X,S5) is a complete S-metric space.
Let the mapping T : X — X be given by

) Z‘./:il.?:l/’z:g [072)’

, ifr=y=2=2.

Also, ¢ : [0,00) — [0,00) is a lower semi continuous function with ¢(t) = %.

Now, we consider the following cases for verification of inequality (3.1) of Theorem 35.1.

Case 1. If x,y € [O,%}, z € [%,2) or z € [O,%], z,y € [%,2). Then

Fir Stly, we consider
e |0, = € (=,2
xT z .
Y ’ 9 ) 92 ’

333
Te,Ty.T2)=S(2.2.2) =
S(Tx,Ty,Tz) 5<2,2,2> 0

Now,

[ ]IS

Taking x = 1, y:%, y =
Also,

33 1
= 1. —. — = —
S(xasz) S( 7272)

S(z,z,Tx) =295 (1, 1, 2) =1,

S(s,9,Ty) = 8(2,,T2) = § @ 5 ) o,

Therefore, from equation (3.1),

1 1
0< max{27070,0,0} - (max{270,0,070}> ,

implies that

Here
n_1
“\2) " 16
Therefore,
o<t 1
2 16
that is,
7
0< 16

Thus all the conditions of Theorem 3.1 are satisfied.

Similarly, If we take
3 3
— =2
Ze[072}7 x?ye {27 )7
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then all the conditions of Theorem 3.1 are satisfied.

Case 2. If x,y € [O, %} and z = 2.
Then

Taking x =y = %,

S(z,y,2) =2, S(z,z,Tx)=0, S(y,y,Ty) =0,

7\ 1
Tz)=5(22~)=-.
S(Z7 Z? Z) S ( ) 9 4) 2

Therefore, from equation (3.1),

1 1 1
< - _ -
7 maX{Q,Q,O,O,O} @(max{2,2,0,0,0}> ,

implies that

1
—<2—p(2
5 <2-¢(2)
Here p(2) = 1.
Therefore,
<21,
that is )
-<1
2

Thus all the conditions of Theorem 3.1 are satisfied.
Hence by applying Theorem 3.1, T has a unique fized point.
Indeed, % € X is the unique fixed point of T.

Case 3. If x,z € [O, %] and y = 2.
Then

Taking x = z = %,
S(z,y,2) =2, S(z,z,Tx)=0, S(z,2Tz)=0,

7 1

Therefore, from equation (3.1),

i < max {2, i,0,0,0} - (max {2, i,0,0,0}) ,
implies that
Lap)
1S
Here
p(2) =1
Therefore,
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that is )
- < 1.
4
Thus all the conditions of Theorem 3.1 are satisfied.
Hence by applying Theorem 3.1, T has a unique fized point.

Indeed, % € X 1is the unique fized point of T'.

Case 4. Ify,z € [O, %] and x = 2.
Then

737 1
S(Tx, Ty, Tz)=S|-,=,—- | =—.
(T, Ty, T%) <4,2 )
Takingyzz:%,

5 3) =2, S(y,y,Ty) =0, S(z,2Tz) =0,

S({E,y72) :S<27212

7 1
S(x,z,Tx) =95 (2,2, 4) =3

Therefore, from equation (3.1)

3.1),

1 1 1

— < — — —

1 _max{2,4,0,0,0} cp(max{?,4,0,0,0}>,

implies that

i <2-(2)
Here
p(2) =1
Therefore, )
1 <2-1,
that is
Lea
4

Thus all the conditions of Theorem 3.1 are satisfied.

Hence by applying Theorem 5.1, T has a unique fized point.

Indeed, % € X is the unique fixed point of T in this case.

Considering all the above cases, we conclude that the inequality used in Theorem 3.1 remains valid for
mapping constructed in the above example and therefore by applying Theorem 3.1.

T has a unique fized point. One can easily see that u = % € X 1is the unique fized point of T.

Theorem 3.2 Let (X, S) be a complete S-metric space and T be a self-map on X satisfying the following
forallx,y,z € X:

S(Tz, Tz, Ty) < N(z,z,y) — o(N(z,z,y)), (3.9)
where ¢ : [0,00) = [0,00) is a lower semi continuous function with ¢(t) >0 fort >0,
p(0)=0
and
S(z,z,Tx).S(x,z,Tx)
"1+ S(z,z,y) + STz, Tx,Ty)’

Sz, x, Tx).S(y,y, Ty)
14 S(x,z,y)+ S(Tx, Tz, Ty) |

N(z,z,y) = max {S(w,w,y), S(Txz, Tz, Ty)

(3.10)

Then there exists a unique point u € X such that Tu = u.
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Proof: Suppose zp € X is an arbitrary point. Now, we can choose a sequence {z,} in X such that
r, = Tx,_1 for all n > 0.
By equations (3.9), (3.10) and property of ¢, we have

S($n; xnaxn-i-l) = S(Txn—laTxn—laTmn)
S N(xnflaxnfhxn) - SD(N(:L'nfla l’nfl,fﬁn)), (311)

where

N(-Tn—la Tp—1, xn) = max {S(l‘n—la Tn—1, mn)a S(T'rn—la Trp_1, Txn)7
S(xnflvmnflaTxnflys(l'nflvxnflaTxnfl)
1 + S(l’n_l, Tn—1, xn) + S(Txn—ly Tl’n_l, Txn) ’

S(xn—l,l'n—lvTxn—l)~S(xna$anxn)
1+ S(mnfla Tn—1, xn) + S(T-Tnfly Tl‘n,l, Twn)

= max {S(a:n_l,xn_l,mn), S(Tp, T, Tpt1),

S(xnfly Tn—1, xn)~S(xn71a Tn—1, xn)
1 + S(xn—17xn—17xn) + S(xn,l'n,l‘n_irl)’

S(xnflaxnfl,l'n)~S(5L'n;xnaxn+1) }

14+ S(@n-1,Zn-1,Zn) + S(Tn, Tn, Tnt1)
= max{S(Tn-1,Tn-1,%n), S(Tn, Tn, Tni1)}.
So, we obtain
S(Zn, Tn, Tnt1) < max{S(Tn_1,Tn—1,%n), S(Tn, Tn, Tnt1)}
— @(max{S(Tn_1,Tn—1,Tn), S(Tn, Tn, Tni1)})- (3.12)
Now, if S(2p, Zn, Tny1) > S(Tn-1,Tn-1,%n), for some n, then

S(‘TnaxnairnJrl) é S(xnvxnaanrl) - @(S($n,$n,$n+1))
< S(xThznax?’H-l)a

a contradiction.
Thus, for all n,

S(Z‘n, Ty xn—i—l) (xn—la Tn—1, xn) - @(N(xn—la Tn—1, xn))
)

N
N(il?n,l, Tn—1,Tn

IAIA

S(xnflvxnflaxn)a
that is
S(xnaxn7xn+l) S S($n,1,$n,1,$n). (313)

So, {S(zn,Zn,Tn+1)} is monotonically non-increasing sequence of positive reals and bounded below.
Hence, there exists a number r > 0 such that

lim S(xpn, Tpn, Tne1) = Um N(xp_1,Tp—1,2,) =T
n— oo n— oo

From the lower semi-continuity of ¢, we have

o(r) < lini)inf O(N(Zn—1,Tn_1,%5)).



FIXED POINT THEOREMS FOR GENERALIZED WEAKLY CONTRACTIVE MAPPING IN S-METRIC SPACE 11

We claim that r = 0.
In fact, taking upper limits as n — oo on both side of the following inequality

S(mna xnaanrl) S N(xnflaxnfl»xn) - @(N(xnfla xnflamn)),

We have
r <r—lminf o(N(zp—1,Tn-1,Zn))
n— oo
<r—p(r);
that is
o(r) <0.
Thus ¢(r) = 0.
From the definition of ¢, we have r = 0.
Hence
lim S(zn,Tn, Tny1) = 0. (3.14)
n—oo

Next, we show that {z,} is a Cauchy sequence. Let us assume that it is not true. Then there is an € > 0
such that, for an integer k, there exist integers m(k) > n(k) > k such that

S(Trk) Tn(k), Tm(k)) = € (3.15)

For each integer k, let m(k) be the least positive integer exceeding n(k) satisfying equation (3.15) and
such that

S(mn(k)v Tn(k)> xm(k)—l) <e. (3.16)
Then

€ < S(@n(k) Tn(k)> Tm(k))
< S(ZTnk)s Tnk)s Tnk)+1) + S (@nk)s Tnk)s Tnk)+1) T S (Tmk), Tm(k)s Tn(k)+1)
= 28(Zn(k)> Tn(k)> Tnk)+1) T S(Tnk)+1> Tnk)+1> Tm(k))-

And, by equations (3.14) and (3.16), it follows that

lim S(Z k), Znk) Tm(k)) = € (3.17)

k—o0

Since m(k) is the least positive integer exceeding n(k) satisfying equations (3.15), (3.17) and also using
equation (3.9), we have

£ < S(@n(k) Tn(k)> Tm(k)+1)
< S(Znk) To(k)s Tnk)+1) + S(xy n(k) Tn(k)+1) T S(Tmk)+15 Tmk)+1> Tn(k)+1)
= 25(Tp (), Tk S( T (k)+15 Tr(k)+1> Tn(k)+1)
S(Tp (k)15 Tn(k)+1> Trm(k)+1)

N(Zr (k) T(k)> Tm(k))

k) Tn(

) Tn(k), T )
(Tn(k) Tn(k) Tn(k)+1)
< 25(%(@7% k)> Tn(k)+1)
(@n(r) ) )

|
[\
0
8
2
S

y Tn(k
+ max {S(xn(k)a Tn(k)> xn’L(k))a S(xn(k)-‘rla Tn(k)+1s xm(k)-‘rl),

S(Zn(k)s Tr(k) Tn(k)+1)- 5($n(k)79€n(k),$n(k)+1)
L4 S(Zpkys Tk Tm(k)) + S(Tnk) 415 Tnk)+1 Tm(k)+1)

(z
S(zy, Tp(k)+1)-S(x m(k)azm(k)azm(k)+1)
1+ 5(%(1@)7 ﬂfn(k)7 xm(k)) + S(Tr(k)+1> Tr(k)+1 Tm(k)+1)
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Letting k£ — oo and using equations (3.14) and (3.17), we have
€< khj;o N(Zp(k)s Tr(k)s Tm(k)) < €.
Therefore,
lim N =ec.
Jm (Tp(k)> Tn(k)s Tm(k)) = €

Since ¢ is lower semi-continuous, we have

o(e) < liminf @(N(xn(k),l‘n(k),xm(k)))-

n— oo
From equation (3.9), we get
S(Trk)+1> Tnk)+1 Tmk)+1) < N(Tnk)s Tnk)s Tmk)) — PN (Tn(k)s Tn(k)s Tmk)))-
Taking upper limit as £k — oo, we have

e<e— linrr_l)ioréf O(N(Tp(k)s Tr(k)> Tm(k)))
<e—p(e);
that is

e<e—o(e)
<e,

a contradiction. Therefore, {x,} is a Cauchy sequence. By completeness of the space X, there exists a
u € X such that z,, = v as n — oo.
Now, we shall prove that u = T'u. Indeed, suppose that u # Tu. Then

S(xnaxanU) S N(xn—hmn—hu) - @(N(fn—lvxn—la U)),

where

N(2p—1,Zn—1,u) = max {S(xnhxnhm, S(xy, xyn, Tu),

S(xn—laxn—17Txn—1)~S(xn—17xn—thn—l)
1+ S(zp-1,Tn-1,u) + S(xn, xn, Tu)

S(Tn—1,Tn-1,T2pn_1).5(u,u, Tu) }

)

1+ S(In—la Tn—1, U) + S(:CTH L, TU)
Taking upper limit as n — oo, we get

S(u, u, Tu) < S(u,u, Tu) — (S (u,u, Tw))
< S(u,u, Tu),
a contradiction.
Thus v = Tu.

Uniqueness:
Suppose that u # v and Tv = v.
Then (3.9) implies that

S(u,u,v) = S(Tu, Tu, Tv)
< N(u,u,v) — (N (u,u,v)),



FIXED POINT THEOREMS FOR GENERALIZED WEAKLY CONTRACTIVE MAPPING IN S-METRIC SPACE 13

where
N(u,u,v) = max < S(u,u,v),S(Tu, Tu, Tv),
S(u, u, Tw).S(u, uw, Tu)
1+ S(u,u,v) + S(Tu, Tu, Tv)’
S(u, u, Tu).S(v,v, Tv)
14+ S(u,u,v) + S(Tu, Tu, Tv)
= S(u,u,v).
Therefore,

S(ua U,’U) < S(u,u,v) - QO(S(U,’LL, ’U))
< S(u,u,v),

a contradiction.
Hence u = v. O

N o o s w
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