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Fixed Point Theorems for Several Contractions in Super Metric Space

Sheetal and Manoj Kumar*

ABSTRACT: In this paper, fixed point results for several contractions in the setting of super metric spaces
are proved. Some suitable examples are also provided to illustrate the main results.
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1. Introduction and Preliminaries

The metric fixed theory is most demanded and interesting in solving many problems in different areas.
A lot of research has been performed in this field. In 1922, Banach [2] introduced Banach Contraction
Principle in metric space. In 1994, Matthews [8] introduced the concept of partial metric space. Czerwik
[3] extended the metric space in b-metric space and Jleli [5] extended the metric space in generalized
metric space. In 2022, Karapinar and Khojasteh [7] introduced a new concept of super metric space as
a generalization of metric space as follows.

Definition 1.1 Let X be a non-empty set. A function m : X x X — [0,400) is called a super metric if
it satisfies the following axioms:

(ml) for all z,y € X, if m(z,y) =0, then x = y;
(m2) m(z,y) = m(y,z) for all 3,y € X;

(m3) there exists s > 1 such that for every y € X, there exist distinct sequences {x,}, {yp} C X, with
m(zp,Yp) — 0 when p — oo, such that

lim sup m(y,, y) < slimsup m(z,,y).
p—00 p—r00

Here (X, m) is called a super metric space.

The notions of convergence and the Cauchy sequence with respect to completeness of a super metric
space are defined as follows:

Definition 1.2 On a super metric space (X, m), a sequence {x,}:
(a) converges to x in X if and only if lim m(x,,z) = 0.
p—)OO

(b) is a Cauchy sequence in X if and only if limsup{m(z,, x4) : ¢ > p} = 0.

pP—r 00

Definition 1.3 A super metric space (X, m) is said to be complete if and only if every Cauchy sequence
m X s convergent.
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Example 1.1 Let X = [0,2] and define m : X x X — [0,+00) by

prat e #y, x#0,y#0,
m(x, y) = 07 =1y,
max {%, %} , otherwise.

Fory € X, we have {x,}, {yp} are two distinct sequences such that m(x,y) — 0 as p — co.
For these sequences we have

Ty + Y
m(xp, yp) = m —0 as p— oo and phnoloxp = hm 0y, = 0.
So, there exists any q > 0 such that for all p > q, we have
. . (yp +y)
limsupm(y,,y) = limsup ————
Y
y+2
Y
<s
T oy+2
= slimsup (@, +y)

Thus (X, m) is Super metric space.

Definition 1.4 Let F : X — X be a mapping and {FPx}p > 0 be the Picard iteration for initial point
x € X where FP denote the p-th iterates of F'. The mapping F is asymptotically reqular if
lim m(FPz, FP*2) =0, for every r € X.

p*}OO
Further, Karapinar and Fulga [6] examined contractions in rational form in super metric spaces.

2. Main Results

In this section, we prove some fixed point theorems using several contractions in super metric spaces.
Further, we shall provide some suitable examples also to prove the validity of our results.

Theorem 2.1 Let (X,m) be a complete super metric space. Let F be a self-map on X such that
m(Fx, Fy) < Lm(x,y) ¥V z,y € X, where L is a Lipschitz constant.

Then F has a unique fixed point.

Further, for any x € X , we have lim FP(z) = z with m(F?(z),z) < leL

p—00

m(x, F(z)).

Proof: To prove uniqueness, Let us choose z,y € X with F(z) = z, F(y) = y then
m(z,y) = m(F(z), F(y)) < Lm(z,y).

Therefore, m(z,y) = 0.

So, z = y.
Now we prove that {FP(x)} is a Cauchy sequence for z € X.
Now

m(F?(2), F(x)) < m(FP(z), FPD (@) + m(FE (@), FPH2) (@) + -+ m(FOD (), F(x))
< LPm(z, F(x) 4+ L9 Vm(z, F(x))
< LPm(x, F(x) [1+L+L2 ]
= L m(x, F(z)), forall ¢ > p.

(1-1)

)+
)
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Therefore,
limsup m(FP(x), F(x)) < slimsup m((z), F(z)) = 0.

p—o0 p—o0

Thus {F?(z)} is a Cauchy sequence and X is complete therefore there exists z € X with

pler;o FP(z) = 2.
Also,
2= lim FPD () = Jim F(FP(z)) = F(2).
So, z is a fixed point of F' and m(F?(z),z) < %m(m, F(x)). O

Theorem 2.2 Let (X, m) be a complete super metric space and let
m(F(z), F(y)) < ¢(m(z,y)) Vz,yeX,

where ¢ : [0,00) — [0,00) is any monotonic, non-decreasing function with lim ¢P(t) = 0 for any fized
p—o0

t>0.
Then F has a unique fived point uw € X with lim FP(x) = u for each x € X.

p— 00

Proof: Suppose t < ¢(t) for some t > 0. Then ¢(t) < ¢(4(t)) and therefore t < ¢?(¢). By induction
t<oP(t) for pe {1,2,...}.
A contradiction, since

lim ¢P(t) =0 for any fixed ¢t > 0.

p—o0
Thus ¢(t) < ¢t for each t > 0.
Now,

m(FP(z), FPH) (2)) < ¢P (m(z, F(x))), forz e X

and therefore
lim sup m(FP(z), FP*Y(x)) =0, for each z € X.

p—o0

Let € > 0 and choose d(g) = € — ¢(¢).
If m(z, F(z)) < d(g), then for any u € B(x,¢) = {y € X : m(z,y) < €}, we have

2
=
O
&

(F(u), F(x)) + m(F(z), )
m(u,x)) + m(F(x),x)
m(u,x)) + d(e)

) +e—¢(e)

IAIA A IA
"EE RS

So, F(u) € B(z,e) ={y € X : m(z,y) < €}.

Then by Theorem 2.1 F has a fixed point u.

Thus F' has only one fixed point u in X.

Since by Theorem 2.1 {FP(x)} is a cauchy sequence and X is complete therefore there exists u € X with

lim FP(z) = u. O
p—roo

Example 2.1 Let X = [0,4] and define m : X x X — [0,400) by

r+y, TFY
m(z,y) = 0 c—y
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Let {z,} and {y,} are two distinct sequences such that m(z,y) — 0 as p — 0.

Since sequences are distinct we have m(Zp,Yp) = Tp + yp — 0 and we choose y, — 0 and x, — 0 as
p — 0.

For y € X, we have

lim sup m(y,, y) = limsup(y, + y) = y < slimsup m(z,,y) = y.

From here, we can say that (X, m) is a super metric space.

Now, let us consider F': X — X as
1 2
Fla) = { , T#2

1 —
3 T =2.

Define ¢ : [0,00) — [0,00) by ¢(t) = t, where 0 <t < 1. Thus ¢ is monotonic non decreasing such that
lim ¢P(t) = 0 which satisfy following condition:

p—00
m(F(z), F(y)) < ¢(m(z,y)) VzyeX
Here 1 is fixed point of F.

Example 2.2 Let X = [0,7] and define m : X x X — [0,400) by

#7 T ,
mia,y) = T 7Y
0, T =1y.

Let {zp} and {y,} are two distinct sequences such that m(z,y) — 0 as p — oo.

Since sequences are distinct we have m(zp,y,) = wpi"?i”ﬂ — 0 and we choose y, — 0 and z, = 0 as
P — 00.
Forye X

. . YpY :

lim sup m(y,,y) = limsup ———— = 0 < slimsupm(zx,,y) = 0.

msupm(yp,y) = lmsup -—= = m sup ()

From here, we can say that (X, m) is a super metric space.
Now, let us consider F : X — X as
1 3
Fla) = { T #3,

%, z=3
and ¢ : [0,00) — [0,00) by ¢(t) = t, where 0 < t < 1. Thus ¢ is monotonic non decreasing such that
lim ¢P(t) = 0 which satisfy following condition:

pP—00

m(F(z), F(y)) < ¢(m(z,y)) Vax,yeX.
Here 1 is fized point of F.

Theorem 2.3 Let (X, m) be a complete super metric space. Let F : X — X be a asymptotically mapping
and ¢ : X x X — [0,00) is a continuous finite map such that

m(F(z), F(y)) < ¢(z,y) — ¢(F(x), Fy)) VzyeX

Then F has a fixed point in X .

Proof: Define x,41 = Fz), such that x, # zp4;.
So,
m(zp, Tpy1) >0 Vpe N.

So, we have
m(p, Tpi1) < Gxp-1,2p) — ¢(Frp1, Fp).
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So,
k

k
Zm Tp, Tp+1) Z P(Tp—1,p) = G(Tp, Tp+1) = G(T0, 1)
p=1 p=1

As p — oo we have
lim sup m(zp, xpt1) = 0.
p—00

Now suppose that o, 3 € N and > a. If z, = g we have
F’@({,Co) = Fa({)So)

Thus
FA=(F° (a0)) = F? (o) = F* (o).

Thus we have F®(x) is the fixed point of A,
Also
F(FP=(F*(20))) = FP=(F(F*(w0))) = F(F*(x))-
It means that F((F(z)) is the fixed point of FA~,
Thus F(F“(zg)) = F*(xo).
So F*(xz¢) is the fixed point of F.
Therefore, x5 # 4.

Therefore,
lim SUPm(zpvxp-ﬂ) < Sm(zp+171'p+2)-
p—00
Thus since
lim sup m(zp, p1+1) — 0.
p—
So we have
limsup m(zp, Tpys) < sm(Tpt2, Tpt3)-
p—00
Thus we get

limsupm(zp,z4) : ¢ >p=0.

p—o0

Therefore, {z,} is a Cauchy sequence.
Since (X, m) is complete super metric space therefore {x,} converges to z € X (say).
Since F' is continuous mapping. So, F'(z) = z and hence z is the fixed point of F in X. O

Example 2.3 Let X = [0,6] and define m : X x X — [0,400) by

r+2y, z#y,
m(z,y) = 0 v =y

Let {xp} and {y,} are two distinct sequences such that m(z,,y,) — 0 as p — oco.
Since sequences are distinct we have m(zp,yp) = xp + 2y, — 0 and we choose y, — 0 and x, — 0 as
p — 0.

Forye X
lim sup m(y,, y) = limsup(y, + 2y)
p—00 p—o0
< slimsup m(z,,y)
pA)OO

= 5(2y).
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From here, we can say that (X, m) is super metric space.
Now let us consider F : X — X be asymptotically mapping defined as

Fla) = {2, z#A4,

1 —
3 r=4.

and ¢: X x X — [0,00) by ¢(x,y) = xy is a continuous finite map.
It satisfy the property

m(F(z), F(y)) < ¢(z,y) — ¢(F(z), F(y)) Va,yeX
Then F has a fived point 2 in X.

Theorem 2.4 Let (X,m) be a complete super metric space and F : X — X be a mapping such that
there exists k € [0,1) and that

m{F(2)) iz Fg) |

(P(o). F(3) > in {m(z. ). (o F)mly. F)m(Fa), F), "D

Then F has a unique fixed point.

Proof: Let z € X and {x,} be the Picard iteration of mapping F' then Fx, = xp;1.
If z, = zpy1, then
Frpy = xpo41 = Tp,

and hence z,, is a fixed point of F'.
So, let us suppose that
TpF Tpr1 VPEN.

Hence m (xpo,xpoﬂ) > 0 and

m(zp, Tpy1) = m(Fzp_q, Fxp)

m(zp, 2p) + m(zp-1,2p) }

> kmi _ _
> nin {10,y ), P

= kmin{m(zy_1,2p), m(zp, ps1)}.

Thus
m(Zp, Tpy1) = m(Tp-1, Tp).
If
min{m(zp—1, ), m(Tp, Tpi1)} = m(zp, Tpi1)
then

m(@p, Tp+1) < km(zp, Tpi1) < m(Tp, Tpi1)

a contradiction
And hence
0 <m(xp, Tpr1) < km(xp_1,p) < kzm(xp_g,a:p_l) <. < kkm(xo,xl).

And in taking limit from inequality we get,

lim sup m(xp, Tp41) = limsup m(FP~*(z), FP(x)) = 0.
p—r00 p—00

Thus F is asymptotically regular and Picard iteration {F?(x)} is convergent sequence. Thus there exists
w € X such that lim m(z,,w) = 0. O

p—o0
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Example 2.4 Let X = [0,8] and define m : X x X — [0,+00) by

Jry, #y,

Let {z,} and {y,} are two distinct sequences such that m(zp,y,) — 0 as p — 0.
Since sequences are distinct we have m(zp,yp) = (Zpyp) — 0 and we choose y, — 0 and z, — 0 as
P — 00.
Forye X,
lim sup m(y,, y) = lim sup(ypy) =0 < slimsupm(z,,y) = s(0) = 0.
From here, we can say that (X, m) is super metric space.
Now let us consider F : X — X be asymptotically mapping defined as

Fla) = {11 iz#;.,

and k € [0,1).
And it satisfy

m(F(z),y) + m(z, F(y))}
(z,

m(F(z), F(y)) 2 kmin {m(ﬂf,y),m(%F(ﬂc)),m(y,F(y)),m(F($)7F(y))7 m@y) + 1

for k €10,1).
Then F has a fized point 1 in X.

Theorem 2.5 Let (X,m) be a complete super metric space and define F : X — X as follows:

m(F(z), F(y)) < am(z,y) + Blm(z, F(z)) + m(y, F(y))] + v[m(z, F(y)) + m(y, F(z))]
m(z, F'(x))m(y, F(y))
m(x,y) +m(y, F(y))

and «, 8,7,0 € [0,1) and such that a + 28 +2y+ 5 <1 and o+ 2y < 1.
Then F contains a fized point which is also unique in X.

Vz,ye X,z #y

Proof: Let {z,} be sequence in X and Fz, = zp4q forall p=10,1,2,....
Now, we have

m(zp, Tpy1) = m(Fap_1, Fay)

< afm(zp-1,2p)] + Blm(zp—1, Frp—1) + m(zy, Fap)| + y[m(zp-1, Fap) + m(zp, Frp—1)]
+5{< (xp— 1,F:Ep) (xp—1, Fxp) )]
m(zp—1,p) +m(xy, Fx,)
afm(zp-1,2p)] + Blm(zp-1,2p) + m(@p, Tp11)] + Y [M(2p—1,2p) + m(zp, Tp)]
6{7”3717 L Zp)m(Tp— 17xp+1)}
m(Tp—1,Tp) + M(Tp, Tpi1)
alm(zp—1,zp)] + Blm(zp—1,2p) + M(Tp, Tpt1)]
+y[m(@p—1,2p) + M(@p, Tp+1)] + S[m(p—1, 2p)]

that is,
(1 =B =Nm(zp, 2p+1)] < (@ + B+ 7+ 0)[m(zp—1,2p)].

_[(a+B+v+6
K= () <
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Since a + 28+ 2y + 4§ < 1.
We have,
m(ap, pr1) < k[m(zp_1,2p)] < K [m(zp_2,2p-1)] ... .
Thus we have,
m(@p, Tpt1) < KP[m(zo, 21)].

Also 0 < k < 1, so for p — oo, kP — 0 and hence m(zp, zp41) — 0.
So supm(xp, xp41) — 0 as p — oo.
Thus {z,} is a Cauchy sequence so there is a point z* such that z, — z*.
As F' is continuous,
F(z*) = lim F(z,) = hm (:,Cerl) x*.
p—0o0
Thus F' has a fixed point.
Let y* be another fixed point.
So m(x*,y*) = m(Fz*, Fy*),

m(z* +m@ y*)
afm(z*,y* )] B(0) +v[2m(z™,y™)] + 6(0).

m(z” afm(z®,y*)] + Blm(z*, Fx*) + m(y*, Fy")] + y[m(z*, Fy*) + m(y", Fz")]
x*, y*)ym(x*, Fo*)
6[m/ +ﬂﬂy Fy)}
m@ﬁ*ﬂ [( z*) +m(y*, )] +yIm(a”, y") + m(y", "))
+5[ T*, xx)]
(

Thus
m(z*,y") < (a+2y)m(z”,y")
that is,
(I—a—=2y)m(z",y") <0
is a contradiction.
Hence m(x*,y*) = 0.
So, z* =y*.
Hence F' contains the unique fixed point. O

Example 2.5 Let X = [0,2] and define m : X x X — [0,+00) by

r+y, TFY,
m@wFZO rey

Let {z,} and {y,} are two distinct sequences such that m(z,,yp) — 0 as p — oo.
Since sequences are distinct we have m(Zp,Yp) = Tp + yp — 0 and we choose y, — 0 and x, — 0 as
p — 0.

Forye X,
lim sup m(y,, y) = limsup(y, + y)
p—00 p—0
=Y
< slimsup m(z,,y)
p—00

= slimsup(zp + y)

p—o0

= s(y)-
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From here, we can say that (X, m) is a super metric space.
Now let us consider F : X — X be mapping defined as

1, x#2
T =2
And it satisfy

m(F(x), F(y)) = am(z,y) + B[m(z, F(z)) + m(y, F(y))] +vm(z, F(y)) + m(y, F(2))]

m(z, F(z))m(y, F(y))
m(z,y) +m(y, F(y))

And «, 8,7,0 € [0,1) and such that o +28+2y+0 <1 and a + 27y < 1.
Then F has a fixed point 1 in X.

Vaz,ye X, x#y.
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